
NOT OCA AND PRODUCTS OF FRÉCHET SPACES

ALAN DOW

Abstract. We continue the investigation of the question of whether the prod-

uct of two countable Fréchet spaces must be M-separable. We are especially

interested in this question in the presence of Martin’s Axiom. The question
has been shown to be independent of Martin’s Axiom but only in models in

which c ≤ ω2. In fact, OCA implies an affirmative answer.

1. Introduction

A space is Fréchet (or Fréchet-Urysohn) if it satisfies that if a point x is in the
closure of a set A, there is a standard ω-sequence of points from A converging to x.
A space X is M-separable, also known as selectively separable, if for every countable
family {Dn : n ∈ ω} of dense subsets, there is selection {Hn ∈ [Dn]

<ℵ0 : n ∈ ω}
satisfying that H =

⋃
nHn is dense. Every separable Fréchet space is M-separable

[4]. A product of two separable Fréchet spaces need not be Fréchet, but might the
product still be M-separable?

There are two main results of this paper. The first is that in models of Martin’s
Axiom in which there are special (c, c)-gaps, there will be pairs of countable Fréchet
spaces with a product that is not M-separable. The second is that in standard
models of MA(σ-linked), it will hold that the product of any two countable Fréchet
spaces will be M-separable. In both results there is no (new) restriction on the size
of the continuum. MA(σ-linked) is the statement (see [2]) that Martin’s Axiom
holds for ccc posets that can be expressed as a countable union of linked subsets.

Any countable space with π-weight less than d is M-separable and, in the Cohen
model every countable Fréchet space has π-weight at most ℵ1 [5]. Therefore we
are more interested in the question in models in which there are countable Fréchet
spaces with π-weight at least d. In fact in this paper we focus on models in which
b = c. It is interesting that it was shown in [17] that b = d implies there are
countable M-separable spaces whose product is not M-separable, but the status of
this statement in ZFC is very much open. The cardinals p, b, and d are the usual
cardinal invariants corresponding to mod finite orderings on subsets of ω known as
the pseudointersection number, the bounding number, and the dominating number.

Back to the product of countable Fréchet spaces in models of b = c. The known
results seem to point to a close connection to the open coloring axiom and gaps. It
was shown in [3] that in a model of Martin’s Axiom plus c = ω2 in which there was
a strong failure of OCA, this strong failure of OCA was crucial to the construction
of two countable Fréchet spaces whose product was not M-separable. Improving on
the PFA result in [5], it was shown in [8] that the version of OCA from [21], which
was shown to imply b = ω2, implies that the product of two countable Fréchet
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spaces is necessarily M-separable. The key step in this proof was that this version
of OCA implies that most unseparated pairs of orthogonal ideals on ω will contain
a Luzin gap (see Definition 2.3). Two families of subsets of a countable set are said
to be orthogonal if each member of the first family has finite intersection with each
member of the second. The other well-known version of OCA, denoted OCA[ARS] in
[15], is from [1]. On the other hand, adding to the seeming OCA connection, it was
also shown in [8] that Martin’s Axiom plus not CH implies there are three countable
Fréchet spaces whose product is not M-separable because, by Avilés-Todorčević
[2], in such models there are no three dimensional analogues of the above mentioned
Luzin gaps.

We note that a space X is M-separable if every countable filter base D consisting
of dense subsets of a space X has a pseudointersection that is dense. Since M
stands for Menger, one could define the Menger degree of a space X, p-M(X), to
be the minimum cardinality of a filter base of dense subsets of X that has no dense
pseudointersection. A natural family to consider is those countable Fréchet spaces
with Menger degree equal to the pseudointersection number p. We did begin work
on this paper by considering whether this smaller family of spaces may have better
behavior in products but could find no results. We leave this remark here as a
simple suggestion for further research.

Motivated by the paper [10], we had hoped to completely solve this question in
this paper, but it remains open.

Question 1. Does MA+ c > ω2 imply there are two countable Fréchet spaces whose
product is not M-separable?

2. A few combinatorial tools

The following observation, a strengthening of Arhangel’skii’s α1-property for
first countable spaces, has proven useful in a number of papers. This statement
and proof is taken right from [8] and is included for completeness.

Proposition 2.1. Let I be a family of sequences in a countable space X all con-
verging to a single point x that has countable character. If I has cardinality less
than b, then there is a single sequence S converging to x that mod finite contains
every member of I.

Proof. Fix a descending neighborhood basis, {Un : n ∈ ω}, for x with U0 = X. For
each n ∈ ω, let Xn = Un \Un+1. There is nothing to prove if x has a neighborhood
that is simply a converging sequence, so we may assume that eachXn is infinite. For
each n ∈ ω, choose an enumeration, {x(n,m) : m ∈ ω} of Xn. For each I ∈ I, there
is a function fI ∈ ωω satisfying that I ⊂

⋃
n{x(n,m) : m < fI(n)}. Therefore,

if |I| < b, we may choose a function f ∈ ωω so that f is eventually larger than
each fI . It is easy to check that S =

⋃
n{x(n,m) : m < f(n)} is a sequence that

converges to x and which satisfies that I \ S is finite for all I ∈ I. □

For a set A in a space X, we let A(1) be the set of points x of X for which there
is a countable, possibly constant, sequence from A converging to x.

Proposition 2.2 ([11]). If a space X has character less than b, then for every set
A ⊂ X, the set (A(1))(1) = A(1).

The next two items are taken from [21, §8] and [12, Theorem 2.2.1]
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Definition 2.3. A family {(Iα, Jα) : α < ω1} is a Luzin gap if
⋃
{Iα∪Jα : α ∈ ω1} is

countable, , for each α ̸= β, Iα∩Jα is empty, Iα∩Jβ is finite, and (Iα∩Jβ)∪(Iβ∩Jα)
is not empty.

Proposition 2.4. If {(Iα, Jα) : α < ω1} is a Luzin gap, then the family {Iα : α ∈
ω1} can not be mod finite separated, or split, from the family {Jα : α ∈ ω1}.

For completeness, we include the easy proof.

Proof. Fix an enumeration e : ω →
⋃
{Iα ∪ Jα : α ∈ ω1}. Suppose that A is a set

satisfying that each of Iα \ A and Jα ∩ A are finite for all α ∈ ω1. Choose a finite
subset F of ω so that there is an uncountable subset Γ of ω1 satisfying that, for all
α ∈ Γ, Iα \ A ⊂ e(F ) and Jα ∩ A ⊂ e(F ). If necessary, shrink Γ further so that,
for all α, β ∈ Γ, Iα ∩ e(F ) = Iβ ∩ e(F ) and Jα ∩ e(F ) = Jβ ∩ e(F ). Note that for
α ̸= β ∈ Γ, Iα \ e(F ) ⊂ A and Jβ \ e(F ) is disjoint from A. Since, in addition,
Iα ∩ e(F ) is disjoint from Jα ∩ e(F ) = Jβ ∩ e(F ), this contradicts that the family
was Luzin. □

3. MA, a failure of OCA and two Fréchet spaces

Definition 3.1. Say that two ideals I1, I2 form a tight ωω-gap if

(1) every member of I1 ∪ I2 is a subset of ω × ω,
(2) for each I ∈ I1 ∪ I2, I is a subset of f↓ = {(n,m) : m < f(n)} for some

f ∈ ωω,
(3) I1 and I2 are orthogonal,
(4) for each f ∈ ωω, there are af ∈ I1 and bf ∈ I2 such that f↓ = af ∪ bf ,
(5) for any X ⊂ ω × ω such that {n ∈ ω : X ∩ ({n} × ω) is infinite} is infinite,

there is an f ∈ ωω such that each of X ∩ af and X ∩ bf are infinite.

