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ABSTRACT. The focus of this paper commences with an examination of three (not obviously
related) pages in Ramanujan’s lost notebook, pages 336, 335, and 332, in decreasing order
of attention. On page 336, Ramanujan proposes two identities, but the formulas are wrong
— each is vitiated by divergent series. We concentrate on only one of the two incorrect
“identities,” which may have been devised to attack the extended divisor problem. We
prove here a corrected version of Ramanujan’s claim, which contains the convergent series
appearing in it. The convergent series in Ramanujan’s faulty claim is similar to one used
by G. F. Voronoi, G. H. Hardy, and others in their study of the classical Dirichlet divisor
problem. This now brings us to page 335, which comprises two formulas featuring doubly
infinite series of Bessel functions, the first being conjoined with the classical circle problem
initiated by Gauss, and the second being associated with the Dirichlet divisor problem. The
first and fourth authors, along with Sun Kim, have written several papers providing proofs
of these two difficult formulas in different interpretations. In this monograph, we return to
these two formulas and examine them in more general settings.

The aforementioned convergent series in Ramanujan’s “identity” is also similar to one that
appears in a curious identity found in Chapter 15 in Ramanujan’s second notebook, written
in a more elegant, equivalent formulation on page 332 in the lost notebook. This formula
may be regarded as a formula for C(%), and in 1925, S. Wigert obtained a generalization
giving a formula for ¢ (%) for any even integer k > 2. We extend the work of Ramanujan
and Wigert in this paper.

The Voronoil summation formula appears prominently in our study. In particular, we
generalize work of J. R. Wilton and derive an analogue involving the sum of divisors function
os(n).

The modified Bessel functions K(z) arise in several contexts, as do Lommel functions.
We establish here new series and integral identities involving modified Bessel functions and
modified Lommel functions. Among other results, we establish a modular transformation
for an infinite series involving os(n) and modified Lommel functions. We also discuss certain
obscure related work of N. S. Koshliakov. We define and discuss two new related classes
of integral transforms, which we call Koshliakov transforms, because he first found elegant
special cases of each.
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1. INTRODUCTION

The Dirichlet divisor problem is one of the most notoriously difficult unsolved problems in
analytic number theory. Let d(n) denote the number of divisors of n. Define the error term
A(z), for x > 0, by

Z/d(n) =zlogx + (27 — l)m—i-%—i-A(x), (1.1)

n<x

where v denotes Euler’s constant. Here, and in the sequel, a prime ’ on the summation sign
in ", -, a(n) indicates that only 1a(z) is counted when  is an integer. The Dirichlet divisor
problem asks for the correct order of magnitude of A(z) as * — oo. At this writing, the
best estimate A(z) = O(x'31/416+¢) for each € > 0, as x — oo, is due to M. N. Huxley [49]
(3% = 0.3149...). On the other hand, G. H. Hardy [45] proved that A(z) # O(x'/4), as
x — 00, with the best result in this direction currently due to K. Soundararajan [76]. It is
conjectured that A(z) = O (z1/4+¢), for each € > 0, as z — cc.
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The conditionally convergent series

2/t SN d(n m
s 7; :L?l) cos (47r\/nTL‘ — Z) (1.2)
arose in G. F. Voronoi’s [82, p. 218] work on the Dirichlet divisor problem, and its impor-
tance was further emphasized by Hardy [45, equation (6.32)]. Moreover, J. L. Hafner [44]
and Soundararajan [76, equation (1.8)] in their improvements of Hardy’s {2-theorem on the
Dirichlet divisor problem also crucially employed .

Let 05(n) = 3_4),, d°, and let ((s) denote the Riemann zeta function. For 0 < s < 1, define

A_4(x) E|by

C(l B S)xl—s

St () + A () (1.3)

> oa(n) = (1 + s)a +

n<zx

The problem of determining the correct order of magnitude of the error term A_g(x), as
x — 00, is known as the extended divisor problem [58]. As  — oo, it is conjectured that for
each € > 0, A_,(z) = O(z'/*=5/2%¢) for 0 < s < 2 and A_y(z) = O(2f) for § <s < 1.

