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ABSTRACT. It was proved recently that Telgarsky’s conjecture, which
concerns partial information strategies in the Banach-Mazur game, fails
in models of GCH + 0. The proof introduces a combinatorial principle
that is shown to follow from GCH + [, namely:

V: Every separative poset P with the x-cc contains a dense sub-poset

D such that |{g € D : p extends ¢}| < « for every p € P.
We prove this principle is independent of GCH and CH, in the sense
that V¥ does not imply CH, and GCH does not imply V assuming the
consistency of a huge cardinal.
We also consider the more specific question of whether ¥ holds with

P equal to the weight-X,, measure algebra. We prove, again assuming
the consistency of a huge cardinal, that the answer to this question is
independent of ZFC + GCH.

1. INTRODUCTION

Telgarsky’s conjecture states that for each k € N, there is a topological
space X such that the player NONEMPTY has a winning (k + 1)-tactic, but
no winning k-tactic, in the Banach-Mazur game on X. Recently, the first
two authors, along with David Milovich and Lynne Yengulalp, proved that it
is consistent for this conjecture to fail [1]. The proof introduces the following
combinatorial principle, which implies the failure of Telgarsky’s conjecture:

V: Every separative poset P with the k-cc contains a dense sub-poset
D such that [{g € D : p extends ¢}| < k for every p € P.

In [1], the consistency of V is proved from GCH + O via the construction of
what are called k-sage Davies trees, which are defined in Section 2 below.
The existence of arbitrarily long rk-sage Davies trees implies VV holds for
k-cc posets. It is also proved in [1] that ¥/ implies b = Xj, or more generally
that ¥/ implies there is no decreasing sequence of length wy in P(w)/fin.
Therefore V is independent of ZFC.

But this raises the question of the relationship between VV and GCH,
specifically whether either of these statements implies the other. The pur-
pose of this paper is to answer this question in the negative by showing that
GCH does not imply V, and V does not imply CH.
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In Section 2, we prove that when Cohen reals are added by forcing, the
existence of arbitrarily long x-sage Davies trees in the ground model suffices
to guarantee that ¥/ holds for k-cc posets in the extension. Thus adding
Cohen reals to a model of GCH + [ produces a model of V + —CH.

On the other hand, we show in Section 3 that the Chang conjecture
(Ny41, V) = (R, Rg) implies that  fails. This is done by directly construct-
ing a ccc poset P (a modified product of X,, Hechler forcings) and then using
(Ry41, V) = (N1, Rg) to show it violates V. As GCH+ (X, 41, Ry,) = (R1, V)
is consistent relative to a huge cardinal [5], this shows that GCH does not im-
ply ¥ unless huge cardinals are inconsistent. We note that finding a model
of GCH + =V requires large cardinals. In fact, the proof of the consistency
of ¥ in [1] only uses GCH + [O-for-singulars, and the consistency of GCH plus
the failure of [ at any singular cardinal is known to have significant large
cardinal strength [2].

In Section 4 we consider the more specific question of whether ¥/ holds
with P equal to the weight-R,, measure algebra. We prove that the answer
to this question is also independent of ZFC 4+ GCH. Once again Chang’s
conjecture for W, comes into the proof, and so the result is established
modulo the consistency of a huge cardinal.

2. ¥V DOES NOT IMPLY CH

A Davies tree is a sequence (M, : o < v) of elementary submodels of some
large fragment Hy of the set-theoretic universe such that the M, enjoy cer-
tain coherence and covering properties. (These sequences are called “trees”
because they are usually constructed by enumerating the leaves of a tree of
elementary submodels of Hy.) These structures provide a unified framework
for carrying out a wide variety of constructions in infinite combinatorics.
They were introduced by R. O. Davies in [3], and an excellent survey of
their many uses can be found in Daniel and Lajos Soukup’s paper [10].

Also in [10], the Soukups construct a countably closed version of a Davies
tree called a “sage Davies tree” using GCH + 0. These structures were
generalized in [1] by constructing < k-closed versions of these trees for un-
countable k, called k-sage Davies trees. Roughly, x-sage Davies trees of
length v allow us to take an object of size v with “critical substructures”
of size <k (such as a v-sized poset with the k-cc), and to approximate the
large object (size v) with a sequence of smaller ones (size ). It was proved
in [1] that GCH + O implies the existence of arbitrarily long k-sage Davies
trees for every regular cardinal k.

In this section, we show that if we begin with a model of set theory con-
taining arbitrarily long x-sage Davies trees, then, after adding any number of
Cohen reals by forcing, ¥ holds in the extension for separative k-cc posets.
It follows that Y/ is consistent with any permissible value of 280,
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Given a poset P, recall that the Souslin number of P, denoted S(P), is
the minimum value of x such that P has no antichains of size x. Erd6s and
Tarski proved in [4] that S(P) is a regular cardinal for every poset P.

For every poset P, let VV(IP) denote the statement that ¥/ holds for P, i.e.,
that there is a dense sub-poset D of P with |[{d € D: p extends d}| < S(PP)
for every p € P.

In what follows, Hy denotes the set of all sets hereditarily smaller than
some very big cardinal . Given two sets M and N, we write M < N to
mean that (M, €) is an elementary submodel of (N, €). A set M is called
< k-closed if M<" C M. If M satisfies (enough of) ZFC, this is equivalent
to the property [M]|<" C M.

Definition 2.1. Let x,v be infinite cardinals and let p be some set. A
k-sage Davies tree for v over p is a sequence (My: a < v) of elementary
submodels of (Hy, €), for some “big enough” regular cardinal 6, such that

(1) p € My, M, is <rk-closed, and |M,| =k for all o < v.