Remark 3.1. CH implies there are tight ωω-gaps. Todorčević [21] showed that
OCA implies there is no tight ωω-gap. It is proven in [10] that it is consistent with
Martin’s Axiom and c arbitrarily large that there is no tight ωω-gap.

The proof of the following Lemma is technical and is simply following the meth-
ods of Laver [14], see also Rabus [16, Theorem 1] and Scheepers [19], showing that
(ω1, ω1)-gaps that are added generically, can be split by a ccc poset. We postpone
the proof to the last section.

Lemma 3.2. For any cardinal κ > ω1 such that κ<κ = κ, there is a ccc poset P
such that in the forcing extension by P , Martin’s Axiom holds, c = κ, and there is
a tight ωω-gap.

Theorem 3.3. If there is a tight ωω-gap and b = c, then there are two countable
Fréchet spaces whose product is not M-separable.

Proof. Assume that b = c and that I1, I2 form a tight ωω-gap. Let {fα : α ∈ c} ⊂
ωω be a standard scale in the sense that, each fα is a strictly increasing function,
fα <

∗ fβ for any α < β < c, and for all f ∈ ωω there is an α < c such that f ≤ fα.
For each α < c, let aα ∈ I1 and bα ∈ I2 be disjoint sets such that aα ∪ bα = f↓α.

We start our construction as in [3], and similar to [8]. Let τ0 = σ0 be any
countable clopen base for a topology on ω that is homeomorphic to the rationals.
Fix a partition {En : n ∈ ω} of ω so that each En is τ0 dense. Now choose any
bijection ρ on ω satisfying that, for each n ∈ ω, the graph of ρ ↾ En, namely
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Dn = {(k, ρ(k)) : k ∈ En} is a dense subset of ω × ω with respect to the product
topology τ0×σ0. Observe that ρ[En] is dense with respect to σ0. Let D =

⋃
nEn =

{(k, ρ(k)) : k ∈ ω}, i.e. D is the graph of ρ. We will let π1 denote the first coordinate
projection on ω × ω and π2 the second coordinate projection.

Choose any countable elementary submodelM0 of H(c) such that each of {{En :
n ∈ ω}, ρ, τ0} ∈ M0. This is simply a convenient way of choosing a good starting
family of converging sequences from each of τ0 and σ0. Let I0 be all sets I ∈ M0

such that, for some n ∈ ω, I is a subset of En and τ0-converges. Similarly let J0

be all sets J ∈M0 that, for some n ∈ ω, J is a subset of ρ[En] and σ0-converges.
Let us note here that if τ ′ ⊃ τ0 and σ′ ⊃ σ0 are larger bases for topologies

that preserve that I0 and J0 respectively remain converging, then, for each n ∈ ω,
Dn = ρ ↾ En is dense in the product topology. To see this let U ∈ τ ′ and W ∈ σ′.
Choose any m ∈ U and k ∈ W . In M0 choose an infinite sequence S ⊂ Dn such
that S converges to (m, k). Therefore S = {(i, ρ(i)) : i ∈ I} for some I ∈ M0.
Note that I ∈ I0 and converges to m. Similarly, ρ[I] = J is an element of J0

and J converges to k. By assumption I is almost contained in U and J is almost
contained in W . Of course this implies that U ×W almost contains S ⊂ Dn.

Choose a bijection ψ : ω × ω → ω such that ψ({n} × ω) = En. For each α < c,
let Aα = ρ(ψ(aα)) and Bα = ρ(ψ(bα)). Now we have that the ideals generated
by {ρ[En] : n ∈ ω}, {Aα : α < c}, and {Bα : α < c} are orthogonal ideals on D
whose union is dense in D. If X is a subset of D that meets infinitely many of
the elements of {ρ[En] : n ∈ ω} in an infinite set, then there is an α < c such that
X ∩Aα and X ∩Bα are both infinite.

We will recursively construct increasing chains, {τα : α < c} and {σα : α < c}
of clopen bases of cardinality less than c for topologies on ω. We will also, simul-
taneously choose increasing chains, {Iα : α < c} and {Jα : α < c}, of sequences
that must converge in τβ , respectively σβ , for all β < c. Naturally the purpose
of choosing these chains of sets of converging sequences is to ensure that each of
(ω, τc) and (ω, σc) are Fréchet as witnessed by Ic and Jc respectively.

As mentioned above, with these inductive assumptions, we will have ensured
that each member of the sequence {Dn : n ∈ ω} remains τα × σα-dense for every
α. The next goal is to ensure that if H ⊂ D satisfies that H ∩Dn is finite for all
n, then H is closed and discrete. This of course ensures that the product is not
M-separable. Here is the plan for ensuring that such an H is closed and discrete.
Notice that there will be an α < c such that H ⊂∗ Aα ∪ Bα. We will ensure
that the first coordinate projection, π1(H ∩Bα), is closed and discrete in (ω, τα+1)
and that the second coordinate projection, π2[H ∩ Aα], is closed and discrete in
(ω, σα+1). To ensure this is possible, we will necessarily also have the inductive
hypotheses that if I ∈ Iα is almost disjoint from each En, then ρ ↾ I is contained
in some Aγ . Similarly, if J ∈ Jα and is almost disjoint from each ρ[En], then
ρ−1 ↾ J = {(ρ−1(j), j) : j ∈ J} is almost contained in some Bγ . These conditions
are vacuously true for I0 and J0.

Fix an enumeration {Xξ : ξ < c, ξ a limit} of the infinite subsets of ω. Let
0 < λ < c and assume that we have constructed the following increasing sets
{τα : α < λ}, {σα : α < λ}, {Iα : α < λ}, and {Iα : α < λ} satisfying the following
inductive assumptions for all β < α < λ:

(1) every I ∈ Iα is a τα-converging,
(2) every J ∈ Jα is a σα-converging,
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(3) for each I ∈ Iα, the graph ρ ↾ I is mod finite contained in Dn ∪ Aγ for
some n ∈ ω and γ < c,

(4) for each J ∈ Jα, the set ρ−1 ↾ J = {(ρ−1(j), j) : j ∈ J} is mod finite
contained in Dn ∪Bγ for some n ∈ ω and γ < c,

(5) the set π1[Bβ ] is closed and discrete with respect to τα,
(6) the set π2[Aβ ] is closed and discrete with respect to σα,
(7) if β is a limit and β +m < α, then if m is a τα-limit point of Xβ , there is

an I ∈ Iα converging to m such that I ⊂ Xβ ,
(8) if β is a limit and β + k ≤ α, then if k a σα-limit point of Xβ , there is a

J ∈ Jα converging to k such that J ⊂ Xβ .