In analogy with , the series

i ") G (47r\/rT . %) , (1.4)

n=1 nZ"“i

for |k| < 2, arises in work [73} p. 282], [52] related to a conjecture of S. Chowla and H. Walum
[22], [23, pp. 1058-1063], which is another extension of the Dirichlet divisor problem. It is
conjectured that if a,r € Z,a > 0,7 > 1, and if B,(x) denotes the r-th Bernoulli polynomial,
then for every € > 0, as z — oo,

Z noB, ({%}) —0 <xa/2+1/4+6) ’ (1.5)

n<x

where {z} denotes the fractional part of . The conjectured correct order of magnitude in
the Dirichlet divisor problem is equivalent to with a = 0,r = 1.

Our last example is as famous as the Dirichlet divisor problem with which we opened this
paper. Let ro(n) denote the number of representations of n as a sum of two squares. The
equally celebrated circle problem asks for the precise order of magnitude of the error term
P(x), as © — oo, where

ZI ro(n) = mx + P(x).

n<x

During the five years that Ramanujan visited Hardy at Cambridge, there is considerable
evidence, from Hardy in his papers and from Ramanujan in his lost notebook [71], that the
two frequently discussed both the circle and divisor problems. For details of Ramanujan’s
contributions to these problems, see either the first author’s book with G. E. Andrews [4]
Chapter 2] or the survey paper by the first author, S. Kim, and the last author [I7].

It is possible that Ramanujan also thought of the extended divisor problem, for on page
336 in his lost notebook [71], we find the following claim.

IWe use A_.(z) instead of A,(z), as is customarily used, so as to be consistent with the results in this
paper, most of which require Re s > 0.
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Let o5(n) =3y, d°, and let ((s) denote the Riemann zeta function. Then

r <s+ 1) { C1-5)  ¢(=s)tan}rs
(s

2 — %)xs_% 205+3
+) "52(:“) ((g; —in)T5 2 — (24 m)—s—%) }

— (2%)5{%1\/7% — 2my/mx((—s) tan 7s

N fZ _%mm(zuﬁm)}. (1.6)

In view of the identities for (1.2)) and (1.4)), it is possible that Ramanujan developed the
series on the right-hand side of ([1.6]) to study a generalized divisor problem. Unfortunately,
(1.6) is incorrect, since the series on the left-hand side, which can be written as

)

i os(n)sin ((s+ 3) tan~t (2))

n=1 ($2+n2)%+%

diverges for all real values of s since o5(n) > n®. See [13] for further discussion. In this paper,
we obtain a corrected version of Ramanujan’s claim, where we start with the series on the
right-hand side, since we know that it converges.

Before stating our version, we need to define a general hypergeometric function. Define
the rising or shifted factorial (a),, by

(a)p=ala+1)(a+2) - (a+n-—1), n>1, (a)g = 1. (1.7)

Let p and ¢ be non-negative integers, with ¢ < p 4 1. Then, the generalized hypergeometric
function 4 F), is defined by

(a1)n(az)n - - - (ag)n 2"
E coo, Qg o bprz) = — 1.
oo,z be i) =D ) by 0 (18)

where |z| < 1,if g=p+1, and |z] < 00, if ¢ <p+ 1.
We emphasize further notation. Throughout the paper, s = o + it, with ¢ and ¢ both

real. We also set R,(f) = R, to denote the residue of a meromorphic function f(z) at a pole
z=a.

Theorem 1.1. Let 3F5 be defined by (1.8). Fiz s such that o > 0. Let x € R*. Let a be the
number defined by

(1.9)

0, if s is an odd integer,
a =
1, otherwise.