(2) [V]<H g Ua<1/ Ma‘
(3) For each a < v, there is a set N, of elementary submodels of Hy
such that |N,| < Kk, each N € N, is <k-closed and contains p, and

Ueca Me = UNa.
(4) (M¢: € < a) € M, for each a < v.
(5) Uger My is a <k-closed elementary submodel of Hy.
The following fact is proved in [1, Theorem 3.20]:

Theorem 2.2. Assume GCH4 1. Let x,v be infinite reqular cardinals with
k < v. For any set p, there is a k-sage Davies tree for v over p.

In fact, the proof in [1] uses a weak version of [J related to the Very Weak
Square principle articulated by Foreman and Magidor in [6]. The following
fact, which we will use below, is Lemma 3.7 in [1].

Lemma 2.3. Let s, v be regular cardinals with k < v, let p be any set, and
let (My: o <v) be a k-sage Davies tree for v over p. If a« < 8 < v, then

OZEMB = MaEMﬁ = MagMﬁ.
In addition to the five properties listed above that define a k-sage Davies

tree, it will be convenient here to have trees with one additional property:

(6) For every a < v, there is a well ordering ,, of M, with order type
r such that if @ < 8 < p and o € Mg, then C, € M.

It turns out that this property of x-sage Davies trees is already a consequence
of properties (1) through (5).

Lemma 2.4. Let k,v be reqular cardinals with k < v and let p be some set.
Every k-sage Davies tree for v over p satisfies property (6).
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Proof. First observe that if @ < v then M, € My,y,. This is because
(M¢: &€ < a+1) € Moy by definition, and this implies M, € My41 because
M, is definable from (Me¢: £ < a+1).

Because |M,| = k, there is (in Hy) a well ordering of M, with order
type k. By elementarity, there is some such well ordering of M, in Myy;.
For each a < pu, fix a well ordering ,, of M, with order type x such that
Ca€ May1. If o < 8 <vand a € Mg, then o+ 1 € Mg and therefore
Ma41 € Mg by the previous lemma. In particular, C, € Mg. O

It will be convenient to work with complete Boolean algebras rather than
arbitrary posets when proving ¥ holds in Cohen extensions. This restriction
is justified by the following lemma.

Lemma 2.5. \V holds if and only if it holds for every poset of the form
P =B\ {0}, where B is a complete Boolean algebra.

Proof. This is proved in [1, Lemma 2.10]. Roughly, the “only if” direction
is obvious because posets of the form B \ {0} are always separative, and
the “if” direction is proved by showing that if P is separative, then V(P) is
equivalent to Y/ (the Boolean completion of P). O

Given a complete Boolean algebra B, S(B) denotes the Souslin number
of the poset B \ {0}. Given J C B, A J denotes the infimum of J in B and
\/ J denotes the supremum of J in B.

Lemma 2.6. Let B be a complete Boolean algebra and let J C B. Then there
is some J' C J with |J'| < S(B) such that NJ = N\NJ and \/ J' =\ J.

Proof. If we delete the “and \/ J' =\/J” from the end of the lemma, then
it becomes a special case of [1, Lemma 3.2]. If we delete the “AJ = A J
and” instead, then it follows from the previous sentence via de Morgan’s
laws. Thus given J C B, there is some J) C J with |J\| < S(B) such
that A Jy = A J, and there is some J{, C J with |J{,| < S(B) such that
V J, =V J. Then J' = J) U J|, satisfies the conclusion of the lemma. [

Lemma 2.7. Let B be a complete Boolean algebra and let X C B with
|X| = S(B). Then there is some Y C X with |[X \Y| < S(B) such that
ANY =AY\ Z2) for every Z CY with |Z| < S(B).

Proof. Let k = S(B). Fix X C B\ {0} with |X| = &, and let {b4: o < Kk} be
an enumeration of X with order type k. Let ¢o = A {be: £ > a} for each
a < K, and note that o < o/ implies ¢, < co. By Lemma 2.6, there is some
B < k such that \/ {cy: o <k} = \/{ca: a < p}. (This uses the fact that
k is regular: as mentioned above, the Souslin number of a poset is always a
regular cardinal.) Because the ¢, form a non-decreasing sequence in B, this
means ¢, = cg for alla > . Let Y = {b¢: £ > S}. If Z C Y with |Z] < &,
then there is some o with § < a < & such that Z C {b¢: £ < a}. But then

cg=NANY S AY\Z) < AN{be: £ = o} =ca =cp.
Therefore A\ (Y \ Z) = cg for any Z C Y with |Z| < k. O
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If F is a forcing poset and A is a set, recall that a nice name for a subset of
A is a subset X of A x IF such that for each a € A, {p eF: (a,p) € X} is an

antichain in F. Given B C A, X | B = XN (B xTF). We adopt the convention
of deleting a dot to denote the evaluation of a name. For example, if X is a
nice F-name for a subset of u, then we write 1p IF “X C pu.”

Lemma 2.8. Let F be a ccc notion of forcing, let < be an F-name for a
relation on some infinite cardinal pu, and suppose that 1y I+ “(u, Q) is a
complete Boolean algebra with S(u, <) = k.” Let p € F and let X be a nice
name for a subset of p. If pIb “|X| = k7 then there is some Y C X with
IV \ X| < k such that pIF “AY = N(Y'\ Z) for any Z C p with |Z| < k.”

Proof. As p is infinite, k must be a regular uncountable cardinal. Because
F has the ccc, we know that for every F-name W for a subset of p, if g € F
and ¢ IF “|W| < k7, then there is some A C pu (in the ground model) such
that |[A| < k and g IF “W C A

By Lemma 2.7, and the existential completeness lemma, there is a name
Yy for a subset of p such that p IF Yy € X and | X \ Y| < k and A Yy =
Ao\ Z) for every Z C Y with |Z| < k.” By the previous paragraph, there is
some A C p (in the ground model) such that |[A| < k and p IF “X \ Yy C A
Furthermore, p IF “A(X\A)\Z2) = AX\(AUZ)=AYo =AY \A=
ANX\ A for any Z C p with |Z| < k.”

