AUTOMORPHISMS OF P(w)/fin AND LARGE
CONTINUUM

ALAN DOW

ABSTRACT. We prove that it is consistent with ¢ > N, that all
automorphisms of P(w)/fin are trivial.

1. INTRODUCTION

The study of automorphisms of P(w)/fin has, by now, an extensive
and fascinating history. Naturally P(w)/fin is the quotient Boolean al-
gebra of the complete Boolean power set algebra P(w) by the ideal fin
of finite sets. Every bijection between cofinite subsets of w induces an
automorphism of P(w)/fin and such automorphisms are said to be triv-
ial. ' W. Rudin [6] established that the continuum hypothesis implied
that there were non-trivial automorphisms. S. Shelah [7] established
that it was consistent that all automorphisms were trivial and Shelah
and Steprans [8] proved that this was a consequence of PFA. Our re-
sults follow the basic approach of both [7,8| but also benefit from the
considerable contributions in [2,11,12] and others. Shelah and Steprans
[9] have shown that it is consistent with Martin’s Axiom plus ¢ > N,
that there are non-trivial, even nowhere trivial, automorphisms. In
this paper we establish that it is consistent with Martin’s Axiom plus
¢ > Ny that all automorphisms are trivial.

Our original submission of this paper established the result primarily
as a forcing construction and argument but it also featured the iden-
tification of some basic, and familiar, combinatorial principles such as
w*~-cohere and P-cohere (see Definitions 2.3 and 2.6) that help constrain
the existence of non-trivial automorphisms and proving that they held
in the constructed forcing model. At the instruction of the referee we
have worked much harder to present the proof of the main result in
the desired form of formulating such a combination of combinatorial
principles that imply that all automorphisms are trivial and to then
prove the consistency, with large values of ¢, of this combination. Our
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solution is to formulate a version of Martin’s Axiom that we call w;-
strategic MA (Definition 1.3). We are pleased with the reward of this
effort as it led to a result in the spirit of Velickovic’s inspiring result
concerning o-Borel liftings of automorphisms (see [10] and [11]). This
result is presented in Theorem 1.1 and the final formulation of our main
result with the hoped for more combinatorial flavor is Theorem 1.2.

For a function F' : P(w) — P(w), we say that F induces an au-
tomorphism (of P(w)/fin) if F'(z) =* F(y) whenever x =* y and the
function sending the equivalence class of x (mod finite) to that of F(z)
(mod finite) is indeed an automorphism of P(w)/fin. When F' does not
induce a trivial automorphism, the family triv(F') is the ideal of sets
a C w such that F' [ P(a) is trivial in the usual sense, namely that
there is a function h, from a into w that is 1-to-1 on a cofinite subset
of a and satisfies that F'(z) =* h,(z) for all x C a. It is shown in [7]
that triv(F') is an ideal on w . As usual, triv(F)" will denote (infinite)
subsets of w that are not elements of triv(F').

Let BOR denote the set of Borel self-maps on P(w) where the topol-
ogy on P(w) is generated by the clopen subbase of sets {{a Cw:n €
a} :n € w}. If F is any self-map on P(w) then F' can be covered by
€ C BOR simply means that, for all x € P(w), there is an E € £ sat-
isfying that F'(x) =* E(z). Similarly we will say, for € C BOR, that F’
is £-Borel if it can be covered by £. As is well-known, if F'is a lifting
of an automorphism that can be covered by a countable &€ C BOR,
then F'is trivial. We wish to consistently generalize this to coverings
by larger subsets of BOR. We will say that F' is A\-Borel or <c-Borel
if it can be covered by &€ for some £ C BOR with |£| < Aor |€] < ¢
respectively.

Recall that p is the well-known pseudo-intersection number and that
the statement p = ¢ is equivalent, by M. Bell’s theorem, to Martin’s
Axiom for o-centered posets. The following is really the major new
result in the paper. We restate and prove it later as Theorem 4.5.

Theorem 1.1 (p = ¢). Every automorphism of P(w)/fin that has a
<c¢-Borel lifting is trivial.
Theorem 1.1 is a critical piece in adapting the Shelah-Steprans PFA

technique from [8] to models with ¢ > ws.

Theorem 1.2. The combinatorial principle wy-strategic MA implies
that all automorphisms of P(w)/fin are trivial.

We next define the w-strategic MA principle. The model component
is attempting to capture the key properties corresponding to having a
forcing extension, V[G,], for a generic filter G, for a standard finite
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support ccc Martin’s Axiom iteration in which each P, has cardinality
less than & for all @ < k, and M, = H(k)|G,NM,)]. Secondly {(SF) in
the ground model is strategically utilized to choose @, for all A € ST
ST denotes the stationary set of ordinals in « that have cofinality wy.
The idea is that if we have a viable w;-length recursive strategy for
constructing a ccc poset, then at least once, we will force with a poset
that was constructed using that strategy. We formulate key combina-
torial principles in Section 2 that are more routine consequences, as
shown in Section 3. Then the most difficult extension of [9] in Section
3 that requires the new result about Borel liftings. Some specialists
may prefer to ignore wi-strategic MA in favor the forcing formulation
in Theorem 1.5.

Definition 1.3. w;-strategic MA is the following principle: ¢ is a reg-
ular cardinal and H(c) can be covered by a strictly increasing chain,
M = (M, : n < c), of elementary submodels satisfying, for each X € S,

(1) MuNP(w) =U{M,NP(w): u <A} and has cardinality < c,

(2) there is a continuous strictly increasing cofinal function C from
w1 to A satisfying that for each p € A** N M, there is a station-
ary set of 4 € wy such that p [ 6 € M¢,s), and

(3) for every R = ((Ry,n;) : t € ¢=) satisfying that R, € M,, and
m < ns for all t C s € ¢=“1 (we say that R is an M-system),
there is a cub C(R) C ¢ satisfying that for all A € C(R) N S§,
there is a p € A** such that (R, : @ € wy) and (Nyja 1 @ € wy)
are elements of M, with the latter being cofinal in .

Say that an 9M-system R = ((Ry,n) : t € ¢<“1) is a ccc poset M-
strategy if for every t C s € ¢<“!, R, is a subposet of R, and there is a
cub C(R) satisfying that for each A € C(R)N S| and each p € MyNA“"
as described in item 3, R, = (J{R,ja : @ € w1} is a ccc poset in the
model M. Say that such an (R, M) is a poset/model pair constructed
by R.

Finally, the principle states that for every ccc poset M-strategy R
there is a poset/model pair (R,, M)) constructed by the system for
which there is an M)-generic filter for the poset R,,.

The principle wi-strategic MA implies the usual Martin’s Axiom.
This can be seen by noticing that for any ccc poset R € H(c), each R,
can equal R for all t € ¢<“1. It is a routine exercise to verify that this
principle is consistent with arbitrarily large values of ¢. More specif-
ically, start with a {(S7)-sequence and use a standard finite support
ccc iteration (P,, QB s < K, 8 < k) that is designed so that P, forces
Martin’s Axiom. The additional requirement is that given any P.-name
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of a sequence ((R;,n;) : t € k<“1) as in the Definition, it is a simple
matter, if the A-th element of the diamond sequence element is suitable,
to choose a function p € A“* N V[G,] satisfying that {n,, : v < w;} is
cofinal in A, and to set Q,\ in the iteration sequence to equal I,. Then
it is clear that we have proven the next theorem.

Theorem 1.4. It is consistent with arbitrarily large values of ¢ that wq-
strategic MA holds, and therefore that all automorphisms of P(w)/fin
are trivial.

The remainder of the paper is devoted to proving Theorem 1.1 and
Theorem 1.2 but anyone more interested in a forcing approach can
easily modify our proofs so as to prove the following, largely equivalent,
result since w;-strategic MA is a forcing axiom. The discussion in the
preceding few paragraphs concerning the formulation of wi-strategic
MA should serve in lieu of proofs of the previous and this next Theorem.

Theorem 1.5. Assume GCH and that k > wy is a cardinal such that
O(SY) holds. Let e : k — H(k) be an enumeration of H(k) and let
(D) : X € SY) be a $(ST)-sequence.

The poset P, forces that MA (even wi-strategic MA) holds and that
all automorphisms of P(w)/fin are trivial providing the finite support
iteration (P, Qg ca < K, B < k) satisfies these simple conditions:

(1) for each B < k, Qg is a Pg-name in H(k) of a ccc poset,

(2) for each X\ € S¥, if e(Dy) = {e(§) : £ € Dy} is a Py-name of a
cce poset, then this is the value of Oh,

(3) if X € Sy and e(D,) is a Pyx-name that is forced by 1p, to be a
system (Ry : t € AX<¥1) satisfying that for t C s € A<¥', R, is a
subposet of R, and if there is a p € A such that (p(&) : £ < wy)
is strictly increasing and cofinal in X and R, = |J{Rp¢ : £ € w1}
15 cce, then QA is forced to be one such R,.

