AN EFIMOV SPACE WITH CHARACTER LESS THAN s

ALAN DOW

ABSTRACT. It is consistent that there is a compact space of character less than
the splitting number in which there are no converging sequences. Such a space
is an Efimov space.

An infinite compact space is an Efimov space if it contains no converging se-
quences and no topological copies of Sw. It remains a central open problem to
determine if such a space exists in ZFC. The splitting number s, one of the basic
and well-studied cardinal invariants of the continuum, is defined as the minimum
cardinality of a splitting family (defined below). The splitting number has been
shown to equal the minimum weight of a compact space in which there is an infi-
nite sequence with no converging subsequence. A related cardinal invariant, 3, is
defined as the minimum weight of an infinite compact space containing no converg-
ing sequences. This was introduced and studied by D. Sobota and also studied in
[3]. Evidently s < 3 and the weight of every Efimov space is at least 3. It was shown
by Hausdorff that Sw has character ¢ and so a compact space of character less than
s will not contain a copy of fw. Other connections between the splitting number
and Efimov’s problem have been established. It was shown in [4] that barring large
cardinals, if s < ¢, then there is an Efimov space and it was observed in [3] that
under the same hypotheses an Efimov space can be constructed to have character
equal to 5. The space constructed in [7] was the first to be constructed in a model
of s = ¢ > N;. We use the same basic method for the construction of the space.

Another line of inquiry, concerning pseudointersection numbers of ultrafilters on
w, is related and led us to consider the possibility that it may be possible for an
Efimov space to have character less than s. The pseudointersection number of an
ultrafilter on w is the minimum cardinality of a subset of the filter for which there is
no infinite set that is mod finite contained in every member, i.e. a pseudointersec-
tion. Every infinite closed subspace of an Efimov space is again Efimov and so can
be assumed to have a countable dense discrete subset. The trace of every neigh-
borhood filter on that countable dense is a filter with no pseudointersection and it
follows that every free ultrafilter on w contains such a filter. Therefore, the example
we construct in this paper produces a model in which the pseudointersection is less
than the splitting number. This was already established in [2]. This was explored
further in [8] to show that the splitting number can be much larger than the pseu-
dointersection number of every ultrafilter. A common feature of these papers is
that in order to make the value of s large it is necessary to introduce a pseudoin-
tersection for at least one filter while preserving that the many filters witnessing
small pseudointersection numbers are preserved to have no pseudointersection.
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2 ALAN DOW

1. PRELIMINARIES AND OUTLINE

In this section we review the techniques and background used throughout the pa-
per. The set-theoretic aspects include finite-support iterated forcing of o-centered
(hence ccc) posets, the Laver version of a poset for adding a pseudointersection to
a filter, and preservation results about not adding uncountable branches to trees.
The topological aspects include Stone duality with Boolean algebras, recursive con-
structions of Ostaszewski style spaces, the theory of minimally generated Boolean
algebras and the generalization to T-algebras.

We begin with the promised definition of the splitting number. A family S of
subset of w is a splitting family if, for every infinite a C w, there is an S € S
such that each of a NS and a \ S are infinite; we say that S splits the set a. The
splitting number s is the minimum cardinality of a splitting family. The connection
to pseudointersections is the following easily proven proposition.

Proposition 1. If B is a Boolean subalgebra of P(w) of cardinality less than s,
then there is an ultrafilter of B that has an infinite pseudointersection.

Readers familiar with Mathias forcing will know that with B = P(w), the forcing
will add a new free ultrafilter on w (i.e. B) and a pseudointersection for it, while
preserving that none of the ground model ultrafilters have a pseudointersection.
We will be using the following variant in the style of Laver forcing ([16]) that was
introduced in [1,10]. This variant is o-centered meaning that the poset can be
written as a countable union of centered subsets.

The poset is a set of subtrees of w<%. A subtree T} of a tree T means that all
predecessors in T of every element of Tj is also in T} and that Tj is ordered with
the inherited order. We refer to elements ¢t € w<“ as nodes and use the notation
t~ 7 for the node t U {(dom(¢), j)}.

Definition 2. For a filter D on w, the poset (D) denotes the set of sub-trees T
of w<¥ satisfying the following properties:
(1) foreacht €T and s Ct inw<¥,seT,
(2) a nodet € T is said to be a branching node of T if the set {j € w : t7j}
has more than one element,
(3) the minimum branching node of T is called the stem of T and is denoted
with stem(T),
(4) T is everywhere D-branching above the stem in the sense that for all stem(T) C
t,{jew:t"jeT}eD.
L(D) is ordered by inclusion. We use the standard notation Ty <o Ty to indicate
that Ty C Ty and stem(T}) = stem(Tp).

It is well-known that if D is a free filter then L(D) adds a dominating real and
if D is a free ultrafilter then L(D) adds a subset of w that is not split by any set
from the ground model (see [1, Theorem 8]). We will assume without mention that
ultrafilter on w refers to a free ultrafilter.

For any ordinal u, we use the following conventions: a finite support iteration of
o-centered posets, (P, Qa:a< p) with limit P, means that for all o < p
(1) Pp is the trivial poset {@};
(2) P, is the limit of the sequence (Ps, Qs : 8 < a;
(3) for @ < 1, Qu is a Py-name of a o-centered poset;
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(4) for each p € P,, p is a function with finite domain, dom(p), contained in
o, and p(B) € Q, for each B € dom(p);

(5) for p,q € P,, p < ¢ providing dom(p) D dom(g), and for all 8 € dom(g),
pIBIFp(B) <g, a(B).

Another tree that will feature prominently in our construction is the full binary
tree of height wy: 2<“1. Utilizing the theory of T-algebras, our main construction
will be of a Boolean algebra with a generating family indexed by the nodes of the
tree 2<¢t in such a way that the ultrafilters canonically correspond to maximal
(hence uncountable) branches of 2<¢*. More importantly, the family of generators
indexed by the nodes of the corresponding branch will generate a base for the
ultrafilter. This next result is critical for our goal of ensuring that no such filters
acquire a pseudointersection. It will be our convention in this paper to let I refer
to subtrees of 2<%, In this next proposition, I" refers to the members of 2<% that
are in the ground model.

Proposition 3. [15] Let I' = 2<%, In a forcing extension by a finite support
iteration of o-centered posets, all uncountable branches of I' belong to the ground
model.

Now we turn to the topology background. An Ostaszewski style space will simply
mean a locally countable and locally compact topology on w; in which the set w
is open and dense. In fact, we also intend that every initial segment « is an open
subset. Such spaces are scattered and the topology can be specified by presenting a
sequence (U, : a € wy) where each U, is a subset of the initial segment a+1 and is
a compact clopen neighborhood of the point . Furthermore, since w is dense, we
can set a, = U, Nw and consider the Stone space of the Boolean subalgebra of P(w)
generated by the family {a, : @ € w1 }. We identify the point a with the ultrafilter
generated by the family {an}U{w\ag: B < a}, and we have constructed the same
space. The one-point compactification of w; with this topology is the Stone space
of this same Boolean algebra.

We also wish to connect this presentation of Ostaszewski style spaces to Kop-
pelberg’s work on minimally generated Boolean algebras ([12]) where (minimal)
generating sequences for Boolean algebras are introduced and discussed. An im-
portant connection to Efimov’s problem proven in [12] is that the Stone space of
a minimally generated Boolean algebra will not contain a copy of SN (in fact she
proved that the Boolean algebra does not contain an uncountable free algebra).