If λ is a limit ordinal, then the inductive hypotheses are satisfied by simply
taking unions: τλ =

⋃
α<λ τα, σλ =

⋃
α<λ σα, Iλ =

⋃
{Iα : α < λ}, and Jλ =⋃

{Jα : α < λ}.
Now suppose that λ = α+1 and, if ω ≤ α, let β be the largest limit below λ and

let β + m̄+ 1 = λ. There are two tasks for each of τλ and σλ to deal with Xβ , Aα

and Bα as in items (5)-(8). These are done independently, but symmetrically, for
τλ, Iλ and σλ,Jλ, so we just provide the construction for τλ and Iλ.

Let us first consider the closure of Xβ with respect to τα. For each m ∈ ω for
which there is a sequence I ⊂ Xβ that converges to m and satisfies that ρ ↾ I ⊂
En ∪ Aγ for some n ∈ ω and γ < c, ensure there is such an I ∈ Iλ. Let X

(1)λ
β

denote the set Xβ together with all the points that are Fréchet limits with respect
to Iλ. Naturally this step is only required at stage λ = β + 1. Note that it follows

from Proposition 2.2 that X
(1)λ
β is almost disjoint from every I ∈ Iλ such that I

converges to a point not in X
(1)λ
β .

Apply Lemma 2.1 to choose, for each m ∈ ω a sequence Sm that τ0 converges to
m and satisfies that I ⊂∗ Sm for all I ∈ Iλ that converge to m. Clearly the family
{Sm : m ∈ ω} is almost disjoint, and so by removing a finite set from each, we
will assume they are pairwise disjoint. A second reduction is that we can replace
each Sm by Sm \ π1[Bλ] since, by our inductive assumptions, each I ∈ Iλ is almost

disjoint from π1[Bλ]. Our third, and final reduction, is that for each m /∈ X
(1)λ
β ,

we can assume that Sm ∩X(1)λ
β is empty, but this needs a proof since we can not

apply Proposition 2.2 directly because of the new restriction that we must respect
the ωω-gap.

Assume that there is a sequence {sn : n ∈ ω} ⊂ X
(1)λ
β that converges to m. We

prove that m is also in X
(1)λ
β . For each n ∈ ω, fix a sequence In that converges to

n and such that In ⊂ Xβ and, by definition of X
(1)λ
β , either In ⊂ Ekn

(case 1) or

In ⊂ π1[Aγn ] (case 2). By passing to a subsequence of {sn : n ∈ ω} we may assume
that either, for all n, In ⊂ Ekn

(case 1) or for all n, In ⊂ π1[Bγn
] for some γn < c

(case 2).
Since it is easier, we complete the proof for case 2 first. Choose any γ < c so

that γn < γ for all n. By removing finite subset from each In we may assume that⋃
n In ⊂ π1[Aγ ]. Now the character of m in the subspace {m}∪{sn : n ∈ ω}∪{In :

n ∈ ω} is less than b and if we set A =
⋃

n In, we can apply Proposition 2.2 to
conclude there is a sequence I ⊂

⋃
n In that converges to m. This implies that m

is in X
(1)λ
β .
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Now we deal with case 1. If there is a k so that kn = k for infinitely many n, then
clearly, by Proposition 2.2, there is a sequence contained in Xβ ∩Ek that converges

to m, showing that m ∈ X
(1)λ
β . Finally, again by passing to a subsequence, we may

assume that {kn : n ∈ ω} is strictly increasing. Let {Uξ : ξ < λ} enumerate the
neighborhood base at m with respect to the topology τα. For each ξ < λ, there is
a function hξ ∈ ωω so that In \ hξ(n) ⊂ Uξ for all but finitely many n ∈ ω. Since
λ < b, there is a γ < c such that, for all ξ < λ, In \ fγ(kn) is a subset of Uξ for
all but finitely many n ∈ ω. Let X =

⋃
n ρ[In \ fγ(kn)] and note X is a subset

that meets infinitely many of the elements of {ρ[Ek] : k ∈ ω} in an infinite set. By
the assumption on the ωω-gap, there is a δ < c such that X ∩ Aδ is infinite. Since
Aδ ∩ ρ[In] is finite for every n, it follows that X ∩ Aδ is mod finite contained in
ρ[Uξ] for every ξ < λ. Equivalently, π1[X ∩Aδ] ⊂ Xβ is a sequence that converges

to m with respect to τα, showing that m ∈ X
(1)λ
β .

Now we construct countably many new clopen sets to add to τλ ⊃ τα by defining
a function g : ω 7→ ω and adding g−1(k) to τλ for each k ∈ ω. Then let τλ be closed
under finite intersections.

Let g0 be any 1-to-1 function from m̄ ∪ π1[Bα] into ω. For convenience choose
g0(m̄) = 0. We define g as

⋃
gn where for each n ∈ ω, dom(gn) equals {m̄} ∪

π1[Bα] ∪ n ∪
⋃
{Sm : m < n}. Note that with this assumption, dom(gn) is almost

disjoint from Sℓ for all ℓ ≥ n. Two additional inductive assumption are that for
each m, j ∈ dom(gn),

(1) if m < n, then g(s) = g(m) for all but finitely many i ∈ Sm,

(2) j ∈ X
(1)λ
β then gn(j) ̸= 0 = gn(m̄).

The first inductive assumption on g ensures that every member of Iλ will be τλ-
converging, and the second ensures that g−1(0) is a τλ-neighborhood of m̄ that is
disjoint from Xβ .

Our definition of g0 ensures that π1[Bα] is closed and discrete. Assume then
that gn has been defined and note that the inductive assumptions ensure that the
range, Rn, of gn ↾ (dom(gn) \ π1[Bα]) is finite. If n is not in dom(gn), then define
gn+1(n) to be any value not in Rn. So long as gn+1(n) ̸= 0, then simply define
gn+1(i) = gn+1(n) for all i ∈ Sn \ dom(gn). This choice of gn+1 ↾ Sn preserves
both the inductive hypotheses. If gn+1(n) = 0, then it is because gn(n) = 0 and by

the induction hypothesis, n /∈ X
(1)λ
β and Sn is also disjoint from X

(1)λ
β . For these

reasons, we may again define gn+1(i) = 0 for all i ∈ Sn \ dom(gn) and preserve the
induction hypotheses.

Let us verify that (ω, τc) is Fréchet, where τc =
⋃

α<c τα. Consider any m̄ ∈ ω

and subset Xβ ⊂ ω for some limit β ∈ c. If m̄ is in the set X
(1)β+1

β , then there is
a sequence I ∈ Iβ+1 that is contained in Xβ and converges to m̄. Otherwise, by
induction hypothesis (7), m̄ is not in the τβ+ω-closure of Xβ . □

4. Products which are M-separable

In this section we prove that in standard models of weak forms of Martin’s Axiom
products of two countable Fréchet spaces are M-separable. It is known that this
holds in models of OCA but we are interested in models in which c is larger than ω2.
It is shown in [5] that this also holds in all standard Cohen real forcing extensions.
We do not know if this can hold in models of Martin’s Axiom with c > ω2, so we
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make do with Martin’s Axiom for σ-linked posets ([2]) as was used for products of
three Fréchet spaces in [8].

