MA AND THREE FRECHET SPACES

ALAN DOW

ABSTRACT. M. Scheepers introduced the notion of selectively separable as one
of many interesting selection principles. Fréchet spaces are known to be se-
lectively separable but neither of these properties is well-behaved in products,
even for countable spaces. We prove that the open coloring axiom, OCA, im-
plies that the product of two countable Fréchet spaces is selectively separable.
We prove that Martin’s Axiom implies there are three countable Fréchet spaces
whose product is not selectively separable.

1. INTRODUCTION

A space is Fréchet (often called Fréchet-Urysohn) if a point z of X is an accumu-
lation point of a subset A of X if and only if there is a sequence from A converging
to z. While the property of being Fréchet is a local property, it has been discovered
to have an effect on some selection principles connected to density. The first of
these was introduced by M. Scheepers [10] and called selectively separable. It is
often now referred to as M-separable so as to fit a pattern.

Definition 1. Let {D,, : n € w} be dense subsets of a space X. Then, X is said
to be

(1) M-separable if there is a selection H,, C D,, of finite sets such that | J{H,, :
n € w} is dense,

(2) R-separable if there is a selection of points d,, € D,, such that {d,, : n € w}
is dense,

(3) H-separable if there is sequence of finite sets H,, C D,, so that | J{H, : n €
H} is dense for every infinite set H C w,

(4) mH-separable if there is a sequence of finite sets H,, C |J{Dy, : m > n} so
that (J{H, : n € H} is dense for every infinite H C w (equivalently, the
H-separable property holds for descending sequences of dense sets).

The above notions were introduced and studied in [6]. It is evident that an
M-separable space is separable, that every R-separable space is M-separable, and
every mH-separable space is M-separable.

In this paper our interest will be on countable zero-dimensional Hausdorff Fréchet
spaces. It was shown in [4] that such spaces are M-separable. It is also known that
such spaces are R-separable and mH-separable [7]. In the remainder of the paper,
when we say that a space is a countable Fréchet space it will also mean that the
space is Hausdorfl and has a basis consisting of clopen sets. It was proven in [5]
that PFA implies that the product of two countable Fréchet spaces is M-separable.
It was noted in [3] that the proof yields that such products are R-separable. It was
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shown in |3, Theorem 1.2] that it is consistent with Martin’s Axiom (and follows
from CH) that there is a product of two countable zero-dimensional Fréchet spaces
that is not M-separable.

Two questions, among many, remain (as noted in [3]): does the PFA result
extend to products of three or more spaces as (inadvertently) claimed in 5] and
can the conclusion for the product of two be strengthened to mH-separable. We
answer with the following three theorems.

Theorem 1. Martin’s Aziom implies the existence of 8 Fréchet countable regular
spaces with non-M-separable product.

Theorem 2. Martin’s Aziom implies the existence of 2 Fréchet countable regular
spaces with non-mH-separable product.

Theorem 3. The Open Graph Azxiom implies that the product of 2 Fréchet count-
able reqular spaces is M-separable.

Theorem 1 is proven via the constructions in sections 2 through section 6. Sec-
tion 7 completes the discussion of the constructed examples to prove Theorem 2.
Theorem 3 is restated (and the Open Graph Axiom is recalled) and proven in the
final section.

2. GROUND 0 INDUCTIVE ASSUMPTIONS

Choose a dense subset D of Q1:23} = Q x Q x Q such that, for each i = 1,2, 3,
the projection map m; [ D is 1-to-1 and let Q; = m;[D]. For convenience also
assume (arrange) that {Q1, @2, @3} is a partition of Q. It will also be convenient
to assume that Q denotes the rational points in [0,1], and when we speak of the
product space [0, 1]{1’2’3} we mean with respect to the usual topology. We also let
71,2 denote the projection map from D to Q1 x Q2.

For the remainder of the paper, until stated otherwise at the beginning of section
we assume that Martin’s Axiom holds. In fact we only need Martin’s Axiom for
posets that are o-2-linked. The main idea of the proof relies on (1]

Fix a countable base 7§ for each Q; consisting of non-empty clopen sets and
closed under complements.

For each ¢ € Q1 U Q2 U @3, let 34 € {1,2,3} indicate that ¢ € Q;,.
For each i € {1,2,3} and subset A # ) of Q;, let A = 7, '[A] N D.

Fix a partition, {D,, : n € w}, of D into dense subsets. These will provide the
family of dense sets that will witness the failure of the product being M-separable.
We will simultaneously ensure that the sequence {m 2[D,] : n € w} will witness
that the product Q1 x Q2 is not mH-separable.

