NON-TRIVIAL COPIES OF N*
ALAN DOW

ABSTRACT. We show that it is consistent to have regular closed
non-clopen copies of N* within N* and a non-trivial self-map of N*
even if all autohomeomorphisms of N* are trivial.

1. INTRODUCTION

In this paper we are interested in the possible existence of regular
closed subsets of N* that are non-trivial copies of N*, i.e. that are not
clopen. A proper subspace K C N* is said to be a trivial copy of N*
if there is an embedding of SN into SN which sends the remainder N*
onto K. More generally, a function h € NV is said to induce a function
F:PN)—=P(N)on I CNif F(a) =*h'a) ={n € N: h(n) € a}
for all a C I. The function F' is said to be trivial on I if there is a
such a function h. We use triv(F') to denote the ideal of sets on which
F'is trivial. Such a function F' is usually a lifting of a homomorphism
¢ : P(N)/fin — P(N)/fin in the sense that F(a)/fin = ¢(a/fin) for
all a € N. We would similarly say that F' induces a homomorphism
on P(N)/fin. The ideal triv(¢) would coincide with that of triv(F’) for
any such lifting of ¢. An ideal is a P-ideal if it is countably directed
modulo the finite ideal. Dually, a closed subset of N* is a P-set if its
neighborhood base is countably directed.

The study of trivial versus non-trivial mappings on N* has a cele-
brated and impactful history. Shelah’s breakthrough in [19] that it was
consistent that all autohomeomorphisms of N* are trivial lead to many
results. These include W. Just’s results [15, 16] that nowhere dense
P-sets are consistently not homeomorphic to N* and that N* need not
map onto its own square. Throughout this paper we reference many
of the other major developments by Shelah, Steprans, Velickovi¢ and
Farah. Among these is the result by Farah [12, p. 77] that PFA implies
that if K C N* is homeomorphic to N*, then there is a, possibly empty,
clopen subset A of N* such that A C K and K \ A is nowhere dense.
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It was later shown in [4], answering a question of longstanding, that
there are non-trivial nowhere dense copies of N*.

Velickovié [28] introduced the poset Py, see Definition 2.1, which was
created to produce a model of Martin’s Axiom in which ¢ = N, and
in which there are non-trivial autohomeomorphisms on N*. This was
achieved by forcing over a model of PFA. Several variations of P, are
possible and we continue the study of the properties of N* that hold in
the model(s) obtained when forcing with P, (and its variants Py and
P,) over a model of PFA (see also [21, 25, §]).

Theorem 1.1. In the extension obtained by forcing over a model of
PFA by Py the following all hold:

(1) all automorphisms on P(N)/fin are trivial,

(2) there is a copy K of N* in N* such that K is reqular closed with
a single boundary point,

(3) there is continuous function f from N* onto N* whose restric-
tion to K 1s a homeomorphism,

(4) the function F : P(N) — P(N) induced by f~', in the sense
that (F(a))" = f~'(a*), is not trivial.

Theorem 1.2. In the extension obtained by forcing over a model of
PFA by Py, there are non-trivial automorphisms of P(N)/ fin.

These results are re-stated and proven as theorems 2.4, 6.2 and 7.1.
We need more definitions before we can state the other major result
below. Farah [12, p. 73] defines the important notion of an ideal of
P(N) being ccc over fin to mean that there is no uncountable almost
disjoint family of subsets of N none of which are in the ideal. By Stone
duality, we define a closed subset K of N* to be ccc over fin if there
is no uncountable family of pairwise disjoint clopen subsets of N* each
meeting K in a non-empty set. It is shown in [12, p. 74] that PFA
implies that for each homomorphism 1 from P(N)/ fin onto P(N)/ fin,
which is the Stone dual of a copy of N* in N* triv(¢) is ccc over fin.
It was already shown in [21] that for automorphisms ¢ on P(N)/ fin,
triv(¢) is a dense P-ideal in the models under study. A crucial step for
our results above, and a result of independent interest, is the following
strengthening (restated and proven as 5.9).

Theorem 1.3. In the extension obtained by forcing over a model of
PFA by any of Py, Py, or Py, if ® is an automorphism of P(N)/ fin,
then triv(®) is a ccc over fin ideal.

2. PRELIMINARIES

Now we recall the partial order Py from [28].
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Definition 2.1. The partial order P, is defined to consist of all 1-to-1
functions f where

(1) dom(f) = range(f) C N,

(2) for all i € dom(f) and n € w, f(i) € [2",2"") if and only if
i c [271’ 2n+1>

(3) limsup,,_,[[2",2"*") \ dom(f )| =

(4) for all i € dom(f), i = f2(i) # ()

The ordering on P, is C*.

Definition 2.2. The poset P; is defined to consist of all {0, 1}-valued
partial functions f such that dom(f) C N and limsup,,_,..|[2",2""!) \
dom(f)| = co. The ordering on P; is C*.

The poset Py is the subposet of P; consisting of those f € Py satis-
fying that for all n € w, f~1(1) N [2",2"*1) has size at most 1, and it is
non-empty if and only if [27,2"*1) C dom(f).

Proposition 2.3 ([28]). Let G denote a Py-generic filter. The collec-
tion U = {N\ dom(f) : f € G} is an ultrafilter. This is also true for
the posets Py and P;.

The generic ultrafilter U added by each of these posets is a tie-point
of N* (as introduced in [9] A P B, see also [7, 8]): namely there is
a cover by regular closed subsets A, B satisfying that AN B = {U}.
For a regular closed set A of N*| we let Z4 denote the ideal {a C N :
a* C A}. For the set-theoretically oriented reader we point out that
if A, B are the regular closed sets that witness that U is a tie-point,
then this corresponds to Z,4 and Zg being orthogonal ideals with the
property that their union generates a maximal (proper) ideal equalling
the complement of ¢/. It was shown in [14] that under the continuum
hypothesis there is, for every ultrafilter U, a copy A of N* in which i/
is a P-point, so that with B equalling its regular closed complement
(B = cl(N"\ A)) then A BB holds. B is also a copy of N* (by
Parovicenko’s theorem) while ¢ is also a P-point in B if and only if
U is a P-point of N*. The ideals Z4 and Zp are closely connected to
the concepts of gaps, in fact tight gaps [24, 1.1], in P(N)/fin and for
roughly that reason, there are no tie-points in models of PFA. Using
that adding Cohen reals destroys ultrafilters and preserves gaps, it is
easily shown that there are no tie-points in the standard Cohen model.
In fact for each of these results, stronger results were shown in [3]
and [18] respectively. It is evident that U being a tie-point of N* is
equivalent to there being a continuous 2-valued function defined on
N*\ {4} that does not extend continuously to all of N* (i.e. to U). In
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models of PFA [3] and the usual Cohen mode [18], every real-valued
continuous function on N* \ {{/} extends continuously to N*.

In the cases of G being generic for either of Py and [Py, the witnesses to
U being a tie-point would be where Z4 is the family {f~1(1) : f € G},
while, for Py, Zy = {{i € dom(f) : i < f(i)} : f € G}. This is
discussed in [8]. One of our main motivations is to discover if A or B
can be, or needs to be, homeomorphic to N* as this information can
be quite useful in applications (again, see [8]). An important potential
application of tie-points, together with the question of whether either
of the associated pair A, B is a copy of N*, is the possible consistency
of the Banach space (. /co (i.e. C(N*)) not being primary (see [10]
and [11, p. 577]). There are many lines of investigation that may
be pursued concerning the properties of these models. An excellent
example suggested by the referee would be rigidity properties of other
Stone-Cech remainders such as the PFA results found in [23, 13, 6].

If PFA holds, then each of Py, Py, Py is Ni-closed and No-distributive
(see [25, p.4226]). In this paper we will restrict our study to forcing
with these posets individually, but the reader is referred to [25] for the
method to generalize to countable support infinite products.

Theorem 2.4. If G is Py-generic and A DUQB are as defined above,
then there is a homeomorphism from A to N* which extends to a con-
tinuous mapping with domain all of N*.