Let Y = X [(u\ A). Clearly Y C X and p I+ “Y = X \ A.” Because X is
a nice name and F has the ccc, {q eF: (q,a) € X} is countable for every

a € A; therefore | X \ Y| < Ng - |A| < k. Finally, because p IF “Y = X \ A”,
the last assertion of the lemma follows from the last sentence of the previous
paragraph. O

Given a cardinal A, let Fn(\, 2) denote the poset of finite partial functions
A — {0, 1}, the standard forcing poset for adding A Cohen reals.

Theorem 2.9. Suppose V' is a model of GCH + O (or, more generally,
suppose V' is a model satisfying the conclusion of Theorem 2.2). If X\ is any
cardinal and G is Fn(\, 2)-generic over V, then V|G| = V.

Proof. Let ju, k be infinite cardinals, and let < be a Fn(\, 2)-name such that
0 IF “(u, <) is a complete Boolean algebra with S(u, <) = k.” Note that
this implies k is regular and uncountable. Let v be a regular uncountable
cardinal with A\, u < v and with x < v. Without loss of generality, we may
and do assume that 0 (the ordinal) is equal to 0 (the <J-least element of p).
More precisely, we assume () I+ “O(y,<y =07

We work momentarily in the ground model. Applying Theorem 2.2, let
(Mg : o < v) be a k-sage Davies tree for v over (i, <). Applying Lemma 2.4,
fix for each a@ < v some well ordering ,, of M, with order type s such that
it a <3 <vandae Mg, then C, € Mg.
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For each x € J,.,, Ma, the level of x, denoted Lev(x), is defined as the
least o < v such that # € M,. Let = denote the well-order of |J,_, Ma
defined as follows:

o if Lev(z) < Lev(y), then z C y.
o if Lev(z) = Lev(y) = a, then = C y if and only if z Ty y.

We write x C y to mean that either x C y or x = y.
We now define, via recursion, a sequence (d: vy < u) of members of p.
Simultaneously, we also define a sequence (I,: v < ) of < k-sized subsets of

u, and a sequence <J,y: v < u> of nice names. These definitions take place

in the extension V[G], and we do not claim that any of these sequences is
a member of the ground model V. For the base case, let dg = 0 and let
Iy = Jo = 0. For the recursive step, fix v < p and suppose that dg, Ig, and
jg are already defined for each 8 C ~. If there is some 8 C ~ such that
0 # dg <, then set d, = 0 and set I, = .7 = (). If there is no such 3, then
let I, denote the C-minimal set in the ground model V' with the following
two properties:

o I, is a <k-sized subset of .
o In V[G], there is some J C I, such that 0 # A J <.

Note that I, is well-defined because {7} € V and {7} has both these proper-
ties. (Note that this implies I, C {v}.) Because of the second property of I,
listed above, there is a nice name J in the ground model V for a subset of I,
such that, for some p € G, we have p IF “(J)g = J C I,and 0 # A\ J <7
Let J'AY denote the C-minimal nice Fn(\,2)-name in V' with this property.
Finally, let d, = A(J,)q-

(Note: Because the I,’s and the J.V’s are defined in the extension, we have
in the ground model a name I'AY and a name j,y for a nice name for a subset
of j’y that is forced (by @) to be the v** element of the sequence constructed
above. In particular, p I+ “(jv)G = J.7 CIl, = (fv)g” for some p € GG. Recall
our convention of deleting a dot to denote the evaluation of a name!)

Let D = {dy: v < p and d, # 0}. We claim that this set D is a witness
to the fact that (i, <) holds in VI[G].

To see that D is a dense subset of (u, <), fix some nonzero v < p. If
dy # 0, then d, € D and d, < ~. If d, = 0, then this means there is some
B C v such that 0 # dg <, and so dg € D and dg < . Either way, some
member of D is <. As v was arbitrary, D is dense.

For the more difficult part of the proof, we must show that every § € p\{0}
has the property that [{d € D: § < d}| < k. Aiming for a contradiction, let
us suppose otherwise. Fix some ¢ € p\ {0} such that |{d € D: § < d}| > k.
Let S={y<p:dycDandd dd,}.

Observe that 3 # v implies dg # d., whenever dg,d, € D. (This is because
if B C v, then dy # 0 implies dg # v while d, < v.) Therefore the map
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7 + dy is injective on S, and we may think of S simply as an indexing set
for {deD:d <d} ={dy: v €S}

Claim. There is some I C p such that I, = I for >k-many v € S.

Proof of claim. Aiming for a contradiction, let us assume the claim is false.
Let ¢ denote the least ordinal < v with the property that Lev(l,) < ¢ for
> k-many 7y € S. Some such ¢ must exist because |S| > k and v is a regular
cardinal with k < v.

By part (3) of our definition of a k-sage Davies tree, there is a collec-
tion N of < k-closed elementary submodels of Hy such that |N| < x and
UN = Ug<¢ Me. By our choice of ¢ and the regularity of , some N € N/
has the property that I, € N for > xk-many v € S. Fix some such N, let
Sy ={y€S:I,e N}, and let Dy = {d,: v € Sy}. Note that ADy # 0
because 6 < AD < ADpy.

Applying Lemma 2.6, there is some 7' C Sy with |T| < k such that
ADy = A{dy:ve€T}. Let Iy = U{Iy: vy €T}. Then I is a subset of
NN pin V]G], and || < k. Because Fn(\,2) has the ccc, there is a subset
ITof NNpin V with Iy C I and |I] < |Iy|-Ng < k. Because N is < k-closed
inV, we have I € N.