Proposition 4. For each g € Q1, n € w, Uy € 7¢ and U3 € 73, there is a sequence
I ¢ m[D,NUy;NUs] such that
(1) I converges to q,

(2) forj € {2,3}, m;[I] is closed and discrete in Q; (wrt 7).
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Proof. By the assumption that D, is dense, it follows that 7, [D,Nmy  [Uz]Nms  [Us]]
is dense in Q1. Since D,, N F;l[UQ] N wgl[Ug] =D, NU,NUs, m (D, N Us N ﬁg]
is dense in Q1. Choose a pair of {Usy : £ € w} C 78 and {Usy : £ € w} C 73
that are partitions of Q2 and Qs respectively. Since @7 is Fréchet (in fact first-
countable) there is a sequence I = {i; : £ € w} C @y converging to ¢ such that
ig € T[Dy N [72,4 N Ug’z] for each £. It follows that [f] NUj. is a singleton for each

¢ € w. This certainly ensures that m;[I] is closed and discrete. O

For each ¢ € Q, choose a countable family Z¢ of subsets of Qi, satisfying that:
(1) each I € Z{ converges to g,
(2) for each n € w, and each (Us,Us) € 74> x 73* (where {ja, 73} = {1,2,3} \
{ig}), there is an I € Z{ such that I C m; [D,, N U;, N U],
(3) for each iq # j € {1,2,3}, m; [1] is closed discrete in Q; in the topology 7,
(4) for each I € T, T converges in [0, 1]11:2:3},

3. INDUCTIVE ASSUMPTIONS
For each 8 <y < a < ¢, each ¢ € Q, and each i € {1,2,3}:

(1) Té C 7';' are bases of clopen (closed under complements) non-empty subsets
Of Qi

(2) 7. has cardinality equal to Xo + |7/,

(3) Ig is a set of at most Vg + [3| many subsets of @Q;, that Té—converge to q,

(4) 7% c 79,

(5) for iy # j € {1,2,3} and I € Z%, T converges in [0,1]1123} and ;[I] is
closed and discrete in Té,

(6) for n € w, Uy € 3%, Us € 73° (where {ig, jo, js} = {1,2,3}), there is an
Ie Ig that meets m;, [D,, N Uz N Us] in an infinite set.

Assume also that {4z : 8 < ¢} enumerates the family [@Q1]“ U [Q2]* U [Qs]“ and

that {Hg : 8 < ¢} enumerates the family of subsets H of D that satisfy that HND,,
is finite for each n € w.

For convenience, ZS = (J{Z2 : ¢ € Q} and, for each i € {1,2,3}, let ZQi =
U{Z2 : g € Q;}. Since the partition Qy, Q2, Q3 of Q is fixed, we can let 7 denote
the union 7} U 72 U 73 and understand that each 7! is reconstructible from 7.
With this convention, it is easy to describe that (T,?,Ig) is an extension of (Tg,lg)
simply to mean that TS c 72, Ig C Z2 and that induction hypotheses (1)-(6) are
satisfied for each.

Now add the next three inductive assumptions for S+ w < a < ¢:

(7) if Ag C Q; and ¢ € Q; is a limit point of Ag with respect to the topology
Thyy » then thereis an I € Ig+w such that I N Ag is infinite,

(8) The set Hg has no limit points in Q1 x Q2 x Q3 with respect to the product

1 2 3

topology T3, , X T5,, X Ty

(9) If {k: Hg N Dy = (0} is infinite, there is an infinite sequence {k¢: ¢ € w} C
{k : Hg N Dy, = 0} such that the set

1o {U{Hﬁ NDyp: (3 ew) (ky<n< k%H)}}
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has no limit points in Q1 x Qo with respect to the topology 75, , X 75,

Let IH(a,1—6) denote the statement that the induction hypotheses 1-6 are
satisfied for all 5 < a. Similarly define TH(a,1—e) (e € {8,9}).

If we succeed in extending the induction out to ¢, then let 7¢ = [J{72 : a < ¢}
and we have

(1) Induction hypotheses (3), (7) ensure that each (Q;,7¢) is Fréchet.

(2) Induction hypothesis (6) ensures that {D,, : n € w} is a family of dense
subsets of Q1 X Q2 X Q3.

(3) Induction hypothesis (8), combined with the previous item, ensures that

this product is not M-separable.