Here is a brief outline of the paper. In Section 2 we introduce the
combinatorial notions leading to the formulation of w“-cohere and P-
cohere and prove that these imply that an automorphism is trivial if
it has a lifting F' such that triv(F') is ccc over fin. In Section 3 we
prove the principles from Section 2 hold in models of w-strategic MA.
In Section 4 we prove the result on <c-Borel. In Section 5 we finish the
proof of Theorem 1.2 by generalizing the Shelah-Steprans method from
|8] of splitting and freezing w;-gaps related to the structure of triv(F').
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2. TOOLS FOR YOUR FORCING ALL AUTOMORPHISMS ARE TRIVIAL
CONSTRUCTION

In this section we review some familiar combinatorial principles that
greatly assist in proving that all automorphisms of P(w)/fin are trivial.
We prove in Section 3 that they are consequences of wi-strategic MA.
This first result is true in ZFC.

Proposition 2.1. If F induces an automorphism and a € triv(F)7,

then for any 1-to-1 function h € w®, there is an infinite y C a such
that h(y) N F(y) is finite.

Proof. Since a ¢ triv(F), the function h does not induce F' | P(a).
Choose any « C a so that h(z)AF (z) is infinite. If h(x)\F(x) is infinite,
then let y C x be chosen so that h(y) = h(z) \ F(x). Since F(y) C*
F(z), we have h(y) N F(y) is finite as required. In the other case when
F(z)\ h(z) is infinite, choose y C x so that F/(y) =* F(z) \ h(z). Here
again we have that h(y) C h(x) and h(x) N F(y) =* 0. O

Definition 2.2. A family H of possibly partial functions from a count-
able set D to w is coherent if for hy, hy € H, the set {n € dom(h;) N
dom(hsy) : hi(n) # ha(n)} is finite.

Such a coherent family H is maximal if whenever #U{h} is coherent,
the domain of h is in the ideal generated by [D]<YU{dom(h) : h € H}.
A coherent family will be called trivial if D is in this ideal.

For a function f € w®, let f* denote the set {(n,m) € w x w:m <
f(n)}. A family H of functions is an w*-family if H = {hs : f € w*}
and, for each f € w*, h; is a function from f* to w.

We note that every subfamily of a coherent family is also coherent.

Definition 2.3. Say that the principle w”-cohere holds if each w“-
family H that is coherent, there is a function h : w X w — w such that
H U {h} is also coherent.

The principle w“-cohere (not so named) is a well-known consequence
of OCA due to Todorcevic (see [2, 2.2.7]). This next result is similar
to [11, proof of Lemma 2.5].

Lemma 2.4. Suppose that F induces an automorphism on P(w)/fin
and suppose that triv(F') is proper dense ideal. The principle w*-cohere
implies that if {a, : n € w} is a mod finite increasing sequence of
subsets of w then either there is an n so that w\ a, € triv(F), or there
is an b € triv(F)" that is almost disjoint from each a,,.
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Proof. Let {a, : n € w} C [w]™ be increasing. There is nothing to
prove if the family {a,, : n € w} is eventually constant mod finite, so we
may assume that it is strictly increasing mod finite. As usual, let {a,, }
denote the ideal of sets b that are almost disjoint from each a,,. Assume
that b € triv(F) for all b € {a,}}, and as usual, let h;, be the function
on b inducing F' | P(b). Since the family H = {hy : b € {a,};} is a
coherent family, it is an obvious consequence of w“-cohere that there
is a function h € w* such that H U {h} is coherent.

We show that there is an ng so that h | (w\ ap,) is 1-to-1. Otherwise
we may choose a sequence of pairs {(i,, jn) : n € w} so that {i,,j,} C
w\a, and h(i,) = h(j,). By construction the set b = {i,, : n € w}U{j, :
n € w} is an element of {a,}. Since hy is 1-to-1, this contradicts that
hy C* h.

If there is an n > ng so that h | (w)\ a,) induces F' on P(w\ a,,) then
the Lemma is proven. Otherwise, we may choose, using Lemma 2.1, for
each ng < n € w an infinite set z,, C w\a, so that h(z,)NF(z,) is finite.
Since z,, cannot be an element of {a, };-, we may shrink x,, so that there
is an k,, > n such that x,, C ag, 41 \ ax,. Since triv(F) is assumed to
be dense, we may also assume that x, € triv(F). Choose an infinite
J C wso that forn <m € J, k,,1 < m. For each n € J, let h, denote
the function h,,. Note that h(x,) N h,(z,) = h(z,) N F(z,) is finite.
By a simple recursion we can further arrange that h(i) # h,(j) for all
ie|U{zr: ke J}and j € x,. Let o = J{x, : n € J}. Foreachn € J,
choose a finite H,, C x,, so that h,(z, \ H,) C F(z). By recursion on
n € J, choose i, € z,,\ Hy, so that h,(i,) ¢ U{F(ax) : k < k,}. Choose
y C w so that F(y) =* {h,(i,) : n € J} and note that y N ay is finite
for all k € w. Since F(y) C F(x) we may assume that y C x. But now,
F(y) =" h(y) and yet h(y) is disjoint from {h,(i,) : n € J}. O

Definition 2.5. An ideal Z on a set A C w is ccc over fin if ANZ is
not empty for every uncountable almost disjoint family A of subsets of

A.
The notion of an ideal being ccc over fin was introduced in [2].

Definition 2.6. Say that the principle P-cohere holds providing there
is no non-trivial coherent family of functions whose domains form a ccc
over fin P-ideal.

Lemma 2.7. Assume that the principles w*-cohere and P-cohere hold.
If F is induces an automorphism on P(w)/fin then A € triv(F) for any
A C w such that triv(F) N P(A) is ccc over fin.
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Proof. Again assume that we have a fixed assignment of h, € w* for all
a € triv(F') such that h,(z) =* F(z) for all z C a. Since F' induces an
automorphism, it follows that the family H = {h, : a € triv(F)} is a
coherent family. Since a ccc over fin ideal is a dense ideal, we assume
for the remainder of the proof that triv(F) is a proper dense ideal. We
prove that it can not be ccc over fin.

We first check that if h € w*, then HU{h} is not coherent. Since we
are assuming that w ¢ triv(F'), we have, by Lemma 2.1, that there is
an infinite © C w such that h(z) N F(z) is finite. We are also assuming
that triv(F') is a dense ideal, so, by possibly shrinking z, we can assume
that x € triv(F). Then h, € H and evidently, {h,, h} is not coherent.

It is immediate from the assumption that P-cohere holds that triv(F')
is not a P-ideal. We complete the proof by considering the case where
triv(F') is not a P-ideal. Fix any increasing sequence {a, : n € w} C
triv(F') with the property that a ¢ triv(F) for any a C w that mod
finite contains each a,. Since w ¢ triv(F), it follows that w \ a, ¢
triv(F) for all n € w. Recall that {a,}; denotes the ideal of sets b C w
that are almost disjoint from a, for each n. For each b € {a,}:, the
ideal {bUa,}, is a P-ideal. Using w*-cohere and Lemma 2.4, for every
bo € {a,}*, there is a by € triv(F)* N{byUa,}:. Therefore, we can by
recursion, construct a mod finite increasing sequence {b, : @ < wy} C
{a,} so that, for each @ < wy, bot1 \ ba € triv(F)T N{bsUa,};+. This
clearly shows that triv(F’) is not then ccc over fin. U

Definition 2.8. Say that a family {h, : @ € w;} of partial functions
from a countable set A to w is Luzin incoherent if for all o < 3, ho Uhg
is not a function.

Proposition 2.9. If H = {h, : « € wy} is a Luzin incoherent family
of partial functions from a countable set A to w, then for all h € w?,
H U {h} is not coherent.

Proof. Identify A with w. Let h € w* and assume, for a contradiction,
that # U {h} is coherent. Choose m € w and function ¢ : m — w
so that, there is an uncountable I' C w; so that, for all « € T', hy |
(dom(hy) \ m) C h and h, [ m C t. Of course we now find that for all
a < f both in I', h, U hg(n) is a subfunction of t U [ (w '\ m). O

Definition 2.10. Let H = (h, : a € §) be a coherent family of
partial functions on w. Define the poset Q(H) to be the set of pairs
q=({s4:p €2} Ty satistying:

(1) ng € wand {s9: p € 2"} C [w],

(2) Ty € [0]<™,
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(3) for a # B € T'y and p € 2", the union (h, [ s9) U (hg [ s9) is
not a function,
(4) for each p € 2", the sequence {s}; : j < n,} is increasing,
(5) for p,¢p € 2", s9N s, = s? where j is maximal such that
pli=4¢17.
The ordering on Q(H) is that ¢ < r providing n, > n,, I'; D I',, and
st = s} for all p € 2™.
Let Q" ((he : £ € 6)) be the isomorphic poset where ¢ € Q((he : § €
9)) is sent to (s9, {he : £ € I'y}).