As in [5], this motivates the terminology in this next definition and the adjec-
tive coherent refers to the optional coherence in the generation of the family of
ultrafilters. The family of sets {a, : @ € wy} discussed in the previous paragraph.
By abstracting the properties it makes it easier to verify the properties of our
construction.

Definition 4. A sequence {a, : a € \) of subsets of w is coherent if for each
a < B < A there is a finite FF C « such that either an Nag C U’yEF a = ap or
ao C agUap. The sequence is proper if for all B, ag is not in the ideal generated

by {ae : § < B}

In our motivating example, a, is defined to be U, N w, and now we work in
reverse and use d, as notation for U,.
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Definition 5. If {(a, : « € \) is a proper coherent sequence of subsets of w and if
B < A, Gg is defined to be the set of a < 8 such that a, \ ag is contained in ap for
some finite F' C a. Observe that ag C f+ 1. For each non-empty finite F' C wy,

let ap = U,cp Ga-

Note that every initial segment of a coherent sequence is also a coherent sequence,
and that the value of @, depends only on the initial sequence up to o + 1.

Proposition 6 ([12]). If A = (ay : a € X) is a proper coherent sequence, then
the family {ag : B € A} generates a compact scattered Hausdorff topology, 7(A), on
A+ 1 in which each Gg is compact and open.

Proof. The family S = {ag : < AJU{A+1\ag : < A} forms a subbase for
the topology. The topology is Hausdorf since @ € a, and g € A+ 1\ a, for all
a < B < A Similarly, the space is scattered since min(Y') is isolated in Y for
all Y € A+1. We use the Alexander Subbase Theorem to prove that the space is
compact. Let B C S be a cover of A + 1. Let H be the set of v < A such that the
interval [, A] is covered by a finite subset of B. Since A € H, H is not empty and
we let 79 be the minimum element of H. Assume that 79 > 0. By the minimality
of 7y it follows that A+ 1\ ag ¢ B for all 5 < g and so there must be a § < A such
that vy € ag € B. Since the sequence is coherent, there is a finite F' C 7 satisfying
that @, C ag Uap. But now it follows easily that max F' € H, contradicting the
minimality of 7p. (|

Finally, we introduce the remarkable generalization of linear coherence to a co-
herence structure based on binary trees. These are the T-algebras introduced in
[13]. However for this paper we restrict to subalgebras of P(w) and subtrees of
2<¢1_ Also, our notation will more closely follow those of [6,7] but especially [5].
For a node o € 2<* for any ordinal ), define o' to be ¢ if dom(c) is not a succes-
sor ordinal, and otherwise dom(o') = dom(c) and of agrees with o except at the
maximum value in dom(c). For each z € 25%1, let A, denote the domain of z.

Definition 7. A T-algebra is a family Ar = {a, : 0 € T') such that, for some
ordinal
(1) T C 2<* is a subtree of 2<* that is downward closed (i.e. T € T' for every

o€l and T C o in2<*),

) if o €T, then o' € T (say that T is twinned),

) a, is empty for each o € T that is not on a successor level,

) for o on a successor level of T, ayt = w \ ao,

) for each x € 2=*, the family Ar, = {a® = azjot1 : [+l € T} is a
proper coherent sequence.

Henceforth T' will always denote a subtree of 2<¢* that is downward closed, has
no maximal elements, and is closed under the { operation. For each such I', X (T")
will denote the set of minimal elements of 251 \ T' (i.e. the maximal branches of
I'). We will let X (I',Rg) denote {x € X(T') : Ay < w1} (the countable elements of
X(T).-

Lemma 8. [13] Let Ar = (a, : 0 € T') be a T-algebra. Let x € X(T') and let U be
any ultrafilter on the Boolean subalgebra, Br, of P(w) generated by Ar.

(1) The family of finite intersections from the set
{w\ azjo @ € dom(z)} e {w\ay :al € Arg}
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s a filter base for an ultrafilter U, on Br.
(2) Thereis ay € X(I') such that U = U,.

Proof. We first prove item (1). Since the family Ap , is assumed to be a proper
coherent sequence, it follows that no finite union from Ar , is cofinite. To show
that the filter U, with the family from (1) as a base is an ultrafilter, it suffices to
show that for every o € T, one of a,, or a,+ is in U,. This is immediate for all ¢ C x
so we may suppose there is an a € dom(z) such that (z [ «) ¢ ¢ and (z [ @)f C 0.
If o = (z [ a)f, then a, = w\ Gzlo is an element of U,. Otherwise, using that each
of Ay~o and A,i~q are coherent, and that a, = w \ a,, there is a finite F C «
such that one of {a(z1a)t \ G0 Azt \ Got ) is contained in (J{agjeq1 : §+1 € F}.
By symmetry, assume that a0yt C ao UU{azjes1 : §+1 € F}. In other words,
ae contains (w \ azpa) N[ Hw \ azreq1 : E+1 € F}, which is a member of U,.

Now we prove (2). We define y € X(I') by recursively defining an increasing
chain in I". Let y [ 1 = o1 be chosen so that a,, ¢ U. Assume that an increasing
chain {og € 27 : B < a} C T has been chosen so that a,, ¢ U for all 8 < . If o is
a limit ordinal, then o, = |J{og : < a}. If 04 ¢ T, then set y = 0, € X(I"). By
part (1), it follows that U, = U. Assume that & = § + 1 and again, simply choose
04 D 0g so that a,, ¢ U. O

One of the features of a T-algebra is that the Stone space can be analyzed by using
the subalgebras (i.e. the Ostaszewski style spaces) generated by the generators
indexed by a given branch. The space associated with Ar ,;, for z € X(T'), was
described in Proposition 6.

Lemma 9. Let Ap be T-algebra and let x € X(T'). the mapping ¢, : X(T') —
Az + 1,7(Ar ) is continuous where p,(x) = Ay and for allz #y € X(T), vz (y)
is the unique o < A, such that (y [a+1)T = 2 [a+1. In particular, . (z) # ¢.(y)
forally e X(T)\ {z}.

Proposition 10. If Ar is a T-algebra with the ScP then any converging sequence
(w-sequence) in (X (T'), 7(Ar)) converges to a point in X (T',Rg). Everyx € X (T, Np)
has countable character.

2. THE STATIONARY COVERING PROPERTY OF COHERENT SEQUENCES

However the stationary covering property was discovered in [6] as a tool for
preserving countable compactness in what might usefully and informally be called
Ostaszewski style spaces. A connection to the similarly important Scarborough-
Stone problem was pointed out in [7] and in the last section of this paper we briefly
explore the connections to the splitting number in that setting.

This next property was introduced in [6] under the name SP for the same pur-
pose.

Definition 11. Say that a coherent sequence A = {ao : a € A} has the ScP
(stationary covering property) if either, A € wy or for each stationary S C w1, there
is a finite F' C wy such that {ap} U {a, : v € S} is a cover of wy. Say that S U F
is a cover and that S is an almost cover.

We use the standard notation NS, to denote the ideal of non-stationary subsets
of wi and NSI1 denotes the set of stationary subsets of wy.

sixteen
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6 ALAN DOW

Lemma 12. If a proper coherent wi-sequence A has the ScP, then A induces a needScP
countably compact topology on wy.