Theorem 4.1. Let κ > ω1 satisfy that κ<κ = κ. Then if Pκ is is the standard
finite support iteration of length κ consisting of factors that are names of σ-linked
posets, then in the forcing extension any product of two countable Fréchet spaces is
M-separable.

The following is a direct consequence of [21, Theorem 4.4], see also [15, Lemma
1]. It is the key result behind the proof in [21, Theorem 8.0] that PFA implies
OCA.

Lemma 4.2 (CH). If X is a separable metric space and G ⊂ X2\∆X is a symmet-
ric open relation on X, then either there is a countable cover, Y, of X by sets Y ∈ Y
satisfying that Y 2 ∩G is empty, or the poset Q = {F ∈ [X]<ℵ0 : F 2 \∆F ⊂ G} is
ccc when ordered by reverse inclusion.

Therefore, using the standard countably closed collapsing trick (see again [21,
Theorem 8.0]) and the fact that the iteration of a countably closed poset and a ccc
poset is proper we have the same result in a more convenient form.

Corollary 4.3. If X is a separable metric space and G ⊂ X2 \∆X is a symmetric
open relation on X for which there is no countable cover, Y, of X by sets Y ∈ Y
satisfying that Y 2 ∩G is empty, then there is a proper poset P that forces there to
be an uncountable set Z ⊂ X satisfying that Z2 \∆Z is a subset of G.

Using this result and the method from [8] we have this next technical Lemma
concerning products of Fréchet spaces. We can loosely view it as forcing the product
to be M-separable.

Theorem 4.4. Let (ω, τ) and (ω, σ) be Fréchet spaces. Assume that {Dn : n ∈ ω}
are dense subsets of ω × ω with respect to the product topology. Let (x, y) ∈ ω × ω
be arbitrary and let I,J be the family of all sequences that τ -converge, respectively
σ-converge, to x and y respectively.

If Q is any σ-linked poset that adds a dominating real f , then in the forcing
extension by Q, if τ̂ and σ̂ are topologies extending τ and σ respectively satisfying
that every member of I and J respectively remain as converging sequences, then
(x, y) is in the closure of Hf =

⋃
{Dn ∩ ([0, f(n)]× [0, f(n)]) : n ∈ ω} with respect

to the product topology given by τ̂ and σ̂.

Proof. Let x, y, I and J be as described in the statement of the Lemma. If x
is isolated, then {x} × (ω, σ) is M-separable, and, in fact, there is a sequence
S ⊂ {x} × ω converging to (x, y) satisfying that S is mod finite contained in⋃
{Dn : n > m} for allm ∈ ω. Therefore we assume that neither x nor y are isolated

and we choose infinite sequences ⟨xn : n ∈ ω⟩ converging to x and ⟨yn : n ∈ ω⟩
converging to y. Fix pairwise disjoint families {Un : n ∈ ω} and {Wn : n ∈ ω} of
clopen sets in τ respectively σ so that, for all n, xn ∈ Un and yn ∈Wn.

Define the set D =
⋃
{Dn∩(Un×Wn) : n ∈ ω}. Clearly (xn, yn) is in the closure

of D for all n ∈ ω. Assume there is some I ∈ I and J ∈ J satisfying that (x, y)
is in the closure of D ∩ (I × J). Since {(x, y)} ∪ (D ∩ (I × J)) is a metric space, it
is M-separable, so again, there is sequence S ⊂ D that converges to (x, y). By the
choice of D, S \

⋃
{Dm : m ≥ n} is finite for all m.
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So it remains to prove the Theorem in the case where (x, y) is not in the closure
of D ∩ (I × J) for all I ∈ I and J ∈ J . Notice that this is equivalent to the case
that for each such I, J pair, we can remove a finite set from each and have that
D ∩ (I × J) is empty.

For each f ∈ ωω, let Hf =
⋃
{Dn ∩ (f(n) × f(n)) : n ∈ ω} as in the statement

of the Theorem. Let X be the following set

X = {(I, J, f) : I ∈ I, J ∈ J , f ∈ ωω, D ∩ (I × J) = ∅} .

We will identify (I, J, f) fromX with the pair (I(f), J(f)) where I(f) = Hf∩(I×ω)
and J(f) = Hf ∩ (ω × J). For (I, J, f) ∈ X, I(f) ∩ J(f) ⊂ D ∩ (I × J) and so
is empty. We equip X with the standard topology on (P(ω × ω))2 through this
identification. The standard subbasic clopen subsets of P(ω × ω) are sets of the
form {a ⊂ ω × ω : (j, k) ∈ a}.

Define the set G ⊂ X2 \∆X by the relation that ( (I1, J1, f1), (I2, J2, f2) ) is in
G providing

I1(f1) ∩ J2(f2) ̸= ∅ or I2(f2) ∩ J1(f1) ̸= ∅ .
It is trivial that G is an open relation.

Suppose that {Yk : k ∈ ω} is a family of subsets of X satisfying that Y 2
k is

disjoint from G for each k ∈ ω. Assume towards a contradiction that
⋃

k Yk = X.
Let X0 be the set of pairs (I, J) ∈ I × J that satisfy that D ∩ (I × J) is empty.
For each (I, J) ∈ X0, since {(I, J)}×ωω is a subset of

⋃
k Yk, there is a k(I, J) ∈ ω

(minimal to be definite) so that {f ∈ ωω : (I, J, f) ∈ Yk} is <∗-cofinal in ωω. Let
X0[k] = {(I, J) : k(I, J) = k} and observe that, since Y 2

k \∆X is disjoint from G,
it follows that for (I1, J1), (I2, J2) ∈ X0[k], (I1 ∪ I2)× (J1 ∪ J2) is disjoint from D.
For each k ∈ ω, set

Ak =
⋃

{I ∈ I : (∃J ∈ J ) (I, J) ∈ X0[k]}

and

Bk =
⋃

{J ∈ J : (∃I ∈ I) (I, J) ∈ X0[k]} .
Notice that Ak ×Bk is disjoint from D for all k ∈ ω.

Fix any n ∈ ω and set U0
n = Un and W 0

n =Wn. Clearly (xn, yn) is a limit point

of the interior of D ∩ (U0
n ×W 0

n). By recursion on k < n, we define Uk+1
n andW k+1

n

so that

(1) (xn, yn) is a limit point of the interior of D ∩ (Uk+1
n ×W k+1

n ), and
(2) either Uk+1

n = Uk
n \Ak, or

(3) W k+1
n =W k

n \Bk.

Suppose we have chosen Uk
n andW k

n and let S be the interior ofD ∩ (Uk
n ×W k

n ). By
assumption (xn, yn) is a limit point of S. Work briefly in the subspace S∪{(xn, yn)}.
The sets S∩(D∩((Uk

n∩Ak)×W k
n )) and S∩(D∩(Uk

n×(W k
n∩Bk))) are disjoint and so

one of their interiors will not be dense in a neighborhood of (xn, yn) (in the subspace
S ∪ {(xn, yn)}). By symmetry assume this is so for S ∩ (D ∩ ((Uk

n ∩ Ak) ×W k
n )).

