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Abstract. The aim of this paper is to consider questions concern-
ing the possible maximum cardinality of various separable pseudo-
radial (in short: SP) spaces. The most intriguing question here is
if there is in ZFC a regular (or just Hausdorff) SP space of cardi-
nality > c. While this question is left open, we establish a number
of non-trivial results that we list below.
• It is consistent with MA + c = ℵ2 that there is a countably

tight and compact SP space of cardinality 2c.
• If κ is a measurable cardinal then in the forcing extension

obtained by adding κ many Cohen reals, every countably tight
regular SP space has cardinality at most c.

• If κ > ℵ1 Cohen reals are added to a model of GCH then in
the extension every pseudocompact SP space with a count-
able dense set of isolated points has cardinality at most c.

• If c ≤ ℵ2 then there is a 0-dimensional SP space with a count-
able dense set of isolated points that has cardinality greater
than c.

1. Introduction

The class of pseudoradial spaces is a natural and well-studied class
that is a generalization of the radial property in the same way that
the class of sequential spaces is a generalization of the class of Frechet-
Urysohn spaces. For a cardinal κ, a sequence {xα : α < κ} is said to
converge to x in a space X, if for every neighborhood U of x there is
a β < κ such that {xα : β < α < κ} is a subset of U . A set A is
radially closed in X if, for every cardinal κ ≤ |X|, no κ-sequence of
points of A converges to a point not in A. A space X is pseudoradial if
every radially closed set is closed. A set A is sequentially closed if no
ω-sequence of points from A converges to a point not in A and a space
is sequential if every sequentially closed set is closed.
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As stated in the abstract, we are exploring the question of whether
separable pseudoradial spaces of cardinality greater than c exist. We
may say that a space is large if it has cardinality greater than c. We
thank A. Bella for informing us that it was shown in [2] that it is
consistent that the usual product space 2ω1 is SP.

One of the most interesting results about compact pseudoradial spaces
arose when Sapirovskii [21] proved that the continuum hypothesis im-
plied that a compact space is pseudoradial so long as it is sequentially
compact. A space is sequentially compact if every infinite sequence
has a limit point. This was improved in [16] where it was shown that
it follows from c ≤ ℵ2 that compact sequentially compact spaces are
pseudoradial and that this bound can not be improved in ZFC. In this
paper we are able to show that this same assumption of c ≤ ℵ2 is suffi-
cient to produce examples of regular Hausdorff separable pseudoradial
spaces of cardinality equal to 2c. In this paper we will restrict our in-
vestigation to regular Hausdorff spaces and note that 2c is the upper
bound on the cardinality of any separable space.

Returning to the class of compact separable spaces, we recall that
every pseudoradial compact space is sequentially compact. More gen-
erally in a pseudoradial space, a countable discrete set is closed if it
contains no converging sequence, and so clearly, a compact pseudora-
dial space is sequentially compact. It is well-known that the sequential
closure of a countable set has cardinality at most c and therefore ev-
ery sequential separable space has cardinality at most c. Balogh [3]
proved that the proper forcing axiom implies that every compact space
of countable tightness is sequential, and therefore compact separable
spaces of countable tightness have cardinality at most c. Of course
this paper of Balogh’s was in answer to the celebrated Moore-Mrowka
problem. Recall that the proper forcing axiom also implies that c = ℵ2

[18, 23]. This background motivates one to ask more about separable
pseudoradial spaces of countable tightness both with and without the
extra assumption of compactness.

2. Martin’s Axiom

This project began when we were made aware of a question in connec-
tion to the Moore-Mrowka problem posed by S. Spadaro in MathOver-
Flow. We thank K.P. Hart for bringing the question to our attention.
We refer the reader to [17] for details about Martin’s Axiom and to [3]
for the statement of the proper forcing axiom.
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Assume MAℵ1 . Is it true that every compact pseudora-
dial space of countable tightness is sequential?

We answer this question in the negative but will rely on quoting
two related results from the literature. It would be too ambitious to
reproduce the proofs from these publications. However we can connect
the investigations there to the current one.

Definition 2.1. A space X is initially ℵ1-compact if every open cover
of cardinality at most ℵ1 has a finite subcover.

An initially ℵ1-compact space is countably compact and a first-
countable initially ℵ1-compact space is sequentially compact. It is
shown in [10, 7.1] that every compactification of an initially ℵ1-compact
space of countable tightness has countable tightness. It was proven in
[15] that there is a model of c = ℵ2 in which there exists a separa-
ble first-countable locally compact initially ℵ1-compact space that is
not compact. The one-point compactification of this space is compact,
separable, sequentially compact, countably tight and not sequential.
Since c ≤ ℵ2 holds in this model, this space is also pseudoradial. Fi-
nally, it was shown explicitly in [11, 5.11] (and implicitly in [10, 6.3])
that one can perform a further ccc forcing to make MAℵ1 and c = ℵ2

hold while ensuring that the original space generates a space in the ex-
tension with all the same properties. This answers Spadaro’s question
in the negative.

Now we consider our generalization of Spadaro’s question and ask
if Martin’s Axiom is sufficient to ensure that compact separable pseu-
doradial spaces of countable tightness have cardinality at most c. For
this we use the example constructed in [10, 5.5,6.3] that had, in answer
to a question of Arhangelskii, an example of an initially ℵ1-compact
first-countable space of cardinality greater than c. We cite the exact
statement that we will need. This was also shown to hold in a model of
Martin’s Axiom (MA) and c = ℵ2. Clearly this space was not compact
and it also contained a separable closed subset that had a compactifi-
cation of cardinality 2c.

Proposition 2.2. [10, 5.5,6.3] There is a model of MA + c = ℵ2

in which there is a separable first-countable initially ℵ1-compact space
X with the property that βX \ X has cardinality 2ℵ2 and contains no
infinite compact subsets.

Corollary 2.3. It is consistent with MAℵ1 that there is a compact sep-
arable pseudoradial space of countable tightness and cardinality greater
than c.



4 A. DOW AND I. JUHÁSZ

Proof. Let X be the space and in the model as stated in Proposition
2.2. We show that βX is the desired example. The only property that
needs to be established is that βX is pseudoradial and has countable
tightness. We remarked above that every compactification of a initially
ℵ1-compact space has countable tightness. We are working in a model
of c = ℵ2, so to prove that βX is pseudoradial, it is enough to prove
that it is sequentially compact. The space X is sequentially compact
so we consider an infinite countable subset D of βX \X. The closure
of D is not contained in βX \X by the statement in Proposition 2.2,
hence there is a point x ∈ X that is a limit point of D. It is easily
checked that if {Un : n ∈ ω} is a local base in X for x consisting of
cozero subsets of X, then the family {βX \ clβX(X \ Un) : n ∈ ω} is a
local base for x in βX. It follows then that there is a sequence from D
converging to x, and this completes the proof that βX is sequentially
compact and pseudoradial. �

3. cardinality of separable pseudoradial spaces

In this section we begin our investigation of separable pseudoradial
spaces in the absence of the assumption of compactness. We first con-
sider the effect of the proper forcing axiom in the context of a strength-
ening of countable tightness and then, using large cardinals, we es-
tablish the consistency of there being no large separable pseudoradial
spaces with countable tightness.

We introduce a natural generalization of the property of a set being
sequentially closed in a space X. In particular, in this next definition,
we would say that a sequentially closed set is <ℵ1-closed.

Definition 3.1. For a cardinal κ and a set A in a space X, say that
A is <κ-radially closed if for every cardinal λ < κ, no λ-sequence of
points of A converges to a point of X outside of A.

For a set A in a space X, let A(<κ) denote the smallest <κ-radially
closed set containing A.

Needless to say, A(<κ) exists in every space since the intersection
of <κ-radially closed sets is <κ-radially closed. Alternatively, A(<κ)

can be recursively constructed in a manner analogous to the usual
constructions of the sequential closure.

Proposition 3.2. Let A be a subset of a space X and let κ be a car-
dinal. By induction on α ≤ κ+, define Aα ⊂ X as follows:

(1) A0 = A,
(2) for limit α ≤ κ+, Aα =

⋃
{Aβ : β < α},
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(3) Aα+1 is the set of all points of X such that there is a cardinal
λ < κ and a λ-sequence of points of Aα that converges to x.

Then Aκ+ = A(<κ).