Proof. Let ¢ € NN be defined so that 1 ([2",2""!)) = {n} for all n,
and let ¢* denote the canonical extension with domain and range N*.
In fact, for each free ultrafilter VW, the preimage of YW under ¢* is the
set of ultrafilters extending {¢p~'[W]: W € W}. Recall that A is the
closure of the set J{(f~*(1))" : f € G}. We will simply show that
Y* | A is one-to-one. Let V = {b C N:¢~!(b) € U}. By the definition
of Py, it follows that, for each f € G, ¢* | (f~1(1))" is one-to-one and
that ¢ (f~1(1)) ¢ V. Tt follows easily that the preimage of any point
of N*\ {V} contains a single point in A. Now suppose that W # U is
in the preimage of V. Since U is generated by {N \ dom(f) : f € G},
we may choose an f € G with dom(f) € W. Since ¥ (f~(1)) ¢ V,
we have that f~1(0) € W. But now, f~!(0) is mod finite disjoint from
each member of Z4, which shows that WW ¢ A. O

We recall some basic forcing notions that will be used.

Proposition 2.5 ([17, VIL.8.3]). If G is a 2<“'-generic filter over a
model M, then P(N)NM = P(N)NM|G], w; is preserved, and <y holds
in M|[G].
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Proposition 2.6 ([17, pp. 55-57]). Let A C P(w) be a family of co-
infinite sets and closed under finite unions. The almost disjoint sets
partial order Py is

{(s, F) i sCwA|s| <wAF CANI|F| <w},
where (s', F') < (s, F') if and only if
sCSANFCF ANNMa€eF)ans Cs).

P 4 is o-centered and there is a P 4-name d that is forced to be an infinite
subset of w that is almost disjoint from every element of A.

The rest of the paper is devoted to proving the theorems listed in
the first section. Let us remark that Theorem 1.3 holds for all onto
homomorphisms but this requires lengthy verifications that the results
for automorphisms from [21, 25, 8] also hold for onto homomorphisms.
As mentioned above a homomorphism ¢ from P(N)/ fin onto P(N)/ fin
is said to be trivial, if there is function h € N¥ which induces v in the
sense that ¢ (a/fin) = (h~'(a)) /fin for all « C N. We intend to deal
with automorphisms only so it will be more convenient to work with
the inverse map; hence 1(a/fin) = h(a)/fin. We will say that v is not
trivial at a point € N* if no member of triv(y) is in the ultrafilter
corresponding to x.

3. THE AUXILLARY POSET P(§F)

For this section let P denote any one of the posets Py, Py, Py. It is
known that P is o-directed closed. The following partial order was
introduced in [21] as a tool to uncover the forcing preservation prop-
erties of P, such as Velickovic’s result that PFA implies that P is Ny-
distributive (and so introduces no new w;-sequences of subsets of N).

We will be using the methods from [21] to identify properties of P
that follow from PFA. These methods consist of meeting w;-many dense
sets in finite iterations of proper posets, the first of which is the simple
poset 251,

This next definition is also from [21, Definition 2.2].

Definition 3.1. Let § denote any filter on P. Define P(§F) to be the
partial order consisting of all g € P such that there is some f € §
which is almost equal to it. The ordering on P(F) is f < gif f D g.

The forcing poset P(§) (which is just the set §) introduces a new total
function f which extends mod finite every member of §. Although f
will not be a member of IP it is only because its domain does not satisfy
the growth condition (3) in the definition of P. There is a simple o-
centered poset (see Proposition 2.6) that will force an appropriate set
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I C N which mod finite contains all the domains of members of § and
satisfies that f | I is a member of P which is below each member of §
(see [21, 2.1)).

A strategic choice of the filter § will ensure that P(F) is ccc and
much more. Again we are lifting results from [21, Lemma 2.6] and [25,
Corollary 3.2]. A poset is said to be w*-bounding if every new function
in w* is bounded by some ground model function. Since the poset P
is countably closed there are filters that can meet any given family of
wi-many dense sets. In a model of PFA, there are no (ws,ws)-gaps [1,
4.3] and so, in such a model, there are wy-many dense sets that cannot
be met by a single filter. However, if we first collapse the continuum
to obtain a model of <) then, as shown in [21], we can meet all dense
sets that are in the ground model.

Lemma 3.2. In the forcing extension by 2<“', there is a maximal
filter § on P which is P-generic over V and for which P(§) is ccc,
w“-bounding, and preserves that the set of ground model reals is not
meager.

Almost all of the work we have to do is to establish additional preser-
vation results for the poset(s) P(F). Once these are established, we are
able to apply the standard PFA type methodology as demonstrated
in [21, 25] to determine properties of the forcing extension by P. As
mentioned above, we have this result from [25, Corollary 3.3].

Lemma 3.3. In a model obtained by forcing with P over a model of
PFA, the trivial ideal for every automorphism of P(N)/fin is a dense
P-ideal.

Corollary 3.4 (PFA). Let & be a P-name that is forced to be an au-
tomorphism of P(N)/fin. In the forcing extension by 2<“', the trivial
ideal of the valuation of ® by the filter § on P as in Lemma 3.2 is a
dense P-ideal.

Proof. Let V' be a model in which PFA holds. By Lemma 3.3, for
every b € [N]®, there is a dense set D, of conditions in P that force
there is some infinite subset of b in the trivial ideal of ®. Similarly, for
every sequence @ = {a, : n € w) C [N¥ there is a dense set D of
conditions that force that either there is a member of the trivial ideal
of ® that mod finite contains each member of @, or that force that @
is not contained in the trivial ideal. Now let G be 2<“'-generic over
V and let § be as in Lemma 3.2. Being P-generic over V, the filter §
will meet D,, and Dj for every w-sequence @ C [N]¥. By Proposition
2.5, P(N)NV = P(w) NV[G], hence the trivial ideal of the F-valuation
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of ® will be dense. Similarly, since there are no new w-sequences of
members of [N|*, this trivial ideal will be a P-ideal. O

4. 0-BOREL LIFTINGS AND MORE NOTATION

A lifting of a map @ from P(N)/fin to itself is any function F from
P(N) into P(N) which satisfies that F(a)/fin = ®(a/fin) for all a €
P(N). For each { € Nand s C /¢, let [s;¢] = {x C N:2N{=s}. This
defines the standard Polish topology on P(N). For a set C C P(N)
and a function F' on P(N), let us say that F' [ C is o-Borel if there is
sequence {1, : n € w} of Borel functions on P(N) such that for each
b € C, there is an n such that F(b) =* 1,(b).

We continue the analysis of P-names from V' (the ground model
of PFA) where P is any one of Py, [P;,Py. For the remainder of the
paper we let H denote a 2<“!-generic filter. Recall from Lemma 2.5
that forcing with 2<“' does not change the set P(N). In the forcing
extension V[H], following [21], we use a V-generic filter § C P. In
particular, fix a P-name ® which is forced by 1p to be a lifting of
an automorphism of P(N)/fin. Let F denote valg(®). Of course it
follows that, in V[H], F' is a lifting of an automorphism of P(N)/ fin.
The following key result of ([8, 2.3]) was extracted from [21] and [25,
Theorem 3.3].

Lemma 4.1 (PFA). For any dense P-ideal T on N and for each P(§)-
generic filter G, there is an I € T such that F' | (VN[N\I]¥) is
o-Borel in the extension V[H][G].

One of the main results which we can extract from [25] and simply
deduce from Lemma 3.3 and Lemma 4.1 is the following.

Lemma 4.2. F' | (VNP(N)) is o-Borel in the extension obtained by
forcing with P(§).

We will also need several results from [8]. The following are [8, 3.1]
and [8, 2.5] respectively. The basic ideas originate in [19, p. 131] and
27, p 131].

Lemma 4.3. Assume that b € V N [N]¥ is such that F' [ [V N [b]*] is
o-Borel in V[G]. Then, in V', there is an increasing sequence {ny : k €
w} C w such that F is trivial on each a € [b]“ for which there is an
r € §, such that a C \J{[nk, nk+1) : [k, ngs1) C dom(r)}.

Lemma 4.4. Let H and § be as above. Then for each P(§)-name
h € NN there are an increasing sequence ng < ny < --- of integers and
a condition f € § such that either
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(1) f e 1 U{[ne, nesr) © k € K} ¢ V7 for each infinite
K Cuwor
(2) for eachi € [ny,nyy1) and each g < f such that g forces a value

on h(i), fU (g | [nk, nisr)) also forces a value on h(i).

Furthermore, if f forces h to be Jinite-to-one, we can arrange that for
each k and each i € [ng,ng11), f forces that h(i) € [ng_1,Nk+2).

Next we need to use a key Lemma from [8, Lemma 3.1].