For each v € T, there is a subset J, = (J,)g of I, with A J, = d,. Note

that A{dy: vy €T} = Aer AT,y = /\(U%T JW>, and let J = o5 J,.
Now J C I, and AJ = A{ANJy:v€T} = N{dy: v T} = ANDn. Fur-
thermore, 0 # ADyx < d, for each v € Sy. Thus, for each v € Sy, there is
a subset J of I such that 0 # A J <d, < 7.

This shows that I satisfies the conditions in the definition of I, whenever
v € Sy. It follows that I, C I for all v € Sy. Now, our definition of C
entails that [ has < k-many C-predecessors in Lev([l), and each predecessor
I' C I has < k-many v € Sy with I, = I’ (by our assumption at the
beginning of the proof of this claim). Therefore Lev(l,) = Lev([) for only
< k-many v € Sy. As Lev(ly) < Lev(l) for all v € Sy and |Sn| > &,
it follows that Lev(l,) < Lev(I) for > sk-many v € Sy. But Lev(I) < (,
because I € N C U£<C Mg, so this contradicts our choice of . (]

Fix some I C p with |I| < x that satisfies the conclusion of the above
claim. By replacing S with a size-x subset of {y € S: I, = I'} if necessary,
we may (and do) assume that |S| =k, I, = I for all y € S, and 6 < d for
all y € S.

Let ¢ denote the least ordinal < v such that there are k-many v € S with

Lev(Jy) < ¢. (Some such ¢ must exist because v is a regular cardinal with

|S| = k < v.) By replacing S with {7 € S: Lev(J,) < C} if necessary, we

may (and do) assume that Lev(J,) < ¢ for all y € S.

Recall that the sequence <ny: v < u> was defined in the extension, not in

the ground model. In the ground model, we have a sequence <J,Y: v < ,u> of
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names for nice names, representing the sequence <J'7: v < u> constructed

in the extension, meaning that () I~ “(j«,)G = J'7 for each v < p.”
We now work in the ground model V. Let S be a nice Fn(\, 2)-name for
S, and fix some p € Fn(A, 2) such that

pl- [S] =k,
I, =1 forall vy €5,
0 dd, forally €S,

Lev((J,)g) < ¢ for all y € S, and
if ¢ < ¢ then H’yES Lev(J )<C}

Let g be an arbitrary extension of p in Fn(A\, 2).

Claim. There is a nice name S’ = {(Vasqa): a < K} C S, a conditionr D ¢,
and a sequence <K%: a < /1> (in the ground model V') of nice names for
subsets of I, such that dom(gq) Ndom(gg) =0 for all o # B in K, and

rlik |8 =k and J, = (J,)g =K, forallyec S

Furthermore, if T is any size-k subset of S’"and t O r, then the above
statement remains true when S’ is replace by T and r is replaced by t.

Proof of claim. Because S is a nice name for a subset of y and Fn(),?2)
has the ccc, we may write S = {(Va,Pa): @ < K}, where v, < p and p, €
Fn(\,2) for all o, and where any particular ordinal appears only countably
many times among the v,, i.e., [{a < k: 74 =7} < Rg for every v < p.

Letting S1 = S\ {(Ya»Pa): Pa L q}, it is clear that ¢ IF 51 = S. Note
that |S1| = x, because ¢ I “S; = S and |S| = k.’

For every (Ya,Pa) € S1, Pa is compatible with ¢ and ¢ U py IF ¢ (j%)g is
a nice name (in V) for a subset of I and Lev((.J,,)g) < ¢.” For each such
o, we may therefore choose some ¢2 O q U p, that decides j%, that is, we
choose some ¢¥ D q U p, and some nice name K e V with Lev(K,,) < ¢
such that ¢) IF “J,, = (J,.)e = K.,.”

By the A-system lemma, there is some D C {04: (Yas Pa) € 5’1} with
|D| = & such that {dom(¢)): o € D} is a A-system with root R. (We allow
for the possibility that this is a “degenerate” A-system with dom(¢l) = R
for all @ < k.) By the pigeonhole principle, there is some r : R — 2 and some
E C D with |E| = x such that ¢2 | R = r for all « € E. Note that r D ¢ D p,
because ¢0 D ¢ for each a. Let Sy = {(va,4}): @ € E}. By relabelling
and re-indexing the members of Sy, we may write Sy = {(Va,db): a < K}.

Finally, let go = ¢2 \ r for all o and let &' = {(Yar @) a < k}. It is clear
that r IF “S’ = S5”, and this implies r IF “Jw = (J Ja = K, for all y € S
Clearly dom(g,) Ndom(gg) =0 for all a # 3 in k.
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Finally, suppose T' C &’ with |T| = &k, and fix t € Fn(\,2) with ¢t D 7.
That ¢ I+ |T| = k follows from the fact that the domains of the g,’s are
pairwise disjoint (so that any generic filter must include k of the g¢,’s),
together with the fact that any particular ordinal appears only countably

many times among the v,. We have ¢ I- “j,y =(Jy)a = K,Y for all vy € T'”
because r |- “J, = (Jy)g = K, for all y € S and t IF “T" C S O

Fix some nice name S’ as in the claim above.

By part (3) of our definition of a sage Davies tree, there is a collection
N of < k-closed closed elementary submodels of Hy with |[N| < k such
that (JN = e, M¢. By the pigeonhole principle, some N € A has the

property that K,ya € N for k-many a < k. Fix some such N.
Let S} = {(’ya, Ga) €S K., € N}. Applying Lemma 2.8, there is some

T C SEV with

Shi\ T‘ < k such that

b AMAKy € TH= AAK,: 7 €T\ 7}
for any Z C p with |Z] < k.

By re-labelling and re-indexing the g, and 7, one final time, let us write
T ={(qa,Va): @ < K}.

Claim. For any o < k and any s compatible with q, if s+ “i € K,_” then
ga U s Ik “for any j € I with j 41, there is some i’ € I such that j 4 i and
i' € Ky for k-many vy € T.”