We also have that the product Q; X Q2 is not mH-separable as we now check.
Suppose that (F,, : n € w) is a sequence of finite sets satisfying that F,, C (J{Dy, :
n < m € w} for all n. Assume also that F,, N D,, is non-empty for all n. Recursively
choose an increasing sequence {my : £ € w} so that, for each n < myg, F, C | J{Dmn :
m < mgq1}. Choose 8 < ¢ so that Hg = {J,, 1 \ Uy Dimy,,- Clearly the set of
k such that Hg N Dy = () is equal to {masy1 : ¢ € w}. By Induction hypothesis
(9) we have the infinite sequence {k; : ¢ € w} contained in {maopt1 : £ € w}.
For each koy = mop 41, the interval [maogp o, mop43) is contained in [kag, kapy1).
Therefore ( {HzND,, : (I € w) (k¢ < n < kgpyq)} contains F, for infinitely many
n. Similarly 75 [U{Hg N Dy : (3 € w) (kae < n < kopy1)}]| contains my 2[F,] for
infinitely many n. In other words the selection {m1 2[F,] C m12(U{Dm : n <n €
w}] fails to satisfy the requirement for the mH-separable property.

Now we make two trivial assumptions for convenience that in no way affect the
outcome. For each successor 8 < ¢, Ag = Q1 and Hg is empty. For each limit g,
one of Ag and Hp is empty. With these innocuous assumptions, we have, for each
limit 3, one task that must be completed by stage 8 + w.

We handle each of the three types, (7), (8), and (9), of inductive steps in their
own section.

We note that for limit o < ¢, the induction hypotheses are preserved if we simply
set 74 = U{Z{ 1 € <o} forall g € Q, and 7, = J7{ : € <} fori € {1,2,3}.

4. SAFELY ADDING CONVERGING SEQUENCES AND CLOPEN SETS

In this section we introduce our method for adding new members to any Té. The
procedure will be used again with milder assumptions on the set B.

The following observation, a strengthening of Arhangelskii’s aq-property for first
countable spaces, has proven useful.

Proposition 5. LetZ be a family of sequences in a countable space X all converging
to a single point x that has countable character. If T has cardinality less than b,
then there is a single sequence S converging to x that mod finite contains every
member of T.

Proof. Fix a descending neighborhood basis, {U,, : n € w}, for x with Uy = X. For
each n € w, let X,, = U, \ Up4+1. There is nothing to prove if = has a neighborhood
that is simply a converging sequence, so we may assume that each X, is infinite. For
each n € w, choose an enumeration, {z(n,m) : m € w} of X,,. For each I € Z, there
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is a function f; € w* satisfying that I C |J, {z(n,m) : m < fr(n)}. Therefore,
if |Z| < b, we may choose a function f € w*“ so that f is eventually larger than
each fr. It is easy to check that S = |J, {z(n,m) : m < f(n)} is a sequence that
converges to x and which satisfies that I \ S is finite for all I € 7. 0

For an ideal Z of subsets of a set X (the value of X should be clear from the
context), we let Z+ denote the ideal of all subsets of X that are almost disjoint
from every member of Z.

Lemma 6. Assume TH(S + 1,1—6). Suppose that B C Q; (i € {1,2,3}) satisfies

that B € (I[?Z) and BN J N D, is finite for alln € w and J € Ig

Then there is a function pg : Q; = w such that

(1) g | B is 1-to-1,

(2) for allq € Q; and I € T}, pg[I] “converges to” pg(q) (with respect to the
discrete topology on w).

(3) TH(B +2,1-6) holds after we set
(a) Igﬂ = Ig for all ¢ € Q,
(b) Tf?H:Té fori#je{1,2,3}, |
(c) T4y, is the topology generated by T4 U {gogl(m) im € w}.

Proof. It will be more convenient notationally to assume that ¢ = 1. Begin by
applying Proposition [5| to choose, for each r € ()1 a sequence I C 1 converging
to r with respect to 74 satisfying that I C* Ij for all I € Zj. Remove a finite
set from each such [} so as to ensure that the family {I; : 7 € Q1} is a pairwise
disjoint family. Also ensure that [} is disjoint from B, which we may do because

of the assumption that B € (I/g)l.

Next we will choose Lj; C I so that

(1) Lz N1 is finite for all I € 7,

(2) for all J € Z§* UZS?, if m[J] N1} is infinite, then L5 N7 [J] is also infinite.
This is a simple application of the fact that Ig has cardinality less than p together
with the fact, by induction hypothesis (5), that m; [j NI is finite for all J € IBQ2 UIﬁQ3
and I € Zj. There is no loss to assuming that each Lj is infinite.

Fix an enumeration {r; : £ € w} of Q1. Let Lp% be any 1-to-1 function from
BU{r} into w. We “Cohen generically” perform a recursion to define an increasing
sequence of functions gpg (k < w) from subsets of @1 to w. To make the Cohen
genericity precise, choose any elementary submodel Mg of cardinality less than ¢
that contains {Q1, Q2, @3, } U{D, : n € w} and every element of Ig and Tg. Also
ensure that {Ig r e @ity {Lg : 7 € @1} is an element of Mg. Let gg be any
function from w to w that is generic over Mg with respect to the poset w<%.