Lemma 4.5. There is a condition p € § and an increasing sequence
{ny : k € w} C N such that, for each k € w there is an my € w such
that

(1) [ng, npe1) \dom(p) is a subset of 2™\ 2™ and has cardinality
at least k,

(2) p forces (over P) that triv(F) contains all a C N for which there
is anr € §, such that a C \J{[nk, nk+1) : [k, nk1) C dom(r)}.

We will say that a sequence (r; : j € w) C P is a fusion sequence (for
P) if, for each j € w,
(1) rj C 7y,
(2) there is an m; € w such that 2%\ (2™ U dom(r;)) has car-
dinality at least j,
(3) 711 [ 2™ is a subset of r;.
If (r; : j € w) is a fusion sequence, then the function r = (J
condition in [P that is an extension of each r;.

Fix any p € § which forces, over P, that ® and, therefore F' have all
of the above properties. Assume also that p satisfies the requirement
in Lemma 4.5. Notice that for each ¢ € §, we have a one-to-one
function h, with domain a, = U{[nk, nks+1) : [k, nk11) C dom(q)}
which witnesses that a, € triv(F). Therefore the family {h, : ¢ € §}
is a o-directed (mod finite) family of functions which, because N ¢
triv(F) in V[H], has no extension in V[H].

In this next proof we will use the concept of a splitting family. A
family S € P(N) is splitting if for all infinite Y C N, thereisan S € S
satisfying that each of SNY and Y \ S are infinite.

jEwTj 1S a

Lemma 4.6. The family {dom(h,) : ¢ € §} generates a dense ideal in
V[H] which remains dense after forcing with P(§).

Proof. Let us note that from the fact that § is V-generic, it follows
from Proposition 2.3 the family {dom(q) : ¢ € §} is a maximal ideal.
Then, given the definition of the family {a, : ¢ € §}, and the partition
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of N by the intervals {[ng, ngi1) : k € w}, it follows that the finite-to-
one map sending each [ng,ng41) to {k}, will send {a, : ¢ € F} to a
maximal ideal 7. To finish the proof of the Lemma it suffices to prove
that J remains dense after forcing with P(§). Following [2, p.121], it
is well known, and due to Solomon, that if D C NY is a dominating
family of strictly increasing functions, then the family S = {S; =
U,.enlf7"(1), f2"*1(1)) : f € D} is a splitting family. The forcing P(§F)
is w*-bounding and so preserves that the family S is splitting. We finish
the proof by proving that P(§F) preserves that J is dense. Indeed, let
Y C N be any infinite set in the forcing extension by P(§F). Choose any
f € Dsothat Sy NY and Y \ Sy are infinite. By symmetry, assume
that Sy € J. It follows that Y is not almost disjoint from Sj. O

We prove, using this next well-known result, that there is a P(F)-
name, h, of a function in NV that is forced to mod finite extend every
member of {h, : ¢ € §}. Uncountable pairwise incompatible families
of partial functions on N are similar to Luzin gaps. Such a family will
not have a common mod finite extension. The following result is an
easy consequence of a result of Todorcevic (see [26, Theorem 8.7] and
[12, 2.2.1]). Proper posets were introduced in [19] and it was shown
that countably closed posets, ccc posets, and finite iterations of proper
posets are all proper.

Proposition 4.7. If {h, : a € wi} is a family of partial functions
on N with mod finite increasing domains, and if there is no common
mod finite extension, then there is a proper poset which introduces an
uncountable pairwise incompatible subfamily.

Lemma 4.8. There is a P(§)-name h on N that is forced to mod finite
extend every member of {hy : ¢ € §} and which is forced to be 1-to-1
on a cofinite subset of N.

Proof. By Lemma 4.6, the domains of the members of the family {h, :
q € §} is a dense ideal after forcing with P(§). If A is any function that
mod finite extends the family {h, : ¢ € §} of 1-to-1 functions, then
there is a cofinite subset of h that is 1-to-1. So it suffices to prove that
there is such a function A in the extension by P(gF).

Let us assume, towards a contradiction, that forcing with P(§) pre-
serves that the family {h, : ¢ € §} has no common mod finite exten-
sion. Let ¢,, denote the P(F)-name of the function that equals the
union of the generic filter G. We note that the sequence {ny : k € w}
is a sequence from V. Let @ be the P(§)-name of the proper poset
as described in Lemma 4.7. That is, there is a 2<“' x P(§) * (Q)-name,
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{(qa,aa,ha,La) a0 € wy}, satisfying that, for each o < 8 € wy, it is
forced that

(1) {Ga, Ga, he : @ € wy} are P(F)-names,

(2) Ga C Gu ‘

(3) da = U{[nk, nkt1) : k € Lo} C dom(ga),

(4) qo forces that he € V induces & on dy,

(5) La C* Lg,

(6) there is an n € aq N ag with ha(n) # hg(n).

Next we let, A denote the 2<1+P(§)*@Q-name of the family {dom(qa) :
o € w}. We consider a suborder, namely R, of the 2<% « P(F) * Q-
name of the poset P ; of Proposition 2.6. The conditions (s, F') in R
are simply required to satisfy that ¢,, [ (N\s) € P. We let d denote
the 2<1 % P(F) * Q % R-name of the generic infinite subset of w added
by R (it is not important as to whether 0 € d). It is easiest to describe
d by its interpretation after forcing with 2= x () Q. The valuation
of the name d in this forcing extension will be the set {(n, (s, F)) : n €
sA(s,F) € R}. Now let L denote the 2<“1 % P(§) * Q * R-name of the
set {k € w: [ng, nper) Nd = 0}. It is easily checked that it is forced
that, for every a € wy, Lo, C* L and that d is infinite (as in Proposmon
2.6). The restriction on the elements of R ensures that q,, | (N\ d) is
forced to be an element of P and that, in P, g,, | (N \ d) < ¢, for all
o < wi.

Now return to the PFA model and choose a filter I on 2<“ % P(§) *
Q * R that meets wi-many dense open sets sufficient to ensure that
properties (1)-(5) of the valuations of the names {({q, Gq, ha; La) : 0 <
wy } will all hold and so that the valuations of L, Gy, and d all have the
properties mentioned above. We may also assume that the condition
p of Lemma 4.5 is an element of I' in the sense that the condition
(1,p,1,1) (as an element of 2<“* *P(F) *Q* R) is an element of I'. Now
let {ho : @ € wi} be the valuations of the elements of {hy : @ € wy}
by the filter . Also let L be the valuation of L by I' and let r be
the valuation of the condition ¢,, | (N'\ d) by I'. We observe that
a, = J{[ng,nk+1) : kK € L} is a subset of dom(r) and so, by Lemma
4.5 there is a function h, (with domain a,) that induces F' on P(a,).
Choose an uncountable A C w; so that there is a k£ € w such that
Lo\ L C k and h | (ag \ng) C h, for all @ € A. We may further
suppose that h, [ (an M) = hg [ (agNng) for all a, € A. It should
now be clear that for all , 5 € A, condition (6) does not hold. O
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For partial functions p and s with domains contained in N, we let
s p denote the function sU (p | (dom(p) \ dom(s))). Since h is forced
to mod finite extend each h, (for ¢ € §), we have, by Lemma 4.6,
that condition (1) of Lemma 4.4 fails to hold. Using this we now prove
there is an extension ¢ of the condition from Lemma 4.5 with additional
properties.

Lemma 4.9. There is a condition ¢ < p and a re-indexed subsequence
(ng : k € w) of the sequence from Lemma 4.4, that satisfies that for
each k € N and for each i € |ng,ngi1) such that G does not force
a value on h(i) and for each q < § that does force a value on h(i),
(q 1 [, niesr)) U G also forces that value on h(i) and that value is in
[nk,nk+1).