Choose an open subset S0 of S so that S0 ∪ {(xn, yn)} is open in S ∪ {(xn, yn)}
and so that S0 ∩ (D ∩ ((Uk

n ∩ Ak) ×W k
n )) has empty interior. In this case we set

Uk+1
n = Uk

n \Ak and W k+1
n =W k

n , and notice that D ∩ ((Uk
n \Ak)×W k

n ) is dense

in S0. It follows that S0 is contained in D ∩ (Uk+1
n ×W k+1

n ). Let Fn be the set of
k < n such that Un

n is disjoint from Ak. Notice that for k < n and k /∈ Fn, W
n
n is

disjoint from Bk. Let sn ∈ 2n denote the characteristic function of Fn.
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Let T ⊂ 2<ω denote the tree consisting of all {sn ↾ k : k ≤ n ∈ ω} and let s ∈ 2ω

be a branch of T . For each m ∈ ω, choose nm ∈ ω so that snm ↾ m = s ↾ m.
Without loss of generality we can assume that the sequence S = {nm : m ∈ ω} is
strictly increasing. For each m ∈ ω, choose a sequence Inm

⊂ Um
nm

that converges
to xnm

. Since x is in the closure of
⋃
{Inm

: m ∈ ω}, we can choose a sequence
I ⊂

⋃
{Inm

: m ∈ ω} that converges to x. Let L = {m ∈ ω : I ∩ Inm
̸= ∅. For

each m ∈ L, choose Jnm ⊂ Wm
nm

that converges to ynm and choose a sequence
J ⊂

⋃
{Jnm : m ∈ L} that converges to y. Let L2 ⊂ L be the set of m such that

J ∩ Jnm
is not empty.

Let us check that, for each k ∈ ω, (I, J) /∈ X0[k]. Indeed, consider any k ∈ ω
and choose m ∈ L2 so that k < nm. If k ∈ Fnm

, then (I, J) /∈ X0[k] because I ∩Ak

is empty. If k /∈ Fnm
, then (I, j) /∈ X0[k] because J ∩Bk is empty.

At this stage of the proof, we have established, by Lemma 4.3, that there is a
proper poset P that forces there is a subset, which we will denote {(Iα, Jα, fα) :
α ∈ ω1} ⊂ X, satisfying that ((Iα, Jα, fα), (Iβ , Jβ , fβ)) is in G for all α < β < ω1.
Note that the family {(Iα(fα), Jα(fα)) : α < ω1} is a Luzin gap (see Definition
2.3) and recall that a Luzin gap remains a Luzin gap in any forcing extension that
preserves ω1.

Now consider a σ-linked poset Q that adds a dominating function fQ over the
ground model. Suppose that F is a filter on Q that is generic over the ground
model. Assume, towards a contradiction, that there is Q-name Ȧ for a subset of
D that satisfies, for any Q-generic filter F , I(f) ⊂∗ valF (Ȧ) and J(f) ∩ valF (Ȧ) is

finite for all (I, J, f) ∈ X. This property of Ȧ will continue to hold in the forcing
extension by P since all the relevant dense open subsets of Q will remain dense. In
addition, forcing by P will preserve that Q is σ-linked, and so the iteration P ∗Q
will also be proper, and therefore preserve ω1. However this is a contradiction,
since the Luzin gap {(Iα(fα), Jα(fα)) : α ∈ ω1} added by P can not be split by the

valuation of the Q-name Ȧ.
Now, with fQ being the dominating real added by Q, consider the set HQ =⋃
{Dn ∩ (fQ(n) × fQ(n)) : n ∈ ω} and note that, for all f ∈ ωω in the ground

model, Hf ⊂∗ HQ. Therefore, for all (I, J, f) ∈ X, I(f) ∪ J(f) is mod finite
contained in HQ.

Assume that τ̂ and σ̂ are topologies as in the statement of the Theorem. Assume
that x ∈ U ∈ τ̂ and y ∈ W ∈ σ̂. Let (I, J, f) be any element of X. Clearly
A = HQ ∩ (U × ω) mod finite contains I(f) and B = HQ ∩ (ω ×W ) mod finite
contains J(f). Since A mod finite contains I(f) for all (I, J, f) ∈ X, it must meet
J(f) in an infinite set for some (I, J, f) ∈ X, so fix such an element (I, J, f) of X.
Since J(f) is mod finite contained in B and A∩B = HQ ∩ (U ×W ), it follows that
HQ ∩ (U ×W ) is infinite.

This completes the proof. □

5. Proof of Lemma 3.2

The goal of this section is to prove that if κ<κ = κ, then there is a ccc poset
Pκ of cardinality κ that produce a model of Martin’s Axiom in which there is a
tight ωω-gap. We regret that we have to prove this, but we are unable to find a
suitable reference. For a partial or total function s from ω to ω, let s↓ = {(m, j) :
m ∈ dom(s) and j < s(m)}. For functions f, g ∈ ωω, let f ∨ g denote the function
(f ∨ g)(n) = max(f(n), g(n)) for all n ∈ ω.
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Suppose that F = {fα : α < b} ⊂ ωω is a mod finite increasing chain that is
also dominating. Suppose that, for each α < b, hα is a 2-valued function with
domain f↓α. Say that Hλ = {hα : α < λ} is coherent if, for all β < α < λ, the set

of (j, k) ∈ f↓α ∩ f↓β such that hα(j, k) ̸= hβ(j, k) is finite. Clearly it is necessary to
prove there is such a coherent family Hb in the final model.

Definition 5.1. Say that Hλ = {hα : α < λ} is a linear coherent family if it is a
coherent family of 2-valued functions, such that for each α, dom(hα) = f↓α for some
fα ∈ ωω, and {fα : α < λ} is ≤∗-increasing.

Definition 5.2. IfHλ is a linear coherent family, thenQ(Hλ), also denotedQ({hα :
α < λ}), is the following poset. A condition q ∈ Q(Hλ), is a tuple (sq, hq, Fq, fq)
satisfying

(1) sq ∈ ω<ω with domain nq and fq ∈ ωω,
(2) hq is a 2-valued function with domain s↓q ,
(3) Fq is a finite subset of λ,
(4) for all α ∈ Fq and δq = max(Fq), and for all nq ≤ m, fα(m) ≤ fδq (m) ≤

fq(m), and for all (m, j) ∈ dom(hα) ∩ dom(hδq ), hα(m, j) = hδq (m, j).

The ordering on Q(Hλ) is that q ≤ r providing sq ⊃ rq, hq ⊃ hr, Fq ⊃ Fr, fq ≥ fr,
and for all (m, j) ∈ dom(hq) ∩ dom(hδr ) with nr ≤ m, sq(m, j) = hδr (m, j).

We let ḟ and ḣ be the two canonical Q(Hλ)-names, (and in context we would

denote them as ḟλ and ḣλ) where, if G is a Q(Hλ)-generic filter, valG(ḟ) =
⋃
{sq :

q ∈ G} and valG(ḣ) =
⋃
{hq : q ∈ G}.

It should be clear that ḟ is a dominating real added by Q(Hλ) (even if λ = 0)
and that, for each α ∈ λ, the set of n ∈ ω such that there are fα(n) < j < k < fλ(n)
with hλ(n, j) ̸= hλ(n, k) is cofinite. Also, by the next proposition, {hα : α < λ+1}
is a linear coherent family extending Hλ.