Proof. It follows easily, by induction on α ≤ κ+ that Aα is a subset of
A(<κ). So it suffices to note that Aκ+ is itself <κ-radially closed. �

A κ-sequence {xα : α < κ} is a free sequence [1] in a space X if,
for all δ < κ, the initial segment {xα : α < δ} and the final segment
{xα : δ ≤ α < κ} have disjoint closures. The tightness degree, t(X),
of a space X is of course a well-known cardinal invariant. Similarly,
the invariant, F (X), is the supremum of the lengths of free sequences
of X. Of course Arhangelskii showed that t(X) ≤ F (X) holds for any
compact space X, and it was shown by Bella [5] that this inequality
also holds for pseudoradial spaces. We record this for future reference.

Proposition 3.3 ([5]). A pseudoradial space of uncountable tightness
contains uncountable free sequences.

3.1. PFA and countable tightness.

Proposition 3.4. PFA implies that every separable regular pseudora-
dial space of cardinality greater than c contains uncountable free se-
quences.

Proof. Let X be a separable regular pseudoradial space of cardinality
greater than c. Since we simply wish to prove that X contains an
uncountable free sequence, we may assume, by Corollary 3.3, that X
has countable tightness. Let κ be a large enough regular cardinal so
that X is an element of H(κ) (see [17, IV §6]). Let X be an element
of an elementary submodel M of H(κ) where M is chosen so that
|M | = 2ℵ1 = c and so that every subset of M of cardinality at most ℵ1

is an element of M . We note that Y = X ∩M is <ℵ2-radially closed.
We may assume that ω is a dense subset of X. Let Wz = {W ⊂ ω :
z ∈ intX clX(W )}. Define the family Hz to be all countable subsets of
Y that have z in their closure. Let Fz denote the family of all closed
subsets of Y that contain a member of the family {clY (H) : H ∈ Hz}.

Claim 1. Fz is a countably complete maximal filter of closed subsets
of Y .

Proof of Claim: Let {Hn : n ∈ ω} be a subset of Hz. Let Fω =⋂
{clY )(Hn) : n ∈ ω} and assume there is W ∈ Wz such that clX(W ) is

disjoint from Fω. SinceW ∈M , we can replace eachHn by intX clX(W )∩
Hn since the latter is also in Hz. However, this is impossible since
z ∈ clX(Hn) for all n ∈ ω, by elementarity, there are points of Y in
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Fω. Now it follows that z is in the closure of Fω, and by countable
tightness, there is an Hω ∈ Hz with Hω ⊂ Fω. �

It is evident from its definition that Fz has a base of separable sets.
Only minor modifications of any number of published proofs in con-
nection to the Moore-Mrowka problem (e.g. [8, Theorem 3.3]) that
these hypotheses on the filter Fz are sufficient to conclude that there
is a proper poset P that will force an uncountable free sequence in
the space X. We provide a sketch. Fix a neighborhood assignment
UY = {Uy : y ∈ Y } so that for each y ∈ Y , z is not in the closure of Uy.
A member p of the poset P is a function into Y with a finite domain
Mp. The domain Mp is a finite ∈-chain of countable elementary sub-
models of H(κ) satisfying that {X, Y,Fz,UY } are members of each. For
each {M1,M2} ⊂ Mp with M1 ∈M2, the value of p(M1) is an element
of M2 ∩F for all F ∈ Fz ∩M1. The poset is ordered by the conditions
that p < q providing p ⊃ q and for all M1 ∈ Mp \ Mq, if there is a
(minimal) M2 ∈ Mq such that M1 ∈ M2, then p(M1) ∈ Up(M3) for all
M3 ∈Mq satisfying that p(M2) ∈ Up(M3). We omit the proof that P is
proper (see any of [ ]). It is easily shown that for each δ ∈ ω1, the set
Dδ = {p ∈ P : (∃Mp ∈ Mp) δ ∈ Mp} is a dense subset of P . By PFA,
there is a filter G ⊂ P such that G ∩ Dδ is not empty for all δ < ω1.
This implies there is an uncountable set CG ⊂ ω1 such that γ ∈ CG if
and only if there is an Mγ ∈

⋃
{Mp : p ∈ G} with Mγ ∩ ω1 = γ. For

each γ ∈ CG, choose any pγ ∈ G such that Mγ ∈ Mpγ . Since G is a
filter, we may assume that for all γ ∈ CG, Mmin(CG) ∈Mpγ .

For each γ ∈ CG, also let Fγ =
⋂
Fz ∩Mγ. The sequence {xγ =

pγ(Mγ) : γ ∈ CG} satisfies that for each δ ∈ CG, Fδ contains the set
{xγ : δ ≤ γ}. It also follows that, for γ < δ both in CG, the closure
of Uxγ is disjoint from Fδ because of the condition that z is not in
the closure of Uxγ . Finally, for each min(CG) < δ ∈ CG, there is a
β ∈ CG ∩ δ such that {xξ : β < ξ ∈ CG ∩ δ} is contained Uxδ . Indeed,
then there is a finite Sδ ⊂ δ+1 such that {xξ : ξ ∈ CG∩ δ} is contained
in
⋃
{Uxξ : ξ ∈ Sδ}. This completes the proof that the closure of

{xξ : ξ ∈ CG ∩ δ} is disjoint from the closure of {xξ : δ < ξ ∈ CG}. �

In compact spaces, the property of being countably tight is equiva-
lent to the property that every subset has countable π-character [19].
A family of non-empty open sets U is a local π-base in X at x if
every neighborhood of x contains a member of U . A point has count-
able π-character if it has a countable local π-base. It was discovered
by Eisworth [13] that in the absence of compactness, the property of
hereditary countable π-character was an important strengthening of
countable tightness. In particular, it was shown in [12] and [9] that
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it was consistent that countably compact subsets of such spaces are
closed. Using this result we note the following application.

Corollary 3.5. PFA implies that every separable countably compact
pseudoradial regular space has cardinality at most c if the space also
has hereditary countable π-character.

Proof. Assume that X is a separable countably compact pseudoradial
regular space. The sequential closure of the countable dense set is
countably compact and has cardinality c. It was proven in [9] that PFA
implies that countably compact subsets are closed in such spaces. �

Question 1. Let X be a countably compact regular pseudoradial space
of countable tightness. Does PFA imply any of the following?

(1) X has cardinality at most c.
(2) Countably compact subsets of X are closed.
(3) Every subset of X has countable π-character.

3.2. Consistency of no large countably tight examples. In this
section we prove that it is consistent, modulo large cardinals, that
every separable regular pseudoradial space of countable tightness has
cardinality at most c. We give the result using a measurable cardinal
for simplicity, but the same proof can be modified to work for a weakly
compact cardinal. A cardinal κ is measurable if there is a κ-complete
free ultrafilter on κ.

Before proving the theorem we make note of a simple property shared
by pseudoradial spaces.

Proposition 3.6. Assume that a point z of a pseudoradial regular
space X is a limit point of a countable subset A of X. Let A(1) denote
the set of points of X that are limit points of a converging sequence
from A. Then z is in the closure of A(1) \ A.

Proof. Since z is a limit point of A we may assume that z /∈ A and, to
be clear, we note that A ⊂ A(1). If z is an element of A(1) then there
is nothing to prove. Let W be a neighborhood of z and assume that
AW = W ∩ A(1) is contained in A. Certainly z is in the closure of AW
but this contradicts that X is pseudoradial since AW is clearly radially
closed. �

Theorem 3.7. If κ is a measurable cardinal then in the forcing exten-
sion obtained by adding κ many Cohen reals, every separable regular
pseudoradial space of countable tightness has cardinality at most c.

Proof. Let κ be a measurable cardinal. By [14, (8.7),10.20] , there is a
normal κ-complete ultrafilter U on κ. This means that for every U ∈ U
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and regressive function f on U (i.e. f(α) < α) for all α ∈ U) there
is a U1 ∈ U satisfying that f(λ) = f(µ) for all λ, µ ∈ U1. Note also
that it follows that each U ∈ U is a stationary subset of κ [14, 10.19].
More surprisingly, there is an element U of U consisting only of regular
limit cardinals. To review this, first we note that the function sending
µ+ to µ is regressive on the set of successor cardinals and so this set
can not be an element of U . Now we prove that there is a member of
U consisting only of regular cardinals. This is because if the function
f(λ) = cf(λ) was regressive on a set U of U , i.e. every member of
U would have the same cofinality δ < κ, then we would have δ-many
regressive functions (to elements of cofinal sequences) and one of these
could not be constant on a member of U . Needless to say, it is also
true that κ is a strongly inaccessible cardinal.