Proof. Since  forces that h mod finite extends every hy (¢ € §) and
that the domains are a dense ideal, it follows that condition (2) of
Lemma 4.4 will hold. Let I be the set of ¢ € N such that p does not
decide the value of A(7). For each k € N and each i € [ny, nj1)NI, there
is therefore only finitely many possible values for h(z) Furthermore,
we may assume that p forces that h is 1-to-1 on I. By Lemma 4.4, if
k <k € Nand i € [ngnge) NI and @' € [ng,ng41) N 1, then the
possible values for /(i) and those for (i) are disjoint. Therefore, for
each k € N, there is some k' € N such that p forces that h(i) > nj4,
for all i > nyp. Let kg = 0 and assume that mg is a bound to the
possible values of h(i) for i € I N [ng,, nk+1). Then choose any strictly
increasing sequence (k; : j € w) (with my < ny,) satisfying that for
all 0 < j € wand i € [ng;,ng;41) N1, p forces that h(i) is larger than
nk;_,+1 and smaller than ng, . Let g be any extension of p satisfying
that for all j € w

(1) ql [nk3j+l7nk3j+2) =pl [nk3j+17nk3j+2) and

(2) the domain of g contains [ny,;, Nk, ) U [Py 4s My, )-

The desired subsequence called for in the lemma is (n,, : j € w). O

We end this section by summarizing and establishing the notation
that has been developed thus far.

Theorem 4.10 (PFA). Let & be a P-name that is forced by 1p to be a
lifting of an automorphism of P(N)/fin. Let H be a 2<“'-generic filter.
In the forcing extension V[H|, there is a filter § C P, a condition g € §,
and sequences {ny, my : k € w} of integers, and a P(§)-name h such
that, for each k € w,

(1) § is a V-generic filter for P,
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2) the valuation, F', by § of ® induces an automorphism of P(N)/fin,

) if 1p forces that d is non-trivial, then F is non-trivial,

) ng < 2me < 2metl <oy

) dom(q) D [mg, ) \ (27 27m),

) 2metl\ (dom(q) U 2™) has cardinality at least k,

7) q forces that h e NN, and for each i € [Nk, Ny1), if ¢ does not
force a value on h(i), then g IF ny, < h(i) < ngsq and for any q <
q that does force a value on h(z), so does (q | (2™ 1\ 2mr) 1 g,

(8) for each r € §, there is an N-valued function h, with domain
ar = U{[nk, nks1) * [, 1) C dom(r)}, such that r forces
that h, C* h and is a lifting of F' | P(a,),

(9) the poset P(F) forces that {a, : v € §} generates a dense ideal.

(
(3
(4
(5
(6
(

5. CCC OVER FIN

In this section we complete the proof of Theorem 1.3. Throughout
this section we assume that ® is a P-name as in Theorem 4.10 and we
continue with the items established in Theorem 4.10.

Lemma 5.1. IfY = {y;. : k € w} with yy, € [ng, ng41) for each k, then
for each q < q in P(§F), there is a p D q such that p decides h [ Y.

Proof. Since we assume that ¢ O ¢, the properties of Theorem 4.10
will hold. Let K be the set of k such that ¢ does not already force a
value on h(y;) and let Y/ = {y; : k € K}. Recall that g forces that
h(yg) € [ng, npyr) for all k € K. Now, using the V-genericity of g,
choose ¢’ < ¢ in § so that ¢’ forces a value on F(Y’). For each k € K,
choose jr € F(Y') N [ng, ngy1) if it is non-empty, otherwise set jp = 1.
This defines a function g : Y’ — N (i.e. g(yx) = j) that is an element of
V. Consider any r € P(F) with r < ¢q. Let a,(K) = a, N |J{[nk, nx+1) :
k € K}. Since r forces that h, | (a,(K)NY") =* h | (a,(K)NY")
and that h, is a lifting of F" on P(a,), it follows that r also forces that
hy(a.(K)NY") =* F(Y")Na,(K). Since the ideal {a, : r € F} is dense,
it follows that F(Y') N [nk, ng1) = {jk} for almost all £ € K. It now
similarly follows that ¢ forces that i | Y/ =* ¢g. Clearly, by density,
there is a condition p < ¢ that decides a value m € N such that
hye) = g(ye) for all m < k € K. Tt follows that p decides h [ Y. O

We proceed by contradiction using the following Lemma.

Lemma 5.2. If § forces that triv(®) is not ccc over fin, then we may
assume that there are an almost disjoint family {a, : @ < w1} C [N]*
and ultrafilters {W,, : a € w1} C N* such that, for all o € wy, q forces
that
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(1) F(ag) =bs and {agUbs : B < wy} is an almost disjoint family,
(2) F is not trivial at W,, and
(3) an € W,.

Proof. Using that P is Ro-distributive we then have that triv(F") is not
ccc over fin. Also, we can assume that ¢ is below some condition p € §
that forces the following: the almost disjoint family {a, : @ < w1} C
[N]“ satisfies that a, ¢ triv(F') and that F(a,) = b, for all o € w;.
Notice that the family {b, : @ € w;} is also an almost disjoint family.
By compactness of a’, we may choose an ultrafilter W, on N so that
ao, € W, and so that F is not trivial at W,,. If there is an uncountable
set of a such that F(W,,) = W,, then we pass to such an uncountable
subcollection as well as shrink each a, so that the new b, is a subset
of the original a,,.

So we now assume that F(W,) # W, for all & € w;. We may now
assume that a, and b, are almost disjoint for each a. Next, for each
v € wy, let S, be the set of all & € w; such that either a, € F(W,)
or b, € W,. If, there is some v € w; such that S, is uncountable,
then we can, by passing to an uncountable subset S of S, and, for all
a € S, shrinking a, so as to ensure that either a, C b, for all @ € S
or that b, C a, for all a € S. In either case, we obtain a new family
as required in the Lemma.

The final case is that we have that S, is countable for every v € w;.
Recursively choose an uncountable subcollection {ag : £ € w1} C wy so
that ae ¢ S, for all n < £. First suppose there is a 6 < w; such that
there is an uncountable set S C w; with each W,, (for £ € S) being in
the BN closure of the union of the family of clopen sets {b;7 <o} It
then follows that, for all £ € S, Wi, is not in the closure of the family
{0, 6 <m <&} Foreach & € S\0, replace aq, by asmaller aq, € W,
satisfying that an, M by, is finite for all § < n < £ If there is no such
0 < wy, then we can assume, by passing to an uncountable subfamily,
that W, is not in the closure of the union of the family {bj, :n < ¢}
In this case we may also assume that each a,, € W, is mod finite
disjoint from b,, for all n < £ By symmetry, we may perform the
same reduction so that for all £ < wi, by, is almost disjoint from a,,
for all n < &.

This completes the proof. It is not needed but it is interesting that
since this argument can take place in the ground model of PFA, we
have, by a result of Shelah reported in [5, 3.11], that we may assume
that either F(W,) = W, for all @ € w; or the sets {W, : @ € w;} and
{F(W,) : @ € w1} have disjoint closures in SN. O
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For each k, let Hy = [ng,nys1) \ dom(g) = [27, 2™ 1) \ dom(q).
Let H;, denote the set of functions s with domain contained in Hj, for
which there is a ¢ < ¢ with s = ¢ [ Hg. Recall that for the posets
Py and Py, the conditions are functions into 2, while for the poset Ps,
the conditions ¢ extending ¢ are permutations which send each Hy into
itself. Therefore, with IP being any of the three posets considered in this
paper, H; is a finite set of functions with domain and range contained
in2UH k-

Definition 5.3. For each condition ¢ € P(F), and each ¢ € N, let
Orb,(i) = {j : Bp < q) p ke “h(i) = j7}. Also let S(k,q) = {s €
%k 1 q f Hk C 8}

Corollary 5.4. Our condition q also satisfies that for each i € N and
q < @, if Orby(i) has more than one element, there is a k such that

{i} U Orby(i) C [nk, ng+1)-
Lemma 5.5. For each o € wy, there are ro, < q in P(F) and W, C a,
such that W, € Wy and rq IFp() ‘h[W | Cb”

Proof. We prove that if there is no such pair r,, W,, then we reach
a contradiction to the fact that ¢ I F(a,) = b,. We must use the
genericity of § and a density argument. Let ¥ D ¢ be any extension
in P. It suffices to prove that there is a suitable r, D 7 in P and
using genericity to conclude that there is such an r, in §. Given any
such 7, let Y be the set of y € a, such that 7 fails to force that
h(y) € by. Of course if Y is finite, then we have that 7 I- h[aq \ Y] C ba.