Proposition 5.3. For each β ∈ λ, the set Dβ = {q ∈ Q({hα : α < λ}) : β ∈ Fq}
is dense. Furthermore, if q ∈ Q({hα : α < λ}) and hδq ∪ hβ ↾ ([nq, ω)× ω)) is a
function, then (sq, hq, Fq ∪ {β}, fq ∨ fβ) is an extension of q.

Lemma 5.4. For each δ ∈ λ, the subset Sδ = {q ∈ Q({hα : α ∈ λ}) : δq = δ} is
σ-centered.

Proof. If q, r ∈ Sδ and hq = hr, then (sq, hq, Fq ∪ Fr, fq ∨ fr) is an extension of
both q and r and is in Sδ. □

Corollary 5.5. If λ has countable cofinality, then Q({hα : α ∈ λ}) is ccc for every
linear coherent sequence of length λ.

This next result is also a standard fact about gaps, but in a new setting.

Corollary 5.6. If {hα : α ≤ λ} is a linear coherent gap, then Q({hα : α < λ}) is
σ-centered.

Proof. By Lemmas 5.4 and 5.3, Sλ = {q ∈ Q({hα : α ≤ λ}) : λ ∈ Fq} is dense and
σ-centered in Q({hα : α ≤ λ}). Also, the poset Q({hα : α < λ}) is subposet of
Q({hα : α ≤ λ}) and therefore is also σ-centered. □

However, if λ has cofinality ω1, Q(Hλ) may not be ccc. This next well-known
result is due to Kunen (see [19]) when applied to standard gaps.
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Lemma 5.7. For an uncountable linear coherent gap, {hα : α < λ}, the poset
Q({hα : α < λ}) is ccc if and only if for every uncountable X ⊂ λ, there are α < β
in X such that hα ∪ hβ is a function.

Proof. Assume first that Q({hα : α < λ}) is ccc and consider any uncountable
X ⊂ λ. By passing to a subset we may assume that X has order-type ω1. Suppose
first that X has an upper bound µ < λ. Then for each ξ ∈ X, there is an nξ ∈ ω
such that hξ ↾ ([nξ, ω)× ω) ⊂ hµ. Choose ξ < α both in X so that n = nξ = nα
and hξ ↾ n× ω and hα ↾ n× ω (which are both finite) are equal. Then hξ ∪ hα is a
function.

Now suppose that λ has cofinality ω1. In this case we can force with Q({hα :
α < λ}), thus preserving ω1, and repeat the argument in the previous paragraph
using λ = µ, i.e. the new function hλ added by Q({hα : α < λ}).

Now we prove the other direction and assume that for every uncountable X ⊂ λ,
there are distinct α, β ∈ X satisfying that hα∪hβ is a function. Let {qξ : ξ ∈ ω1} be
any subset of Q({hα : α ∈ ω1}). By passing to a subcollection, we can assume that
there is a pair s, h such that (s, h) = (sqξ , hqξ) for all ξ ∈ ω1. Let X = {δqξ : ξ ∈ ω1}
and choose distinct ξ, η ∈ ω1 so that hδqξ ∪ hδqη is a function. It is easy to check

that (s, h, Fqξ ∪ Fqη , fqξ ∨ fqη ) is a common extension of qξ and qη. □

The dominating real aspect of the linear coherent sequence poset introduces some
complications when utilized in an iteration which we deal with by introducing an
alternate, but equivalent, formulation of the poset. We will separate each of the
components s and h into two pieces where one piece is not allowed to be a name.
This is just to emphasize which portion has been forced to have a specific value (or
determined as it is often called). We will abuse the standard notation ǎ to mean
that ǎ is a finite ground model set.

Definition 5.8. For a poset P and P -names, {ḟα, ḣα : α < λ}, that is forced to

be a linear coherent sequence, we define the P -name Q̇′({ḣα : α < λ}) as follows.

A condition q ∈ Q̇′({ḣα : α < λ}) is a tuple (ňq, šq, τq, ȟq, πq, F̌q, ḟq) where the
following are forced by 1P :

(1) nq ∈ ω, sq ∈ ωnq , sq ≤ τq ∈ ωnq ,
(2) hq is a 2-valued function with domain s↓q ,

(3) hq ⊂ πq is a 2-valued function with domain τ↓q ,
(4) Fq is a finite subset of λ,

(5) for each α ∈ Fq, ḟα ≤ ḟ .

Say that a condition q ∈ Q̇′({ḣα : α < λ}) is pure if τq = šq and πq = ȟq.

For each q ∈ Q̇′({ḣα : α < λ}), let q̂ = (τq, πq, Fq, ḟq). We note that q̂ is forced to

be an element of Q({ḣα : α < λ}) and we define the ordering on Q̇′({ḣα : α < λ})
by q1 ≤ q2 if q̂1 ≤ q̂2.

Suppose that s ∈ ωn and τ is a P -name for an element of ωn such that 1 ⊩ s ≤ τ .
For any 2-valued function h with domain s↓, let h ⊕ 0τ denote the name of the
function with domain τ↓ that extends h and has value 0 at all (m, j) ∈ τ↓ \ s↓.

Lemma 5.9. Suppose that ⟨Pα, Q̇β : α ≤ λ, β < λ⟩ is a finitely supported iteration,

and {ḟα, ḣα : α < λ} are Pλ-names satisfying
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(1) for each α < λ, each of ḟα and ḣα are Pα+1-names satisfying that ḟα is

forced to be in ωω and ḣα is a 2-valued function with domain ḟ↓α,

(2) for each β < λ, Q̇β is a Pβ-name of a ccc poset,

(3) for each even ordinal β < λ, if Pβ forces that {ḣα : α < β} is a linear

coherent family, then Q̇β is the Pβ-name Q̇′({ḣα : α < β}), and ḟβ , ḣβ are

the canonical Pβ+1-names associated with Q̇β, otherwise Q̇β = 2<ω and

ḟβ = ḟ0, and ḣβ = ḣ0,

(4) if β = α+ 1 < λ is an odd ordinal, then ḟβ = ḟα and ḣβ = ḣα.

Then for each β ≤ λ, Pβ forces that {ḣα : α < β} is a linear coherent family. Fur-
thermore, if β has uncountable cofinality, then Pβ forces that for every uncountable

X ⊂ β, there are distinct ξ, η ∈ X such that ḣξ ∪ ḣη is a function.

Proof. It is immediate from the remarks immediately after Definition 5.2 that, for
each β < λ, Pβ forces that {ḣα : α < β} is a linear coherent family. It, however, is
not immediate that Pβ is ccc. We prove the second stated conclusion of the Lemma
by induction on β ≤ λ. Since this conclusion is vacuous for β < ω1, we might
as well simply assume that it holds for all β < λ and prove it for λ. It follows
from Corollaries 5.6 and 5.7 that for uncountable X ⊂ β < λ, it remains true, i.e.
not destroyed by further forcing, that there are ξ < η ∈ X such that hξ ∪ hη is a
function. Needless to say, there is nothing to prove unless λ has cofinality ω1.

In preparation we make some observations, stated as Facts, about Pλ.