Proof. Let X be an infinite countable subset of w; and suppose that ap N X is
finite for all non-empty finite ' C w;. For each v > sup(X), let X, be the finite set
X Na,. By the pressing down lemma, we may choose a stationary S C wy and a
single finite set Y C X so that Y = X, for all v € S. We now have a contradiction
since it follows that S is not an almost cover. (]

For the remainder of the section assume that A = {a, : @ € w1} is a coherent
sequence with ScP.

subset Lemma 13. If S C wy is a cover, then for each stationary S’, there is a finite
F C S such that S’ U F is a cover.

Proof. Choose finite F} such that S’ U Fj is a cover. For each a € Fy, a, is a
compact space and {a, : v € S} is an open cover. Therefore, there is a finite F' C S

such that (J,ep, @o is contained in @p. This implies that S" U F is a cover. O

bigsets Lemma 14. If S C wy is a cover, then there is a finite F' C wy such that for all
a € wy \ ar, the set of v € S such that o € @, is uncountable.

Proof. For each limit ordinal v € wy, choose the minimal o, € S such that v € @, .
For each limit v, choose finite H., C v so that a, \ a,, C @y, . This can be restated
as ay C G, Uay,. By the pressing down lemma, we may choose a stationary
S C wy so that there is a finite H C wy so that H, = H for all v € S. By Lemma
13, choose, for each v € S, F, C S so that F, U (S \ ) is a cover. By another
application of the pressing down lemma, there is a stationary S’ C S and a finite
F so that F'=F, N~ forall y€ 5.

We show that F'U H is as required. Fix any o € w; \ ar and choose any
a <y e S’. We prove there is a § € S\ v with @ € @,. Since FU[(S"US)\ 1] is a
cover, o € ag for some g € (S" U (F,\ 7)) C(S’US)\v. If B €S, then let § = .
If € 8"\ S, then a € do, Uay. Since a ¢ ay, then § = ag and we indeed have
that o € ag for some § € S\ . O

This next result is our first mention of forcing. We refer the reader to [14] for
standard background and notation. We will use the notation of placing a dot over
a letter, such as Q, to indicate that we are refering to a name. Also, following
[14], we use @ as the notation for the canonical name of the set = from the ground
model (with the poset being clear from the context). For a poset P and a set
X we use the term nice P-name for a subset of X to mean a name of the form
Y = U{{#} x A, : © € X} where, for each z € X, A, is a (possibly empty)
antichain of P. If G is a P-generic filter, then valg(Y) denotes the valuation or
interpretation of the name Y and is defined to be the set {z € X : GN A, # @}.
Every subset of X in the forcing extension does equal the valuation of a nice name,
so it is often sufficient to only consider nice names.

lemma’? Lemma 15 ([6]). For a limit ordinal A, if (Pg,Qg : € € N is a finite support ccc
iteration such that, for all & < X, P¢ forces that A has the ScP, then Py forces that
A has the ScP (hence Cohen forcing preserves that A has the ScP).

Proof. Let S be a Py-name and let py € Py force that S € N Sjl. We prove that
po does not force that S is a witness to the failure of the ScP. Let S; denote the
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set of limit ordinals £ € w; such that there is a ps < py with pe IF & € S. Since
po IF S C 8 it follows that S; is stationary. For each £ € S, let H¢ denote the
support of pg in the iteration sequence. By the standard A-system arguments, there
is a finite A and a stationary set S C Sy such that He N H,, = H for all £ <7 in
SQ.

Fix any p < A such that H C p and py € P,. Let S3 be the nice P,-name
{(é,pg p) : & € Sa}. We prove the well-known fact that there is P,-generic filter
G, satisfying that valGM(S'g) is stationary. Since P, is ccc, it is a standard fact
(see [14, VII H1]) that if C is a P,-name of a cub subset of wy, then there is cub
Cy such that 1 1F C; € C. Let C be a P,-name of a cub satisfying that 1 forces
that if S5 € NS, , then SsnCis empty. Choose a cub C; as above, and choose
any £ € C1NSy. Since pe [pul-§ € C' N Ss, it follows that pe | p forces that S is
stationary.

Now let G, be a P,-generic filter with py € G, and satisfying that S; =
valG“(S?,) is stationary. We finish the proof by working in V[G,] (where A has
the ScP). Choose any finite Fy C wy so that Sy U Fy is a cover, and then choose
finite Fy C F C wy as in Lemma 14. Thus, for each o € w; \ @, the set of v € Sy
with a € @, is uncountable. We prove that if ¢ € Py and ¢ [ € G, then g forces
that F U S is a cover. Let ¢ € Py with ¢ | € G, and fix any a € wy \ @p. Choose
any € € Sy satisfying that He \ H is disjoint from the support of ¢ and that o € @e.
Since pe [ p and ¢ [ p are in G, it follows that ps and g are compatible. Since
pelF€ € S, it follows that ¢ does not force that « is not covered by F U S, O

In this next definition we keep the notation simpler by assuming that D will be
clear from the context.

Definition 16. Let S be an L(D)-name for a filter D on w. Fort € w<¥, say that
tlry v € S if there is some T' € L(D) such that T |-~ € S and t is the stem of T
Also, for a name S and t € T, let Sy ={y € w1 : t I, v € S}.

Lemma 17. If D is a filter with countable character, then (D) preserves that A
has the ScP.

Proof. Let S be a name of a stationary set. For each t € w<¥, let S; = {7 :
tFy v € S}. We must prove that there is a T € L(D) and an F € [w]<® such
that T |- S U F is a cover. Note that if T I+ S ¢ NS, then S; ¢ NS, for all
t € T. Fix any t € w<% such that S; is stationary Fix any finite F' C w; such that
Sy U F is a cover. Let {D,, : n € w} be a descending base for D. For each v € S,
choose T, <o (w<%); forcing that v € S. For each v € Sy, choose N, € w so that
D, D {j:t"j € T,}. Choose n so that S = {y € S; : n, < n} is stationary.
Note that S}* C S;~; for all j € D,,. By Lemma 13, we may choose a finite F' C S,
so that FU S U F' is a cover. Since F’ C S; we can increase n and arrange that
F" C Sp. Tt now follows that S;~; U F' is a cover for all j € D,,. Continuing this
construction we can produce 71 <g (w<“); such that, for all t € T}, S U F is a
cover. It then follows easily that S U F is a cover. O

Lemma 18. Assume that D is an ultrafilter and that S is an L(D)-name of a
stationary subset of wy. If, for some T € (D), Sy is a cover for allt € T, then
TIF S is a cover.

isacover
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Proof. Fix any a and 7" < T. Let t be the stem of 7". Choose any v € S so that
a € @y and choose T, <o T so that T I vy € S. Then T"NT, forces that y € S. O

Proposition 19. For an L(D)-name S, if Sy € NS, for allt € T € L(D), then
TI-SeNS.

Proof. Since (D) is ccc (o-centered) it suffices show that if C'is a cub and 77 < T,
then T” I SN C is not empty. Of course this is immediate from the fact that S;NC
is not empty where ¢ = stem(7"). O

Lemma 20. If D is a filter and T IF S € NSi1 then there is T <o T such that
S; € NSI1 forallt €T’

Proof. Fix any t € T such that S; is stationary. Fix any countable elementary
submodel M such that T,S are in M and such that M Nw; = § € S;. Choose
T’ <o T} such that T I § € S. Evidently, § € Sy for all ' € T”. Since § € Sy € M
for all ¢’ € T", it follows that each such Sy is in NS . O

Lemma 21. IfL(D) forces that A does not have the ScP, then there is a name S
of a stationary set and a T € L(D) and {{B;} UF; : t € T} C [w1]<N° such that

1) S; is stationary for allt € T,

(
(2) o

(3) for each stem(T) #t €T, By € Ar, \ UFyprys
(4) for eacht,t™jeT, Fr~; C S,

()

U B\ (@ 0@, v e Si5})
t—jeT’
18 infinite.