Otherwise, choose a strictly increasing sequence (¢ : k € w) so that,
for each k € w, there is a yi, € [ng,,ny,,,) and an s, € S(lg,7) With
s U7 forcing a value on h(yk) that is not in b,. We may assume that
(74, , Mg, +1) 1is contained in dom(sy U 7). Choose any infinite L C w
so that r = (J{sxy U7 : k € L} is a condition in P. Notice that r
forces that A[{yy : k € L}] is disjoint from b,, and that if 7 were in §,
a, = dom(h,) would contain {y; : k € L}. The genericity of § ensures
that there will be such an r € § and this is our contradiction: r < ¢
forces that h[{yx : k € L}] should mod finite equal h,[{ys : k € L}]
and that h,[{yx : k € L}] C hy(aq) =" bs. O

By strengthening the condition ¢, we can assume that we have the
following property.

Lemma 5.6. For each integer £ and each condition q < q, there is a
condition p < q and a set I € [w]* such that p < r, for each o € I.

Proof. Since P(F) is ccc, there is a condition ¢ < ¢ forcing that there
is an uncountable set of o € wy such that r, is in the generic filter. [
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Lemma 5.7. For each o € wy, there is an integer £, such that for each
k and each s, € S(k,ra), if |[Hy \ dom(sg)| > la, then sy Lr, does not
decide h [ Wo N [N, Mgr1).

Proof. We first recall that r, forces with respect to P that I is not
trivial at W,. Similarly, the assertion that F' [ a, is trivial is forced
by every ¢ < p with respect to the poset P rather than P(F). This is
simply to note that in this proof we do not have to be concerned with
finding a condition in §.

Now suppose that such an integer ¢, did not exist, then we could
find an infinite K C w and a sequence (s; : k € w) € Ik, S(k,7)
with {|Hj \ dom(sg)| : k € K} diverging to infinity, and such that
s U r decides h I W, N [ng,ngy1) for each k. But then of course,
q = Upex 5k U e would force that h | W, = hy for some h, € V. Tt
follows easily from the assumption that F' is not trivial at W,, that
there is some ¢ < ¢ and some infinite W C W, such that ¢ IFp
“O(W) N ho[W] = 7. By further extending ¢ and possibly shrinking
W, we can assume that W C dom(h,). This contradicts that hy[W]
is supposed to be forced by ¢’ to be (mod finite) equal to both A[WW]
and d(W). O

By passing to an uncountable subcollection we may suppose that
there is some £ such that ¢, = ¢ for all a. Now define S'(k,q) = {s €
S(k,q) : |Hg \ dom(s)| > (}.

Lemma 5.8. There is a condition r and an infinite set K such that
{|Hy \ dom(r)| : k € K} diverges to infinity, and, for each k € K, we
can select {is : s € S'(k,r)} C [ng,ngy1) such that Orb,(is) N Orb,(ig)
is empty for each s # s' € S'(k,r), and s Ur does not decide h(iy).

Proof. We define a fusion sequence (7; : j € w) of extensions of ¢ as
described after Lemma 4.5. The inductive requirement is that, for each
J € w, there is a k; such that
(1) 7jy1 [ g, =75 [ nay,
(2) [Hi, \ dom(Fy 1) >
(3) thereis aselection {i, : s € S'(kj,7j;1)} C [ng;, i, 41) such that
Orb;,,, (is) N Orb;,, , (is) is empty for each s # s € S"(k;, 7j11),
and s LI 74, does not decide h(i,),
(4) kj < kjp1.

Suppose that we have such sequences (7, : j € w) and (k; : j € w).
We let r = (J;¢,, 7j be the meet of the sequence and K = {k; : j € w}.
Since 7 [ g, 41 = 7j41 | ng;41 and r < g, it follows that S'(k;, 741) =
S'(k;,r) and that, by item (7) of Theorem 4.10, item (3) of the fusion
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condition also holds with 7 in place of 7;;;. Therefore to prove the
Lemma, we just have to assume that, given ¢ € w, if we have chosen
(rj 15 <€) and (k; : j < {) we can find a suitable k, and 7.

Let L be bigger than (£ + 2)**2. Apply Lemma 5.6 to find an r < 7
that is below r, for each o € I for some I C w; Qf cardinality at least
L. For each o € I, we can assume that r decides ®(W,) = F(W,) and,
by Lemma 4.9, that dom(h,) contains [ng, ng.1) for each k such that
r decides h | W, N [k, ne+1) - Recall that a, and b, were defined in
Lemma 5.2. We may choose an m such that [a, U F'(W,) Ub,] N[agU
F(W3)Ubg] C m for each o # g € I.

Let K = {k > ky—y : |Hg \ dom(r)| > ¢}. It follows from Lemma
5.7, that for each « € I, k € K, and s € S'(k,r), there is an i €
WaN [ng, nis1) for which sLir does not decide i (i). Choose any k; € K
and redefine r to be (Fg [nkj) U r. Since this change to r is finite it is
equivalent to the original r in the poset P and is still an extension of
g in P(F). For the remainder of the paragraph we use k in place of
ko. Next, choose s € S(k,r) with ¢ < |H \ dom(sg)| < ¢ + 2 and fix
any injection from S’(k, sy Ur) into I (i.e. {as: s € S'(k,spUr)}).
For each s € S'(k,sp Ur), there is an iy € W, N [ng, ngy1) such that
s U7 does not decide h(is). Since r forces that {iy, h(is)} C aq, U ba,
and for s’ # s, r forces that is/,h(z’s/) ¢ a,, Ub,,, we have satisfied
the requirement that is ¢ Orb,(iy) (the hard part was making them
distinct). Now we define 77,1 to equal s; L r. d

Theorem 5.9. The trivial ideal, triv(F'), is ccc over fin.

Proof. Let r and the sequence {{is : s € S'(k,7)} : k € K} be as
constructed in Lemma 5.8. Since {|Hj \ dom(r)| : k£ € K} diverges
to infinity, we may assume that dom(r) O [ng,ng+1) for each k ¢ K.
We define a P-name of an ultrafilter. Each ¢ < r forces that the set
X(q) = Ugexlis : s € S’(k,q)} is a member. Let x be any ultrafilter
extending this filter. We claim that ®(z) has no value. Assume first
that there is some ¢ < r which forces that X (r) € ®(z) (i.e. ¢ forces
that F~'(X(r)) € z). We may then further assume that some ¢’ < ¢
forces that X (¢) has some infinite subset Y (¢) € x such that for some
m, (F(Y(q)) \ m) C X(r). Of course, Y(q) is just a set in V' and
Y (¢) N X(q¢') is large. Choose an infinite sequence {k; : j € w} so that
for each j, we can choose i; € Y(¢) N {is : s € S’(kj,¢')} and so that
{|Hx\dom(q')| : k & {k; : j € w} diverges to infinity. For each j, let s,
denote the member s of S’(k;, ¢') such that i; = i,. For each j, choose

any s; € S'(kj,q') which extends s, that satisfies that s} U ¢ IFpg)

“h(i;) # i;”. Let h* denote the function with domain {i; : j € w}
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satisfying that s’ U ¢ IFpg) “h(i;) = h*(i;)”. Note that h*(i;) ¢ X(r)
for all j since i; is the only member of Orb,(i,) in X (r). We can extend
the condition ¢'UlJ; sj further to some ¢* so that dom(q*) D [ng;, ng;+1)
for each j. We observe that J = {i; : j € w} C Y(q) Ndom(h,). By
removing finitely many elements, we may assume that ¢* forces that
h* agrees with hg- on J. However, we now have a contradiction since
hy[J] =" F(J) C* F(Y(q)) C* X(r).