Claim 2. If {Sξ : ξ ∈ κ} is any sequence of countable subsets of κ,
then there is a set S̄ and a set U ∈ U such that for all λ, µ ∈ U with
λ < µ, S̄ = Sλ ∩ λ and Sλ ⊂ µ.

Proof of Claim: For each ξ ∈ κ, let δξ < ω1 be the order-type of Sξ ∩ ξ
and let {βξη : η < δξ} be an enumeration of Sξ ∩ ξ. Choose U0 ∈ U and
δ < ω1 so that δλ = δ for all λ ∈ U0. Similarly, for each η < δ, choose
βη < κ and Uη+1 ∈ U so that βλη = βη for all λ ∈ Uη+1. Let Ū ∈ U
equal U0 ∩

⋂
{Uη+1 : η < δ}. Choose any cub C ⊂ κ so that for all

λ ∈ C and γ < λ, Sγ ⊂ λ. Now it follows that C ∩ Ū ∈ U has the
required properties. �

We say that an indexed subset {pξ : ξ < δ} of the poset Fn(κ, 2) is
a ∆-system if there is a p̄ ∈ Fn(κ, 2) such that for all ξ 6= η < δ, pξ �
dom(p̄) = p̄ and the members of the family {dom(pξ) \dom(p̄) : ξ < δ}
are pairwise disjoint. We say that p̄ is the root of the ∆-system. We
record two well-know facts about Cohen forcing.

Claim 3. If {pξ : ξ < δ} is a ∆-system in Fn(κ, 2) with root p̄, then
for every generic filter G with p̄ ∈ G and every infinite subset J ⊂ δ
the set {ξ ∈ J : pξ ∈ G} has cardinality |J |.

Claim 4. For any uncountable regular cardinal µ ≤ κ and sequence
{pξ : ξ < µ}, there is a set J cofinal in µ so that {pξ : ξ ∈ J} is a
∆-system.

Now suppose that θ > κ is a cardinal and that in the extension
by the poset Fn(κ, 2) there is a regular pseudoradial topology on θ in
which ω is dense and which has countable tightness.

If G is a Fn(κ, 2)-generic filter, then in V [G], by [17, VII]), c = κ
and, for all infinite cardinals λ < κ, 2λ = κ. Similarly, the cardinals of
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V and the cardinals of V [G] coincide. It therefore follows that, in V [G],
the cardinality of ω(<κ) is at most κ. We will use the convention that a
nice name of a subset of θ is a set Ȧ of the form

⋃
{{α} ×Aα : α ∈ I}

where I is any subset of θ and for each α ∈ I, Aα is a countable subset
of Fn(κ, 2). We will say that Ȧ is a nice name of a subset of I to mean
that {α ∈ θ : Aα 6= ∅} ⊂ I. When we say that Ȧ is an I-name we will
mean in this sense. Usually each Aα is taken to be an antichain but it
will be convenient to use our generalization. If G is a Fn(κ, 2)-generic
filter, then valG(Ȧ) is defined as {α : G ∩ Aα 6= ∅}. It is shown in [17]
that, in V [G], every subset of θ is equal to valG(Ȧ) for some nice name
Ȧ (in the ground model). Moreover, for every infinite subset J of θ in
V [G] there is a ground model set I and a nice name of a subset of I for
J , where I and J have the same cardinality in V [G]. Similarly, it can
be shown that for every subset A of the power set of θ in V [G], there
is a family N of nice names of subsets of θ such that A is equal to
{valG(Ȧ) : Ȧ ∈ N}. Therefore, we may suppose that we have families
{Nα : α ∈ θ} where, for each α < θ, Nα is the family of nice names of
the open subsets of θ that contain α.

Another subset of θ that is of interest is the set that will evaluate
to ω(<κ) in V [G]. There is a set I ⊂ θ of cardinality at most κ so that
there is a nice name Ẏ of a subset of I satisfying that, for any generic
filter G ⊂ Fn(κ, 2), valG(Ẏ ) contains ω(<κ). Next, we may choose a
condition p̄ ∈ G and an ordinal z ∈ θ \ I such that p̄ forces that there
is a κ-sequence from ω(<κ) that converges to z. Again we may suppose
that there is a sequence {ẏξ : ξ < κ} where for each ξ < κ, ẏξ is a

nice name of a single ordinal that is forced by p̄ to be in Ẏ and so that
the sequence is forced to converge to z. It follows that each ẏξ is an
Iξ-name for some countable (or finite) set Iξ.

For each ξ < κ, we may choose a pair (αξ, pξ) that is in the name
ẏξ and such that p̄ is compatible with pξ. That is, if p̄ ∪ pξ ∈ G, then
valG(ẏξ) is equal to αξ and is in ω(<κ). A minor modification of Claim
2 show that there is a q̄ ≤ p̄ and a set U0 ∈ U such that, for all λ < µ
with both from U0, q̄ = (p̄ ∪ pλ) � λ and dom(pλ) ⊂ µ.

We define a new nice name Ż = {(αλ, p̄ ∪ pλ) : λ ∈ U0} and observe
that, by Claim 3, if p̄ ∈ G (for a Fn(κ, 2)-generic filter G) the sequence
valG(Ż) is a κ-sequence that converges to z. Let C0 be a cub in κ
satisfying that, for each µ ∈ C0, U0∩µ is cofinal in µ. Since z is forced
to not be an element of ω(<κ), we may choose, for each µ ∈ C0, a nice
name Ȧµ ∈ Nz, so that there is a Iµ ⊂ U0 ∩µ and a nice name J̇µ for a
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subset of Iµ satisfying that J̇µ is forced to be cofinal in µ and αξ is not

Ȧµ for all ξ ∈ J̇µ. We emphasize that, in V [G], z is not in the closure

of {αλ : λ ∈ J̇µ}. Recall that a condition q ∈ Fn(κ, 2) forces that an

ordinal ξ ∈ J̇µ if there is some pair (ξ, p) ∈ J̇µ with q ≤ p. Similarly, q

forces that ξ ∈ Ż if ξ ∈ U0 and q ≤ p̄ ∪ pξ.

For each λ ∈ U0 and λ < µ ∈ C0, choose a pair (ξ(λ, µ), q(λ, µ)) so
that

(1) λ ≤ ξ(λ, µ) ∈ U0 ∩ µ,
(2) q(λ, µ) ∈ Fn(κ, 2) and q(λ, µ) forces ξ(λ, µ) ∈ Ż,
(3) q(λ, µ) forces that ξ(λ, µ) ∈ J̇µ.

There is a cub C1 satisfying that, for all ζ ∈ C1, {q(λ, µ) : µ < ζ and λ ∈
U0 ∩ µ} is a subset of Fn(ζ, 2). Choose any U1 ∈ U so that U1 ⊂ C1

and every element of U1 is a regular cardinal.
Applying Claim 4, we may choose, for each µ ∈ U1, a strictly increas-

ing function hµ : µ 7→ U0∩µ so that the sequence {q(hµ(α), µ) : α ∈ µ}
is a ∆-system. For each µ ∈ U1, let q̃µ denote the root of this ∆-system,
and, by possibly shrinking U1, we can also assume that the sequence
{q̃µ : µ ∈ U1} is a ∆-system.

Now we come to a stronger version of Claim 3.

Claim 5. There is a strictly increasing function h from κ into U0 and
a sequence {(ξ̄α, q̄α) : α < κ} such that for all ω < δ < κ, there is a set
Uδ ∈ U so that, for all µ ∈ Uδ,
{(h(α), ξ̄α, q̄α) : α < δ} = {(hµ(α), ξ(hµ(α), µ), q(hµ(α), µ) � µ) : α < δ} .

Proof of Claim: Choose any enumeration e : κ 7→ κ × κ × Fn(κ, 2).
Choose a cub Ce ⊂ κ so that for all γ < δ ∈ Ce, e(γ) ∈ δ× δ×Fn(δ, 2).
For each α ∈ κ, the function sending µ to the ordinal γµ satisfying that
(hµ(α), ξ(hµ(α)), q(hµ(α), µ) � µ) = e(γµ) is regressive on a set in U .
Therefore there is a Wα ∈ U and a value g(α) ∈ κ so that

(hµ(α), ξ(hµ(α), µ), q(hµ(α), µ) � µ) = e(g(α)) for all µ ∈ Wα .