Proof of claim. For the proof of this claim, it is more convenient to work in a
generic extension. Suppose s is compatible with ¢, and s IF “ € K, 7, and
let V[H] be an arbitrary Fn(\, 2)-generic extension of V' with ¢, Us € H.

Fix j € I with j € i. Because q, € H, we have v, € T. Therefore
ANANEKy:veT}y S NK,, Qi. Asj £, we have j 4 A{ANKy: v T}
By our choice of T, we also have j 4 A{A\ K,: v €T\ Z} for any < k-sized
Z C T. This implies there are k-many ~ € T such that j 4 A\ K. For each
such ~, there is some ¢’ € I such that ¢’ € K, and j € 4. By the pigeonhole
principle, using the fact that |I| < &, there is some particular i’ € I with
J 44 such that ' € K, for k-many v € T

Thus any generic extension V[H| with g, Us € H satisfies “for any j € I
with j € 4, there is some ¢’ € I such that j € ¢’ and ¢/ € K, for k-many
~v € T.” The claim follows. ]

Given i € I and o < k, we write “i € supp(K-,)” to mean (i,s) € K-,
for some s € Fn(\,2). Let

I, = {z el:ic supp(K',m) for kK-many values of a} :

Note that I,, C N (because each K%( is in N). Let
K={(i,s) eN:i€l,and sl “i € K., for infinitely many v € T"}.
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Notice that K C N, although we cannot claim K € N. The following claim
gives us the next best thing to having K € N.

Claim. There is a nice name J for a subset of I, with J € N, such that
0 “J=K.”

Proof of Claim. For each i € supp(K), fix an antichain A4; in Fn(\,2) N N
such that s |- “i € K” for every s € A;, and A; is maximal with respect to
this property (i.e., if t € Fn(A\,2)NN and ¢ I “i € K7, then ¢ is compatible

with some member of A;). Let J = {(z, s):i € supp(K) and s € Ai}.

Clearly J is a nice name for a subset of I. Note that i € Supp(f( ) implies
i€ N. Soif (i,s) € J, then i,s € N, which implies (i,s) € N. Thus J C N.
Also |I| < k and |A4;| = Ng < & for each i, which implies |.J| < k. Because
N is < k-closed, JeN.

It is clear from our construction that @ IF “J C K.” For the other direc-
tion, suppose ¢ € Fn(\,2) and ¢ IF “/ € K.” Let ¢’ be any extension of t.
Because K C N, it is clear that ¢/ IF “ € K” implies ! NN I- “ € K.”
By our choice of A;, this means ' N N is compatible with some s € A;; but
s € N, so t’ is also compatible with s. Hence ¢’ If “i ¢ J.” Because this is
true for every ¢’ D t, this shows ¢ I “ € J.” Hence any condition forcing
i € K also forces i € J. It follows that 0 I- “K C J” as claimed. O

If t O r and, for some ¢ € IN N, t - “i € K, for infinitely many v € T”,
then tN N I “7 € K, for infinitely many v € T'.” To see this, note first that
tIF “i € K, for infinitely many v € T” just means that for any ¢’ D ¢, there
are infinitely many values of « such that there is some ¢, compatible with
t" and (ta,i) € K. But because K., C N for every o (which means that
the t,’s in the previous sentence are always in V), this fact evidently does
not change when we replace t with ¢ N N.

Claim. For each a < K, go UrlF “AK < NK,,.”

Proof of Claim. Fix a < k. Let 7,5 € I, and let s be any extension of ¢, Ur
such that s IF “ € K, and j € 4.” By a previous claim, ¢, Us = s |- “for
any j' € I with j' 4 i, there is some i’ € I such that j* €' and ¢ € K, for
k-many vy € T.” In particular, s I “there is some i’ € I such that j € ' and
i' € K, for k-many v € T.”

Let s’ be any extension of s. There is some t D s’ that decides the value
of 7' in the previous paragraph: i.e., there is some particular 7/ € I such that
tIF“’' € K, for k-many v € T.” Thus i’ € I,;, and ¢ IF “/’ € K, for infinitely
many v € T.” By the paragraph preceding this claim, tN N IF “’ € K, for
infinitely many v € T.” Hence (t N\ N,#') € K. In particular, t I+ “’ € K.’
But also ¢ IF “j € i, and so t IF “j € A\ K.” Thus for any s’ O s, some
extension of s’ forces “j 4 A\ K.” It follows that s |- “j 4 A K.”

But s was an arbitrary extension of g, U r having the property that, for
some i,j € I, sk “i € K, and j € i.” Therefore ¢, Ur IF “if 4,7 € I and
i€ Ky, and j 44, then j 4 A\ K.” Thisimplies ¢,Ur IF “A K < ANK,,.” O
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In a generic extension V[H]| with r € H, we have v € T' if and only if
¢o € H for some o < k with vy, = 7, in which case J, = K,, and (by the
previous claim) A K < A K,,. Therefore
(*) ri-F AK S AJ, forall yeT.

Claim. r - 9 < AK.”

Proof of Claim. We will prove separately that r I- “6 < A{AK,: v €T}
and that 7 IF “A{AK,:yeT} I A\NK.”

For the first of these assertions, note that p I- “6 < A(J,)g for all v € S”,
that r O p, and that r I “J.«, = Kw forallv € T and T C S.” It follows that
rl- “6 9\ K, for all y € T”, and therefore r IF “6 I A{A\K,: ye T}

For the second assertion, first note that, by the definition of K, if i € T
then r IF “if ¢ € K then i € K, for infinitely many v € 7.” Hence for every

iel,rlF“fie Kthen A{K,:vyeT} < ";sorl-“oralliel,ifiec K
then A{K,:ve€T} < i” Hencer Ik “A{ANK,:v€T} < NK.” O

From the last few claims, we see that there is a nice name J € N for a
subset of I such that

riF J=Kand0#6 < AK I A\Jy, Iy forall yeT.