Fact 1. Let P̃λ be the set of conditions that satisfy, for each even β ∈ dom(p) and

each odd α+ 1 ∈ Fp(β), we also have that α is in Fp(β). Then P̃λ is a dense subset
of Pλ.

Fact 2. Let p ∈ P̃λ and suppose that α < β are even ordinals in dom(p). Then p

will force that ḣα ∪ ḣβ is a function if

(1) α ∈ Fp(β),
(2) np(α) = np(β), sp(α) = sp(β), hp(α) = hp(β),
(3) πp(α) = hp(α) ⊕ 0τp(α)

(as in Definition 5.8), and

(4) πp(β) = hp(β) ⊕ 0τp(β)
.

Fact 3. Let p ∈ P̃λ and suppose that α < β are even ordinals in dom(p) and that
α ∈ Fp(β). Then p̄ is an extension of p where p̄(γ) = p(γ) for all β ̸= γ ∈ dom(p)

and p̄(β) is equal to (np(β), sp(β), τp(β), hp(β), πp(β), Fp(β) ∪ Fp(α), ḟp(β)).

Fact 4. Suppose that p ∈ P̃λ and that for even α < β both in dom(p) we have the
conditions (2)-(4) of Fact 2 holding and that δp(α) is an element of Fpξ(β). Then

the condition p̄ ≤ p forces that ḣα ∪ ḣβ is a function where p̄ is defined as follows:
p̄(γ) = p(γ) for all β ̸= γ ∈ dom(p), and

p̄(β) = (np(β), sp(β), τp(β), hp(β), hp(β) ⊕ 0τp(β)
, Fp(β) ∪ {α}, ḟp(β) ∨ ḟα) .

Fact 5. Let p ∈ P̃λ and let β be an even ordinal in dom(p) such that p(β) is a pure
condition and let δ = δp(β) be the maximum even ordinal in max(Fp(β)). Choose

any m ∈ ω such that n = np(β) < m and any p̄ ∈ Pδ+1 that forces values s̄, h̄

on ḟδ ↾ [n,m) and ḣδ ↾ s̄↓ respectively. Recall that 1Pβ
forces that ḟδ ≤ ḟp(β).

Then p̃ is an extension of p̄ and p where p̃ ↾ δ = p̄, p̃(γ) = p(γ) for β ̸= γ ∈
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dom(p) \ δ+1, and p̃(β) = (m, sp(β) ∪ s̄, τ̄ , hp(β) ∪ h̄, (hp(β) ∪ h̄) ⊕ 0τ̄ , Fp(β), ḟp(β))

where τ̄ = sp(β) ∪ ḟp(β) ↾ [n,m).

Moreover, if for some even α < β, p̄ forces that ḣδ ∪ (ḣα ↾ ([m,ω)× ω)) is a
function, then we could instead define p̃(β) to equal (m, sp(β)∪s̄, τ̄ , hp(β)∪h̄, (hp(β)∪
h̄)⊕ 0τ̄ , Fp(β) ∪ {α}, ḟp(β) ∨ ḟα)

With the benefit of the above Facts we are ready to prove Theorem 5.9. Let
Ẋ be a Pλ-name of an uncountable subset of λ. By the definition of the family
{ḣα : α < λ}, we may assume that Ẋ is forced to consist of even ordinals. Since

we are proceeding by induction, we may assume that Ẋ is forced to be cofinal in
λ. Let e be a strictly increasing function from ω1 to a cofinal subset of λ. For each
ξ < ω1, choose a condition pξ ∈ P̃λ that forces some βξ ∈ λ \ e(ξ) is an element of

Ẋ. For each ξ ∈ ω1, let βξ ∈ Hξ denote the finite support of pξ.
For each ξ ∈ ω1, we make some additional assumptions about pξ. Let β be the

maximum even ordinal in Hξ. By possibly strengthening pξ ↾ β we can ensure that
pξ ↾ β forces that pξ(β) is pure. We can also ensure that Fpξ(β) ∩ α is a subset of
dom(pξ), and for each even α ∈ dom(pξ) ∩ β, Fpξ(β) ∩ α is a subset of Fpξ(α). We
can also ensure that npξ(α) ≥ npξ(β) for all even α ∈ dom(pξ). This is step 1 of a
finite recursion (since every descending sequence of ordinal is finite). In this way
we can assume that, for each even ordinal β in dom(pξ), pξ ↾ β forces that pξ(β) is
pure and for even α ∈ Hξ ∩ β, Fpξ(β) ∩ α ⊂ Fpξ(α).

By passing to an uncountable subset we can assume that each Hξ has cardinality
ℓ and fix an increasing enumeration, {α(ξ, i) : i < ℓ} of Hξ. For each i < ℓ and
ξ, η < ω1, we may assume that α(ξ, i) is even if and only if α(η, i) is even, and
that there is a fixed ı̄ < ℓ so that βξ = α(ξ, ı̄) for all ξ. Let E denote the set of
i < ℓ such that (each) α(ξ, i) is even We can also assume that for ξ < η and i ∈ E,
(ni, si, hi) = (npξ(α(ξ,i)), spξ(α(ξ,i)), hpξ(α(ξ,i))) = (npξ(α(ξ,i)), spη(α(η,i)), hpη(α(η,i))).

Notice that {α(ξ, ı̄) : ξ ∈ ω1} is unbounded in λ. By a recursion of length at
most ı̄, we can repeatedly pass to an uncountable subset of ξ ∈ ω1 so as to ensure,
for each i < ı̄, either {α(ξ, i) : ξ ∈ ω1} is unbounded in λ or has an upper bound
µi < λ. Let i0 ≤ ı̄ be minimal so that {α(ξ, i0) : ξ ∈ ω1} is unbounded. Choose any
even µ < λ so that α(ξ, i) < µ for all ξ ∈ ω1 and i < i0. For simple convenience
assume that, for all ξ ∈ ω1, α(ξ, i0) is an even ordinal. Let {ik : k < ℓ̄} be an
enumeration of E \ i0.

By the inductive assumption, Pµ+1 is ccc and so we may choose a generic filter
Gµ+1 for Pµ+1 such that Γ = {ξ ∈ ω1 : pξ ↾ µ ∈ Gµ} is uncountable. By re-
indexing we may assume that µ+1 < α(ξ, i0) for all ξ ∈ ω1, and by again choosing
an uncountable subsequence we can assume that, for ξ < η both in Γ, Hξ ⊂ α(η, i0).

For each ξ ∈ Γ, let δξ denote the maximum element of Fpξ(α(ξ,i0)). Since δξ < µ

we may let fδξ and hδξ be the valuations of ḟδξ and ḣδξ respectively by the filter
Gµ+1. Let fµ and hµ be defined analogously. Now choose a value m̄ ∈ ω and an
uncountable Γ1 ⊂ Γ satisfying that fδξ ↾ [m̄, ω) ≤ fµ, and hδξ ↾ [m̄, ω) × ω is a
subset of hµ for all ξ ∈ Γ1.