Fix any bijection ¢ : w x w — w. If (h, : @ € wq) is a coherent
subfamily of an w*-family of functions, then let Q,((hy : @ € wy))
denote the poset Q((hy o :a < wy)).

The idea for the poset Q(H) can be found in [2, proof of 3.8.1]. The
alternate version QT ((he : £ € 9)) has the property that {he : £ € 0} is
in its transitive closure. This will be useful in the context of w;-strategic
MA.

Lemma 2.11. Assume that H = (hy : o € wy) is a coherent family
of partial functions on w such that {dom(h,) : a« € wi} is mod finite
increasing, and there is no h € w* such that HU{h} is coherent. Then
the poset Q(H) is ccc. Furthermore, there is a condition q¢ € Q(H)
that forces there is an uncountable I' C wy and an uncountable almost
disjoint family A C [w]™, such that, for each a € A, the sequence
(ho | a:a €T is a Luzin incoherent family.

Proof. Let {qe : £ € w1} C Q(H). By passing to an uncountable
subcollection, we can assume that there is a single sequence {s, : p €
2="} such that, for all £ € w; and p € 257, ng, = n and sy = s,.
For each § € wy, let I'c = I'y,. By again passing to an uncountable
subcollection we may assume that the family {I'¢ : £ € w1} is a A-
system with root I''. For each £ € wy, let a¢ be the minimum element
of I'¢ \ I". With yet another such reduction, we may assume that there
is an integer m so that, for all £, hq, [ (dom(h,,) \ m is a subset of hg
forall 5 e T\ I

Fix any countable elementary submodel M of H(¢") with the family
{hae : € € w1} as an element. Let 6 = M Nw;. Fix any § € w; \
¢ and finite set / C dom(he,). By simple elementary we have that
the set {n € wy : ha, [ I = ho, [ I} is an element of M and is
uncountable. Since the family #H is mod finite increasing and is not
coherently extendable, it follows that (J{ha, [ dom(ha,)\m :d < &}
is not a function. Choose any iy > m so that there are § < &,,ny with
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ho‘ﬁo (Zo) = jo 7& k’o = ho‘no (ZQ) Let Jo = {f : hag (Zo) = ]0} and Ko =
{n 1 ha,(io) = ko}. Again, for every i > dg, (J{ha, | dom(ha,) \i:§ €
Jo \ 0} is not a function but the domain of this relation will mod finite
contain the domain of (J{ha, [ dom(ha,) \i:n € Ko\ d}. Therefore
we may choose an 7; > iy so that there are & € Jy and n; € Kj so that
Rae, (1) =h # k1 = P, (7). Tt should be clear that continuing with
such a recursive construction we can find a sequence {i, : £ < 2"} so
that there is a pair &, 7 satisfying that hq, (i¢) # ha, (i¢) for all £ < 271,
We are ready to find a condition r that is below each of g¢ and ¢,,. We
let n, = n+ 1 and we re-index {i, : £ < 2"} as {i, : p € 2"*!}. For
each p € 2"*!, the definition of s} is 5,1, U {i,}. For p € 257, 57 = s,,.
Clearly, for each p € 2"*', we have that (ha, [ 5}) U (ha, | s}) is not a
function because hq, (i,) # ha, (i,). By the choice of m it also therefore
follows that for all 3y € I'e \ I" and 8, € I'y) \ T", (hg, | s}) U (hg, | s})
is not a function. If 3y # B, are both elements of I'; or elements of I',,
then we already have that (hg, [ s};,) U (hg, [ s};,,) is not a function.
Since Q(H) is ccc, there is a condition ¢ that forces that the generic
filter G is uncountable. Consider any such generic filter G. It is easily
checked that, for each n € w, D,, = {r € Q(H) : n, > n} is dense. Let
['=U{l, : r € G} and, for each p € 2%, let a, = (J{a}, : 7 € G}.
The family A = {a, : r € 2¥} is almost disjoint. We check that for
r € 2¥, the family (hg [ a, : § € I') is Luzin incoherent. Let a # g € I'
and choose r € G so that {a, 3} C T'.. Since (hq [ s,;,) U (hs | s},)
is not a function, it of course follows that (h, [ a,) U (hg [ @,) is not a
function. O

3. ENSURING TRIV(F) IS NOT CCC OVER FIN

To complete the task of this section, it suffices, by Theorem 2.7,
to prove that w¥-cohere and P-cohere are consequences of w;-strategic
MA. We prove each of these by constructing suitable ccc poset -
strategies based on the poset Q() as defined in Definition 2.10. For P-
cohere we also use the poset ADF, , defined next, and for the purposes
illustrated in the Lemma immediately following.

Definition 3.1. Let ADF,, denote the poset of finite partial functions
p from w; X w to 2, such that, for some n, € w, dom(p) = F, x n,,.
Since the intention is to add a canonical almost disjoint family, the
ordering on ADF,, is that p < ¢ providing n, > ny, £, D F,, and for
all o # g € Fyand ny, < j < ny, pla, ) -p(B,7) =0 (i.e. at least one
has value 0). For each ¢ € wy, we let a(¢) be the ADF,, name for the

set {j €w: (Tp € q) pl,j) =1}
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Lemma 3.2 (MA). Suppose that Z is a ccc over fin ideal and that
{he € w* : a € I} is a mazximal coherent family of functions. Let

F C wY have cardinality less than ¢. Then there is an a € I such that
{f,ha} is not coherent for all f € F.

Proof. Let F C w* have cardinality less than c¢. Since {h, : a € Z} is
a maximal coherent family, there is a A C Z of cardinality at most |F|
satisfying that for all f € F there is an a € A such that b(f) ={n € a:
f(n) # ha(n)} is infinite. For each f € F, £ € wy and m € w, the set
D(f,&,m)={p € ADF,, : (In € b(f) \ m) p(§,n) =1 and {{} x n C
dom(p)} is evidently a dense subset of ADF,,. Let G C ADF,, be a
filter satisfying that G N D(f,&,m) # D for all f € F, £ € wy, m € w.
Since 7 is assumed to be ccc over fin, there is an ¢ € w; such that
a(t) ={n € w: (3p € G) p(¢,n) = 1} isin Z. Let f € F and we
prove that {f, hqe} is not coherent. Choose the a € A satisfying that
b(f) ={n € a: f(n) # ha(n)}. Since hy(, and h, are in the coherent
system it follows that {n € a(t) Na : he)(n) # ha(n)} is finite. Since
a(t) N b(f) is infinite it follows that {n € a(t) Na : f(n) # hs(n) =
ha@y(n)} is infinite. O

Lemma 3.3. w;-strategic MA implies P-cohere.

Proof. Let 9t be the sequence of models as in w;-strategic MA. Let
‘H be a maximal coherent family of partial functions on w and assume
that the ideal, Z, generated by {dom(h) : h € H} is a P-ideal. Since
‘H is maximal, it follows that Z is dense. Let us note that by Lemma
3.2 we may assume that for any F C w“ of cardinality less than c,
there is an a(F) € T satisfying that {f, her)} is not coherent for any
f € F. With this additional assumption we now define our ccc poset
M-strategy.

Choose any enumeration {he : £ € ¢} of H. By recursion on dom(t)
for t € ¢<“1 choose a pair (&, n;) satisfying the following conditions:

(1) for all s C ¢, ns < ny,

(2) <h§sa§9 15 C t) S Mnta

(3) (dom(he,) : s C t) is mod finite increasing,

(4) for all s Ct, {f, he, } is not coherent for any f € M, .

Finally we define, for t € ¢, R, = Q% ((he, : s C t)). Since (he,, & :
s Ct) € M,,, we have that R, € M,,. Let R = ((Ry,m) : t € ¢=') and,
since R is an M-system there is a cub C'(R) C ¢ as in the statement of
ws-strategic MA (Definition 1.3). Let us also note that for t C s € ¢<“,

R; is a subposet of R,.
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Consider any A € S{ N C(R) and let p € ¢** N M, satisfy that
(Mpta + @ € wy) € My is cofinal in A and (R, : o € wy) € M,. For
each o <wy, lett, =p [ a.

It follows also that {h¢, : « € wi} is in M,. Since the sequence
(dom(he, ) : @ € wy) is well-ordered by mod finite inclusion, this se-
quence is also in M,. For each f € w® N M,, there is an o < w; such
that f € M, By construction {f, he,  } is not coherent. It follows
then from Lemma 2.11, that R, is ccc in M.

This proves that R is a ccc poset IM-system and therefore there is
a (R,, M) constructed by the system as in the previous paragraph for
which there is an uncountable filter G' on R, that is M,-generic. It
follows again from Lemma 2.11 that Z is not ccc over fin. U

The proof of this next result is quite similar.
Lemma 3.4. w;-strategic MA implies w®-cohere.