The domain of 90’5 will equal BU {r,: € <k} UU{I5" \ L}y : £ <k} union some
finite subset of Q1. The inductive hypothesis is that, similar to condition (2) of the
statement of the Lemma, gog [I*] = @E(r) for some cofinite /* C I}z \ Lj, holds for
each r € {ry : £ < k}. We may note here that Lj N dom(cpg) will be finite for all
r €@ and k € w.

Now we describe how to define @’g“. If 1.1 & dom(p}y), then set (p]g“(rkﬂ) =
gp(k +1). Next, let {ry, : i < gg(k)} denote the first gg(k) many elements of of
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Q1 \ ({rg+1 Udom(cpg)) Define <pk+1( ) = gs(¥¢;) for each i < gg(k). Finally, have
@EH send the remainder of Iz* \ Li* to the value gpgﬂ(rk).

The purpose of the Cohen generic choices (the details of which we skip) together
with the choices of L} (r € Q1) is simply this: Suppose that J € Iggz UIBQ3 satisfies
that J N D, is infinite for some n € w. Then m[J N D,] N B is finite and so, for
any m € w, some infinite subset of 71[J N D,] will be sent to m by ¢z = U, <p’/§.
The reason this is true is that w1 [J N D,,] \dom(gpﬁ) is infinite for every k because
either m1[J N D,,] meets Ig’“ in a finite set, or m1[J] meets Lg"' in an infinite set. It
is easily seen that this same genericity will ensure that ¢~1(m) is a Té—dense subset

of Ql'

The only induction hypothesis that needs checking for IH(8+2,1—6) is number
(6). However this is routine. Let Uy € Té, U, € Tg and Us € Tg. We must check
the property in (6) with respect to U = U; N apgl(m) for any m. Referring to the
statement in (6), there are two cases i; = 1 and i, = 2 (because i, = 3 follows
the same proof as for i, = 2). In the case that i, = 1 there is nothing new that
needs proving (because Iq - Iﬁ+1) Now let i, = 2 and choose a J € Ig such that
J meets mo[D,, N U3 N (73] in an infinite set. Equivalently m [J N D, N U, N Us] is
an infinite subset of m; [J N D,,)]. Again, by Cohen genericity, we have that ¢ ~L(m)
will contain an infinite subset of m; [J NnD,N U1 N Ud] This is equivalent to the
statement that J meets the set mo[D,, N U N Us] as required. O

Corollary 7. Assume IH(S + 1,1—6). Suppose that B C Q; satisfies that
(1) B converges in the product space [0, 1]{1_’2*3},
(2) B converges to q € Q; with respect to 73,
(3) m;[B] is in (IQJ')L for each j =1,2,3.
Then there are pg : Q;, = w and Yg : Qj, — w so that, with {1, j2,js} = {1,2,3},
TH(B 4+ 2,1-6) holds after we set
(1) IEH =1j forallq#r€Q,
(2) I3, ={B}UI},
3) 75+1 =Th
(4) Tﬂ_H is the topology generated by T3° U {90/3 (m):m € w},
)

©

Proof. First apply Lemma |§| in two consecutive steps to obtain g and then 3.

7'5“ is the topology genmerated by *U{ps Lm) :m € w}

This gives the new topologies Téi_l and Téj_l so that m; [B] is closed and discrete
for j = jo2,743. Finally, the assumptions on B now ensure that B can be added to

Ig+1 O

5. ENSURE FRECHET IN EACH COORDINATE

In this section we assume that the induction hypotheses hold at stage o and that
A, is a subset of Q1. The case when A, is a subset of any other @Q; is completely
symmetric and it is notationally clearer to be specific about the value of i.

Fix an enumeration {r; : £ € w} of Q1. We will take w many steps (from « up
to a + w) so as to ensure that either ry is not in the closure of A (with respect
to 71 in fact) or there is an I C A, which is an element of T 5ep1- This will



MA AND THREE FRECHET SPACES 7

require that we enlarge each of 75, , and 73, so as to ensure induction hypothesis
(5) remains valid. If we complete this process, we obtain that induction hypothesis
(7) is extended. No changes are needed for induction hypotheses (8,9). Induction
hypothesis (6) will be retained in the process because we will be applying Corollary
[7] at each step.

Lemma 8. Let ¢ < w and assume IH(a+£+1,1—6). Assume that A, € (I;{HZ)L
and Ty is a T(}H_[-limit point of A,. Then there is an extension (TS+Z+1’IS+Z+1) of

(T&_é,ISH) so that TH(aw+ €4 2,1—6) holds and there is an I € T'*

aroi1 that is a
subset of Ag.