Now assume that there is a ¢ < r which forces that X(r) is not
in ®(x). There is a ¢ < ¢ and a Y(q) C X(q) such that for some
Z C N\ X(r), ¢ forces that Y(q) € x and Z = F(Y(q)). Again select
a sequence {k; : j € w} so that for each j, [ng;, ng,4+1) NY (q) N X(¢) is
not empty, and choose 7; from this set. We may choose this sequence
so that {|H \ dom(¢')|: k ¢ {k; : j € w} diverges to infinity. For each
J, let s; € S'(kj, q') be chosen so that i; = iy,. If for infinitely many j,
it is possible to select s € S'(k;, s;U¢’) so that s’ Uq’ forces that h(i,)
is not in Z, then we select such an 3;. The proof then proceeds much
as in the first case because it will allow us to obtain that for an infinite
J, h{{i; : j € J}] is disjoint from Z in contradiction to F'({i; : j € J})
being contained in Z. In the other case, we select z; € Z such that
s; has an extension forcing that h(zj) is equal to z;, but we also know
that we can (and do) select s} extending s; to force that h(i;) is not

equal to z;. Applying the same arguments to the automorphism F1
we may certainly select an infinite J C w and a ¢* < ¢ UJ ;8 so that
{#; : j € J} is in the range of h,. It follows that there is a sequence
Y ={y; : j € J} C Y(q) such that hp(y;) = z; for each j € J.
Clearly then this puts z; € Orb,(y;) for all but finitely many j. By
Lemma 5.4, we actually have that y; is also from [n;,nk,41) and so
the contradiction is that we have arranged that Orb,(y;) and Orb, (i)
are disjoint. 0

6. ALL HOMEOMORPHISMS ARE TRIVIAL WHEN FORCING WITH Py

In this section we restrict to the case where P is Py and we continue
with the properties and notation from Theorem 4.10. For each k, we
again let Hj, be the set [2™+ 2™ +1)\ dom(g) and we recall that {|Hy| :
k € w} diverges to infinity. Say that a condition ¢ is standard, if for
each £ > 0, there are at most finitely many k such that Hj \ dom(g) has
cardinality ¢. The standard conditions are dense below ¢ in Py. For a
standard condition ¢, let K(q) denote those k such that Hy \ dom(q) is
not empty. It follows then that {|Hj, \ dom(q)| : k € K(q)} diverges to
infinity. Recall that ¢ is identically 0 on dom(q) N Hy, for all k € K(q).
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For a condition p and ¢ € Hj, \ dom(p), we abuse notation and suppose
that p U {(i,1)} denotes the smallest condition in P, that contains

pU{(E 1)}

Lemma 6.1. If py < G in Py is a standard condition such that no
extension of po decides h(t) for all values of t, then there is an extension
p < po such that for all i € N\ dom(p), there is a value t; so that for
some distinct pair u;,vi, pU{(¢,0)} Ik h(t;) = w; and p U {(i,1)} |-

Proof. We proceed by a simple recursion. By induction on ¢, suppose
we have chosen p, together with a family {i(k,j) : j < ¢} C Hj \
dom(py) for all k£ € K(p;). We assume that for each j < ¢ and k €
K (pe), there is a value tj; so that p;+; U {(i(k,j'),0) : j/ < j} and
pi+1U{(i(k,7),0) : j" < 7}U{(i(k, j), 1)} force distinct values, uy ;, vi
on h(tkj) As usual in such a fusion, we assume that pj1 [ np, C p;
so that we will have that |J,p, is a condition. Now we may choose
a sequence (tr, : k € K) (for some infinite X' C K(py)) such that,
for each k € K, tyy € [ng,ng1) and pe U {(i(k,7),0) : j < £} does
not force a value on h(tu). For each k € K, there are two values
1% from Hy, \ (dom(p,) U {i(k, j) : j < £}), such that p,U{(1%, 1)} and
peU{(E¥ 1)} force distinct values, vf, v¥, on h(ty,). Using Lemma 5.1,
choose ppy1 < pe such that for all k € K(pyy1) C K, {i(k,j):7 <} is
disjoint from dom(pey1) and peyq U {(i(k, 7),0) : 7 < £} forces a value,
Up, ¢, ON h(tu). Suppose, without loss of generality, that v} # Uy, ¢ and
let i, = 1. It follows that iz, € dom(pyy ;) and so define pyy; to be
the condition we get by removing i, from the domain of p,y; for all
ke K = K(ngrl).

When the recursion is finished, we choose any increasing sequence
{k¢ : € € w} so that ky € K(pey1), and p < po any condition so that
K(p) = {ke: ¢ € w}, and Hg, \ dom(p) = {i(ke,7) : j < £}. Of course
this implies that p is constantly 0 on each Hjy, N dom(p). For each
k = k; and j < ¢, we have that pU{(i(k, 5), 1)} forces the value vy, ; on
h(tkyj) because of Lemma 4.9. And similarly, since pyy1 | Hp C p,
we have that p U {(i(k,;"),0) : j’ < j} forces that h(ty;) = us,-
Because of this, we have that if ¢ < p is such that k € K(q) and ¢
forces a value on Aty ), then this value has to be uy ;. We finish the
construction by another more routine recursion. There should be no
risk of confusion if we re-use the notation pq,ps etc. for the values
in this new recursion. For each k € K(p), let j, o denote the largest
value so that i(k, jxo) ¢ dom(p). By Lemma 5.1, there is a condition

p1 < p so that p; forces a value on h [ {ty;,, : k € K(p)}. Again,
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as discussed above, we have that p; forces that l.z(tk,jk’o) = U, for
each k € K(py). There is an infinite set Ky C K(p;) such that there
is a largest jr1 < jro such that i(k, jr1) ¢ dom(p;). Find a condition
ps < py which forces a value on h | {tej., : k € Ki}. Continue this
induction. Again there is a sequence {ky : £ € w} such that j,, was
successfully chosen for k = ks, 1. We extend p to a condition p’ so that
K(p') ={ki: ¢ € w} and Hy,\dom(p') is equal to {i(ke, jr,.m) : m < {}.
We still have that p' U{(i, 1)} I A(ty,) = vy for each i € Hy,\ dom(p’),
but we can now show that p’ U {(i,0)} forces that h(ty;) = uy;. The
simplest way to do this is to consider any i’ € Hy \ dom(p’) with ¢ # 1.
If i < i, then the condition p’ U {(¢’,1)} is compatible with p,,.1 | Hy
where m is chosen so that ¢ = i(k, jk,m). On the other hand if ¢ > i,
then p’ U {(¢',1)} is compatible with p U {(i(k,7),0) : 7 < jem}. Since
cach of these force that A(ty;) = u,, we have that p’ U {(i,0)} forces
that h(tk,l) = Uk,i- OJ

Theorem 6.2. In the extension obtained by forcing over a model of
PFA by Py all automorphisms on P(N)/fin are trivial.

Proof. Fix a condition p as in Lemma 6.1 satisfying that for each i ¢
dom(p) there is a t; such that there are distinct values w;, v; that
pU{(i,0)} and pU {(i,1)}, respectively, force on h(t;). We prove that
this leads to a contradiction. Choose a condition ¢ < p and a set Y so
that ¢ forces that F(Y) = {w; : i ¢ dom(p)}. Let Ly = {i ¢ dom(q) :
t; ¢ Y}. If Lg is infinite, then we have a contradiction by choosing any
infinite subset L' of Ly so that L’ N H; has at most one element for
each k, and considering the condition ¢’ = ¢qU{(7,0) : i € L'}. We now
have that ¢’ forces that F({t; : i € L'}) =* hy({t; : ¢ € L'}) will be
almost contained in F(Y) while {¢; : i € L'} is disjoint from Y.

Now suppose that Ly is finite. If {v; : i ¢ dom(q)}\ F(Y) is infinite,
then we choose an infinite L' so that L' N Hy is empty for infinitely
many k € K(q) and so that {v; : i € L'} is disjoint from F(Y). Again
the extension ¢’ = qU{(i,1) : ¢ € L'} will force that F'({t; : i € L'}) =*
hy({t; - i € L'}), but this contradicts that it is supposed to be mod
finite contained in F'(Y).

The final case then is that there is an infinite sequence L' C K(q)
such that K(q) \ L' is still infinite and there is a sequence of pairs
{ir, i), : k € L'} such that iy, are distinct members of Hj, \ dom(q)
and v, = uy for each k € L'. Now we have that the extension ¢’ =
qU{(ix,1) : k € L'} D qU {(ix, 1), (#4,0) : k € L'} will force that & is
not 1-to-1. U
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7. MORE PROPERTIES OF THE POSET [Py

It was proven in [8, Theorem 5.1] that for the generic tie-point,
A DUQB, added by P;, neither of the sets A nor B are homeomor-
phic to N*. However we now prove that there are tie-points involving
copies of N*.

Theorem 7.1. In a model obtained by forcing with the poset Py over a
model of PFA, there is a non-trivial autohomeomorphism ¢ of N* and
two regular closed copies A, B of N* and a tie-point VW such that

(1) p[A] = B and ¢[B] = A, and AN B = {W},

(2) W is the only point on the boundary of each of A and B,

(3) ¢ is the identity on N*\ (AU B).

Just for completeness we note that the point W can be expressed as
a tie-point using two different covers. Let C' be the closure of N* \ A
and let D be the closure of N*\ B. Then it follows from the theorem
that each of A DI C and B P51 D hold.