Then,

Z os(n) e~ 2mV2ne g ( + 2%\/%)

Jn
< (1-s), 12 C<1>C<1—s> 9—s— 3r(s+1/2)cot(”2)g(—s)>

n=1

8n2\/x 2 2 e 25t3
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x os(n nl (4%
f{z <>[f(+)

+ s ns+1

n<x

b (54 Dot () myest [, iny Oy o)
o 25+1ﬁ (;) +; + —;
- 13
n n2=s o 1l ._niz
zsin (Z)T(1 - s) Ls 1 s g2

os(n) | nI(s)cos (%) %,%,1_ z?
+Z nstl [_ 251y 3t 1.3 "2 -1

3

n>x
ivnl (s+3) [
- ——£2 {3
25+l /ra

R 1 (R R (B R )

where, if x is an integer, we additionally require that o < %

The following lemma, which is interesting in its own right, is the main ingredient of our
proof. We use the notation | (o) to designate [eriee

c—100 °
Lemma 1.2. Fiz s such that 0 > 0. Fiz x € RT. Let —1 < X\ < 0 and let a be defined by
(1.9). Define I(s,x) by

I(s,x) = 2%” (/\)I‘(z— nyr (1 — %) I (1 —24-3)
X sin2 (%) sin (% - %) (42) 727 d. (1.11)
Then,
(i) for x > 1,

o r($+3%) az—*" 1 cot (%) 1 i\~ (5+3)
I(s,7) = =55 [x/%;(ii;)Jr 25+1ﬁ2 r<s+ > <1+>

ir(s+ 1) {sin (%

* 25+ /T 2
; TS i)~ (5+3) )t
+ icos (4 + 5 ) ((1 +ix) 2) 4+ (1 —ix) 2 2)} , (1.13)

where, if x = 1, we additionally require that o < %
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We note in passing that each 3F5 in Theorem [I.1} as well as in Lemma|[l.2] can be written,
using the duplication formula for the Gamma function (see (2.4)) below), as a sum of two

QFl’S.

If we replace the ‘4’ sign in the argument of the sine function in the series on the left-hand

side of (1.10) by a ‘—’ sign, then we obtain the following theorem.

Theorem 1.3. Fiz s such that 0 > 0. Let v € RT. Then,
= s
Z (Z — 27V an)
n=1

¢(3)

Os (TL) e—27r\/ 2nx sin
N

x 1 I(s+3)¢(-s
ot (Vg SR (1) Tleta) )
2 427\ 2 25t+3 5ty 5t

1 1

F(S‘i‘?) Zas(nl) —sin (E_E) n n5+21

275tz S note 42 2z5t2

+isin(z+E) 1
11773

5 2 fem (74 3) ((10) e 0
i\ ~(573) i\ ~(53)
m) + <1n) + )H'

(1.14)

On page 332 in his lost notebook [71], Ramanujan gives an elegant reformulation of a
formula for ¢ (%) that appears in Chapter 15 of his second notebook [70], [12] p. 314, Entry

8]

are defined by

_ n
j:l n=1
and
o0 j[[,‘-]2
Z 1 ;2 = ¢(n)37na
° xJ —
]:1 n=1

respectively, therﬂ

S . VB (1 (1)
nje = +—= | —F=C\| =
;a ) 7 |35 2
Recall that [47), p. 340, Theorem 3.10)]

[e.e]

7T2+1
6a 4

n

. oo .
1

n=1

n=

2Ramanujan inadvertently omitted the term i on the right-hand side of |D

Let a and 3 be two positive numbers such that aff = 473, If ¢(n), n > 1, and (n),n > 1,

(1.15)

: m>> . (1.16)
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A similar elementary argument shows that

= = na"
Za(n)x” = Z T

n=1 n=1

Hence, we see that ¢(n) and ¢ (n) are analogues of d(n) and o(n), respectively. The identity
was rediscovered by S. Wigert [84] p. 9], who actually gave a general formula for ¢ (%)
for each positive even integer k. See [4, pp. 191-193] for more details about .

We have included here to demonstrate the similarity in the structure of the series
on its right-hand side with the series on the left-hand sides of (1.10]) and (1.14])). One might
therefore ask if other arithmetic functions, analogous to os(n) in (1.10) and (n) in (L.16),
produce interesting series identities like those in (|1.10]) and .