Proof. In this proof we use the poset (),(7) or rather the isomorphic
copy Q7 (H) analogous to Q@ (H). Let {hy : f € w*} be a coherent w*
family. Fix a sequence (fe : £ < ¢) that is <*-increasing and <-cofinal
in w”. For each § <, let he = hy,.

Let 2 be the sequence of models as in the statement of w;-strategic
MA. Consider any M, € 9 and since |M, N P(w)| = |M, Nw*|, we
may choose ¢ € ¢ so that f <* f for all f € M, Nw®. Of course this
means that hy C* h¢ for all f € M, Nw>.

Now consider any h € M, that is a function from w X w to w. By
elementary, if {h} U {h;: f € M, Nw*“} is coherent, then {h} U {h; :
f € w?} is coherent. Therefore we will continue with the assumption
that, for any n < ¢, there is a ¢ < ¢ such that {h¢, hs} is not coherent
for any f € M, Nw®.

By recursion on dom(t) for ¢ € ¢<“ choose a pair (&, n;) satisfying
the following conditions:

(1) for all s Ct, ns < n and & < &,
(2) <h§5a€8 18 C t) S Mma
(3) for all s C t, {hy, he, } is not coherent for any f € M, .

We define, for t € <, Ry = QF((he, : s C t)). The proof that
R = ((Ry,me) = t € ¢<“1) is a ccc poset M-system proceeds as in
Lemma 3.3. Similarly, it also follows as in Lemma 3.3, that there is
a I' C ¢ of cardinality N; such that {he : £ € '} is Luzin incoherent.
Choose any ¢ < ¢ such that I' C ¢. It follows that dom(h¢) = fé mod
finite contains dom(h) for all £ € I'. Let A = dom(h¢) and notice the
fact that {h¢} U{he | A: € € I'} is coherent is contradicted by Lemma
2.9. 0
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4. ON <p-BOREL AUTOMORPHISMS

In this section we prove Theorem 1.1 as Theorem 4.5, namely that
p = ¢ implies that any <c-Borel automorphism is trivial. The very
rough idea, since it might help, is that since we have ¢-many mutual
Cohen subsets of w there will be non-meager many pairs of such Cohen
subsets that will lift to the same Borel function F together with all
the unions of those pairs also lifting to a common Borel function. We
then uncover an added trick (extra condition on those Cohen subsets
relative to special submodels) utilizing Proposition 2.1 that allows us
to prove, following Velickovic’s methods, that the function E actually
corresponds to a trivial automorphism on all those pairs. This same
trick assuming that the automorphism with the Borel lifting is non-
trivial, at a couple of key new steps, and taking great advantage of the
conflicted trivial behavior with respect to Proposition 2.1 at the Cohen
generics, leads to the desired contradiction.

We make use of the following easy Lemma that we will apply to
Borel liftings. Note that the elements [s;n] of the poset C, can also
be identified with the standard clopen basis for P(w) given by [s;n] =
{z Cw:xNn = s}. Given an infinite subset A C w, let C4 correspond
to the subposet consisting of those [s;n]4 = [s;n] N P(A) with s C A.
Recall that each element of BOR is continuous on a dense G5 subset
of P(w) (see [11]) and that there is a 1-to-1 correspondence between
elements of BOR and C,-names of subsets of w as explained in [4, §3|
and [3].

Lemma 4.1. Let £ C BOR have cardinality less than p. Then there
is a sequence (t; : L € w) of pairwise disjoint non-empty finite subsets
of w satisfying:

(1) for each € € w, let ky = min(t,) and my = max(ty) < kei1,

(2) let T =J{t;: ¢ € w} and A =w \ U{[ke, me] : { € W},

(3) for each E € &, let Er denote the function with domain P(A)
defined by Ep(x) = E(x UT) for each v C A,

(4) for each E € £, Er is continuous and, for cofinitely many ¢,
and all x C A,

ET([l’ N kg; kg]A) C [ET(l') N k‘@; k@]

in other words the first ke many values of Er(x) are determined
by the first k; many values of x C A.

For any infinite L C w, replacing (t, : £ € w) by {t, : £ € L) also
satisfies the requirements.
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Proof. Choose any elementary submodel M of H(c) of cardinality less
than p such that £ C M. For each E € &, let D C P(w) denote
a dense G5 in M on which F is continuous. Also fix a descending
sequence {U(E,m) : m € w} € M of dense open subsets of P(w)
satisfying that {U(E,m): m € w} = Dg.

Let ¢ denote the generic subset of w added by C,, and let g = valg,, (¢)
where GG); is an C,, filter that is M-generic. For each s C k € w, the set
sU (g \ k) is also C,-generic over M and so is an element of D for all
E €& Foreach s Ck€€wand E € €&, thereisam =m(FE, s, k) €w
such that E([sU(gNm\k)|NDg) C [E(sU(g\k); k] (i.e. E is continuous
at sU (g \ k) in Dg). Therefore there is an fp € w* satisfying that, for
alsCkecw

E([sU(gn fe(k)\ k); fe(k)] N De) C [E(sU (g \ k) Nk; k]

i.e. the first fg(k) many values of sU(g\ k) determines the first £ many
values of E(sU (g \ k)). We also ensure that fg(k) is large enough so
that [s U (g N fz(k) \ k); fs(k)] C U(E, k) for all s C k.

Now choose any strictly increasing function f € w* satisfying that
fg<* fforall Eeé&. Let ko =0 and mg = f(ko), and by recursion,
ko1 = f(mg) and myy, = j:(k'gﬂ). Set ty, = gNmy \ ke for all £ € w
and let 7= J{ty : L € w}and A = w \ U{me \ k¢ : ¢ € w}. Fix any
E € & and z C A and choose n € w satisfying that fz(k) < f(k) for
all n < k € w. Then, for each k < ¢, [(x N ke) U (g Ny \ ke);my] is
equal to [(z N ke) Ute;my] and [(x N k) U (g Nmyg \ ke); my] is a subset
of [(x Nke) U (9N fe(ke) \ ke); Fr(ke)] C U(E, k). Therefore, for all
x CA xUT € Dg and P(A) x {T} C Dg. Therefore we have that

ET<[.I N /{?g; ]C[]A) = ET([I N k}g, k)g}A) C [ET(Z’) N k’g; kf]
as required. O
Next we define a family of standard o-centered posets.

Definition 4.2. Let ) C P(w) and let II{C, : y € Y} denote the finite
support product. For each y € Y, let ¢, denote the standard name for
the Cohen generic subset of y added by the coordinate poset C,. Let
Q(Y) denote the TI{C, : y € Y}-name for a standard o-centered poset
that adds a generic subset of A = |J) that is almost disjoint from
every member of the family {¢, : y € V}. That is, ¢ € Q(Y) has the
form q = (84,14, Ly) € [A]<N x w x [Y]<M ordered by 7 < ¢ providing
Ng < Ny, Sy NNg = Sq, Ly D Ly, and s, Ncy, = 54N ¢, for all y € L,,.

Let K(Y) =TI{C, : y € Y} *Q(Y) and let i:()) denote the canonical
K())-name for the subset of | J) added by Q()).
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The next Lemma is an easy consequence of the familiar facts that
the members of {¢, : y € Y} are mutually Cohen generic and that, in
the II{C, : y € V}-generic extension, the generic added by Q(Y) meets
every subset of | J ) that is not in the ideal generated by {¢, : y € V}.

Lemma 4.3. Let Y C P(w) be a subset of an elementary submodel M
of H(¢%). Let G be a filter on K(Y) that is M -generic. For eachy € Y,
let ¢, = valg(¢y). Let Mlcy] denote, as usual, the set of all valuations
of Cy-names in M by the filter generated by c,. If x € M|c,| and x Ny
is not mod finite contained in c,, then x Nvalg((Y)) is infinite.

Lemma 4.4. Let ) C P(w) be a subset of an elementary submodel
M of H(¢"). Let G be a filter on K(Y) that is M-generic. Then
valg(2(Y)) is an element of U for every U € M that is a dense open

subset of P(UY).

Proof. Since K(Y) = TI{C, : y € Y} * Q(¥), we can treat members
of K(Y) as pairs (p,q) from a dense subset with p € II{C, : y € YV}
and q = (04,04, Ly) € UV x w x [Y]<% and with L, a subset of
the support of p and for each y in the support of p, p(y) has the form
[sy;ngly for some s, C nyNy. Of course it suffices to prove that

D(U) ={(p,q) € K(I) : [s¢;ngluy C U}

is a dense subset of (). This argument is routine so we omit it. [J

Now we restate and prove the main result of this section. The combi-
natorial details at the heart of the proof are numerous, but are similar
to those presented by Velickovic [10] in his proof that all Borel auto-
morphisms are trivial and those in [7] that inspired it.

Theorem 4.5. p = ¢ implies that if A < ¢ then any automorphism of
P(w)/fin that is A\-Borel is trivial.