Let (h(α), ξ̄α, q̄α) be defined so as to equal e(g(α)). Now, for each
δ < κ, the set Uδ =

⋂
α<δWα is an element of U and, after some

straightforward unravelling, we have that for all µ ∈ Uδ,
{(h(α), ξ̄α, q̄α) : α < δ} = {(hµ(α), ξ(hµ(α), µ), q(hµ(α), µ) � µ) : α < δ} .

�

The family {q̄α : α ∈ κ} is a ∆-system of Fn(κ, 2) since for each
δ < κ, there is a µ ∈ U1 such that the initial segment {q̄α : α < δ} is a
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subset of the ∆-system {q(hµ(α), µ) � µ : α < δ} . In addition, each q̄α
forces that ξ̄α is an element of the set {ẏζ : α ≤ ζ < κ}.

We briefly pass to the extension V [G] and note that, by Claim 3, the
set J = {α : q̄α ∈ G} is cofinal in κ. Since the sequence {valG(ẏζ) :
ζ < κ} converges to z, and by countable tightness, there is a countable
subset J1 of J such that {ξ̄α : α ∈ J1} has z in its closure. Now we apply
Proposition 3.6 to the point z and the countable set A = {ξ̄α : α ∈ J1}
and we choose a countable set J2 of θ (i.e. the space X) so that
J2 ⊂ A(1) \ A and z is in the closure of J2.

Now we return to V and we choose countable I1 ⊂ κ and countable
I2 ⊂ θ so that, in V [G], J1 ⊂ I1 and J2 ⊂ I2. Fix a nice name, J̇2, for
the subset J2 of I2 and notice that the name J̇1 for J1 is simply the
set {(α, q̄α) : α ∈ I1}. Next we want to choose sufficiently many nice
names for sequences contained in {ξ̄α : α ∈ J1} that converge to points
of J2. We can do this by a simple examination of the name J̇2. For
each ordinal x ∈ I2 and condition p ∈ Fn(κ, 2) such that (x, p) is an
element of the name J̇2 (thus p 
 x ∈ J2) choose a nice name Ṡ(x, p)
of a subset of I1 such that p forces that Ṡ(x, p) is a subset of J1 and
that {ξ̄α : α ∈ Ṡ(x, p)} converges to x. Certainly we have only chosen
countably many nice names of the form Ṡ(x, p). Fix any δ < κ so that

(1) I1 ∪ I2 ⊂ δ,
(2) J̇2 is a nice Fn(δ, 2)-name,
(3) for all x ∈ I2 and (x, p) ∈ J̇2, Ṡ(x, p) is a nice Fn(δ, 2)-name,

and choose any µ ∈ Uδ such that q̃µ ∈ G.

We are ready for our final contradiction (to the assumption that X
has cardinality greater than κ). The contradiction will be that z is not
in the closure of the set Aµ = {ξ(hµ(α), µ) : α ∈ I1 and hµ(α) ∈
valG(J̇µ)}, but z is in the closure of J2. We will show that J2 is
contained in the closure of Aµ. To show this, it suffices to prove

that for each x ∈ I2 and p ∈ G such that (x, p) ∈ J̇2, the sequence
{ξ̄α : α ∈ valG(Ṡ(x, p))} meets Aµ in an infinite set. Fix any x ∈ I2

and p so that (x, p) ∈ J̇2. Let H be any finite subset of I1 and we will
show that there is an α ∈ valG(Ṡ(x, p)) \H such that ξ̄α ∈ Aµ. To do
so, we will work in V and have to use the genericity of G. Following
[17, VII], it suffices to show that if r is any element of G, there is an
α ∈ I1 \ H and an extension rα ∈ Fn(κ, 2) so that, with ξ̄α rα forces
that α ∈ Ṡ(x, p) and rα forces that hµ(α) ∈ J̇µ. This is the same as
proving that the set of conditions of the form rα is dense below the
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condition p. This ensures that G will include one such rα and that ξ̄α
will be the desired member of Aµ with α ∈ Ṡ(x, p).

Now we use that {q(hµ(α), µ) : α ∈ I1 \ H} is a ∆-system. By
possibly increasing the size of H we can assume that dom(r)∪dom(q̃µ)∪
dom(p) is disjoint from dom(q(hµ(α), µ)) \ dom(q̃µ) for all α ∈ I1 \H.

Next we simply note that, since {ξ̄α : α ∈ valG(Ṡ(x, p))} converges to x,
there an α ∈ I1\H and a condition r̄α ∈ G so that (α, r̄α) is an element
of the name Ṡ(x, p). Recalling that p forces that Ṡ(x, p) is a subset of
J1, it follows also that r̄α ≤ q̄α. By the choice of δ, r̄α ∈ Fn(δ, 2) and
r̄α ≤ q(hµ(α), µ) � µ. Finally, it follows that with rα = r̄α ∪ q(hµ(α), µ)
we have completed the proof. �

4. Pseudoradial spaces in models of c ≤ ℵ2

In this section we prove that if c is most ℵ2, then there are separable
regular pseudoradial spaces of cardinality 2c. These examples are also
0-dimensional with a countable dense set of isolated points. We first
prove that CH implies the stronger result that there are such space
that are compact.

Theorem 4.1 (CH). There is a compactification of ω that is pseudo-
radial and has cardinality 2ℵ1.

Proof. Let X be an η1-set of cardinality ℵ1 and let ≺ denote the cor-
responding (strict) linear ordering on X. Recall that an η1-set has the
property that if A and B are countable subsets of X and that a ≺ b
for all a ∈ A and b ∈ B, then there is an x ∈ X with a ≺ x ≺ b
for all a ∈ A and b ∈ B. Next, let D denote the standard Dedekind
completion of X. Since X is dense in D it follows that D has weight
ℵ1 and no points of countable character. It also follows then that D
has cardinality 2ℵ1 . Next, let K be the space obtained by doubling
every point of D that has countable one-sided character. Again, using
that X is dense, it follows that K has weight ℵ1. Since K is a linearly
ordered space, it follows that K is radial. We observe that K has the
property that every countably infinite set has subsequence converging
to a point of countable character.

Finally, it follows from CH that there is a compactification γω that
has remainder K. This is the requisite example. It remains only to
prove that γω is sequentially compact. SinceK is sequentially compact,
it suffices to prove that every infinite subset A of ω has a converging
subsequence. If A has only finitely many accumulation points then
this is clear. On the other hand, if A has infinitely many accumulation
points, one of them will be a point of countable character. �
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Now we turn to the proof in the case that c = ℵ2. Before constructing
the example we establish an instructive constraint on the nature of
possible examples. This is based on the paper [4] concerning partitioner
algebras. A similar application in [7] established that it was consistent
that compact separable spaces of cardinality greater than c were not
sequentially compact. The proof is similar to the proof of Theorem 3.7.

Theorem 4.2. It is consistent with c = ℵ2 that every pseudocom-
pact pseudoradial regular space that contains a countable dense discrete
space has cardinality at most c. Moreover, if V is a model of GCH and
κ > ℵ1 is a regular cardinal, then in the forcing extension by Fn(κ, 2)
every pseudocompact pseudoradial regular space with a countable dense
discrete subset has cardinality at most κ.

Proof. Clearly it suffices to prove the second statement of the Theorem.
Suppose that GCH holds and that κ > ℵ1 is a regular cardinal. Let
G be a Fn(κ, 2)-generic filter. We assume that θ > κ is a cardinal
and that we have a Fn(κ, 2)-name for a topology on X = θ such that,
in V [G], ω is open, dense, and discrete. Similar to Theorem 3.7, let,
for each α < λ and p ∈ Fn(κ, 2), Nα(p) be the set of all nice names
of subsets of ω that are forced by p to have α in the interior of their
closure. Also let Sα(p) be the set of all nice names of subsets of ω that
are forced by p to simply have α in their closure. To avoid confusion,
we will let 1P denote the maximal element ∅ of Fn(κ, 2).