The special case s = % of Theorem (see s very interesting, since the two sums,
one over n < x and the other over n > x, coalesce into a single infinite sum. If Ks(x) denotes
the modified Bessel function or the Macdonald function [83, p. 78] of order s, and if we use
the identities [83] p. 80, equation (13)]

Kyo(2) = \/ie_z (1.17)

K_4(z) = Ks(2), (1.18)

we see that this special case of the series on the left-hand side of ([1.10) can be realized as a
special case of the series

and [83, p. 79, equation (8)]

= s ( mis/4 i /4 _—mis/4 —7i /4
2;0‘5(71)712 (e K, (47re M) e K5(47T6 \/TE)) (1.19)

when s = —%. If we replace the minus sign by a plus sign between the Bessel functions in

the summands of ((1.19)), then the resulting series is a generalization of the series
oo
o(z) =2 Z d(n) (Ko (47Tei7r/4\/nx> + Ko (4%6_”/4\/7230)) , (1.20)
n=1

extensively studied by N. S. Koshliakov (also spelled N. S. Koshlyakov) [53, 54, 55, 56]. See
also [30] for properties of this series and some integral transformations involving it. The
authors of this paper feel that Koshliakov’s work has not earned the respect that it deserves
in the mathematical community. Some of his best work was achieved under extreme hardship,
as these excerpts from a paper written for the centenary of his birth clearly demonstrate [20].

The repressions of the thirties which affected scholars in Leningrad continued
even after the outbreak of the Second World War. In the winter of 1942 at the
height of the blockade of Leningrad, Koshlyakov along with a group ...was
arrested on fabricated ...dossiers and condemned to 10 years correctional
hard labour. After the verdict he was exiled to one of the camps in the
Urals. ...On the grounds of complete exhaustion and complicated pellagra,
Koshlyakov was classified in the camp as an invalid and was not sent to do
any of the usual jobs. ...very serious shortage of paper. He was forced to
carry out calculations on a piece of plywood, periodically scraping off what
he had written with a piece of glass. Nevertheless, between 1943 and 1944
Koshlyakov wrote two long memoirs . ..
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A natural question arises — what may have motivated Ramanujan to consider the series
[e.e]
os(n oy 7r
Z ﬁe—% T gin (— + 27V 2n:13)? (1.21)
= NLD 4

We provide a plausible answer to this question in Section @, demonstrating that is
related to a generalization of the famous Voronoi summation formula and also to the gener-
alization of Koshliakov’s series discussed above and its analogue.

This paper is organized as follows. The preliminary results are given in Section The
proof of Theorem appears in Section [3] We do not give a proof of Theorem since
it is similar to that of Theorem Lemma [I.2] which is crucial in the proof of Theorem
1] is derived in Section [d] Special cases of Theorems [I.1] and [I.3] are examined in Section
and connections with modified Bessel functions are made. In Section |§|, we relate (|1.21))
and Theorem to Voronoi’s formula for Y, _ 'd(n) and work of Hardy, Koshliakov, and
A. Oppenheim. In the following section, we examine an analogue of the Voronoi summation
formula with d(n) replaced by os(n). The work of Ramanujan [71] and Wigert [84], evinced
in , is extended in Section On page 335 in his lost notebook [71], Ramanujan
stated two beautiful identities connected, respectively, with the circle and divisor problems.
We extend these identities in Sections [IHI3l The linear combination of Bessel functions
appearing in our representation for ) _ o_s(n) was remarkably shown by Koshliakov [57]
to be the kernel of an integral transform for which the modified Bessel function K, (z) is
self-reciprocal. We study these transforms in Section

2. PRELIMINARY RESULTS

We recall below the functional equation, the reflection formula (along with a variant), and
Legendre’s duplication formula for the Gamma function I'(s). To that end,

[(s+1)=sI(s), (2.1)
T(s)[(1 —s) = Sin”m), (2.2)

()i
I(s)T (s + ;) - Z;fims). (2.4)

Throughout the paper, we shall need Stirling’s formula for the Gamma function in a vertical
strip [26], p. 224]. Thus, for 01 < 0 < 09, as |t| — oo,

ID(s)] = Vam|t]e 1/ el (1 1o <1>> . (2.5)

1

The functional equation of the Riemann zeta function {(s) in its asymmetric form is given
by [79] p. 24|