We work in the extension V [Gµ+1] and fix any ξ ∈ Γ1. We can ignore pξ ↾ µ
since we have that pξ ↾ µ ∈ Gµ+1. For each even β ∈ Hξ \ µ, we have that δξ is an
element of Fpξ(β) and is the maximum of Fpξ(β) ∩ µ+ 1. Let s̄ = fδξ ↾ [ni0 , m̄) and

h̄ = hδξ ↾ s̄↓. Applying the “moreover” clause of Fact 5, we have an extension p̄ξ
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of pξ such that p̄ξ ↾ µ+1 ∈ Gµ+1 forces that s̄ = ḟδξ ↾ [ni0 , m̄) and h̄ = ḣδξ ↾ s̄↓,
p̄ξ(γ) = pξ(γ) for α(ξ, i0) < γ ∈ Hξ and p̄ξ(α(ξ, i0)) is as indicated in Fact 5 with µ
added to Fp̄ξ(α(ξ,i0)). Next, by a finite recursion, we keep applying the first clause of
Fact 5, so as to arrange that α(ξ, ik) ∈ Fp̄ξ(α(ξ,ik+1)) and np̄ξ(α(ξ,ik)) = np̄ξ(α(ξ,ik+1))

for all k < ℓ̄−1. Actually we can stop at α(ξ, ı̄) but nothing is saved. Additionally,
by Fact 3, we can assume that Fp̄ξ(α(ξ,ik)) ⊂ Fp̄ξ(α(ξ,ik+1)) for all k < ℓ̄.

Choose ξ < η both in Γ1 so that, for all k < ℓ̄− 1,

(np̄ξ(α(ξ,ik)), sp̄ξ(α(ξ,ik)), hp̄ξ(α(ξ,ik))) = (np̄η(α(ξ,ik)), sp̄η(α(ξ,ik)), hp̄η(α(ξ,ik))) .

Since p̄ξ ↾ µ + 1 and p̄η ↾ µ + 1 are both in Gµ+1, and Hξ ∩ Hη ⊂ µ, there is a
condition p̄ ∈ Pλ satisfying that p̄ \µ+1 = (p̄ξ ↾ Hξ \ (µ+1))∪ (p̄η ↾ Hη \ (µ+1)).

Recall that βξ = α(ξ, ı̄). Note that µ is the largest element of Fp̄η(α(η,i0)) and that

p̄ξ forces that hµ ↾ [np̄ξ(βξ), ω)× ω) is a subset of ḣβξ
. Therefore, by the moreover

clause of Fact 5, we can extend p̄ to a condition p′ (but only in the coordinate
α(η, i0)) as in Fact 5 so that Fp′(α(η,i0)) is obtained by adding βξ to Fp̄η(α(η,i0)),
and, by Fact 3, we can also arrange that βξ is an element of Fp′(βη). The proof is
finished by verifying that α = βξ and β = βη satisfy the conditions of Fact 2 for
the condition p′. □

Now we can complete the proof of Lemma 3.2

Proof of Lemma 3.2. Let κ be an uncountable regular cardinal satisfying κ<κ = κ.
Fix an enumeration {Rα : α < κ} of H(κ) (the set of sets with transitive closure
having cardinality less than κ, see [6]).

Define the system ⟨Pα, Q̇β : α ≤ κ, β < κ⟩ as in Lemma 5.9 as well as the

names {ḟα, ḣα : α < λ}, where, for each odd ordinal α < κ, Q̇α is chosen so that

if Rγα = Q̇α, then γα is the least ordinal γ < κ satisfying that Rγ is a Pα-name of

a ccc poset that is not an element of {Q̇η : η < α, η an odd ordinal}. By Lemma

5.9, it follows that {ḟα, ḣα : α < κ} is forced to be a linear coherent family. By the

definition of Q̇β for even ordinals β, it is clear that {ḟα : α < κ} is a dominating
family. We now prove that the ωω-gap

{(ȧfα = ḣ−1
α (0), ḃfα = ḣ−1

α (1)) : α < κ}

is a tight gap. Let Ẋ be any Pκ-name of a subset of ω × ω such that it is forced
that there is an infinite set of n such that Ẋ ∩ ({n} × ω) is infinite. Since, by

Lemma 5.9, Pκ is ccc, there is an even ordinal λ < κ such that Ȧ and Ẋ are
equivalent to Pλ-names. Let Gµ be a Pµ-generic filter and let X be the valuation

of Ẋ by Gµ. We prove that it will be forced that ḣλ ↾ X takes on values 0 and 1

infinitely often. In V [Gµ], the valuation of the poset Q̇λ is equivalent to the poset
Q = Q({hα : α < λ}). To prove this, consider any condition r ∈ Q and simply note
the trivial claim that there is an extension q ∈ Q satisfying that there is an m > nr

and values (m, i), (m, j) ∈ X such that hq((m, i)) = 0 and hq(m, j) = 1.
Finally we explain how our enumeration scheme ensured that Martin’s Axiom

holds in the forcing extension by Pκ. It suffices to prove that if Q̇ ∈ H(κ) is a

Pκ-name of a ccc poset and if {Ḋξ : ξ < µ}, for some µ < κ, is a set of Pκ-names

for dense subsets of Q̇, then there is a Pκ-name G̃ for a filter on Q̇ that meets every
Ḋξ. Again, using that Pκ is ccc and that µ and |Q̇| are less than κ, there is a β < κ

such that Q̇ and every Ḋξ is equivalent to Pβ-names. Since we were lazy with our



NOT OCA AND PRODUCTS OF FRÉCHET SPACES 15

enumeration method we play a little trick. Choose any ν < κ large enough so that
the Pβ-name for the iteration Q̇∗Fn(ν, 2) is not in the list {Q̇α : α < β}. Let γ < κ

be such that Rγ = Q̇ ∗Fn(ν, 2). Since Q̇ is ccc is the forcing extension by Pκ, it is,
for every β ≤ α < κ, a Pα-name of a ccc poset. By the definition of the iteration
sequence, there is an odd ordinal α ≥ β satisfying that γα = γ. It is a standard
exercise that Pα+1 = Pα ∗ Q̇ ∗ Fn(µ, 2) will add a filter on Q̇ that meets every Ḋξ

(since these are all Pα-names). □
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[11] , π-weight and the Fréchet-Urysohn property, Topology Appl. 174 (2014), 56–61, DOI
10.1016/j.topol.2014.06.013. MR3231610

[12] Ilijas Farah, Analytic quotients: theory of liftings for quotients over analytic ideals on the
integers, Mem. Amer. Math. Soc. 148 (2000), no. 702, xvi+177, DOI 10.1090/memo/0702.

MR1711328

[13] Gary Gruenhage and Masami Sakai, Selective separability and its variations, Topology Appl.
158 (2011), no. 12, 1352–1359, DOI 10.1016/j.topol.2011.05.009. MR2812487

[14] Richard Laver, Linear orders in (ω)ω under eventual dominance, Logic Colloquium ’78

(Mons, 1978), Stud. Logic Found. Math., vol. 97, North-Holland, Amsterdam-New York,
1979, pp. 299–302. MR0567675

[15] Justin Tatch Moore, Some remarks on the Open Coloring Axiom, Ann. Pure Appl. Logic

172 (2021), no. 5, Paper No. 102912, 6, DOI 10.1016/j.apal.2020.102912. MR4228344
[16] Mariusz Rabus, Tight gaps in P(ω), Topology Proc. 19 (1994), 227–235. MR1369762
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