Proof. Fix T forcing that S is stationary and that S is not an almost cover. Let M
be a countable elementary submodel so that there is a to € T with M Nw; € S,.
We may assume that ¢y = stem(T") and, as in Lemma 20, that S; is stationary for
all t € T. In fact, we can assume that ({S¢ : [to| < £ < |t]} is stationary for all
teT. Let S;, = Sy, and, for each to C t € T, let S;” denote the stationary set
N{Stie : [to] < £ < |t|}. We show that we may assume that Ty IF S € S, for all
t € T. Consider the name 5'1 where

S ={(T): T<T, Tl~eS,~ye S;em(T)} .

It is easily checked that, for all t € T, t I, v € Sy if and only if v € S; . Of course
it follows, by Lemma 20, that T forces that S; is a stationary subset of S (and so
is not an almost cover), that S eM , and that if we replace S by 51, then we have
that S, =S, forallt € T.

Choose any finite F}, so that S;, U Fy, is a cover. By Lemma 18 and by possibly
replacing ¢o by an extension in 7', we may assume that F;, U.S; is not a cover for all
to CteT. Forallty Ct™j €T, choose a finite Fy~; C S so that Si~;UF~;UFy,
is a cover (by Lemma 13). We now choose [5;~; using the fact that S,.~; U Fy, is
not a cover. If S;~; UF, U Fy, is a cover, then choose f;~; € G, \6Ft0. Otherwise,
let B;~; be the minimal element of ar,—, \ U{a, : v € Si~; U F; U Fy,}. Note that
5tAj ¢ antem(T) .
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Choose any T < T and suppose that

H= | {8\ (aFt ul @, :ve Stﬂj})
t~jeT’
is finite for all ¢t € T”. We proceed to a contradiction. Since each Fy~; C Sy, there
is a finite set I; C Sy such that H, C ay,. Since Iy C Sy, there is a T <o T/ forcing
that I, C S. Notice then that I, C Si~; for all t7j € T. Tt then follows that
Si~; UF U Fy is a cover for all t7j € T. But now it follows, by a fusion, that
there is 71 <o T” satisfying that Fy, U S; is a cover for all ¢ € T7. By Lemma 18,
we have that such a T3 forces that Fi, U S is a cover, contradicting that T" forces
that S is not an almost cover. O

Theorem 22 (). There is an ultrafilter D so that L(D) preserves that A has the
ScP.

Proof. Let {Y¢ : £ € w1} be any enumeration of P(w). Using standard coding
techniques, we may assume we have a sequence (Ms : w < § € wy) with the
property that, for each w < § < wy

Ms = ((D(5,a) : a < 68),(S(8,t), F(5,t),B(d,t) : t € W)

where each D(§, o) C w and each S(§,t)UF(0,t)U{B(d,t)} C J, and satisfying that
for each ultrafilter D on w and each sequence {Sy, Fy, {f8:} : t € w<“} of subsets of
w1, there is a stationary set of § satisfying that

(1) Do {D(5,a): a < b},

(2) (SeNé, F,N6,By) = (S(6,t), F(d,t),5(8,t)) for all t € w<¥.

We define a mod finite decreasing sequence (Dg : £ € w1) by induction on £ € wy.
For n < w, D,, = w\ n and choose any infinite D,, so that, for each n < w, D,
is mod finite contained in one of {Y,,,w \ Y,,}. We similarly require that for each
limit 6 and n € w, Y54, is mod finite contained in one of {Ysi,,w \ Ys1n}. These
inductive assumptions, if successfully completed, ensure that the filter generated
by (D¢ : £ € wq) is an ultrafilter.

Let C be any cub satisfying that for each § € C' there is a countable elementary
submodel M of H(ws) satisfying that M Nw; = 0. Note that each § € C' is a limit
of limit ordinals.

Our induction will proceed along limit ordinals in that for each limit ordinal § we
will define the sequence (Dg : 6 < 8 < d+w). If § ¢ C and we have defined the mod
finite descending sequence (D¢ : € < §), then choose an infinite pseudointersection
D; so that D; is also mod finite contained in one of {Y¢,w \ Y¢} for all £ < 4. For
each § < 8 < 6§ + w, we simply set Dg = Dj.

Now assume that § € C. Choose, if possible, a countable elementary submodel
M < H(ws) so that

(1) MNwy=dand {Ye: { €w} € M,

(2) there is an ultrafilter D € M such that DN M = (Dg : B € 0)

(3) there is an L(D)-name S in M and a T € L(D) N M forcing that A does
not have the ScP,

(4) there is a family {S;, Fy,5; : t € T} € M as in Lemma 21 satisfying that
(a) (S(5,t),F(4,t),8(6,t)) = (2,2,0) for all ¢ such that ¢t ¢ T or t C

stem(T),

(b) for all t € T, (S N6, Fy, B:) = (S(6,¢), F(,1), B(d,1)).

justone
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For definiteness, we may assume we have a well-ordering of H(X3) and that Mg
is chosen to be the minimal (in this well-ordering) such countable elementary sub-
model. Let Ds be any infinite pseudointersection of (D¢ : £ < §) and let {t,, : n € w}
be an enumeration of {t : stem(7) C ¢ € T}. By induction on n € w choose
an infinite Dsipt1 C Dstpn and an oy, € wy so that if U;cp,, . {B8(0,475)}\
(@pes,e,) UU{@y : v € S(6,t;,5)}) is infinite then it converges to some ay,. This
completes the construction of the ultrafilter D.

Now assume that 7' € L(D). We prove that T' does not force that A fails the
ScP. We consider an I(D)-name, S such that T forces that S is a stationary subset
of wy and such that {{8;} U F; : t € T} C [w1]<™° satisfy properties (1)-(4) in the
statement of Lemma 21. We prove that property (5) fails. For any ¢ € w<* \ T
and t C stem(T), set By = 0 and S; = F; = @. We may choose d € w; so that
D D {D(0,a) : a« € 6} and (S; N, Fy N6, B) = (S(0,1), F(6,t),8(0,t)) for all
t € w<¥. Let Ty € L(D) be any condition satisfying that 77 C T and that for all
t € Ty, the set {j € w : t7j} is a subset of Ds;,,. For each t € Ty, let o denote
the ordinal chosen for ¢ in the stages § to § + w of the construction. Let L be the
set of t € Ty satisfying that there is a 4 € S, with oy € @,,. We recall that for
te L, tlhy v € S. By induction on levels, we can now perform a simple fusion to
choose T" < Ty so that forallt e T"N L, (T'); IF v € S. Tt then follows that, for
allt e LNT and t™j € T, 4 € Si~;. Now, choose any stem(7”) C ¢t € T'. Let
J={j:t7jeT and B(6,t7j) ¢ (@p@.y U U{@, : v € S(6,t75)})}. Property (5)
will fail if we prove that {f,~; : j € J} is finite. So we assume that it is infinite
and obtain a contradiction. Since Sy U Fy U Fyem(r) is a cover, we may choose
v € St U Fy U Fyem(ry S0 that oy € @,. Since all but finitely many members of the
set {fi~; : j € J} are in @, Na, and, by (3) of Lemma 21 and the definition of J,
ar, uantem(T) is disjoint from {8,~; : j € Dsyn+1}, so it follows that v € S, and
therefore that t € L. However this is the contradiction we seek since we can assume
that v was chosen to be 7, and with v, € S;—; forall t™j € T, {8~; : j € J} is
disjoint from a.,. O

3. BASIC PROPERTIES OF T-ALGEBRAS

In the previous section we explored how to produce and preserve the ScP property
for a single proper coherent sequence. In this section we use the concept of T-
algebras to do so for a large system of proper coherent sequences. These were
introduced in [13] and utilized in [6,7] for the purposes of constructing Efimov
spaces.