Sor I “if v € T, then J satisfies all the criteria in the definition of J'W.” Con-
{:U eLev(J): 2 C J}‘ < K,
and .J, C J implies Lev(J,) < Lev(J). Therefore

rl- Lev(J,) < Lev(J) for all but <x-many v € T.
Also rIF “T"C S and |T| = k" and therefore

rl-  Lev(J,) < Lev(J) for k-many v € S.

But J € N C Ug<¢ Me, which implies that Lev(J) < ¢. This contradicts
our choice of ( and p, because p forces the minimality of {, and r D p. O

sequently, r I+ “J.7 C J for all v € T.” However,

Corollary 2.10. VV + —CH is consistent relative to ZFC.

The proof of Theorem 2.9 uses a hypothesis stronger than ¥ in V' in order
to show that ¥ holds in V[G]. This leaves open the question of whether
such a strong hypothesis in the ground model is really necessary.

Question 2.11. Is V preserved by Cohen forcing?

3. GCH DOES NOT IMPLY V

In this section we show that GCH does not imply V. As mentioned in
the introduction, large cardinals are necessary for constructing a model of
GCH + —V. Another feature of our proof is that the poset P for which we
show V(P) fails has size N,11. This feature is also necessary, in the sense
that no smaller poset can work in the presence of GCH. While in certain
models there are smaller posets where V/ fails (V can fail for a size-Ry poset
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[1, Theorem 4.1], although V/ always holds for posets of size <W¥; [1, remark
2.9]), GCH implies that ¥/ holds for all posets of size <W,,.
Consider the following statement:

For every model M for a countable language £ that contains a unary
predicate A, if |[M| = k™ and |A| = & then there is an elementary
submodel M’ < M such that |[M'| = p* and |[M' N A| = p.
This statement, abbreviated by writing (k*,x) — (u, ), is an instance
of Chang’s conjecture. In this section we will consider the case kK = N,
1 = Ng. This particular instance of Chang’s conjecture is known as Chang’s
conjecture for R, and is abbreviated (N,41,Ny) = (Rq, Rp).

The usual Chang conjecture, which is the assertion (Ng, V1) — (Wq,N), is
equiconsistent with the existence of an wi-Erd6s cardinal. Chang’s conjec-
ture for N, requires even larger cardinals. (Ny41,R,) — (N1, Rg) was first
proved consistent relative to a hypothesis a little weaker than the existence
of a 2-huge cardinal in [8]. Recently this was improved to a huge cardi-
nal in [5]. The precise consistency strength of (R, 41,8,) — (N, Rg) is an
open problem, but significant large cardinal strength is known to be needed.
This is because (N1, N,) = (X1, Rg) implies the failure of Oy, (see [9], in
particular Fact 4.2 and the remarks after it), and the failure of Oy carries
significant consistency strength (see [2]).

Theorem 3.1. If (N1, R,)— (N1, Rq) holds, then \V/ fails.

Proof. We will describe a separative ccc poset P, and then use the Chang
conjecture (N1, 8,) — (N1,Rg) to prove that this poset violates V. The
members of P have the form (p, f, A), where

o p € H¥, where H® denotes the finite-support product of X, Hechler
forcings. The product is indexed by the ordinal wy,.

o f is a function w — w, but not the constant function n +— 0.

o A is a countably infinite subset of w, and A D supp(p).

Given (q, g, B), (p, f, A) € P, we say that (¢, g, B) extends (p, f, A) whenever

q extends p in H®,

g(n) > f(n) for all n € w,

BD A,

if a« € AN (supp(q) \ supp(p)), then g(«) extends (@, f) in H.

Alternatively, one may think of P as a sub-poset of the countable support
product of R, Hechler forcings, consisting of those conditions r with infinite
support such that for all but finitely many coordinates of supp(r), the r(a)’s
are all required to have an empty working part and the same side condition.
Under this interpretation, a condition (p, f, A) € P corresponds to the con-
dition r in ]H[Sﬁ)l having countable support A, and with r(a) = (0, f) for all

a € A\ supp(p).
We begin by verifying that P is a separative ccc poset.

(¢]
(¢]
(¢]
(¢]

Claim. P is separative.
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Proof of claim. Let (q,g, B), (p, f, A) € P and suppose that (¢, g, B) is not
an extension of (p, f, A). As there are four parts to the definition of “exten-
sion” in PP, this can mean one of four things.

If ¢ does not extend p in H®, then because HY+ is separative, there is
some r € H® that extends ¢ but is incompatible with p. By extending r
further if necessary, we may assume r(«) extends (0, g) for all a € supp(r),
and thereby ensure that (r, g, B) is an extension of (¢, g, B). Clearly (r, g, B)
is incompatible with (p, f, A), because 7 is incompatible with p.

If B2 A, then let « € A\ B. Let h be any condition in H incompatible
with (0, f). (Note that some such h exists because f is not the constant
function n +— 0.) Let ¢ = ¢U {(a,h)} and B’ = BU {a}. Then (¢, g, B’)
is a condition extending (g, g, B); but our choice of o and h guarantees that
(¢, g, B’) is incompatible with (p, f, A).

If B D A but g(n) < f(n) for some n € w, then let & € A\ (supp(p) U
supp(q)) and let h be any condition in H extending (), g) but incompatible
with (0, f) (e.g., h={(g[(n+1),9)). Let ¢ = qU{(a,h)}. Then (¢, g, B)
is a condition extending (g, g, B), but it is incompatible with (p, f, A).

Finally, suppose there is some a € AN (supp(q) \ supp(p)) such that g(«)
does not extend (), f) in H. Then, because H is separative, there is some
r € H that extends g(a) but is incompatible with ((}, f). Define ¢’ € H®»
to be identical to ¢, except that ¢'(a) = r. Then (¢, g, B) extends (g, g, B)
and is incompatible with (p, f, A). O

Claim. P has the ccc.