Proof. Let F be a lifting of an automorphism of P(w)/fin. Assume that
& C BOR has cardinality <c¢ and that F' is covered by & in the sense
that, for all x C P(w), there is an E € £ such that F(z) =" E(x). We
will assume that w ¢ triv(F) and prove the theorem by contradiction.

Choose an increasing chain {M,, : p € ¢} of elementary submodels
of H(ct), each of cardinality less than ¢ and with F,€ € M, and
pC M, € My for all p < ¢. Choose a sequence (t, : { € w) € M,
as in Lemma 4.1. Additionally, let k, = min(¢,) and m, = max(t,) for
all / € w. Choose any L C w such that A = w\ |J{t, : ¢ € L} is
not in triv(F’). By elementarity we may choose such an L € M;. By
reindexing, we may assume for simplicity that . = w, and that A, T
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are in M; and satisfy that, for all £ € &,
ET([I‘ N k’g; ]Cg]A) C [ET(ZL‘) N k’g; k’g]

for almost all ¢; in other words the first &, many values of Er(x) are
determined by the first k, many values of x C A. There is no loss of
generality if we henceforth assume that for all x C A, F(x) C F(A)
rather than just F'(x) C* F(A). Also, for notational convenience, let,
for E € £, B4 denote the Borel function Ep(x) N F(A) for all x C A.

Let Y = My NP(A), hence |JY = A. For every 1 < p € ¢, let
G, € M, be a filter on K()) that is M,-generic and let Z,, denote
the set valg, (#(Y)) € M,41. Also, by assumption, we may choose

E, € £ such that F(z,UT)="FE,(z,UT).
Therefore, we can also choose m,, € w such that
Eur(z,) 0 F(A) \my = F(z,) \m, = F(z, UT) N F(A)\ my

where E, 1 is a notation for (E£,)r. Choose any £ € £ and m; € w
satisfying that I' is cofinal in ¢ where ' = {p € ¢ : 1 < p ,m, =
my and E = E,}. It follows from Lemma 4.4 that Xp = {z, : p € I'}
is a non-meager subset of P(A).

For the next step, for each p; < po both in ') there is some Eeé,
which we briefly denote as E(uq, p2), and some k = k(up, p2) that
witnesses the lifting assumption for z,, U z,, in the sense that

(4‘1) (F<jju1) U F(jjﬂl)) \ k= F(jul Uy, UT) N F(A) \ k
= Ep(Z,, UT,,) NF(A)\ k.

Again for each p; € T, we may fix a single pair £, k(u1) and a single
basic clopen set 5 ., , 2, | 4 satisfying that X (z,, ) meets [S2,,,, 72, )4
in a nowhere meager set, where X (z,,) is the set

{fm T < o € Fuk(MhMQ) = k(ﬂl)7 and B" = E(Ml;l@)} .

Working in reverse then, there is a single choice E, ky, [5,7is]4 such
that for a cofinal subset I’y C T and all uy € I'y, E = EM, k() =
ks and (82,1, M2,1]a = [S2,M2]a. Again there is a clopen set [51,74]4
satisfying that [51,71]4 N {Z, : p € I'1} is nowhere meager .

Choose m = k; large enough so that max (i, fig, M1, k2) < m and
for all £ < ¢ € w each of the following hold Er([xNky; kea) C [Er(x)N
ke; ko] and Ep([x N kg kela) C [Er(z) N ke k). For each £ < ¢ € w, let
Ay = ANk, \ m and let 53 = 5 U 5.

We can observe that we have the following forcing like statement:
for all £ < ¢ and s, s, C Ay there are j; < iy satisfying
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(1) [fm (S [71 Us ;k’g]A and fuz e [52 U Sg;k’g]A,
(2) F(2u,) \'m = Er(z,) N F(A)\m
(3) F(Zu,) \'m = Er(zy,) N F(A)\m,
54) (F(jm) UF juz)) \ @ = F@m U fuz) \m

Let us refer to items (1)-(5) as the (F, E)-relations. We have shown
that every pair py € I'y and pp with z,, € X(z,,) and s; = z,, Nke\m
(1 = 1,2), the (F, E)-relations hold. For any finite ¢ C kg, recall that
[t; ke] N P(F(A)) can be denoted as [t; kel p(a)-

For all { < ¢ € wand s C A define H(k,) , H2(k;) and H3(k) to
be those subsets of F(A) N k, satisfying, by the continuity properties

of Er and Er, that for all z; € [5;Us; k] (i = 1,2,3) and for i = 1, 2:
(42)  Ef(w) € [Hi(ke); kelpay and Ef(zs) € [H (ke); kel pa-

Claim 4.5.1. H? (k) = H. (k) U H2 (k) for all { < { € w and
S1,82 C Ag.

Proof of Claim. Choose pu; < ps so that the (F, E)-relations hold for
51,82 C Ay Letting o1 = x,,, T2 = 2,, and x3 = x1 U x5, we have by
equation 4.2, F(x1) Nke \ m = H} (ke), F(x2) Nk \ m = HZ (ke), and
F(xyUzo) Nk, \m = H] (ke)UHZ (k). Since, in addition F'(z; Uz)N
ke \m is equal to H2 . (k¢), this completes the proof of the claim. [

s1Us2

Claim 4.5.2. For all { < { € w, each of Hj(ke) and H} (k) are subsets
of F(Z,, UZ,,) for all py, po € Ty such that z,, € X(x,,).

Proof of Claim. Fix the pair u; < ps as in the statement of the Claim.
Let s; = &, Nky\m and sy = 7,,Nk,\m. Alsolet s = s;Uss. By Claim
451, H?(kﬁg) = Hé(k)g) U Hg(k?g) = Hsl(k}g) @) Hg(k}g) Finally, by the
(F, E)-velations, F(Z,, UZ,,) Nke\m = E(Z,, UT,,) Nk \m = H>(ky).
This proves the claim. U

With a very similar proof, but now using the density assumptions
on I'; we have the next claim.

Claim 4.5.3. For all m < { € w and s C Ay and puy; € I'y such that
Ty € [51Us;kela (which exists) and any po € T such that T,, is an
element of [3o U s;ke|a € X(Z,,) (which also exists), each of H(ki)
and H?(k,) are subsets of F(Z,, UZ,,).

The next claim follows immediately from Lemma 4.4 and the fact
that F € Mo.

Claim 4.5.4. For all ju1, pio € ', none of F(z,,), F(z,,), and F(z,, U
Z,,) contain an infinite subset of F(A) that is an element of M.
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Therefore, we have that, by Claim 4.5.3, for all finite s C A \ m the
union of the collection {H!(k;) U H2(ks) : s C £} is finite. Tt will be
convenient to now assume that m = k7 was chosen large enough so that
Hi(0) U HZ(¢) is a subset of m for all £ < ¢. In fact, by then applying
the definition with the updated value of m, this means that Hj (k) and
HZ (k) are empty for all £ < (.

Claim 4.5.5. For all finite s C A\ m, the sequence {H(k;) : s C (}
15 eventually constant.

Proof of Clatm. Choose any ¢, such that s C ¢,. Notice that the se-
quence {H!(ky) : ¢;, < (} is increasing simply because the sequence of
sets {[51 U s; k¢]a : €5 < (} are getting smaller and H](k,) is the subset
of F(A)Nk,\m determined by E7([5;Us; ke]4). Since the union of the
chain {H!(k,) : {5 < ¢ € w} € M; a subset of F(z,, UZ,,) for suitable
11, o € T as in Claim 4.5.3, it must be finite by Claim 4.5.4. 0

We now choose an infinite subset L of w \ £ such that £ € L € M,
and, for all ¢ € w and s C Ay, the value of H}(k) is the same for all
¢ < V' € L. By the same argument we may assume the same to be
true for the value of H2(ky) and s C A, with ¢ < ¢’ € L. Henceforth,
we let H! and H? denote this eventual value of H!(ky) and H2(ky)
respectively Similarly, the value of H? will simply be defined as H!UH?.

This next claim is an immediate consequence of Claim 4.5.1.
Claim 4.5.6. For all finite s C A\'m, H! = H> = H?.
Claim 4.5.7. For all finite s,t C A\ m, H: UH}! = H},.
Proof of Claim. We have H} = H? and H}UH? = H2 ,=H!,. O

For each j € A, let H} = H{lj}, and it is immediate by induction on |s]
that:

Claim 4.5.8. For all finite s C A\ m, H} = J;., H;.
Claim 4.5.9. For all p € I'y, F(z,) \ m equals \J{H : j € T, \ m}.