Say that Ar has the ScP if A <w; and Ar , has the ScP for all x € 2¢1.

Let us note that the set X(I') may grow, e.g. X (T') would be a name of all
branches, if we enlarge the model. It may also be useful to note that for z € X (T")
(or z € X(T)) in the ground model, (A,+1,7(Ar.)) will be unchanged and so
7(Ar) will induce the subspace topology on the elements of X (T"). Before proving
this next result we recall S. Koppelberg’s result [11] that adding a Cohen real
ensures that every Stone space of a ground model infinite Boolean algebra will have
a non-trivial converging sequence. It is also well-known (as shown in [15, Theorem
9]) that a o-centered forcing will not add any new uncountable branches to I' and
80 Ay < wy for all new x € X(I).
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Lemma 23. If Ar is a T-algebra with the ScP and if G is Fn(w,2) generic, then
in VIG], (X(T),7(Ar)) is sequentially compact.

Proof. Let K be the Fn(w,2) name of the closed set of limit points of an infinite
discrete subset of X (T"). Clearly the infinite set has a converging subsequence if K
has any points of countable character. So we may assume that K is an uncountable
subset of X (') \ X(I',Ry), which is contained in X(T'). By recursion on o € wy,
choose a nice Fn(w,2) name i, for an element of K \ {5 : 8 < a}. Fix any
p € G satisfying that K, = {& € w1 : (o) p F &0 = z,} is uncountable.
By Koppelberg’s result, the closure of K, C Kin X (T") will contain an infinite
converging sequence. Since Ar retains the ScP, it follows from Proposition 10 that
this sequence must converge to a new point x. However this is a contradiction since
we assumed K is contained in X (T). (]

4. PRESERVING THE SCP FOR T-ALGEBRAS

Theorem 24 (). If Ar is a T-algebra with the ScP, then in the forcing extension
by Fn(wy,2), there is an ultrafilter D satisfying that (D) preserves that Ar has
the ScP.

Proof. Using a standard coding technique, we can arrange that there is a <-
sequence with the form M = {M;(i) : i < 5,8 € w1} where,
(1) M5(0) € 2°,
(2) Ms(1) = {D(J,0) : a < 8} is a sequence of Fn(4,2)-names of subsets of w,
(3) Ms(2) = {S(6,t) : t € w<¥} and Ms(3) = {F(6,t) : t € w<} are se-
quences of F'n(d,2)-names of subsets of §,
(4) Ms(4) = {B(0,t) : t € w<¥} is a sequence of Fn(4,2)-names of elements of
J.

satisfying that for all z € 2*1, sequences {D, : a € w1} of nice Fn(wy,2) names of
subsets of w, all sequences {S;, F, : t € w<¥} of pairs of nice Fn(w;,?2)-names of
subsets wy, and {B; : t € w<¥} of nice Fn(wy,2)-names of ordinals in wy,

there is a stationary set of 4 such that

(1) Ms(0) == 90,
(2) D(6, ) = Dy, for a < 6,
(3) S( t) = Sy for t € w<«,
(4) F(6,t) = F} for t € w<¥,
(5) B(6,t) = B for t € w<v.

We construct a sequence (Dy, : @ € wy) of nice Fn(w:,2)-names of subsets of w
with the intention that D (the filter generated by this sequence) is forced to be an
ultrafilter. Also, that it is forced that L(D) forces that Ar has the ScP.

One simple inductive assumption on § < wy is that the sequence <Da ta < d)
is that 1 forces that finite intersections are infinite. We may also assume that each
D,, is a nice Fn(a + w,2)-name. For n € w, set D,, to be the canonical name
for w \ n. We will emulate the proof of Theorem 22. Again, let C' C w; be a
cub satisfying that for each § € C, there is a countable elementary submodel M
of H(wy) satisfying that M Nw; = 6. Let {Y¢ : € € wi} be an enumeration of
all nice Fn(w;,2) names of subsets of w enumerated in such a way that Yz is an
Fn(¢,2)-name. We may again inductively assume that for limit §, 1 forces, for each

seqcpt

Dpreserve
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n € w, that D5+w is mod finite contained in one of {Y5+m w\Kngn}. Again, if § is a
limit not in C, then Dj is any nice F n(d,2)-name of an infinite pseudointersection
of the sequence <DB ;B <é),and for § < <6+ w, D@ = Ds.

Our main task is accomplished for critical values 6 € C. Choose, if possible, a
countable elementary submodel M < H(ws) and an x € X (I') N 241, again choose
the least such pair by some well-ordering, so that

(1) MNw; =6, {Ye: £ €wi} € M, and Ms(0) =z | 3,
(2) there is an nice Fn(w,2) name of a ultrafilter D € M such that 1 forces
that DN M > (D(8,8) : § € 6)
(by elementarity, D will be unique up to forcing equivalence)
(3) there are a nice Fn(wy,2)-names 17" in M forced to be in L(D) and S in
M such that 1 forces that S is a nice L(D)-name S that is forced by T' to
witness that Ar ; does not have the ScP,
(4) there is a family {S;, F}, B; : t € T} € M that is forced to be as in Lemma
21 satisfying that, it is forced for all t € w<¥
(a) (S(6,t),F(6,1),3(0,t)) = (2,2,0)if t ¢ T or t C stem(T),
(b) (S:N 6, Fy, B;) = (S(6,0), F(8,1), B(5, 1)) if t € T,
(5) and S; = {7 : t Ik, v € S} for stem(T) C t € T.
Let Gs be a generic filter for F'n(d,2). We complete the construction by working in
the forcing extension V[Gs]. For each 3 < 4, fix any z5 € X (") such that ¢ (4) =
B. Let Ds be any infinite pseudointersection of the sequence (valg(Dg) : 8 < §). Let
{t, : n € w} be an enumeration of {t € w<* : stem(valg(T)) < t € valg(T)} with
to = stem(valg(T)). By removing a finite set, we may assume that {t;°j:j € Ds}
is a subset of valg(T).

By induction on n, we utilize Lemma 23 to choose an infinite Dsy, 41 contained

in {j € Dsyn : (tnt1)"j € T} so that, if

U 1866701\ (@ree) U U@ -7 € S6.670)})

JE€EDs+n

is infinite, then {zg : 8 € B,} converges in X(I') (to some point of countable
character) where

Bo= U 186,20 (aree) U@, 17 € SGE00Y).

JEDsfnt1

To finish the construction, simply choose a sequence (Ds.,, : 1 € w) of nice Fn(d,2)-
names that is forced to satisfy the properties of the above sequence in V[Gs)].