Proof. First choose any infinite B C @; that is a pseudointersection of the filter
b~ase {UNnA,:r, €U e7),,}. By passing to a subsequence we can assume that
B converges in [0, 1]{1’273}. Since B is a pseudointersection of the neighborhood

base for 7y, it is clear that B converges to ry € Q1 with respect to Té_,'_z. We check

~ N L ~

that 7;[B] is in (IS}FZ) for each j =1,2,3. The first case is that m1[B] = B is in
(I;’fM)L because we assume that A, € (I;’iw)l'. For any j € {1,2,3yand J € T,
with r # 7, we have that r; is not a 7} ,-limit of m1[J]. Therefore there is some
re € U € 7}, that is almost disjoint from m1[J]. This implies that B is almost
disjoint from 7 [J], which, by symmetry, implies that 7;[B] is almost disjoint from
J.

We finish the proof of the Lemma by applying Corollary (]

6. ENSURE M-SEPARABLE FAILS FOR THE PRODUCT

In this section we assume that, for a limit ordinal o < ¢, ((T(ﬁ@,Ig) < a)is
a system that satisfies TH(a, 1—6) and that H, is an infinite subset of D and we
recall that H, N D,, is finite for each n € w.

Two ideals 71,7, on P(w) are orthogonal if I1 N I is finite for all Iy € Z; and
I, € T,. We will use the following notion from [1].

Definition 2. A finite family {Z; : ¢ € n} of mutually orthogonal ideals of P(w) is
an n-gap if for every collection {C; : i € n} C P(w) satisfying that I C* C; for all
i €n and I € Z;, we have that Co N Cy N ---N C,_1 is infinite.

Proposition 9 ([1, Corollary 21]). The hypothesis MAg(o-k-linked) implies that
for n > k there exist no n-gaps of 0-generated ideals in P(w)/fin.

Of course Martin’s Axiom implies MAy(o-k-linked) for all k£ € w and 6 < c.

Lemma 10. The set of ideals {Z; : i € {1,2,3}} is mutually orthogonal, where,
for each i € {1,2,3}, Z; is the ideal of subsets of H, generated by the family
{I:1€19}.

Proof. Let 1 < ji < j2 < 3 and suppose that r; € Q;, and ry € Q;,. Furthermore
assume that I € Z7' and J € Z/>. By induction hypothesis (4), 7;, [J] is closed and
discrete with respect to 771, while, by (3), I is a converging sequence. Therefore
I N, [J] is finite. Since m;, is 1-to-1 and m;,[I] = I, it follows that I N .J is
finite. Since these are arbitrary generators of the ideals Z;, and Zj;,, this proves the
Lemma. ]
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Of course it follows from Proposition |§| that {Z1,Z5,Z3} of Lemma is not a
3-gap. So therefore, we may choose sets C1, Ca, C3 satisfying that C;NCyNC3 = (),
and, for each I € Z9 and i € {1,2,3}, HyNI C* C;, and (with no loss of generality)
CiUC,UCs =H

Proposition 11. Fori € {1,2,3} and B; = m;[H, \ C;], we have that B; € (IdQ")l
and B; N J N D, is finite for alln € w and J € 70.

Proof. First observe that INH, c*C;foral I € Ifgi. This is equivalent to the
desired conclusion that B; € (13)1_ In fact, let us highlight the fact that B; is
equal to H, \ C; and recall that H, N D,, is finite for all n € w. Now suppose that
J € T2. Tt then follows trivially that B; N (J N D,,) is finite for all n € w. O

Lemma 12. There is a sequence of extension ((Tg+i,1g+i) ci=1,2,3) of (t,Z9)
such that there are functions ¢!, : Q; — w, for i =1,2,3 satisfying

(1) forallq € Q, Th s =12,

(2) L | B; is 1-to-1 where B; = m;i[Hy \ Cil,
(3) H ﬁIC C; for all I € 12,
(4) Cl N CyNCs is empty and H, C 01 U Cy U Cs,
(5)
(6)

g, s continuous with respect to T, 3,
ITH(a+4,1-6) holds.

Proof. By induction on i = {1,2,3}, apply Lemma [6| with B = B; and 8 = a +
(i—1), to obtain ¢!, to be ¢z in the statement of the Lemma. Define ( ;QH,ISH)
as described in Lemma [Gl O

Corollary 13. For limit a < ¢ for which H, is an infinite subset of D and the
system ((Tg,lg) : B < a) satisfies [H(a+1,1-9), there is an extension <(T§,I§) :
B < a+ 3) satisfying TH(a +4,1-8).