Proof of Claim. Fix any u € I';. Clearly, by the genericity condition
in Lemma 4.4, there are infinitely many ¢ € L such that z,, is disjoint
from ky+ \ k; where ¢* is the minimum element of L that is greater
than ¢. This implies that, with s, = Z,,, N ke, E£(Z1) Nk, \ m is equal
to Hy, = U{H; : j € se}. O

Claim 4.5.10. F(A) =" J{H; : j € A}



18 ALAN DOW

Proof of Claim. By definition H; C F(A) for all j € A. Let b =
F(A)\U{H; : j € A} and assume that b € M, is infinite. Choose
a C Aso that F(a) = b. Clearly, by the genericity condition in Lemma
4.4, for all p € T'y, iy Na is infinite, and so is F(Z,,) N F(a). Since
F(z,,) ¢ U{H] : j € A}, we have the stated conclusion by Claim
4.5.9. U

Claim 4.5.11. For each m € w, the set z,, = {j € A : Hj1 C m} is
finite.

Proof of Claim. Assume otherwise that z,, is infinite and recursively
choose an infinite sequence of pairs {j;, k; : i € w} with j; € A and so
that m < k; € Fa(z,) N Hj, \ U{H], : n < i}. This we may do since
Fa(z,) is infinite and contained in F(A). Also notice that j; ¢ 2z,
since k; € H} \'m. We have two sets in My: z = {j; : i €w}and y C A
such that F(y) =* {k; : i € w}. By construction {k; : i € w} C F(zp),
hence y C* z,,. Since xNz,, is empty, xNy is finite. Fix any p € 'y and
recall the M),-generic filter G, that gave us z,, = valg, (#())). Now let
¢y denote the generic subset of y given by G,NC, as in Lemma 4.3. Pass
to the submodel M), [c,] also as in Lemma 4.3. Since F(c,) =" E,(c,)
for some E, € € C M, we have that & = {j; : k; € F(¢,)} C x is an
infinite set and is in M,[c,]. Since & C =z and =z is disjoint from y, it
follows from Lemma 4.3 that £ N 7, is infinite. Thus we finally have
that F'(Z Nz,) is an infinite subset of F(c,) while, with ¢, N Z,, being
finite, we have that F(z N Z,) is almost disjoint from F'(c,). O

Claim 4.5.12. There is m € w such that the elements of the family
{H} \'m:j € A} are pairwise disjoint.

Proof of Claim. If this Claim fails to hold then, working in M;, we
may recursively choose a sequence {4, j},j? : i € I} for some infinite
set I C A so that for each i < ¢’ € [

(1) i # 37 and max({i, j;, j?}) < min({¢', j;, j7 })
(2) i€ Hy N H.

Since F({j} : i € I}) and F({j? : i € I}) are almost disjoint, we may
suppose that I, = I\ F({j} : i € I}) is infinite. Choose y € ) so that
F(y) =* L. Tt follows that y N {j} : i € I'} is finite. Choose any u € T,
and let ¢, be valg,(¢,). Set & = {j} : i € F(c,)}. We again have that
T € M,[c,| and is disjoint from ¢,. Therefore, by Lemma 4.3, Z Nz,
is infinite. Let I denote the infinite set of i € I such that i € F(c,)
and j! € 7,. Evidently, I is an infinite subset of F(c,). However, by
Claim 4.5.9, F(z,) \m = J{H; : j € T,} D U{Hjli1 Lji e, NI} =
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U{Hjll1 . jl € 7 and i € F(c,)}, and so I is also an infinite subset of
F(z,). This contradicts that F'(z,) and F(c,) are almost disjoint. [

Claim 4.5.13. There is a m € w such that the family {H]1 \m:m <
Jj € a} are disjoint singleton sets.

Proof of Claim. The failure of this Claim, together with the conclusion
of Claim 4.5.11, would have that there is a strictly increasing sequence
{jr : k € w} so that, for each k € w, Hj contains a pair {iy, 7} with
max(J{H}, : ¢ < k}) < min({i},i;}). By elementarity, there is an
almost disjoint pair y;,y, € Y satisfying that F(y;) =* {i}. : k € w}
and F(y) =" {i2 : k € w}.

By symmetry we may assume that {j; : £ € w} \ y; is infinite. Let
I, = {k: ji ¢ y1} and choose y € Y so that F(y) =* {i} : k € L} =
F(y1). Note that y C* y; and for k € Iy, ji & 1.

As usual, choose ;1 € I' and let ¢, = valg,(¢,) C y. Again note that
for i) € F(c,), jr & y1. Set & = {jy : iy € F(c,)} € M,lc,] and we
have that 7 is almost disjoint from y;, and therefore also from c,. By
Lemma 4.3, £ N Z,, is infinite. This leads to a contradiction because
each ji € &N Z, gives rise to another value i} € H]lk in the finite set

F(ey) N F(z). 0

Now that we have established the above claims, we choose m as in
Claim 4.5.13 and let h € M; be a bijection between a cofinite subset
of A and F(A)\ 7 such that {h(j)} = Hj \ m for all j € dom(h).

We are not claiming that h induces F' on A but rather that h induces
E on all z, € [5;kfa for p € I'. But this leads to the following
contradiction. Since A ¢ triv(F'), by Lemma 2.1, there is an infinite
z C dom(h) satisfying that h(z) N F(z) is finite. Notice that h(z) =
U{H; \m : j € x} for all x C dom(h). Choose y € Y so that
F(y) =* h(z) and, since we may remove any finite set from z, we may
assume that y N z is empty. Choose p € I' and let ¢, = valg, (¢,) and
let z={j€z:HjNF(c,)#0} e M,

Since ¢ C z we have that z and ¢, are disjoint. As in the previous
cases, N Z, is infinite. It follows that F(z,) D Hj for infinitely
many j € Z, which in turn implies that F(z,) N F(c,) is infinite. This
contradicts that z, N ¢, is finite.

This completes the proof. O

5. PROOF OF THEOREM 1.2

In this section we discuss Shelah’s method of constructing an (wy, wy )-
gap together with a ccc poset that will generically split the gap while
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ensuring that the image of the gap by a non-trivial automorphism is
not split by that poset, and can therefore be frozen.

To avoid possible confusion when stating the results we will formu-
late a statement of the hypotheses that are being assumed in their
statements.

Definition 5.1. Let HYP(F,91) denote the following assumptions:

(1) wq-strategic MA holds and 91 is the system of models witnessing
that it does,

(2) (M, :n< c) is used to denote the models in 91,

(3) Fi 1s a lifting of an automorphism of P(w)/fin

(4) for every A € triv(F)", F | P(A) not <c-Borel,

(5) for every A € triv(F)™, triv(F) NP(A) is not ccc over fin (a
proven consequence of wi-strategic MA)

Oddly the purpose of this subsection is to prove that HYP(F,9) is
false. We will need the notion of relative complete embedding of posets.
Let P and @ be posets and let M be a set (usually a model). We say
that P is an M-complete subposet of ), written as P <,; Q if P is a
subposet of @ (inheriting the extension and incompatibility relations)
and every D € M that is a pre-dense subset of P is also pre-dense in
Q. A set is pre-dense in a poset if its downward closure is dense. We
will need this method of Shelah’s to build ccc posets.

Proposition 5.2 (HYP(F,9)). Suppose that A € S§ and with C) as
in Definition 1.3, we have that n, = Cy(«a) for all & € wy. Then
(Na © @ < wy) is a continuous increasing sequence of ordinals from ¢
and X is the supremum. Thus (M, : o < wi) is an increasing chain of
models and we have thal

M, NP(w U{Mna NP(w):a<w} and that

for any p € My N2, the set of {6 €wy :p |0 € My} is stationary.

Suppose that {P, : o € w1} is a continuous increasing chain of
countable posets P, € M, and that (P, : o < wy) € M. If for all
a <wi, Py <up,, Patrs then By =, e, Pa is cccin M.

Proof. In M), choose an enumeration {p¢ : £ € w;} of P,,. Choose a
cub C' C w; satistying that for 6 € C, {pe : £ € §} = P5. Assume
that D C wy is in M,, and that D(P) = {p¢ : £ € D} is a maximal
antichain of P,,. Choose an increasing function ¢ : w; — w; satisfying
that for all p € P,, there is a d € D(P) N Py, that is compatible with
p. Let C; C C be a cub such that g(a) < 0 for all § € C;. Observe
that {pe : € € DN 6} is pre-dense in P for all § € 4.
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Now let S be the stationary set of 0 such that DN € M. If
we choose 6 € SN Cy, we have that Ds(P) = {ps : £ € DN} is
pre-dense subset of Pj5 that is in M, . By induction on § < a < wy,
Ds(P) is pre-dense in P, for all & > . This proves that D = DN J is
countable. U

It will be convenient to adopt the following non-standard presenta-
tion of a gap structure.

Definition 5.3. For an ordinal § < wy, a d-gap is a sequence d =
(G, To » v < §) such that, for all « < g < 0:

(1) an C* ag C w,

(2) 2o C aq,

(3) 2 Na, =" xp.
A set Y splits the d-gap (aq, 2o : @ < 9),if Y Na, =" z, for all a < 4.
We say that a gap can not be split if there is no such Y. A helpful
notion is to define that an n-gap (a;,z; : ¢ < n) is a pure gap if a; C a;
and z; = z; Na; for 1 < j < n.