It is time to verify that this works. We have constructed the nice name D =
(Do : @ € wp) and we must verify that 1 forces that IL(D) preserves that Ap
has the ScP. Let G be a generic filter for Fn(wy,2) and, in V]G], let S be a
nice L(valg(D)) name of a stationary subset of w; and let € X(I'). Assume
that there is some T € L(valg(D)) that forces that S is not an almost cover for
Arz. We may thus assume that 7" has the property that there is a sequence
{ByUF,S; :t € T} C [wi]<M as in Lemma 21. Let T be a nice Fn(w,2)
name for T' and similarly let {BnFt, S, :te T} be nice Fn(wy,2) names for the
objects as chosen by Lemma 21. Choose any p € G that forces the above mentioned
properties. Modify if necessary, the above mentioned names so that if ¢ L p is in
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Fn(wl, 2), q forces that B, =0 and F}, S, are empty. Similarly, if g < p forces that
t ¢ T or if t C stem(T), then ¢ forces that 3; = 0 and F}, S; are empty.

Fix any continuous €-chain {M7 : o € wy} of countable elementary submodels
of H(Ry) such that {M,z, p, {(Ve:€cw}, T, {{B:},Fi, S : t € T}} is an element
of M§. Let C, be a cub such that MyNw =7~ for all v € C,. Choose § € C, NC
so that M and these chosen names satisfy the requirements of a critical value of
C.

Let Gs = GN Fn(4,2) and let, for n € w,

Bo= | 18601\ (@ VU@ v € 56,675}
JEDstnt1
be as defined in the construction. Let I be the set of n such that B, is infinite,
and, for each n € I let y, € X(T') be the point such that {3 : § € B,} converges
to yn. Of course y,, # x for all n since no sequence converges to x.

We finish our work in V[G]. Let Ts <o T = valg(T) be any extension satisfying
that for all t € Ty, the set {j : t7j € Ts5} C valg(Dsyw). Fix any n so that
t =t, € Ts and let o = @, (yn). Since S; U Fy U Fyem(r) is a cover, there is a
Y € St U Fy U Fytem(r) such that o € @3 (and a% = Qg|y,+1). Since {zg: B € By}
converges t0 yn, {8 € By : p.(x5) = B ¢ a3} is finite. By property (3) and (5) of

Lemma 21, B,, is disjoint from Ej%mmm Uaf,, hence v; € S;. By definition of Sy,

t Ik 3 € S. It now follows, by a simple fusion, that there is a 7" <o Ty in L(D)
satisfying that, for all t = ¢, € 7" and n € I, T' I+ 74 € S. Furthermore, for all
nelandallt;jeT' v, € Si~;. It now follows that the set

U 860 (@6 U@, 7 €SG50}

t o jeT’

from (5) of Lemma 21 is a subset of the finite set By, \ @, . This is our desired
contradiction. (]

5. THE FINAL MODEL

We construct some T-algebras. For o € 2<%, we let [0] = {7 € 2<¥ : 0 C 7}.
Our first example is a flexible method of constructing a T-algebra on T' = 2<%, Let
{0k : k € w} be the standard lexicographic enumeration of 2<%.

Proposition 25. Let m be any permuation on w and let L C w have the property
that [o] N {or : k € w(L)} is not empty for all o € 2<¥. For o € 2<¥, set
as~0 =4k € w(L) : o € [c71]} and ap~1 = w \ ag~g. As required, let ag = @.
Then {ay, : 0 € 2<%} is a T-algebra.

Proof. For each o € 2<% let [o]r denote the set {k € 7(L) : 0 C oi}. Therefore
a,~0 = [0 1] and it follows that a, N[o]L is empty for all ¢ € 2<¢. This ensures
that a, \ U{as}j : 7 < |o|} is infinite for all & # o € 2<“. It is also now evident
that ay~¢ is d15301nt from asp; for all j < |o|. This implies that a,~1 contains a, ¥
for all j < |o|. This completes the proof. |

We can lift this simple construction to extend any T-algebra Ar so long as there
are x € X(I') with A\, < wy. Fix a sequence {e) : w < A € wy} where, for each
A € wy, ey is a bijection from w to A. For convenience, I' will always denote some
non-empty subtree of 2<¥! that is twinned and has no maximal elements. For

basic
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definiteness, we assume for the remainder of this section, that for every T-algebra
Ar, the family {a, : 0 € 2<“} is obtained as in Proposition 25 when 7 is the
identity map and L = w.

Definition 26. Let Ar be a T-algebra and let x € X (T, Rg) and let  be a permu-
tation on w. We define:

(1) T*=TU{az"0:0 €2<¥},

(2) recurswely forn ew, let ¢ = ag \ Uken €E

(3) Lz—{n Cn #@}

(4) al® =@ and a;*y = U{c} : o) € [0 1]} for o € 2<%,
(5) Ar[ﬂ' x] is the collectzon A, U{al?® 0 € 259},

(6) for allY C X(T',Ng), TY = {TY:y €Y}, and

AF[va] U{AF[ Y ]yGY}

One could also define Ar[(my,y : y € Y)] to equal J{Ar[my,y] : y € Y} but we
will not need this.

Lemma 27. The collection Ar[m,x] is a T-algebra on T'" so long as [o]N{oy : k €
w(Ly)} is not empty for all o0 € 2<%,

We skip the proof of this next result since the only non-immediate property in
the definition of being a T-algebra depends only on the behavior of each Ar .

Proposition 28. Let Y C X(I',Rg) and let © be a permutation on w. Ap[m, Y] is
a T-algebra on TY so long as Ar[r,y] is a T-algebra for ally €Y.

Let Qperm denote the poset consisting of functions ¢ € w<“ that are 1-to-1.
Qperm is ordered by extension and is forcing isomorphic to F'n(w,2). If G is the
generic for Qperm, then 7g = (J G is a permutation on w.

Lemma 29. Let Ar be a T-algebra and let x € X(T',Rg) and let {z, : n € w} C
X (') converge to x in T(Ar). If G is a Qperm generic filter and 7 = |JG, then
Ar[m, z] is a T-algebra on T and {z, : n € w} does not converge in 7(Ar[r, x]).

Here is where Cohen genericity will help create a canonical T-algebra that has
the ScP.

Lemma 30. Let (P,, Qa s < p) be a finite support iteration of o-centered posets.
Assume that E is a set of limit ordinals that is cofinal in p and that Q. is the
canonical P, name for Qperm for all @ € E. Let Ar be a T-algebra and let G C P,
be a generic filter. For each o < p, let G, = GN P, and let 7w, be the permutation
obtained from Go41 Nvalg, (Qa)
In VI[G], we recursively define (I'y,T'oq1:a € E) and (Ar,, Ar,,, :a € E):

(1) To =TU{l'gr1:B8€ Ena} and Ar, = Ar UU{Ar,,, : B€ ENna},

(2) Top1 =TYe where Y, = X(Tq,Ro) NV [Gal,

(3) Ar.., is defined as Ar, [, Yal.
Then, in V|G|, Ar, is a T-algebra, and Ar, has the ScP so long as each Ar, has
the ScP.

Proof. We leave the routine verification that Ar, is a T-algebra as an exercise.
Assume that Ap_ has the ScP for all a € E. Fix any v € X(I'y) with A\; = wi.
We must prove that Ar, , has the ScP. It is immediate that if x € X(I',) for some
a € FE, then .Ap,“:,; = Ar_ . does have the ScP. Therefore we may assume that
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T ¢ Upep X(Ta). Since I'yy = U, p Ta, we may choose v, € wi, for each a € E,
so that that z [ 7, € X(Ty). Note that (7, : @ € E) is monotone increasing and
cofinal in w;. Therefore the proof is complete if ;1 does not have cofinality w;.