Since κ is a regular cardinal, and we are assuming GCH, we may
fix an elementary submodel M of H(θ+) of cardinality κ such that
{{Nα(1P ),Sα(1P )} : α ∈ θ} is an element of M , and every subset of M
of cardinality less than κ is an element of M . Let z be any element of
θ \M . In this proof we will choose a κ-sequence {yξ : ξ < κ} ⊂M ∩ θ
satisfying that, in V [G], the sequence {yξ : ξ < κ} converges to z. Fix

enumerations {Ṡβ : β < κ} of Sz(1P ) and {Ẇβ : β < κ} of Nz(1P ).

Fix any λ < κ. By assumption, the sequence {Ṡβ : β < λ} and

{Ẇβ : β < λ} are elements of M . Since

H(θ+) |= (∃z ∈ θ)({Ṡβ : β < λ} ⊂ Sz(1P ) and {Ẇβ : β < λ} ⊂ Nz(1P ))

there is a yλ ∈ M ∩ θ satisfying that {Ṡβ : β < λ} ⊂ Syλ(1P ) and

{Ẇβ : β < λ} ⊂ Nyλ(1P ).

It is easily verified that {yλ : λ < κ} converges to z in V [G] but
this is not actually needed in the remainder of the proof. Rather, we
will prove that ω is forced to have an infinite subset S that contains
no converging sequence. If X is pseudoradial, S would be closed and,
since ω is open in X, this would imply that X is not pseudocompact.



14 A. DOW AND I. JUHÁSZ

For limit λ < κ of uncountable cofinality, no cofinal subsequence
of {yα : α < λ} converges to z since z is not an element of M . We
translate this into the forcing language.

Claim 6. For each limit λ < κ of uncountable cofinality, there is a
value ζλ < κ and Ẇζλ ∈ Nz(1P ) satisfying that, for all β < λ and
p ∈ Fn(κ, 2), there are β < α < λ and pα < p such that the name
ω \ Ẇζλ is an element of Nyα(pα).

The last statement in Claim 6 is simply asserting that pα forces that
yα is not in the closure of Ẇζλ . We also note that the statement of
Claim 6 asserts that, for each β < λ, the set of pα as in the statement
is a dense subset of Fn(κ, 2). For each λ, choose another ordinal ρλ
so that 1P forces that the closure of Ẇρλ ∈ Nz(1P ) is contained in the

interior of the closure of Ẇζλ .
Let Λ denote the set of λ < κ of uncountable cofinality. For all

λ ∈ Λ, let Ẇζλ be the name {(n, p(λ, n, k)) : n ∈ Bλ, k ∈ ω} and let

Ẇρλ be the name {(n, q(λ, n, k)) : n ∈ Dλ, k ∈ ω}. Note that Dλ ⊂ Bλ

and we may assume that, for all n ∈ Dλ and k ∈ ω, there is a j ∈ ω so
that q(λ, n, k) < p(λ, n, j) (since q(λ, n, k) 
 n ∈ Ẇζλ). Let Iλ denote
the union of the set

⋃
{dom(q(λ, n, k)) : n ∈ Bλ, k ∈ ω}. For any p ∈

Fn(κ, 2) and partial injection σ : κ 7→ κ such that dom(p) ⊂ dom(σ),
we let σ̂(p) be the condition with domain σ(dom(p)) and satisfying that
σ̂(p)(σ(α)) = p(α) for all α ∈ dom(p).

Fix a cub C ⊂ κ satisfying that for all µ ∈ C, {ζλ}∪Iλ ⊂ µ for all λ ∈
Λ ∩ µ. By the usual pressing down lemma, and some straightforward
enumeration techniques as used in the proof of Theorem 3.7, there is a
stationary set E ⊂ Λ ∩ C satisfying that, for all λ, µ ∈ E with λ < µ,
there is an order preserving isomorphism σλ,µ from Iλ to Iµ so that:

(1) Bλ = Bµ and Iλ ∩ λ = Iµ ∩ µ,
(2) σλ,µ(Iλ \ λ) = Iµ \ µ,
(3) for all n ∈ Bλ and k ∈ ω, p(µ, n, k) = σ̂λ,µ(p(λ, n, k)),
(4) for all n ∈ Dλ and k ∈ ω, q(µ, n, k) = σ̂λ,µ(q(λ, n, k)) .

Let µ0 be any element of E. Next, using that E is stationary it follows
that we can find µ0 < µ1 ∈ E so that every Fn(µ1, 2)-name in Sz(1P )
is in the list {Ṡβ : β < µ1}. Additionally we can ensure that, for every

nice Fn(µ0, 2)-name, Ṡ, for a subset of ω, and every p ∈ Fn(κ, 2) such
that Ṡ ∈ Sz(p), then Ṡ ∈ Sz(p � µ1). This latter condition is a simple
consequence of the fact that Fn(κ, 2) is ccc.

Next, extend {µ0, µ1} to any strictly increasing sequence {µ` : ` ∈
ω} ⊂ E1. Our next step is to prove that the family {Ẇζµ`

: ` ∈ ω} is

forced to be an independent family, or rather that {{Ẇρµ`
, ω \ Ẇζµ`

} :
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` ∈ ω} is forced to be an independent family of pairs. We will use the
fact Fn(κ, 2) is isomorphic to Fn(µ0, 2)×Fn(κ \ µ0, 2) and so when we
pass to the extension V [Gµ0 ] (where Gµ0 = G ∩ Fn(µ0, 2)), we can use
the fact that V [G] is equal to V [Gµ0 ][G∩ Fn(κ \ µ0, 2)]. We are trying
to minimize our appeal to advanced forcing techniques but we need a
minor one here.

Claim 7. For each S ∈ [ω]ℵ0 ∩ V [Gµ0 ], if V [G] |= z ∈ clX(S), then

there is an β < µ1 such that Ṡβ ∈ Sz(1P ) is a Fn(µ1, 2)-name and

valG(Ṡβ) = S.

Proof of Claim: By definition, if S ∈ V [Gµ0 ]∩[ω]ℵ0 there is a Fn(µ0, 2)-

name Ṡ such that S = valGµ0 (Ṡ). Now assume that, in V [G], that z is

in the closure of Ṡ. By the forcing theorem, there is a condition p ∈ G
that forces z is in the closure of Ṡ. Of course this means that Ṡ ∈ Sz(p).
By the assumption on µ1, we can assume that p ∈ Fn(µ1, 2). It is a
routine exercise to prove that there is a nice Fn(µ1, 2)-name Ṫ such
that p 
 Ṫ = Ṡ and, all q ∈ Fn(µ1, 2) that are incomparable with p
force that Ṫ = ω. It follows now, from the assumption on µ1, that Ṫ
is in the list {Ṡα : α < µ1}. �

Let B = {n ∈ Bµ0 : (∃k)p(µ0, n, k) � µ0 ∈ Gµ0} and D = {n ∈ Dµ0 :
(∃k)q(µ0, n, k) � µ0 ∈ Gµ0}. Let I denote the countable set Iµ0 \ µ0

and let, for each ` < ω, U̇` denote the canonical Fn(Iµ` \µ`, 2)-name in

V [Gµ0 ] for the set Ẇζµ`
and let V̇` denote the canonical Fn(Iµ` \ µ`, 2)-

name in V [Gµ0 ] for the set Ẇρµ`
. More precisely, for each n ∈ B and

k ∈ ω,

(n, p(µ`, n, k) � I) ∈ U̇0 if and only if p(µ`, n, k) � µ0 ∈ Gµ0 .

For all ` > 0, U̇` = {(n, σ̂µ0,µ`(p)) : (n, p) ∈ U̇0}. For convenience, let
σµ0,µ0 denote the identy function on I and recall that the sets {Iµ`\µ` =

σµ0,µ`(I) : ` ∈ ω} are pairwise disjoint. The definition of V̇` is defined
similarly.

For each p ∈ Fn(I, 2), let Tp = {n ∈ B : p 
 n ∈ U̇0} and let

Vp = {n ∈ D : (∃q < p) q 
 n ∈ V̇0}. We note that Tp and Vp are
elements of V [Gµ0 ].

Claim 8. For each p ∈ Fn(I, 2), z is not in the closure, in V [G], of Tp.
Similarly, z is in the interior of the closure of Vp.