Since the proof of the theorem is simply a construction that consti-
tutes the remainder of the section, we decline to work within a tradi-
tional proof environment and proceed with a series of definitions and
proofs of claims.

We will define a strange sequence, {f,, : m € w}, of P;-names of
pairs. These will code liftings of the maps between A and B (each will
“pick” a point from the pair) and the mappings of each onto N* (each
member from the m-th pair being sent to m). The difficult part of the
construction is to ensure that A and B meet in a single ultrafilter.

For each m € w and each function o € 22"2™")  we will choose a
pair a, C [2™,2™*1). To motivate the proof we make some definitions
under the assumption that we have made these choices.

Definition 7.2. ¢,, will simply be that a condition p € Py such that
2™, 2m*1) C dom(p), will force that ¢, is equal to ayjjgm am+1).

Analogous to the definition of K (p) in Section 6, for p € Py, let M(p)
denote the set {m € w : [2™,2™*1) ¢ dom(p)}. Without mention, we
will assume that we work with the dense set of conditions that satisfy

{I[2™, 2™ F1) \ dom(p)| : m € M(p)} diverges to infinity.

Definition 7.3. For p € Py,
(1) T(p) = (ty : m € N\ M(p) and p IF t,, = £,,) is a function,
(2) A(p) = {min(t,,) : t,, € T(p)},
(3) hya € NWM®P) g 1-to-1 where hy, 4(m) = min(T,(m)),
(4) B(p) = {max(t,,) : t,n € T(p)},
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5) h, g € N\WM®) ig 1-to-1 where h, g(m) = max(T,(m)), and
P, D, p
(6) W(p) = Upnenplas :oUpePL AT € 2l 2"

Definition 7.4. If GG is a generic filter on P, then

(1) A is the closure of the open set [ J{A(p)* : p € G},
(2) B is the closure of the open set | J{B(p)* : p € G}, and
(3) W is the filter generated by the family {W(p) : p € G}.

Also let M be the filter generated by {M(p) : p € G}.

Let ¢ € NN be the finite-to-1 mapping sending each interval [2™, 2m+1)
to {m}.

Claim 7.4.1. If G is Pi-generic then M is the ultrafilter that is the
image of the ultrafilter Y = {N\ dom(f) : f € G} by .

The intention is that we will define the family of a,’s so that W is
forced to be an ultrafilter and is the only boundary point of each of A
and B. We also intend that the family of mappings {(h; h)* :p € G}
will induce the homeomorphism on A\ {W} into N* that extends to a
homeomorphism from A onto N* by sending W to M. The analogous
statements will hold for B.

Now we set about showing that there is such a sequence of names.
We will define, for m € w and o € 22™2™) | the value of a, based only
on the cardinality of o=!(1). To make these choices we now introduce
the idea of an ¢-structure for ¢ € w.

Definition 7.5. We define a O-structure. We let Lo = 2 and ng = 6 =
Lo + L§° and choose any set of distinct integers {yo,y1,y2,ys}. For
readability define the O-structure with y; = i (¢ < 4). We define the
family of pairs {a; : 1 < ng}:

apy = 10,1}, apy ={2,3}, ap =1{0,2},
a<3> = {0, 3}, CL<4> = {1,2}, a<5> = {1,3}

Technically, to fit with the coming inductive definition, 0-structure will
be the pair ({ag) 17 <o}, {{yo,y1,92,y3}})-

Claim 7.5.1. The O-structure satisfies that for each set Y such that
Y Nagy is not empty for each i < Lo, there is a j < ng such that
Y D) a<j>.

This is the (very) finitary version of a positive set Y containing at
least one element of the structure and is the process by which we will
ensure that the above defined W is an ultrafilter.
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Definition 7.6. By recursion on ¢, we define L, = 2ngny ---ny_1, set
ne = Ly + Lfl, and we define our /-structure based on the cartesian
product

M:ngxng_1X"'Xn1Xn0.

It is awkward, but ultimately more convenient, to have this product in
descending order. For each 0 < j < ¢, also let Ny; =ng X -+ x n;.

Definition 7.7. An /-structure, for 0 < ¢ € w, is defined recursively
as a family

{ag 2 e NG} {Y, i pe | Ny U{0}})

0<j<t

satisfying

(1) {a, : * € Ny} C [N]? and base set Yy = J{a. : * € NVj},

(2) for each p € Uy <, Nej, Y, is the union of all a, with 2 € Ny
and p C z,

(3) for each 0 < j < ¢ and p € N, the family

(faw: p C 2 € Nib (Yo i p C 10 € Uper Nea)

is a (j—1)-structure (with a prefix of p on each index),

(4) the elements of {Y,,y : m < L} is a partition of Yy and |Y()| =
|Yiiy| for all k < ny,

(5) for each Y such that Y N Y, # 0 for each m < Ly, there is a
k < ng such that Y D Y.

Claim 7.7.1. Let ({a; : v € N}, Y, : p € UgejcpNej U {0}}) be
an (-structure and 0 < ¢. Let Y C N and let p € Ny, for some
1 < j. Then either Y or its complement contains an element from
Yompy 1 b <mya}.

Proof of Claim: Suppose that N\ Y fails to contain any of the sets
from {Y,~¢ny 1 m < Lj_1}. It then follows that Y NY,~ () # 0 for all
m < L;_;. By property (5) of a j — 1-structure, it follows that there is
a k < mj_; such that Y contains Y,~ 4. ]

Claim 7.7.2. For each ¢, the cardinality of the base set for any two
(-structures is the same and is at most Ly 1.

Proof of Claim: The proof is by induction on ¢. By condition (4) in
Definition 7.7, the cardinality of the base set for an /-structure is ny,
times the cardinality for an /—1-structure. The base set is the union of
pairs indexed by N, and so is has cardinality at most 2|N;| = Lyy;. O

Claim 7.7.3. For each ¢ > 0, there is an ¢-structure.
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Proof of Claim: The proof is by induction and is a quite straightfor-
ward construction. Let {a, : © € N,_1} be the pairs from an ¢—1-
structure. The definition of L, ensures that it exceeds the cardinality
of Yy the base set for this (—1 structure. Let {Y(, : m < L;} be a
pairwise disjoint family of sets of integers each of the same cardinality
as Yp. Similarly, let {Yy : m < k < n,} be a family of sets, each of
cardinality |Y|, so that the last inductive assumption is satisfied. Le.
each Yy (m < k < ny) is simply a selection of a single point from
each element of {Y},,,y : m < L,}. For each k < ny, fix a bijection, fi,
between Yy and Yy and define ap-; = filaz] for each z € Ny_4. d

For each /, let ¢, denote the order-preserving mapping from N; with
the natural lexicographic ordering into an initial segment of [0, Lyy1).
It is important to observe that for each p € (J, Ny, the set [p] =
{r € Ny : p C x} is an interval in the lexicographic ordering, and so,
ce([p]) is an interval in [0, Lpi).

Definition 7.8. Here we give the definition of the family of all a, for
Definition 7.2.

(1) For each ¢ € w, choose a fixed ¢-structure

{al - x e Ny}, {Yf ip € U Ne; U{0}})

0<j<t

so that the base set qu is an initial segment of integers.

(2) For each integer m, choose ¢ = ¢,, maximal so that L, 1 < 2™
(hence the interval [2™, 2™ 1) will support an (-structure). For
each o € 2272 such that there is an x € Ny with ¢(z) =
|o=1(1)], define a, to be the pair obtained by adding 2™ to each
member of a’. If there is no such x € Ny, let a, = {2™, 2™ +1}.

(3) For each m and o € 222" the pair a, C [27,271).

Define the condition py € P; by the prescription that for all m and
0=l po | [2,2™1) is the partial function which is 0 on the segment
2™ + |Yf|,2+1). This ensures that for all ¢ € 272" which extend
po | [27,2™F1) there will be an = € A} such that ¢, (z) = |[o~1(1)].

Claim 7.8.1. po forces that VW is an ultrafilter.