Proof. First choose (Tg+3,19+3) together with the functions ¢¢, (i = 1,2,3) as in
Lemma We have to show that induction hypothesis (8) holds, namely that,
that H, ib closed and discrete in @1 X Q2 X @3 with respect to the topology
a+3 X T, +3 X Ta+3 For each i = 1,2,3, the function ¢! o m; is a continuous
function from Q1 x Q2 x Q3 into w. For each i = 1,2,3, ¢! om; | (Hy \ C;) is
1-to-1. Therefore, for i = 1,2,3, H, \ C; is closed and discrete in Q1 X Qg X Q3. Of
course this implies that H, is closed and discrete since H, = H, \ (C1 N Cy N Cs)

and Ha\(Cl ﬁCQQC;g)Z(Ha\cl)U(Ha\CQ)U(Ha\C?,). O

7. ENSURE THE FAILURE OF MH-SEPARABLE FOR THE PRODUCT OF TWO

In this section, we continue from Section [6] and we assume that H, is not empty
and that <(Tg+i,I§+i) : ¢ = 1,2,3) have been defined as in Lemma [12[ so that
IH(o,1-9) and TH(aw+4,1—8) hold. Suppose further that {k € w: H,NDy = 0}
is infinite and let {my : £ € w} enumerate this set. For each ¢, let hy be the finite
set Ho NU{Dpn : me <n < mygq}.

Lemma 14. There is an inﬁnite set L Cw and a partitz'on C1,Co of Hp, = U{he :
¢ € L} satisfying that Hy, N Ic*Cforalll €T a+3, and Hp, N1 C* Cy for all
1e1%,.
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Proof. Given an infinite set L, let Q, denote the poset consisting of the set of triples
(j,¢,T) where j € w, ¢ C |J{hs : £ € LN j}, and T is a finite subset of T U Z92
satisfying that I; NI N hy is empty for all £ € w \j. A condition (jz,c2,Z2) extends
(4, ¢, T) providing

(1) 7 < ja, CQﬂU{HngELﬂj}:C,

(2) I, DI,

(3) LNnhyCeyforall [} eI NZT and £ € LN ja \ J,

(4) I, N hy is disjoint from ¢ for all Ir € I@>NTand L€ LNjs\j.

The poset Qp is a standard poset for adding a separation of two orthogonal
ideals. However it is not always ccc.

If we let L denote the set g~1(1) where § is a generic for the standard poset 2<¢,
then we check that 2<“ % Q; is ccc. It should be clear that this will then prove the
Lemma. The elements of Q; are simply elements of Q. but the ordering on Q;
depends on the generic. To prove that 2<“ % Q; is ccc, we may pass to the dense
set of conditions that have the form (o, (j,c,Z)) where o € 2* for some k > j. Let
{(o¢, (Je,ce, L)) : 2 < € < wi} be any family of such conditions. For each § € w;
and i =1,2, let I ; = |J (Ig ﬂl'fi). By passing to an uncountable subset we may
assume that there are o, j, ¢ so that, for all 2 < §{ <wy, 0¢ =0, je = j, and c¢ = c.
Let k be the domain of 0. Pass to a further uncountable subset so that for any &, n
and any ¢ < k, Iy Nhe = I,,1 Nhe and I o N hy = I, 2 N hy. Set

ca=cU <I~§71 ﬂU{h@ rj<fando(l) = 1}) .

Now fix such a distinct pair &, 7. Choose jo > k large enough so that for each

L €I N(ZeUT,) and I, € I N (Ze UL,), [, N Iy N hy is empty for all

¢ > jo. Define 0 C 7 € 272 so that 7(¢) = 0 for all k < ¢ < jo. Routine checking

shows that (7, (j2,c2,Z¢ UZ,)) is a common extension of each of (o, (j¢, ce, Z¢))
and (oy, (Jn, ¢, Ly)) in 259 % Q; .

O

Now we have, completely analogous to Proposition the following result.

1
Proposition 15. Fori € {1,2} and B; = m;[H \ C;], we have that B; € (ISJFB))
and B;NJ N D, is finite for alln € w and J € L, 3.

Lemma 16. There are extensions (Tg+4,1g+4) and (Tg+5,1g+5) of (Tg+37l—g+3)
such that there are functions @}, 3 : Q; — w, fori = 1,2 satisfying

1) forallqeQ, I8 s =17 5,

2) ¢hig | B is 1-to-1 where B; = m;[Hp, \ Cl,

3) HoNIc* C; forall T € TY:,

4) C1NCs is empty and Hy C C; Uy,

5) <pfl+3 1s continuous with respect to T(i+5,

)

Proof. By induction on ¢ = {1, 2}, apply Lemma@with B = B; and = a+(i—1),
to obtain ¢! to be pg in the statement of the Lemma. Define (Tg_‘_i,IgM) as
described in Lemma [Gl
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Corollary 17. For limit a < ¢ for which H, is an infinite subset of D and
<(T§,I§) : B < a) satisfies [H(a, 1-9), there is an extension <(T§’),Ig) B < atw)
satisfying T H (o + w, 1-9).