Proof of Claim: Assume that the first statement fails for some p ∈
Fn(I, 2). By Claim 7, there is an β < µ1 such that Tp = valG(Ṡβ). The
family {σµ0,µ`(p) : 1 ≤ ` ∈ ω} is a ∆-system (with empty root) and so
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there is an ` > 0 such that σµ0,µ`(p) ∈ G. By Claim 6, there is an α
and a condition pα < σµ0,µ`(p) such that pα � µ0 ∈ Gµ0 , β < α < µ`
and pα 
 ω \ Ẇ` ∈ Nyα(pα). This is equivalent to the assertion that

pα forces that yα is not in the closure of Ẇ`. On the other hand, we
have that Ṡβ ∈ Syα(1p). This implies that 1P forces that yβ is in the

closure of Tp and yet, in V [Gµ0 ], pα forces Tp ⊂ U̇` is disjoint from a
neighborhood of yα.

The second statement is proven similarly by simply noting that
σµ0,µ`(p) forces that V̇` is a subset of Vp. �

Now we prove that {{V̇`, ω \ U̇`} : ` ∈ ω} is forced to be an inde-
pendent family. Fix any pair of disjoint finite sets L0, L1 of ω. Let
q ∈ Fn(κ \ µ0, 2) be any condition. We produce a condition q̃ < q and
an integer n so that q̃ forces that n ∈ V̇` for all ` ∈ L0 and q̃ forces
that n /∈ U̇` for all ` ∈ L1. For each ` ∈ L0 ∪ L1, let p` ∈ Fn(I, 2)
be chosen so that σµ0,µ`(p`) = q � Iµ` \ µ`. Let T =

⋃
{Tp` : ` ∈ L1}

and U =
⋂
{Vp` : ` ∈ L0}. Choose any integer n ∈ U \ T . For each

` ∈ L0, n ∈ Up0 and so we may choose q` < p` in Fn(I, 2), such that

q` 
 n ∈ V̇0. For each ` ∈ L1, since n ∈ Tp` , p` 6
 n ∈ U̇0, and so we

may choose q` < p` in Fn(I, 2) such that q` 
 n /∈ U̇0. It now follows
that q̃ = q ∪

⋃
{σµ0,µ`(q`) : ` ∈ L0 ∪ L1} is an element of Fn(κ \ µ0, 2)

and that q̃ 
 n ∈ V̇` for all ` ∈ L0 and q̃ 
 n /∈ U̇` for all ` ∈ L1 as
required.

We reassure the reader that we are nearly at the end of the proof.
Fix any λ < κ such that µ` < λ for all ` ∈ ω and let L̇λ be the canonical
subset of ω given by n ∈ L̇λ if and only if

⋃
G(λ + n) = 1. That is

L̇λ is the name {(n, {〈λ + n, 1〉}) : n ∈ ω}. We have proven that the
family {V̇` : ` ∈ L̇λ} ∪ {ω \ U̇` : ` ∈ ω \ L̇λ} has the finite intersection
property. We can define Ṡ to be the sequence {ṅ` : ` ∈ ω} where ṅ` is
the minimum element above ṅ`−1 (for ` > 0) of the set⋂

{V̇j : j ≤ ` and j ∈ L̇λ} \
⋃
{U̇j : j ≤ ` and j /∈ L̇λ}.

Each ṅ` exists was proven in the previous paragraph. Now suppose
that J̇ is a nice Fn(κ \ µ0, 2)-name of an infinite subset of ω. Choose
any µ ∈ E satisfying that λ+ω < µ and J̇ is a Fn(µ\µ0, 2)-name. We
complete the proof by showing that each of Ẇρµ and ω \Wζµ hit the

sequence {ṅ` : ` ∈ J̇} in an infinite set. Since Ẇρµ and ω \Wζµ have

disjoint closures, and J̇ was arbitrary, this shows that Ṡ does not have
any limit points. The proof is a density argument. Analogous to the
definitions of V̇`, Ẇ` from Ẇρµ`

, Ẇζµ`
, let us define V̇µ = {(n, σ̂µ0,µ(p)) :
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(n, p) ∈ V̇0} and U̇µ = {(n, σ̂µ0,µ(p)) : (n, p) ∈ U̇0}. It follows that V̇µ is

the Fn(κ \ µ0, 2)-name for valG(Ẇρµ) and U̇µ is the Fn(κ \ µ0, 2)-name

for valG(Ẇζµ). Let p be an arbitrary element of Fn(κ \ µ0, 2) and let
m be any integer. We will produce q < p and a pair m < `1 < `2 so
that q forces that {`1, `2} ⊂ J̇ , ṅ`1 ∈ V̇µ and ṅ`2 /∈ U̇µ. By possibly
increasing m, we can assume that dom(p) ∩ [λ, λ + ω) is contained in
[λ, λ+m]. Similarly, we can assume that dom(p)∩ Iµ` \µ` is empty for
all ` > m. Choose p̄ ∈ Fn(I, 2) so that σµ0,µ(p̄) is equal to p � Iµ \ µ.
Let q1 ∈ Fn(µ \ µ0, 2) be any extension of (p � µ) ∪ σµ0,µm+1(p̄) such
that q1(λ+m+1) = 1, and there is an `1 > m and an n`1 ∈ ω such that
q1 
 `1 ∈ J̇ and q1 
 ṅ`1 = n`1 . Notice that q1 
 n`1 ∈ V̇m+1. Now let
p̄1 ∈ Fn(I, 2) be chosen so that σµ0,µm+1(p̄1) = q1 � Iµm+1\µm+1 and note

that p̄1 < p̄. Let us note that σµ0,µ(p̄1) forces that n`1 ∈ V̇µ. Choose
next a sufficiently largem2 > `1 so that dom(q1)∩[λ, λ+ω) ⊂ [λ, λ+m2)
and dom(q1)∩Iµ` \µ` is empty for all ` > m2. Choose q2 ∈ Fn(µ\µ0, 2)
so that q2 < σµ0,µm2

(p̄1), q2(λ + m2) = 0, and, such that there are an

`2 > m2 and n`2 ∈ ω such that q2 
 `2 ∈ J̇ and q2 
 ṅ`2 = n`2 . Let
p̄2 ∈ Fn(I, 2) such that σµ0,µm2

(p̄2) = q2 � Iµm2
\ µm2 . Since q2 
 m2 /∈

L̇λ, we have that q2 
 n`2 ∈ ω \ U̇m2 . Therefore p̄2 
 n`2 /∈ U̇0, which
implies that σµ0,µ(p̄2) < σµ0,µ(p̄1) forces that n`2 /∈ U̇µ and n`1 ∈ V̇µ.
The required condition q is q2∪σµ0,µ(p̄2). We have that σµ0,µ(p̄2) forces

that n`1 ∈ V̇µ and that n`2 /∈ U̇µ. �

We do not know if we had to assume that ω was a discrete subset in
Theorem 4.2 so was raise this question.

Question 2. Is it consistent that every separable pseudocompact pseu-
doradial regular space has cardinality at most c?

Now we prove what may be the main result of the paper.

Theorem 4.3. If c ≤ ℵ2, then there is a separable 0-dimensional pseu-
doradial space of cardinality greater than c.

Proof. As we learned in our previous results the space will necessarily
contain a large independent family of clopen sets, and in fact the family
must have special properties that will support the existence of many
converging sequences. We will use the ideas introduced by P. Simon [22]
to facilitate the construction of such families by using a countable set
with special structure. For each n ∈ ω, let Dn = (2n)2n Our countable
dense set will be D =

⋃
{Dn : n ∈ ω}.

Our construction will be to define a Boolean subalgebra B of P(D)
and to then choose a subspace of the space of ultrafilters, i.e. Stone
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space, of B. As usual, the finite subsets of D will be members of B and
we identify the fixed ultrafilters of B with the points of D.

We will define a subtree of 2<ω2 that has cardinality c and has more
than c many cofinal branches. If 2ℵ1 = ℵ2 then this tree will necessarily
have height ω2. We first present the proof in the case that 2ℵ1 = ℵ2

and indicate at the end of the proof the minor modification needed for
the case that 2ℵ1 > ℵ2.