Proof of claim. Suppose A is an uncountable collection of conditions in P.
Let B = {p: (p, f,A) € A for some f and A} denote the corresponding col-
lection of conditions in H®. Because H has the ccc, some two conditions
in B are compatible in H¥. But then the two corresponding conditions
in A are also compatible: for if (¢, g, B),(p, f,A) € P and r is a common
extension of p and ¢ in H®~, then we may further extend r, if necessary,
so that for each a € supp(r), r(«) is an extension of both (0, f) and (0, g).
Then (r,max{f, g}, AU B) is a common extension of (g, g, B) and (p, f, A)
in IP. ([

It remains to show that (W41, N,)— (X1, 8g) implies that for any dense
D C P, there is some condition in IP that extends uncountably many members
of D. Let D be a dense sub-poset of P.

To begin, note that for each countable A C w,,, some member of DD extends
a condition of the form (p, f, A). This implies that

{B Cwy: (q,9,B) € D for some ¢ € HY and g € ww}
is cofinal in the poset (Jw,]“, C). The cofinality of this poset is well-known

to be >W,,. Hence |D| > N, 41.
Let H = w, U (HY x w*), and note that |H| = X,,.
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Let (M, €) be a model of (a sufficiently large fragment of) ZFC such that
HCM,De M, and |[M| = |[M ND| = Ry41. (Such a model can be
obtained in the usual way, via the downward Léwenheim-Skolem Theorem.)
Let ¢ : M — M ND be a bijection, and consider the model (M, €, ¢, H) for
the 3-symbol language consisting of a binary relation, a unary function, and
a unary predicate. Applying the Chang conjecture (X,11,8,) — (X1, Rg),
there exists some M’ C M such that |M'| =Ry, H = M’ N H is countable,
and (M',e,¢,H") < (M, €,¢,H).

Let D' = DN M’. By elementarity, the restriction of ¢ to M’ is a bijection
M’ — D', and so |D'| = 8.

Let B =w,NM’'. As B C H’', we have |B| = Xy. Note that (p, f, A) € D/
implies A € M’, and therefore (because A is countable, and M’ models
(enough of) ZFC) A C M’. Therefore (p, f, A) € D' implies A C B.

Furthermore, (p, f, A) € D' implies (p, f) € M’, which implies (p, f) € H'.
Therefore

{(p, f): (p,f,A) € D for some A C B}

is countable. But I/ is uncountable, so by the pigeonhole principle, there is
some pair (p, f) € H* x w* such that {A C B: (p, f,A) € D'} is uncount-
able.

Finally, note that (p, f, B) is a condition in P, and that (p, f, B) extends
(p, f,A) whenever A C B. Therefore (p, f, B) extends uncountably many
conditions in D. O

Corollary 3.2. GCH + =V s consistent relative to a huge cardinal.

4. THE MEASURE ALGEBRA OF WEIGHT N,

In [1, Section 4], it is observed that MA implies ¥ fails for the weight-X
measure algebra. In fact, this was the first known example of a poset for
which V consistently fails. The results contained in this section and the
previous one grew from trying to discover whether (N,11,8,) — (R, Np)
implies V fails for the weight-R,, measure algebra. (As mentioned in the
previous section, (N,41,R,) — (N1,8g) does not imply the failure of V for
any poset of size < W, so this makes the weight-R, measure algebra a
natural place to look.) We still do not know whether (R,41,R,) — (R, No)
implies the failure of V/ for the weight-R, measure algebra. But we show
below that GCH + (R,41, Ny) = (N1, Ng) is consistent with the failure of ¥
for the weight-R,, measure algebra.

Given some set A, 22 denotes the set of all functions A — 2. The product
measure £ on 24 is defined by setting

p({fe2?: fla)y=0}) =p({f €2 fla)=1}) =14

for all @« € A. More precisely, this coordinate-wise assignment extends
naturally to a pre-measure on the clopen subsets of 24, and this extends, via
Carathéodory’s Theorem, to a countably additive measure on the smallest
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o-algebra containing all the clopen subsets of 24. We denote this o-algebra
by B4.

Now suppose A = k is an infinite cardinal number, and let M, denote
the quotient of By by the ideal of sets having p-measure 0. Then M, is a
o-complete Boolean algebra, called the measure algebra of weight k.

Given X C 2% and A C k, we say that X is supported on A if there is some
Y C 24 such that X =Y x 25\4. Tt is easy to check that if X # () and X is
supported on every A in some collection A C P(k), then X is supported on
() A. Therefore there is a smallest A C x on which X is supported, and we
denote this set by supp(X).

Lemma 4.1. FEvery member of B, is supported on a countable subset of k.
In fact, X € By, if and only if X =Y x 25\ for some countable A C k and
some Borel Y C 24.

Proof. Let B denote the set of all X such that X = Y x 2°\4 for some
countable A C x and some Borel Y C 24, Tt is clear that B is a o-algebra
containing all the basic clopen subsets of 27; hence B, C B. Conversely, if
A C k is countable, then B, contains C' x 2°\4 for every clopen C' C 24,
because C' x 2°\4 is clopen in 27. It follows that B, must contain Y x 26\A
for every Borel Y C 24, Hence B C B,.. |

Let A denote the amoeba forcing. Conditions in A are open subsets of 2%
with measure < %, and the extension relation on A is C. Let A¥ denote the
finite support product of w copies of A.

Lemma 4.2. Let V be a model of ZFC and let G be an A“-generic filter
over V. In V[G], there is a countable collection C of non-null closed subsets
of 2¥ such that if B is any non-null Borel subset of 2% whose Borel code is
in V, then there is some C € C such that C C B.