Proof. First choose (TS _H,Ig ;) together with the functions ¢}, (i = 1,2, 3) follow-
ing the proof of Lemma[I2] Following that, we have chosen Hp, as in Lemma[l4] and
apply Lemmato choose (Tngi,Ingi) (i =4,5). Finally, for all «+5 < 8 < a+w,
we set (TS,I?) equal to (Tg+5,18+5).

We have to show that induction hypothesis (9) holds. It will be sufficient to
show that 7 o[HL] is closed and discrete in Q1 X Q2 with respect to the topology
Tatw X Taiw- For each i = 1,2, the function ¢! 4 is a continuous function from

Q; into w. The sequence {(goéﬂrg))fl (m) x Q2 : m € w} is a clopen partition of
Q1 % Q2. Since ¢} 3 0m is 1-to-1 on Hy, \ C; (as in Lemma [16)), it follows that
the set m 2(Hr \ C1) has at most one point in common with each element of this
partition. Similarly, m; o(Hy \ C2) has at most one point in common with each
member of the clopen partition {Q; x (<p(11+3)_1 (m) : m € w}. Since C1,Cs is a
partition of Hy,, it follows that m 2(H) is the union of two closed discrete subsets
of Ql X QQ. O

8. OGA AND THE PRODUCT OF TWO FRECHET SPACES

In this section we are no longer assuming any form of Martin’s Axiom and we
prove that OGA implies that the product of two countable Fréchet spaces is M-
separable. This improves the result in [5] where it was proven under the assumption
of PFA. Our current proof is similar to the proof in [5] but is easier to read. See also
[11] for a similar application to products of Fréchet spaces. It is noted in [3] that
PFA yields the stronger result that the product of two countable Fréchet spaces is
R-separable. We do not know if OCA implies the same.

The version of the open graph axiom, referred to as OCA in the initial reference
[12], is due to Todoréevié. The original OCA, referred to as OCA sgrs in [§], was
introduced in [2].

OGA is the assertion that every open graph on a separable metric space is either
countably chromatic or else has an uncountable complete subgraph. Here a graph is
open if the adjacency relation on the vertex set is topologically open in the product
topology.

Theorem 3 (OGA). The product of two countable Fréchet spaces is M-separable.

Proof. Let 71, be two Fréchet topologies on the underlying space w. Let {E, :
n € w} be dense subsets of the product space (w,71) X (w,72). It is well-known
(and easily checked) that if we let (z,y) € w? be an arbitrary point and we are able
to find a sequence H,, C E, (n € w) of finite sets satisfying that (z,y) is a limit
point of the union | J{H,, : n € w}, then the product is M-separable. So we fix such
a pair (z,y).

Next we choose a pair of converging 1-to-1 sequences (z,, : n € w) and (y, : n €
w) such that the first sequence 71-converges to x and the second ra-converges to y.
Now let {U? : n € w} C 71 be pairwise disjoint with z,, € UY for each n. Similarly
choose pairwise disjoint {W? : n € w} C 75 such that y, € W for each n. Let D
be the union of the family {E,, N (UL x W2) : n € w}.
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The fact that the sequence {(2n,yn) : n € w) converges to (z,y) will play a key
role in the proof. Observe the trivial fact that, for each n € w, (z,,y,) is a limit
point of the interior of the closure of the set D N (UY x W2).

Let Z, be the set of all infinite sequences that 7 -converge to x. Similarly let
Jy be the set of all infinite sequences that m-converge to y. For each I € 7, let
I=DnN(I xw). For each J € 7, let J = DN (w x J).

Suppose there is some I € Z,, and J € J, such that (z,y) is a limit point of InJ.

Since {(z,y)} U (f nJ ) is metrizable, this would imply there is a sequence S from

D converging to (z,y). Since S, = SN (U2 x W) is finite for each n, it follows
that {S, : n € w} is the sequence needed for the verification of M-separability.
Therefore we now assume there is no such I € Z, and J € J,. Since, for such a

pair (I, J), the family {{(z,y)}U (ﬂ) N (7\\_;)) : k € w} is a neighborhood base

for (z,y) in the above mentioned subspace, it follows that for each such (I,J) €

T, x Jy, there is an integer k satisfying that (I '\ k) N (J \ k) is empty.

Let X be the family of pairs (I, J) € Z, x J, such that I and J are disjoint. The
separable metric topology that we place on X is the standard one where for each
integer n € w and subsets s,t of n, [s,t;n] = {(I,J) € X : INn =sand JNn = t}.

We define the graph G to consist of all pairs ((I,J), (I’,J’)) from X? that satisfy
that at least one of I NJ" and J NI’ is non-empty. This graph is open since being
an edge depends only on a single element of D.