A Hausdorff-Luzin gap is Todorcevic’s variant of a Hausdorff gap,
and, just as with a Hausdorff gap, a Hausdorff-Luzin gap can not be
split.

Definition 5.4. A Hausdorff-Luzin gap is an wi-gap (aq, Ta : @ < wy)
that has the property that for each o £ € w;

((ao \ o) Nzg) U (e N (ag \ x)) is not empty.

It is a well-known unpublished result of Kunen that if an w;-gap is
not split, then there is a ccc poset that will freeze the gap in the sense
that it has a Hausdorff subgap. The same is true, due to Todorcevic,
for Hausdorff-Luzin subgaps. We will use these since the poset is a
better fit for wi-strategic MA. In anticipation of those arguments we
change the letter choices.

Definition 5.5. Let ¢ = (c,,d, : @ < §) be a d-gap. The poset HL(?)
will consist of those finite subsets s of ¢ that satisfy that, for all a #£
in s
((ca \ da) Ndg) U (da N (cs\ dg)) is not empty

and is ordered by simple set inclusion.

For a d-gap d, let F(d@) denote the gap ¢ = (F(aq), F(xa) N F(aq) :
a < ). Define HLr(d@) to be isomorphic to HL(¢) by the map sending
s € HL(C) to {(cqa,dy) : a € s}.

Proposition 5.6. If ¢ is an wy-gap that can not be split, then HL(C)
s cce.
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Proof. Suppose that S = {s¢ : £ € w1} C HL(C) C [w;i]<M0. We prove
that it is not an antichain in HL(¢). By passing to an uncountable
subset we can assume that it is a A-system. We will skip the argument
that we can assume that the root is empty. For each ¢, let o =
min(s,) and choose mg¢ € w so that (ca, \ do,) and d,, are contained in
(cs\ dp)Umg and dgUmg respective for all 8 € se. Again by passing to
an uncountable (and re-indexed) subset we can assume that mg = m
for all § € wy. Let D = U{do, \ m : § € wy}. Since D does not split
the gap, there is an 7 € w; such that D N (cq, \ da,) is not empty. Fix
such an 7 and choose k € DN (cy, \ da, ). Since k € D, there is a £ such
that k € d,,. Since k > m, it follows that k € (cs \ dg) N dgamma for
all 5 € s, and v € s¢. Since each of s¢ and s, are elements of HL(c),
it is then easily checked that s¢ U s, is also in HL(c). Since HL(c) is
ordered by extension, the family S was not an antichain. O

Splitting an w;-gap with a ccc poset can not be done in general (e.g.
a Haudorff-Luzin gap simply can not be split).

Definition 5.7. For a d-gap d = (a4, 7, : @ < §), we define the
poset Pz = Pl z0)ues (O Pla, z.:a<s)) to be the set of conditions p =
(2p, np, Lp) € P(w) X w x [6]<N, where:

(1) zp\np =H{za \ np: v € Ly},

(2) ((aq \ np), (xa \ mp) : @ € L), when re-indexed, is a pure gap.
The ordering on FP; is given by p < g providing

(4) x4 C xp, ng <y, Ly C Ly,

(5) xp n nq = $Q7

(6) xp N (aq \ ng) = x4 \ ny for all a € L.

For each w < § € wy, fix an enumeration {a? : i € w} of 4.

Proposition 5.8. For any 6-gap d, the poset P; satisfies
(1) for each B < ¢, the poset Pgp is a subposet of Py,
(2) for each B <6, the set of p € Py such that 5 € L, is dense,
(3) for each p € P and n, < m, the condition (x,, m,L,) is an
extension of p.

The canonical Py-name Yy given by {(k,p) : p € P; , k € x,} satisfies
that 1 forces that Yz splits the gap d.

Proposition 5.9. Let @ = (an,2q : @ < 6) (0 < wy) be any 6-gap and
let p € P;. Then for every s C n, and every m > n,, each of p*s and
p'm are in P; where

(1) p*s = (s U (xp \ np),np, L,), and

(2) p'm = (xp,m, Ly).
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In addition p'm < p.

Proof. The verification that p'm € P; and p'm < p is completely
routine so we skip the details. Now let r = p*s so that we can refer
easily to x,. Clearly z, \ n, = x, \ n, = x, \ n,. Each of the conditions
in the definition of P; really only depend on the value of z, \ n, and
so the condition r also satisfies those conditions. 0

Definition 5.10. Let M be an elementary submodel of H(c) and let
a 0-gap d = (A, To : a < 0) bein M. A 0+1-gap, (Gqn, To : @ < §+1),
is an M-sealing extension of @ providing there is an infinite set J C w
such that for every D € M that is a dense subset of Py, +,:0<s}, there
is an mp such that for all p € P, +.:a<s+1), With mp < n, € J and
§ € L, C {af : i < n,} U{d}, there is a d € D such that, with
B =max(L,N0), d < ((z,Nny,)U(xs\ny,),ny, L,Nd) and x4\ n, C zs,
and for all & € Ly, x5 N (ay \ ng) = x4 \ Ng-

Proposition 5.11. If d U (as, xs5) is an M-sealing for an elementary
submodel M of H(c), then for any 6 < 7 and y-gap extension d(y),
P; <y P&'(v)~

Proof. Let (as,xq : @ < ) be any ~y-gap with § < 7. Let J C w be
the infinite set as postulated in Definition 5.10. Let D € M be any
dense subset of P; and let mp be as given in Definition 5.10. Consider
any p € Pg(y). By extending p we can, by Proposition 5.8, assume that
0 € L,. By further extending, only the value of n, as in Proposition
5.8, we can assume that mp < n, € J and that L,Né C {a? :i < n,}.

Let p = ((xz, Nny,) U (x5 \ ny), np, L, N 0) and notice that p < p and
that p € Pla, s.:a<s) Now let f = max(L, N ). By the assumption on
M-sealing, there is a d € D such that d < ((z,Nn,)U(xz\n,),n,, L,N
0) and x4 C zz. It is nearly immediate that (zq U (25 \ na), na, L)
is an extension of p. This is because z4 C z; and for all a € Ly,
x5 N (ag \ Na) = To \ Na-

We check that ¢ = (z4Uxp, ng, L, ULg) is in Py, and is an extension
of both p and d. The proof that q € P4, follows easily by observing
that ((aq \n4), (T \na) : @ € LgU(L,N0+1)) and ((ag\na), (x5 \naq) :
B € L,) are pure gaps.

Similarly, the fact that ¢ < p follows easily from the fact that x4 C
xz. Finally, the fact that ¢ < p is because 2, \ as = z, \ as and that
ao, C a5 Ung for all o € Ly. O

Now we will say that a 0-gap (a,,z, : @ < 0) is an (F,0)-gap if
w\ a, ¢ triv(F) for all o < 0. Note that by Lemma 2.4, any countable
(F,d)-gap can be extended.
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This next result is really just the Cohen forcing version of Lemma
4.1.

Lemma 5.12 (HYP(F,9)). Let M € M. Assume that 6 < wy and
that @ = (ag, o : v < 0) is a (F,6)-gap in M.

There is a pair ag D x5 such that

(1) (Ao, To : a < 6+1) is an (F,0+1)-gap,

(2) for every 6 <~ and y-gap d(vy) extending (G, To : @ < d+1),

P = Piag zo:a<s) <ar Pagy)
i.e. that (aq, s 1 @ < 0+1) is an M-sealing of @.

Proof. Recall that every (F,¢)-gap can be extended. That is, we may
choose some as so that a, C* as for all @ < ¢ and w \ a5 ¢ triv(F).

Next, choose a filter G C P; that is M-generic for P; and let z5 be
the generic splitting of the gap (aa, T : @ < J) in the sense that

f(;:U{xp:pGG}.
Fix any dense set D C P;.

Fact 5.12.1. For each m € w the set D(m) is dense in P; where
d € D(m) if Ly D {al i <m}, m < ng and for all s Cm, (sU (x4
m),nd, Ld> eD.

Proof of Fact: We begin a recursion by choosing any dy in D such that
xg,Nm =0 and Ly, D {a?f : i < m}. Fix an enumeration {s; : i < 2™}
of P(m) so that sy = 0 = x4, N m. Recursively choose a descending
sequence {d; : i < 2™} C D. Having chosen d;, let s = s;U(z4,Nng,\m).
Note that d's is equal to (s; U (x4, \ m), ng,, Lq,). Naturally we choose
di+1 < d; in D. Tt should be clear that dom is an element of D(m). O

It follows from Fact 5.12.1 that there is a function fp € w* satisfying
that for each m € w and each 8 € {a : i < m}, there is a d €
D(m, 8)NG such that ng < fp(m) and a, \as C fp(m) for all @ € Ly.

Since G is a filter, this means that x4 C T5 and ZsNay \ng = T4 \ N4
for all o € L.