Now we return to V and argue by forcing. For each a € E, let I',, be a nice name
for I'y. Fix a nice P,-name for & and p € P, forcing that £ € 2! and, for each
a € E, let 4, be a nice P, name so that p - & [ §, € X(fa). Since P, is ccc and
Yo is a nice name, there is a minimal 8, < p such that & [ 4, is a Pg, name. This
implies that 1 forces that & [ 4, € Fﬁu+1- Fix a cofinal sequence {a¢ : { €wi} C E
so that o, and S,, are less than ag for all n < €. For each limit 6 € wy, let us < s
be the supremum of {a,, : 7 < d}. Note also that for each limit §, & | Yo, is a
P, s-name since it is forced to equal the union of {& [ 4q, : 1 < d}.

Now also let S be a nice P,-name for a stationary subset of w;. There is a
stationary set S; such that for § € Sy, there is a ps < p forcing that § € S and a
vs such that ps [ s IF Ya,; = v5. We may also assume that p; decides the value of
#(y5+1). By the pressing down lemma, we can assume that there is some ¢ < p such
that supp(ps)Nps C ¢ for all § € Sy. Note that p € P, and, as is well-known, we can
choose a Pr-generic G¢ with p € G¢ so that, in V[G¢], S={6€ S1:ps [ € G¢}
is stationary. We continue our work in V[G¢]. By passing to a stationary subset,
we can assume that for all § < v in S, dom(ps) C . A final reduction on S is to
assume that there is a single ¢ € Qpern, and function p € wi™ so that, for all § € S,
ps(as) =1 and p=-e,, [ dom(y).

Let F = {p(k) : k € dom(%))}. We are ready to prove that there is some ¢ € G,
forcing that F U S is a cover. Choose p € P, such that p [ ( € G¢ and any £ € w;.
We may assume that p IF £ ¢ a”}. Fix any 0 € S so that £ < s and p € P,;. Now
jump first to V[G,,] with p € G,,. Recall that ps | ps € G¢ C G5, so we may
assume that p < ps. Now pass further to V[Ga,] so that ps [ a5 € Go,;. We now
prove there is an extension g of ps (with ¢ [ us < p) that forces that & € agﬁ. For
simpler notation we prove just the case when ps forces that @(ys +1) = 0. Let 7
denote 7., and note that ps forces (only) that ¢ C 7.

Let y denote valg,, (& [ 7s). Let (a, : 7 < 7s) denote the sequence (valg, (a}) :
1 < 7s). These are infinite subsets of w and are also in V[G,,;]. Also let A denote
Ays. Set c¥ = azk(n) \Uy<n ¢f for all n € w (as in Definition 26). Choose j minimal
so that & € agk(j). Since F is the initial segment {ex(n) : n € dom(¢)}, it follows

that @r = Upedom(y) ¢y and so j is not in the domain of . Recall that af = a?df‘s

is defined to equal (J{c}. : o) € [(1)]}. Choose any ¢ < ps with ¢ | a5 € G, so
that ¢(as) = ¥ D ¢ = ps(as) is an element of Qe satisfying that o5 € [(1)].
It follows from the minimality of j that £ € @y )\ U.{ZL\ZC’A“) : £ < j}. Since ¢
forces that ¢ = agk(j) \U{a?, 0 €< J} is a subset of af, it should be clear that ¢

forces that a5 contains agm \ U{agk(() : £ < j}, and therefore £ as required. O
Now the main theorem.

Theorem 31. It is consistent that there is an Efimov space with character Wy
while the splitting number is No. In particular, it is consistent with s = Vo to have
a T-algebra on 2<% whose Stone space is an Efimov space.

Proof. We assume that ¢ and 2% = R, holds and we produce a ccc poset to
prove the consistency of the statement. Let S? denote the ordinals in wo that

maintheorem
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have uncountable cofinality. Let (S?) denotes the limit points of S? in wy and let
E = 52N (S?) (i.e. E is the limit points of uncountable cofinality). Fix a well-
ordering C of H(Ry). Let I'y, be 2<% and Ar, be as defined immediately following
Proposition 25.
We define a finite support iteration (P, Qq : & € wy} of o-centered posets by
a recursion on «. We also let f‘ayf‘a+1aAFa;AFa+l be recursively defined as in
Lemma 30,
(1) for o ¢ S?, Q. is the P, name for Fn(w,2),
(2) for a € E, I, is a P, name for 2<“ U Userna Tsi1,
(3) for a € E, Y, is the P, name for X(I's,Ng) and Tpqq = Fg“ (as in
Definition 26,
(4) for all « € E, Q. is the P, name for Qperm and 7, is the P,+1 name for
the permutation added by Qu,
(5) for a € E, Ar,, is the P, name for Ar, UU{Arﬁ+1 : € Ena} and Ar
is the P,y1 name for A[‘a [Tes Ya}, and finally,
(6) for a € 87\ (S?)" and po = sup(E Na), D, is the C-least P,-name of an
ultrafilter on w such that P, * ]L(T)a) forces that AFM has the ScP (if one
exists), and Qg is the P, name for L(D,). If no such D, exists, then Q
is the P, name for Fn(w,2).

a+1

Claim 1. For each p € (S7)' U {ws}, P, forces that Am is a T-algebra with the
ScP.

Proof of Claim: We prove the Claim by induction on p. If E N p is cofinal in p,
then this follows from the inductive assumption and Lemma 30. Otherwise, let
a = sup(E N p) and we break into two cases. In the first case & € E and 'Al'“u is

just the P, 1 name for AFQ+1' Since AI“Q is assumed to have the ScP in the forcing

extension by P,, and since fa+1 \Fa is forced to be a subset of 2<¥1 | it follows
that Am is forced to have the ScP. Now assume that o ¢ E. It then follows that
a € S\ (5%). In this case, Ap” is forced to equal Ar, (since E N [a, 1) is empty)
and so we must verify that P, preserves that Apa has the ScP. By the inductive
assumption, P, forces that /lpa has the ScP and Fn(w,2) always preserves the ScP
(Lemma 15). Therefore, by the choice of Q, in clause (6), P,y forces that Ar,
has the ScP. For all a < 8 < p, Qg is chosen to be Fn(w,2), and so, again by
Lemma 15, P, forces that Afa = Al’"u has the ScP. O

Claim 2. P,,, forces that s = No.

Proof of Claim: Since P, is ccc, it suffices to prove that for all p € S7 \ (S?)', P,
forces that @, adds an unsplit real. Fix any u € S7\(S7)" and let a = sup(ENpu) <
w. It is well-known that the generic real added by L(D) is unsplit providing D is
an ultrafilter on w. By Claim 1, P, forces that AFQH has the ScP. Let G441 be
any P,4i-generic filter and let Ar ., (which has the ScP) be the valuation by
Ggoqq of Afa+1' Since < is assumed to hold in the ground model and P, is a ccc
poset of cardinality Ny, ¢ also holds in V[Ga+1] ([14]VILH.8). By Theorem 24,
there is a Fn(wy,2) name, D satisfying that Fn(w;,2) * L(D) preserves that Ar, .,
has the ScP. Since the forcing extension by P, is equal to the forcing extension of
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V[Gay1] by Fn(ws,2), it follows that there is a D, as required in clause (6) of the
construction so that P, forces that @, is (D) for an ultrafilter D. O

This completes the proof of the Theorem. (Il

6. SPLITTING NUMBER AND SCARBOROUGH-STONE PROBLEM

The Scarborough-Stone problem asks if each product of sequentially compact
spaces is countably compact. A space is sequentially compact if every infinite
sequence has a converging subsequence. Just as with the Efimov space question, this
problem is not known to be independent of ZFC. With this, the original formulation
of the problem, it is not known if an affirmative answer is consistent with ZFC. By
the results in [7], we have the following corollary to Theorem 31.