We first show that G is not countably chromatic. Suppose that {X; : k € w}isa
family of induced subgraphs, each containing no edges. Set S, = J{I : (3J) (I,J) €
Xetand T, = U{J: (3I) (I,J) € Xi}. Note that DN (Sk x w) N (w x T}) is empty
for all k. Let Lo = w and {U2,W? : n € Lo} be as above. We perform a recursion
in which we choose Ly 1, an infinite subset of Ly, and sets U1 W+l (n € L)
where, for all n € Ly 1, either

(Case 1) UK+l = UF and W+t = WF\ Ty, or
(Case 2) UKl = UK\ Sy and Wt = Wk,

The inductive assumption is that, for all n € Ly, (2,,y,) is a limit point of the
interior of the closure of DN (UF x WF).

Suppose we have so chosen Ly, {UX, W¥ :n € Li}. Since DN(UF x WF) is equal
to the union of D N (UX x (WF\ T})) and DN ((UF\ Sk) x WE), (2, y,) is a limit
point of the interior of the closure of one of these sets. If the set of n € Ly such
that (z,,,yn) is a limit point of the interior of the closure of the first of these sets
is infinite, then we are in (Case 1) and this is the choice for Ly; and the sequence
{(UY Wk+1) i n € Ly 1}. Otherwise Ly is the subset of Ly, in which (Case 1)
condition fails, and we have (Case 2) holding for all n € Lj1.

Having completed the induction, choose a strictly increasing sequence {ny : k €
w} so that ny € Liy1. For each k choose a pair of sequence I, Ji so that I, C Uﬁ:l
converges to z,, and Jj C V[/ffk+ L converges to yy, -

Since z is a limit point of the set |J{Ir : k¥ € w}, there is a sequence I € 7,
that is contained in this union. Let L' = {k : I NI} # (}} and, by the same
argument, there is a sequence J C [J{Ji : k € L'} that converges to y. By possibly
removing a finite set from each of I and J, we have that (I,J) € X. The proof
that X is not countably chromatic is finished if we prove that (I,J) ¢ X} for any
k € w. The reason this is true is that, for each k, either (Case 1) held at step k
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and J C* |J{WH*H! :n € Lj41} is almost disjoint from T}, or (Case 2) held at step
kand I C* |J{U**! :n € L1} is almost disjoint from Sy.

Therefore, from OGA, we can conclude there is an uncountable family {(I,, Jo) :
a < wi} C X such that (1o, Jo), (L5, J5)) € G for all @ < § € wi. Now we check
that the family {(INa, Jo) ta e w1} forms a Luzin-type gap in the following sense.
For all a < wy, I, and J, are disjoint (as per the definition of X), while for o < 3,
one of faﬁjg or fﬁﬁja is not empty (as per the definition of G). Every uncountable
subset of pairs from a Luzin-type gap is also a Luzin-type gap.

Say that a set S separates a family A from a family B if every member of A is
mod finite contained in S and every member of B is almost disjoint from S. It is
well-known that the pairs from a Luzin-type gap can not be separated.

We are just a couple of steps away from choosing our sequence of finite sets
{H, C E, : n € w}. First partition D into Dy = J{D N ({n} xn) : n € w} and
Dy =D\ Dy = {DnN(n+l x {n}) : n € w}. So Dy is finite in every column
(vertical fiber) and D is finite in every row (horizontal fiber).

Assume there are S; C D; (i = 0, 1) that separates the family {I,ND; : & € w1}
and the family {ja ND; : a € wr}. Then clearly Sy U S; would separate the family
{I,: o < w} and the family {J, : @ < wi}. Therefore, by symmetry, we may as
well assume that the families {fa NDy:a € w} and {ja NDy : a € wy} can not be
separated. Notice now that I, N Dy is finite in every column. Also, I, NUY is finite
for every n. Therefore, using that OGA implies that b > wy, there is a sequence
of finite sets H,, C (U2 x W2) N D, such that I, N Dy is mod finite contained in
U{H,, : n € w} for all @ < wy. Supplying more details, we can let {h(n,m): m € w}
be any enumeration of E,, D E, o = Do N (U2 x WP) for all n. For each a < wy,
there is a function f, € w* so that I, N E,o C {h(n,m):m < fo(n)}. We simply
choose f € w¥ so that f, <* f for all @ and set H,, = {h(n,m): m < f(n)} for all
n € w. Again we note that | J,, H, contains, mod finite, every I, N Dy.

Now let x € U € 7y and y € W € 75. Clearly U X w contains, mod finite, I,
for every a € wy. Choose any 8 < w such that (U x w) N, H, meets Jg N Dy
in an infinite set. By removing a finite set from Jg we can assume that Jg C W.
Pick any h = (u,w) € |, H, such that (u,w) € (U x w) N Jg. It follows that
(u,w) e U x W. O
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