We will let T denote the chosen subtree of 2≤ω2 (including its cofinal
branches) and use the elements of T to enumerate the ultrafilters of
B that are chosen to be members of our space X. This approach
ensures that our space is zero-dimensional and Hausdorff. Thus X will,
technically have as base set D∪{Ft : t ∈ T} but when proving that X
is pseudoradial it will be convenient to identify t ∈ T with the point
Ft in S(B). The structure of T will be very helpful in understanding
the convergence structure of X. In particular, for many, but not all,
elements t of T that lie on limit levels of uncountable cofinality, the set
of predecessors of t will be a well-ordered sequence that converges to t.
This gives some of the insight into the proof that X is pseudoradial. As
mentioned in the first paragraph, the structure of D is chosen to allow
us to more strategically define the sequences from D that converge to
points of X.

For t ∈ 2≤ω2 , let o(t) denote the domain or level of t. Let S2
0 and

S2
1 denote the stationary subsets of ω2 consisting of the cofinality ω

and, respectively, ω1 limits. Let (S2
1)′ denote the set of all limits of S2

1

and let S0 = S2
0 ∩ (S2

1)′ and S1 = S2
1 ∩ (S2

1)′. Let T0 be the subtree
of 2≤ω2 where t ∈ T0 if and only if t−1(1) is a subset of S1 (i.e. we
are only branching at levels in S1). It should be clear that T0 ∩ 2ω2

has cardinality 2ℵ2 . We will need to add some more nodes to our tree
because we want to have a large set of auxillary successors to associate
with each t ∈ T0 where o(t) ∈ S0. Therefore T will consist of T0

together with all t_σ (concatentation) where t ∈ T0, σ ∈ 2≤ω, and
o(t) ∈ S0. For each t ∈ T \ T0, let δt ∈ S0 and σt ∈ 2≤ω denote the
values such that t = t � δt _ σt. For s, t ∈ T , let s∧ t be the maximum
element of T satisfying that s ∧ t ≤ s and s ∧ t ≤ s.

Now we choose our special independent subfamily of P(D) and a
special family of converging sequences. It will make the proof more
readable to use the set T ∩ 2<ω2 to enumerate the family. Let {rt : t ∈
T0 ∩ 2<ω2} be any one-to-one enumeration of 2ω \ {~0} (where ~0 is the
constant zero function).

For each t ∈ T0 ∩ 2<ω2 , At =
⋃
n

{d ∈ Dn : d(rt � n) = rt � n} .
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Let L denote the family of finite non-empty subsets of T0 ∩ 2<ω2 . For
each L ∈ L, let BL be the set of d ∈

⋂
{At : t ∈ L} satisfying that

d(σ) = ~0 � n providing d ∈ Dn and σ ∈ 2n \ {rt � n : t ∈ L} (i.e.
d ∈ BL ∩Dn if d is the identity on {rt � n : t ∈ L} and otherwise takes

on value ~0 � n).

Claim 9. For each L ∈ L, BL is an infinite subset of
⋂
{At : t ∈ L}

and for L 6= L′ ∈ L, BL ∩BL′ is finite.

Proof of Claim: By symmetry we may assume that L \ L′ 6= ∅ and let
tL ∈ L \ L′. Choose n0 large enough so that the elements of {rt �
n0 : t ∈ L ∪ L′} are pairwise distinct and not equal to ~0 � n0. For

all n > n0 and d ∈ BL′ , d(rtL � n) = ~0 � n and, for all d ∈ BL,

d(rtL � n) = rtL � n 6= ~0 � n. �

It follows from Claim 9 that the family {At : t ∈ T0 ∩ 2<ω2} is an
independent family. Let I be the ideal of subsets of D that are almost
disjoint from every such BL, i.e. I is often denoted as ({BL : L ∈ L})⊥.

Let B denote the Boolean subalgebra of P(D) generated by the fam-
ily

[D]<ℵ0 ∪ {At : t ∈ T0 ∩ 2<ω2} ∪ {BL : L ∈ L} ∪ I
and we will choose, for each t ∈ T , a (free) ultrafilter Ft on B.

For each t ∈ T , we will first make an assignment Ht consisting of
a non-empty set of nodes in T that are less or equal to t, and this
assignment will determine the ultrafilter Ft as described below.

We begin with the assignment 〈Ht : t ∈ T 〉.
(1) For t ∈ T0 with o(t) ∈ S1 ∪ {ω2}, Ht = {t � α : α ∈ o(t)}.
(2) For each t ∈ T0 such that o(t) = µ+ω1 for some µ ∈ S1, ensure

that {Ht�ξ : µ < ξ < µ + ω1} is a one-to-one listing of all the
finite subsets of {t � α : α < µ + ω1} that have at least one
element strictly extending t � µ (and satisfy the requirement
that t � ξ ∈ Ht�α implies ξ ≤ α).

(3) For each t ∈ T0 such that o(t) = µ+ω1 for some µ ∈ {0}∪S2
1\S1,

ensure that {Ht�ξ : µ ≤ ξ < µ + ω1} is a one-to-one listing of
all the finite subsets of {t � α : α < µ + ω1} that have at
least one element above t � µ (and satisfy the requirement that
t � ξ ∈ Ht�α implies ξ ≤ α).

(4) For each t ∈ T0 with o(t) ∈ S0, ensure that
{Ht_σ : σ ∈ 2≤ω and t_σ /∈ T0} is a one-to-one listing of all
countable cofinal subsets of {t � α : α < o(t)}. Note that, in
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the previous item, Ht_σ has already been defined as a finite set
if t_σ ∈ T0.

Claim 10. If t 6= s and t, s ∈ T , then Ht 6= Hs.

Proof of Claim: It is clear that Ht 6= Hs if either of them is uncount-
able. Similarly, if they are countably infinite, then it follows from clause
(4) that δt = δs, and thus that Ht 6= Hs since the assignment in (4)
was chosen to be one-to-one. Finally we suppose that Ht and Hs are
finite. We may choose minimal µt so that µt ≤ o(t) ≤ µt + ω1. Simi-
larly choose minimal µs so that µs ≤ o(s) ≤ µs + ω1. It follows by the
minimality, that µt and µs are limit points of S2

1 . It follows easily from
clauses (2) and (3) that if Ht = Hs, then µt = µs.

If µt ∈ S1 clause (2) ensures that if t � µt+1 = s � µt+1 then Hs, Ht

are distint elements of {Ht̄�ξ : µt < ξ < µt + ω1} for some t̄ ∈ 2µt+ω1 .
Otherwise t � µt + 1 6= s � µt + 1 and clause (2) ensures that Ht and
Hs contain incomparable elements. Finally, if µt /∈ S1, then s and t are
distinct but comparable and again we have that Ht and Hs are distinct
elements of the list {Ht̄�ξ : µt ≤ ξ < µt + ω1} for some t̄ ∈ 2µt+ω1 . �

Now we make the simple assignment of the family 〈Ft : t ∈ T 〉:
(5) If Ht is finite, then define Ft to be the unique free ultrafilter of
B with BHt ∈ Ft.

(6) If Ht is infinite, then Ft is the ultrafilter satisfying
(a) As ∈ Ft if and only if s ∈ Ht,
(b) BL /∈ Ft for all L ∈ L,
(c) I /∈ Ft for all I ∈ I,
(d) [D]<ℵ0 ∩ Ft is empty.

It should be clear that the subspace D ∪ X1 is simply equal to the
traditional Mrowka-Isbell type space constructed from the almost dis-
joint family {BL : L ∈ L}. Let us also note that for each I ∈ I, I is
closed in X, and this implies this next claim.

Claim 11. If Y ⊂ D and Y ∩X1 is empty, then Y is closed.

Proof of Claim: If no point of X1 is in the closure of Y , then Y ∩ BL

is finite for all L ∈ L. Thus Y ∈ I. �

It will be convenient to let Kt = {As : s ∈ (T0 ∩ 2<ω2) \ Ht}, i.e.
Kt = {As : As /∈ Ft}. For disjoint finite subsets H,K of T0 ∩ 2<ω2 , let
[H;K] denote the clopen subset of X corresponding to the closure of
this element of B:

[H;K] =
⋂
{At : t ∈ H} \

(⋃
{As : s ∈ K} ∪

⋃
{BL : ∅ 6= L ⊂ H}

)
.
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For any t ∈ X2 ∪ X3, the family {[H;K] : H ∈ [Ht]
<ℵ0 , K ∈ [Kt]

<ℵ0}
is easily seen to be a local filter base in the subspace X \ D. Let
X0 = D, X1 = {t ∈ T0 : |Ht| < ℵ0}, X2 = {t ∈ T : |Ht| = ℵ0} and let
X3 = {t ∈ T : |Ht| > ℵ0}.