Since MA is assumed, there is a sequence of integers (k, : ¢ € w)
satisfying that, for all dense D C P; in M, there is an mp so that for
all k, > mp, fp(ke) < keyq. By Lemma 2.7, we may choose an infinite
L Cwso (w)\ as)UUJ{kes1 \ ke: € ¢ L} is not in triv(F).

Set as = as U\ J{ket1 \ k¢ : £ € L}, hence w\ as is not in triv(F'). Set
x5 = ZsNag. It should be clear that (a.,z : @ < 9) is an (F, §+1)-gap.

Now we verify that
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Fact 5.12.2. (a,, 7, : a < 0+1) is an M -sealing extension of d.

Proof of Fact: Naturally we prove that J = {k, : { € L} is the set
required in Definition 5.10. Fix any dense set D C P; with D € V[G,)]
and choose any mp so that fp(ky) < keyq for all mp < k. Fix any
P € Py waa<s) and kg € J, such that n, < ky,and L, C {af D1 < kg pUd.
Let 8 = max(L, N ) € {af : i < k,}. Note that x5 N (ay \ n,) =
g N (ag \ np) = x4 \ 1y for all @ € L, N 4.

Let p be the condition ((z, Nn,) U (z, N ag),n,, L, N 6) where f =
max(L, N6). Thus z; = (x, Nn,) U (x, Nag) and z, \ (n, Uag) C x5.

Fix any d € D(k;) N G such that ng < kgyq1. Therefore, x4 C Zs
and, since d > p € G implies that x, N ng = x4 N ng, we have that
TsNng = xg. Also TsNagy \ ng = x4 \ ng for all @ € L;. Furthermore,
since aq \ ag C koyq for all a € Ly, we have that x5 N a, \ ng = 24 \ 14
for all o € L. )

Now let s = z, Nk, and the condition d = d*s € D. We must
prove that d < p to finish the proof. The only condition that is not
obvious is that for each o € L, ;N (an \ ke) = 24 \ ke. Notice simple
a € L;j and nj = ng ensures that z;N (a, \ ng) equals z, \ ng. Next
we have that x4 Nng \ n, = s Nng \ n, and that a € L, implies that
mgﬂ(aaﬂkg):l'aﬂkg. OJ

This completes the proof of the Lemma. O

Next we consider how to extend an (F,d+1)-gap @ in such a way
that we make progress on ensuring that the corresponding gap that we
loosely describe as F'(a) will not be split if we force with (F,w;)-gap
poset that the ccc poset 9-strategy constructs.

Lemma 5.13 (HYP(F,0)). Given an (F,0+1)-gap @ = (aq, T4 : @ <
9) and a model M C H(c) of cardinality less than c, there is a pair
As+1, o1 such that (an,zs @ a < 42) is an (F,6+2)-gap and for
every Py-name Y € M of a subset of w,

1 ”_P<aa,za:a<(5+2) Yyn F(a’5+l) ?é* F($§+1) .
Furthermore as11 O as and x541 N as = x5.

Proof. Here we must use that triv(F") is not ccc over fin on any member
of triv(F)™. Since w\ a5 € triv(F)™, there is a set as.1 D as such that
as+1 \ as and w \ asy1 are not members of triv(F'). This means that
whatever we may choose for x5,1 C as, satisfying that z5,1 Nas = xs,
the sequence (a,, z, : o < 6+2) is an (F, 0+2)-gap.

By enlarging M we may assume that @ and as,; are elements of M.
Let G be any filter on P; that is generic over M. For x C as,1 \ a5 and
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p € Pz, let p(x) be the condition (zU(z,\ (as+1\as)), np, Lp). In essence
p(x) is a condition in Py(,) where d(z) is the extension of @ by appending
(as41, x5 Ux). It is immediate that G(x) = {p(z) : p € G} is a filter on
Pi(z) and we may define Ey(z) to equal valgy(Y) N F(ass) \ F(as).
It follows by well-known ([11], [4, §3], [3]) arguments that Ey is a
Borel function. Again our assumptions are that F' [ P(asi1 \ as) is not
covered by the family {Fy : Y € M}.

Therefore there is an 2 C asy1 \ as such that, for all Y € M, F(x) #*
Ey(z). For each Y € M, there is a countable set Dy of dense subsets
of P; satisfying that if GG is any filter of P; meeting every member of

Dy, then F(z) # valgy)(Y) N F(asi1) \ Fas). It follows then, that for
this choice of x C asy1 \ as,

Llkp,,, FlzsUz) # Y N F(as)
for all Y € M. O

It will be more convenient to combine Lemma 5.12 and Lemma 5.13
into a single step.

Corollary 5.14 (HYP(F,0)). Letn < ¢ and suppose that @ = (ay, T :
a < 6) is an (F,6)-gap in M, with 6 € wy. There is a pair as O x;
such that
(1) (A, Tq 1 < 6+1) is an (F,0+1)-gap,
(2) for every 6 <~ and y-gap d(vy) extending (G, To : @ < d+1),
Pi = P(aa,xa:a<5> <M Pﬁ(v)
i.e. that (aq, T o < 0+1) is an M,-sealing of d.
(3) for every Pz-name Y € M,, P, z..a<s) forces that F(xs) #*
Yn F(CL(;).

Proof. Choose as,rs as in Lemma 5.12, then choose as.1, 2511 as in
Lemma 5.13. The extra assumption in Lemma 5.13 that as.; D as and
Ts41Nas = x5 makes it very routine to prove that a = (AU(as, Ts) is M,-
sealing where as = as41 and Z5 = x5,1. Similarly, the set of conditions
P € Pl wa:a<str2) such that L, does not split {9,0+1} is dense and is
isomorphic to Ps. Therefore P, also forces that F(zs) #* Y N F(as) for
all Y € M,,. Thus the Corollary is proven by choosing a5 and z;. U

Lemma 5.15 (HYP(F,9N)). There is a ccc poset M-stategy such that
every ccc poset/model pair (R,, My) produced by the strategy satisfies
that

(1) there is an wi-gap @ = (Aq, To : @ < wq) in the model M,

(2) €= F(d) is an wi-gap that is also in M),
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(3) R, is the (ccc in My) poset Pz x HLp(d).

Proof. We recursively define, for ¢ € ¢<“1, a triple (a¢, x4, 1) with x; C
a; C w and n; < ¢ with {a¢, x¢, F(ar), F(xe)} C M,,.

In this recursion, for each ¢ € ¢<“* and « € dom(t), let (al, 2%, nk) =
(At1as Tija, M) and let @ = (af, 2! : o € dom(t)). Similarly define
d, for p € ¢* and the sequence (72 : a < wy). We shall assume, by
induction on dom(t) that a; is an (F,dom(t))-gap. Note that this is
a simple requirement of mod finite increasing and having that xtﬁ =*
afy N !, for all < o € dom(?).

Let v € ¢ denote the minimal ordinal such that 7!, < v, for all
a € dom(t), and let M; = M,,.

By recursion on dom(t) for t € ¢<“1, choose a¢, x4, 7 S0 as to satisfy:
(1) n; € ¢, x4 C a; are subsets of w,

) {ar, x, F(ar), F(x,)} are in the model M,,,

) vy < Nt

) w\ a; is not in trlv(F)

) for all 3 € dom(t), a C* a" and zf =" aj Ny,

) dy U {ay, ;) is M;-sealing,

) Pa,ua,,z,) forces that F'(x;) is not mod finite equal to YN F(ay)

(2
(
(
(
(6
(7

for any P;,-name Y in M,.

By Corollary 5.14, the recursion succeeds.

For each t € ¢ and « € dom(t), let ¢}, = F(af,)) and d', = F(z!,)N
F(al). Also let ¢, = F(a;) and dy = F(x4) N F(ay), and ¢

The poset Ry is Pa,ua, e * HLp (A U (ag, 2¢)). Note that R, € M,,.
Let R be the M-system ((Ry,m;) : t € ¢<“') and A be any element of
C(R) N Ss. To prove that R is a ccc poset I-system, we must prove
that if p € ¢=“1, then R, = [J{R,jo : @ € w1} is a ccc poset in M.

Since (Rpjq : o € wy) is in M), it follows that @, = (a2, 2% : o € wy)

is also in M. Letting, for a € wy, Py = FPj,j0,(«), it follows from
Lemma 5.2 that P, is ccc. For each countable P; -name Y in My,
there is a 6 € w; such that Y € M, for t = p | 0. By construction,
Py 1541 forces that F (24, ,) #° Y N F(aj,,). Similarly the construction
ensures that Pa§+ <wm, Fa

Finally, it is also clear from the definition of H Lg(@), as opposed to
HL(F(@)), that F'(d,) is also in M) and, by Proposition 5.6, even after
forcing with P;, HLp(d,), equivalently HL(F(d,)), is ccc. Therefore
R, = P;, * HLp(d,) is ccc. O

This completes the proof that HYP(F,9t) can not hold, and there-
fore the proof of Theorem 1.2.
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