Proof of Claim: Let q < pg and Y C N. We must prove that there is a
p < ¢ such that Y either contains, or is disjoint from, W (p). We may
assume that the sequence {k,, = [[2™,2™"1) \ dom(q)| : m € M(q)}
diverges to infinity. For each m € M(q), let ¢,, = q | [2™,2™T).
Also, for m € M(q), let i, be the largest integer so that n;, < k,,/3
(where n; is defined in Definition 7.6). We note that {i,, : m € M(q)}
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also diverges to infinity. It then follows that for each m € M(q)
there is a p,, € N, 4, such that the interval ¢, [pm] is contained in
g (D], 1gn ()] + k). By Claim 7.7.1, there is an extension t,, of
Pm With ¥, € N, 4. +1 such that Y either contains, or is disjoint from,
W, = 2™ + qu: (ie. Wp = U{ae : 0 € 22™2™™) and |o71(1)] €
o, [¥m]}). By symmetry, we may assume that there is an infinite
K C M(q) such that Y contains W,, for all m € K. Let p < ¢ be
any condition such that p~1(0) = ¢~*(0) (no more 0’s are added) and
for each m € K, the minimum element of ¢, [t),,] is the number of
values in [2™,2™T1) which are sent to 1 by p. Notice that for m € K,
[2™,2m*1) \ dom(p)| > n;, 12 and so we may assume that M(p) = K.
In other words, p will satisfy that W (p) = U,,cpr(p) Wm- This shows
that p forces that Y contains a member of W. O

Claim 7.8.2. Let py be an element of the P;-generic filter G. In the
forcing extension V[G], W is the unique boundary point in N* of each

of the open sets | J{A(p)* : p € G} and {B(p)* : p € G}.

Proof of Claim: The family {W(p) : p € G} is a base for the ultrafilter
W. Let p € G be arbitrary. By Claim 7.4.1, there is a p’ € G such that
M(p) \ M(p') is infinite. By Claim 7.2, for each m € M(p) \ M(p),
min (7}, (m)) is an element of W (p) N A(p') N[2™,2m*1). It follows that
(W(p)) N (A(p'))" is non-empty. This proves that W is in the closure
of U{A(p)* : p € G}. Tt follows analogously that W is in the closure
of J{B(p)* : p € G}. To prove that W is the unique such point, we
check that A(p’) \ A(p) is contained mod finite in W (p) for all p’ € G.
Let r € G be any common extension of p and p’. Choose an integer
my large enough so that p [ (N\ mg) Up’ [ (N\ mg) is contained in r.
Note that 7 = r [ (N'\ 2™°) is also a common extension of p and p’ in
G. By Definition 7.3, it follows that A(p")\ A(r) is finite and that M (r)
is a subset of M (p). Therefore A(r) \ A(p) is a subset of W(p). O

Claim 7.8.3. The Stone-Cech extension ¢* of the finite-to-1 function
1 from Claim 7.7.1, satisfies that each of ¢* | A and ¢* | B are
homeomorphisms onto N*.

Proof of Claim: It suffices to note that for each p € G, hy, 4 is one-to-
one and h, 4 C . This implies that ¢* | (A(p))” is 1-to-1. In addition
P*(W) = M is not an element of ¥*[(A(p))]. O

Definition 7.9. Let ¢ : N* — N* be defined as follows:
(1) ¢ | Ais equal to (*[B)~" oA,

(2) ¢ | Bis equal to (*[A) ™" o ¢*|B.
(3) o] (W} UN*\ (AU B)) is the identity function.
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Claim 7.9.1. The mapping ¢ from Definition 7.9 is a homeomorphism.
Proof. The sets A, B, and {W} U (N*\ (AU B)) is a closed cover of

N*. Clearly ¢ is 1-to-1 and continuous on each of these closed sets. By

Claim 7.7.1, (W) = W holds in each of the three cases. O

REFERENCES

[1] James E. Baumgartner, Applications of the proper forcing axiom, Handbook of
set-theoretic topology, North-Holland, Amsterdam, 1984, pp. 913-959. 776640

[2] Eric K. van Douwen, The integers and topology, Handbook of set-theoretic topol-
ogy, North-Holland, Amsterdam, 1984, pp. 111-167. 776622

[3] Eric K. van Douwen, Kenneth Kunen, and Jan van Mill, There can be C*-
embedded dense proper subspaces in fw—w, Proc. Amer. Math. Soc. 105 (1989),
no. 2, 462-470. 977925

[4] Alan Dow. A non-trivial copy of SN\ N. Proc. Amer. Math. Soc., 142(8):2907—
2913, 2014.

[5] Alan Dow, PFA and wj, vol. 28, 1988, Special issue on set-theoretic topology,
pp. 127-140. 932977

[6] Alan Dow and Klaas Pieter Hart, w* has (almost) no continuous images, Israel
J. Math. 109 (1999), 29-39. 1679586

[7] Alan Dow and Saharon Shelah. Tie-points and fixed-points in N*. Topology
Appl., 155(15):1661-1671, 2008.

[8] Alan Dow and Saharon Shelah. More on tie-points and homeomorphism in N*.
Fund. Math., 203(3):191-210, 2009.

[9] Alan Dow and Geta Techanie, Two-to-one continuous images of N*, Fund.
Math. 186 (2005), no. 2, 177-192. MR2162384 (2006f:54003)

[10] Lech Drewnowski and James W. Roberts, On the primariness of the Banach
space loo/Co, Proc. Amer. Math. Soc. 112 (1991), no. 4, 949-957. 1004417
(91j:46018)

[11] Elliott Pearl (ed.), Open problems in topology. II, Elsevier B. V., Amsterdam,
2007. 2367385 (2008;:54001)

[12] Tlijas Farah, Analytic quotients: theory of liftings for quotients over analytic
ideals on the integers, Mem. Amer. Math. Soc. 148 (2000), no. 702, xvi+177.
MR1711328 (2001¢:03076)

[13] Ilijas Farah and Paul McKenney, Homeomorphisms of ¢ech-Stone remainders:
the zero-dimensional case, Proc. Amer. Math. Soc. 146 (2018), no. 5, 2253—
2262. 3767375

[14] N. J. Fine and L. Gillman, Eztension of continuous functions in SN, Bull.
Amer. Math. Soc. 66 (1960), 376-381. 123291

[15] Winfried Just, Nowhere dense P-subsets of w, Proc. Amer. Math. Soc. 106
(1989), no. 4, 1145-1146. 976360

, The space (w*)" ™1 is not always a continuous image of (w*)", Fund.
Math. 132 (1989), no. 1, 59-72. 1004296

[17] Kenneth Kunen, Set theory, Studies in Logic and the Foundations of Mathe-
matics, vol. 102, North-Holland Publishing Co., Amsterdam-New York, 1980,
An introduction to independence proofs. 597342

[18] V. I. Malykhin, SN with the negation of CH, Trudy Mat. Inst. Steklov. 193
(1992), 137-141. 1266000

[16]



26 A. DOW

[19] S. Shelah, Proper forcing, Lecture Notes in Mathematics, vol. 940, Springer-
Verlag, Berlin, 1982.

[20] Saharon Shelah and Juris Steprans. PFA implies all automorphisms are trivial.
Proc. Amer. Math. Soc., 104(4):1220-1225, 1988.

[21] S. Shelah and J. Steprans. Somewhere trivial autohomeomorphisms. J. London
Math. Soc. (2), 49:569-580, 1994.

[22] Saharon Shelah and Juris Steprans, Martin’s aziom is consistent with the ex-
istence of nowhere trivial automorphisms, Proc. Amer. Math. Soc. 130 (2002),
no. 7, 2097-2106 (electronic). 1896046 (2003k:03063)

[23] Alessandro Vignati, Rigidity conjectures for continuous quotients, Ann. Sci.
Ec. Norm. Supér. (4) 55 (2022), no. 6, 1687-1738. 4517685

[24] Zoran Spasojevi¢, Some results on gaps, Topology Appl. 56 (1994), no. 2,
129-139. 1266138

[25] Juris Steprans, The autohomeomorphism group of the Cech-Stone compactifi-
cation of the integers, Trans. Amer. Math. Soc. 355 (2003), no. 10, 4223-4240
(electronic). 1990584 (2004¢e:03087)

[26] Stevo Todorcevié. Partition problems in topology, volume 84 of Contemporary
Mathematics. American Mathematical Society, Providence, RI, 1989.

[27] Boban Velickovié. Definable automorphisms of P(w)/ fin. Proc. Amer. Math.
Soc., 96:130-135, 1986.

[28] Boban Velickovié. OCA and automorphisms of P(w)/fin. Topology Appl.,
49(1):1-13, 1993.

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNC CHARLOTTE