Proof. Each p € G is a sequence of open subsets of 2¥ in V', all but finitely
many of which are (). For each p € G and n € w, let p(n) denote the
reinterpretation of p(n) in V[G]; i.e., p(n) is the V[G]-interpretation of the
Borel code of p(n) in V. For each n € w, let Uy, = U, p(n), and define
C={2\(U,UUp): myn € w}.

It is straightforward to show that each U, is an open set with measure %
Fix m,n € w. The set of all p € A“ with p(m)Np(n) # 0 is dense. Therefore
U, MU, # 0, and because both these sets are open, (U, NU,) > 0. Hence

H(2w \ (Um U Un)) =1- M(Um U Un)
=1— ((Un) + p(Up) — p(Up N Uy))
= w(Up NU,) > 0.

Thus C is a countable collection of non-null closed subsets of 2*.

Let B be a non-null Borel set in V. Then p(2¥\ B) < 1, and this implies
there is an open W C 2“ such that (W) < 1 and 2¥\ B C W. Any open
set of measure < 1 can be split into two open sets of measure < %, so in



16 WILL BRIAN, ALAN DOW, AND SAHARON SHELAH

particular there are open Vi, Vs C 2¢ such that u(V4) < &, u(Va) < 1, and
ViUV, = W. Now the set of all p € A¥ with p(m) = V; and p,, = V5 for
some m,n € w is dense. Therefore there exist some m,n € w and some
p € G such that p(m) = Vi and p(n) = Vu. Letting B, Vi, and V5 denote
the V[G]-interpretations of the Borel codes for B, Vi, and Vs, respectively,
we have 2¢\ B C V; UV, C p(m)Up(n). Hence B D 2%\ (U, UU,,) € C. O

Theorem 4.3. It is consistent, relative to a huge cardinal, that GCH holds
and that \/ fails for My, .

Proof. Let V be a model of GCH plus (X,,+1,N,,) = (X1, Rg). Recall that the
existence of such a model is consistent relative to a huge cardinal.

Let A denote the amoeba forcing, and let P denote the length-wy, finite
support iteration of A¥. Let G be a V-generic filter on P. We claim that
V[G] is the desired model of GCH where ¥V (My,,) fails.

A standard argument shows V|G| = GCH. Therefore, to prove the the-
orem we must show that V(My,) fails in V[G]. Because My, has the ccc,
this amounts to showing that for any dense sub-poset D of My \ {0}, some
member of My, \ {0} has uncountably many members of D above it.

We obserbve that P has the ccc, and it is know that (Ny,11,R,,) = (R, No)
is preserved by ccc forcing. (This fact is considered folklore, but a proof can
be found in [5, Lemma 13].) Hence V[G] = (Ryt1, Nw) = (Rq, Rp).

It follows from Lemma 4.1 that every X € B, can be represented in a
canonical fashion by a pair (4, a), where A = supp(X) is countable, and a is
some canonical code for the Borel subset Y of 24 such that X =Y x 2¢«\4,
Let us call the pair (A4, a) the code for X.

For each o < wy, let G, denote (as usual) the restriction of G to the first
a coordinates of P. For each a < wy, let B ~denote the set of all those
members of B,,, whose code is in V[G,]. For every X € B,,,, the code for X
consists of a countable set of ordinals and a countable sequence of integers.
This implies there is some a < w; such that the code for X is a member of
V[Ga]. Hence By, = Uy, BS,-

Working in V[G], let D be a dense sub-poset of My,. In what follows, it
is easier to work with members of B, rather than with their equivalence
classes in My,. For each Z € D, fix some Xz € B, representing Z. Let
E = {Xz: Z € D}, and observe that |E| = |D|. Because every dense sub-
poset of My, has cardinality >R, (see e.g. [7, Theorem 6.13]), |E| > X,,.
Also |E| < 2% =R, 1, and therefore |E| = R, 1.

Because By, = U<, BS, and [E| = Ny 41, there is some o < w; such
that |EN BS | = Ryy1. Fix some such a, and let E, = EN BY .

Let (M, €) be a model of (a sufficiently large fragment of) ZFC such that
wy €M, E, € M, and |[M| = |M NEy| = Ryt1. (Such a model can be
obtained in the usual way, via the downward Léwenheim-Skolem Theorem.)
Let ¢ : M — M NE, be a bijection, and consider the model (M, €, ¢, w,,) for
the 3-symbol language consisting of a binary relation, a unary function, and
a unary predicate. Applying the Chang conjecture (X411, N,) — (X1, Rg),
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there exists some M’ C M such that |M'| = Xy, M’ Nw, is countable, and
(M’ €, ¢,wy) < (M, €, ¢,ws,).

Let E/, = E, N M’. By elementarity, the restriction of ¢ to M’ is a
bijection M" — E.,, and so |E/ | = X;.

Let A=w,NM'. If X € E/, then supp(X) € M’, and therefore (because
supp(X) is countable, and M’ models (enough of) ZFC) supp(X) C M.
Hence X € E/, implies supp(X) C A.

By Lemma 4.2, in V[G] there is a countable collection C of non-null closed
subsets of 24 such that if B is any non-null Borel subset of 24 whose Borel
code is in V[G,], then there is some C' € C such that C C B. (Strictly
speaking, our lemma gives us such a family in V[G,+1]. But by reinterpret-
ing the Borel codes of the members of that family in V[G], we obtained the
desired collection C.) In particular, every X € E/ contains C' x 2w\ for
some C' € C. By the pigeonhole principle, there is some particular C' € C
such that X D C x 2¢~\4 for uncountably many X € /.

Moving from representatives back to equivalence classes, [C' x 2¢<\A] 2 [(]
because C' is non-null in 24, and [C' x 2¢~\4] < [X] for uncountably many
X € E.,. Hence [C'x24\4] € My, \{0} and [C x2¥\4] extends uncountably
many members of D. Because D was an arbitrary dense sub-poset of My,
and because My, has the ccc, we conclude that ¥V (My,) fails. U
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