Claim 12. X3 is a closed radial subspace of X.

Proof of Claim: We first show that X3 is closed. Clearly X0 ∪ X1 is
open so consider any t ∈ X2. Since Ht is a countable cofinal subset of
the uncountable ordinal δt, there are β < α < δt such that t � β ∈ Kt

and t � α ∈ Ht. Note that [{t � α}; {t � β}] is disjoint from X3 since
Hs is a downward closed subset of T0.

Now consider any Y ⊂ X3 and assume that t ∈ X3 is a limit point
of Y . We will assume that o(t) < ω2 and leave the case when o(t) = ω2

to the reader. Choose any strictly increasing cofinal sequence {αξ :
ξ ∈ ω1} ⊂ o(t). Note that t ∈ Kt. For each ξ < ω1, choose yξ ∈
Y ∩ [{t � αξ}; {t}]. Consider any finite H ⊂ Ht and finite K ⊂ Kt.

Let K̃ = {s ∈ Kt : t 6≤ s} and choose ξ < ω1 so that t � αξ 6≤ s for

all s ∈ K̃. It follows easily that yη ∈ [H;K] for all ξ < η < ω1 and
thereby proving that 〈yξ : ξ ∈ ω1〉 converges to t. �

We continue the proof that X is pseudoradial. Let us note that it
follows from Claim 11 that it suffices to proof thatX\D is pseudoradial.
For the remainder of the proof we will say that an elementary submodel
M is suitable to mean that M ≺ H(ℵ3) and that {T0,L, {At : t ∈
T0 ∩ 2<ω2}, {Ht : t ∈ T}, {BL : L ∈ L}} is an element of M . Here is
one of the key properties of the space.

Claim 13. If Y ⊂ X \D and t ∈ X2 ∪X3 is a limit point of Y , then
for any countable suitable elementary submodel M such that Y, t ∈M ,
there is a converging sequence {tn : n ∈ ω} ⊂ Y ∩M such that t is the
limit if t ∈ X2 and, if t ∈ X3, the limit is tM ∈ X2 where

(1) δtM = sup(M ∩ o(t)) and tM = t � δtM
_σtM ,

(2) HtM = {t � α : α ∈M ∩ o(t)}.
Proof of Claim: Let t̄ equal to t if t ∈ X2 and let t̄ = tM if t ∈ X3.
In either case, we have that Ht̄ ⊂ M . If t ∈ X3, then observe that
t ∈ Kt and Kt ∩ {t � α : α ∈ M ∩ o(t)} is empty. If t ∈ X2, then, by
elementarity, Kt∩{t � α : α ∈M ∩ o(t)} is non-empty. Define K0 ∈M
to be {t} if t ∈ X3 and to be any finite subset of Kt ∩ {t � α : α ∈
M ∩ o(t)} if t ∈ X2. Choose H0 to be any finite subset of Ht̄ so that, if
t ∈ X2, then there are α < β so that t � α ∈ K0 and t � β ∈ H0. Since
[H0;K0] ∈M , there is a y0 ∈M ∩ Y ∩ [H0;K0].

Choose any sequence {[Hn;Kn] : n ∈ ω} ⊂M so that:
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(1) {Hn : n ∈ ω} is a strictly increasing sequence of finite sets
whose union is Ht̄,

(2) {Kn : n ∈ ω} is a strictly increasing sequence of finite sets
whose union equals (Kt̄ \Ht) ∩M ,

We show that we can choose yn ∈ Y ∩M ∩ [Hn;Kn] for all n. If
t = t̄, then t ∈ [Hn;Kn] and so Y ∩ M ∩ [Hn;Kn] is not empty by
elementarity and the assumption that t is a limit point of Y . If t 6= t̄,
then Hn ⊂ Ht̄ ⊂ Ht and Kn ⊂ Kt̄ \Ht. Therefore, we again have that
t ∈ [Hn;Kn] and so, by elementarity, there is a yn ∈ Y ∩M ∩ [Hn;Kn].

Now we show that the sequence {yn : n ∈ ω} converges to t̄. Consider
any finite H ⊂ Ht̄ and finite K ⊂ Kt̄. Choose β̄ < δt̄ large enough so
that o(s ∧ (t � δt̄)) < β̄ for all s ∈ K such that t � δt̄ 6≤ s. We may
assume that t � β̄ ∈ Ht̄. Choose n so that H ∪ {t � β̄} ⊂ Hn, and
(K \ Ht) ∩M is a subset of Kn. We show that ym ∈ [H;K] for each
m > n. Since H ⊂ Hm and ym ∈ [Hm;Km] it is clear that H ⊂ Hym

and Km ⊂ Kym . Also, Hym \Hm is not empty (in the case that Hym is
finite). To show that ym ∈ [H;K], we must simply show that Hym ∩K
is empty.

In the case that t = t̄, then Kt̄ \Ht = Kt̄, and so Hym ∩K ⊂ Hym ∩
Km = ∅. So now we assume that t̄ 6= t ∈ X3 and recall that t ∈ K0. In
this case, Kt̄ ∩M is also disjoint from Ht, hence K ∩M ⊂ Kn. If ym /∈
X3, then Hym ⊂M and so Hym ∩K ⊂ Hym ∩K ∩M ⊂ Hym ∩Km = ∅.
Now suppose that ym ∈ X3 and assume that s ∈ Hym ∩K. Note that
we have that t � β̄ ∈ Hym and so t � δt̄ ≤ s ≤ ym. Also, {t � α : α < δt̄}
is a subset of Hym . Since t ∈ K0 implies that o(t∧ym) ∈M ∩o(t) = δt̄,
this contradicts that t � δt̄ ≤ s. �

Claim 14. If Y ⊂ X \D and t ∈ X3 is a limit point of Y , then there
is a sequence {yα : α ∈ ω1} converging to a point in X3 where each yα
is in the sequential closure of Y .

Before we prove this Claim, we observe that this completes the proof
that X is pseudoradial. If Y is a subset of X \ D then, by Claim 13
every limit point in X2 is in the sequential closure, and by Claim 14,
the points of X3 in the radial closure of Y are dense in Y ∩X3. Since X3

is radial (Claim 12), this implies that the radial closure of Y is closed.

Proof of Claim: Fix any increasing sequence {Mα : α ∈ ω1} of suitable
countable elementary submodels satisfying that Y, t are elements of M0.
There is an ordinal θ ∈ S1 such that θ =

⋃
{Mα ∩ ω2 : α ∈ ω1} (see

[17]). If o(t) < ω2, let λ = o(t) ∈ S1. If o(t) = ω2, let λ = θ.
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For each α ∈ ω1, let δα = sup(Mα ∩ λ). Following Claim 13, let
yα = t � δα_σα where σα is chosen so that Hyα = {t � γ : γ ∈Mα ∩ λ}.
It follows from Claim 13, that yα is in the sequential closure of Y .

Now we simply check that {yα : α ∈ ω1} converges to t � λ. Fix any
basic open set [H;K] of t � λ. Choose any β < ω1 so that H ∈ Mβ.
Observe that H ⊂ Hyα for all β < α ∈ ω1. Similarly, Hyα ⊂ Ht�δα ⊂
Ht�λ for all α ∈ ω1. Therefore K ∩Hyα = ∅, and so yα ∈ [H;K], for all
β < α ∈ ω1. This completes the proof of the Claim. �

This completes the proof of the Theorem in the case that 2ℵ1 = ℵ2.
The only modification that is needed for the case 2ℵ1 > ℵ2 is to pass to
the subtree T0∩2≤θ where θ ∈ S1 is the minimum level of T0 which has
cardinality greater than ℵ2. This ensures that T0 ∩ 2<θ has cardinality
ℵ2. Establish the new enumeration {rt : t ∈ T0 ∩ 2<θ} of 2ω \ {0} and
the proof proceeds exactly as above. �

Question 3. Is it consistent that there is no separable pseudoradial
space of cardinality 2c?

Question 4. Do separable regular pseudoradial spaces of cardinality
greater than c exist?

We also do not know if large separable Hausdorff pseudoradial spaces
of cardinality greater than c exist.
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