Corollary 32. It is consistent that there is a family of first-countable sequentially
compact spaces of cardinality less than s whose product is not countably compact.

We give a brief sketch of the proof.

Proof. Let T' = 2<%t and let Ar = {a, : 0 € 2<“1} be the T-algebra constructed
in Theorem 31 in the model in which s = Ry. For each z € 2“1, let Ar , be the
proper coherent sequence as defined in Definition 7 and let Y, denote the topology
on wj as a subspace of of w; +1 = A, + 1 as defined in Proposition 6. Also let
¢z be the continuous mapping from X(T') onto Y, U {w;} as defined in Lemma
9. It is evident from Proposition 6 that Y, is first-countable. We prove that
Y, is sequentially compact. Fix any infinite sequence {y, : n € w} C Y, and
choose any sequence {z, : n € w} C X(I') satisfying that ¢, (x,) = y, for all
n € w. Since X(T') is compact and has no converging sequences, there is some
limit z € X(T) of {z,, : n € w} with z # z. Let y = ¢(z) € Y, and note that y
is a limit of {y, : » € w}. Since y has countable character in Y, {y, : n € w}
has a subsequence converging to y. Now we prove that the product of the family
{Y, : © € 21} is not countably compact. Choose any r € 2* and consider the
product of the subfamily {Y, : r C « € 2“*}. For each n € w, let 7 denote the
function in the product TI{Y, : » C x € 2“1} that has value n in every coordinate
(recall that Y, has base set wy). Let ¢ be any point in II{Y, : » C « € 2*1} and
we show that 7 is not a limit point of {7 : n € w}. Since each n € w is isolated in
each Y,, we may assume that g(z) > w for all r C z € 2¥*. For each o € 2<%, let
X, ={z €2 :0 Cx}. Foreachz € X,, let o, = 2 [ (y(z) + 1) and note that @,
is a neighborhood of y(z) in Y,. Let W, be the product neighborhood 7 ![d,,] in
I{Y, : x € X, }. By Definition 7 (4), a5, and a,; are disjoint and by the coherence
property, so are a,, and Eai. If there are x,z; € X, such that o,, = a;, then
WoNW,, N{7i:n € w} is equal to {7 : n € Gy, Na,;: }, and so is empty. Therefore
we consider the case that for all 7 C o € 2<%t one of {00,051} is not in the set
{0, : © € X, }. Beginning with oy = r, we can now recursively construct a strictly
increasing sequence {o¢ : £ € w1} C 2<% satisfying that for each £ € w; and each
r € Xg,, 0¢ € 0p. Of course x = J{o¢ : § € w1} contradicts the assumption that
y(x) < wi. O

In the other direction, it is a natural question to ask if a negative answer to
the Scarborough-Stone problem follows from s = N;. Many partial results are
known, see, for example, Vaughan’s survey article [17]. It is shown in [9] that the

smallsize
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assumption <(s), a strengthening of s = Ny, suffices. In the spirit of Corollary 32,
we pose the following problems.

(1) Does s = N; imply a negative answer to the Scarborough-Stone problem?

(2) Does s = Ry imply there is a family of sequentially compact spaces, each of
cardinality at most N, whose product is not countably compact?

(3) Does s = X; imply there is a T-algebra on 2<“* whose Stone space has no
converging sequences?

Two well-known strengthenings of the assumption s = N; may be relevant to
these questions. A splitting family S is Ng-splitting if for every countable family
{bn, : n € w} of infinite subsets of N, there is a single member of S that splits
each of them. It is not known if an Ny-splitting family of cardinality s necessarily
exists. A splitting family S = {s, : a € s} is tail-splitting if for each infinite
b C N, the set of members of S that split b contains a final segment of S. It is
known to be consistent that there is no tail-splitting sequence of cardinality s. We
formulate a still stronger condition that is sufficient to obtain the conclusions of
problems (1)-(3). This condition will hold in a forcing extension by uncountably
many Random reals, or by a finite support iteration with cofinality equal to w;.
Recall that H(wy) is equal to the set of sets whose transitive closure is countable.
Say that M C H(wy) is a model if it, i.e. (M, €), is a model of all the axioms of
ZF with the exception of the power set axiom. Of course H(wy) itself is a model
(see [14, IV]).

Proposition 33. Assume that H(w1) can written as an increasing chain {Me :
€ € w1} of models in such a way that for each &, there is a subset of w that splits
every member of M¢ N [w]®, then there is a T-algebra on 2<“* whose Stone space
has no converging sequences.

The proof is a minor variant of similar proofs in [7,13].

Proof. For each a € wy, let Ty, = 2<°. Also, for each w < a € wy, let €4 1 w — «
be a bijection onto the successor ordinals in «. Let {a, : 0 € T',,} be the T-
algebra as defined in Definition 26. For each x € 2¥, fix a £, > w so that e, and
{azn 1 n € w} are in M, . By induction on w < a < w; we construct a T-algebra
= {a2? : 0 € Ty} and choose ordinals {{, : ¢ € I',} so that the following
induction hypotheses hold for all o € T',,:
(1) if 8 < a and o € I'g, then af = a2,
(2) dom(0) < &5, €dom(o) € M, and {ag,5: B € dom(o)} € M,
(3) if 070 € I'y, then {n : c;(n) C ad~,} splits every infinite b C w in M¢,
where, for each n € w, ¢,(n) denotes the set a, fedomoy (1 y \U{ag, feaomioy(m) ©
m < n}.

The inductive construction is routine and can be omitted. We note that properties
(2) and (3) ensure that each of {a3,; : 8 € dom(0)} U {ag—} and {a3,; : B €
dom(o)}U{a%~,} are proper coherent sequences. We finish by proving that X (T, )
has no converging sequences. Let {z, : n € w} be an infinite subset of 2“1 and we
show that the sequence does not converge to x € 2¢1. Let , be the mapping as in
Lemma 9, and let, for n € w, ¥, = ¢ (x,). Following Definition 7, let aZ = azja+1
for all @ € wy. It suffices to find a 8 < wy so that {n : y, € Eg} is infinite. If
{Yn : n € w} is finite, then this is immediate, so assume that it is infinite. For each
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k€ w, let Br+1 = eqom(o)(k), and for each n € w, choose the minimal &, € w so
that y, € af, .

Now let L be the infinite set {z [ y,+1:n € w} and choose o € {z [ B: B < w1}
large enough so that {y, : n € w} C dom(o) and each of L and {k, : n € w} are
elements of M¢ . Let dom(o) = a and let {c,(k) : k € w} be as in condition (3).
Then there is an infinite set b, chosen so that a®t} = J{c, (k) : k € b, }. Since
al™t = w\ a2t} we also have that a2t} = {co(k) : k € w\ by}. Since a? is
one of a2™{,a2™}, we have thatfa\: {k € w:c,(k) CaZ} splits {ky, : n € w}.
We finish by checking that y, € a&™" for the infinitely many n such that k, € bZ.
Fix any n with k, € b? and recall that y, € c@‘; \ U<, a/g\ Since ¢y (ky) =

ag, \Um<n a3, it follows that y, € aZ since aZ contains a/g; \Unm<r, a/g:. O
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