C(1—s)=2"%1"%cos (37ms) L(s)¢(s), (2.6)
whereas its symmetric form takes the shape
7720 (15) ¢(s) = n 7920 (21— 5)) (1 — 5). (2.7)

Since ((s) has a simple pole at s = 1 with residue 1, i.e.,

lim(s — 1)¢(s) = 1, (2.8)
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from (2.6)) and (2.8]), we find the value [79, p. 19]

C(0) = 5.
The Riemann ¢-function (s) is defined by
£(s) == 1s(s — D)7 ~*/2T (5) ¢(s), (2.9)

where T'(s) and ((s) are the Gamma and the Riemann zeta functions respectively. The
Riemann =-function is defined by

E(t) ==& (5 +it). (2.10)
For 0 < ¢ = Re w < o [41], p. 908, formula 8.380.3; p. 909, formula 8.384.1],
1 T'(w)'(s — 1
2mi J (¢ I'(s) (14 x)s
We note Parseval’s identity [68, pp. 82-83]
1 c+1i00
/ fa 51 — w)®(w) dw, (2.12)
27” c—100

where § and & are Mellin transforms of f and g, and which is valid for Re w = ¢ lying in
the common strip of analyticity of §(1 —w) and &(w). A variant of the above identity [68,
p. 83, equation (3.1.13)] is

- | BwS ) du = /0 " fag (i) e (2.13)

We close this section by recalling facts about Bessel functions. The ordinary Bessel function
Ju(z) of order v is defined by [83 p. 40]

X 1ym Py 2m-+v
To(2) =) (m'lr)(ni 121)+y)’ 2] < co. (2.14)
m=0 ’

As customary, Y, (z) denotes the Bessel function of order v of the second kind. Its relation
to J,,(z) is given in the identity [83] p. 64]

Jy(2) cos(mv) — J_,(2) .

sin v

Y, (z) =

and, as above, K,(z) denotes the modified Bessel function of order v. The asymptotic
formulas of the Bessel functions J,(z), Y, (z), and K,(z), as |z| — oo, are given by [83] p. 199
and p. 202]

0 (2)7 (oSS I 35 OB

(2.15)

n=0
1 00
Y, (z) ~ <7r22> ’ (sinw; (= 1()2 () + coswz (2522214_ 1)>, (2.17)
K, (2) ~ (2”2)5 e~ i E;z@ (2.18)
n=0
1 1

for |arg z| < m. Here w = z — 57w — g7 and
I'v+n+1/2)
F'n+1HI'(v—n+1/2)

(an) =
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3. PROOF OoF THEOREM [L.1]
Let

S(s,x) = i Us(n)efzm/% sin (% + 271\/%) . (3.1)

1
(5.20)], we have

1 I'(z ) L /a N e
2mi <c)W+(b?))Z/28m (stan™ (5)) 27" dz = e sin(aa), (3.2)
1 I'(z L a » .
2mi <c)W+(b2))Z/Z’COS (tan™ (6))”3 dz = ™" cos(az), (3.3)

where a,b > 0, and Re z > 0 for and Re z > —1 for . Let a = b = 2w/ 2n, replace
x by \/E add and ., and then simplify, so that for ¢ = Re z > 0,

1 F(Z) . 7T(Z+ ) —z/2 7271'\/% ™
2mi (1672n)7/2 sin < 1 x dz = sin (4 + 271\/%) ) (3.4)

Now replace z by z — 1 in (3.4)), so that for ¢ = Re z > 1,

1 F(Z — 1) . Tz (1_2)/2 - 6727!’ 2nz . T
277]'@' . W Sin (I) X dZ = T Sin (Z =+ 27T\/ 277/1') . (35)
()
Now substitute (3.5) in (3.1) and interchange the order of summation and integration to
obtain
2 Zos(n)\T(z—1) . /mz\ (.
S(s,z) = = ) a1=9/2 g, 3.6
(s,) i /(C) <7; n#/2 ) (4m)? Sm( 4 )x : (36)
It is well-known [79] p. 8, equation (1.3.1)] that for Re v > 1 and Re v > 1+ Re p,
= ou(n
e -y =3 ), (3.7
n=1
Invoking (3.7)) in (3.6]), we see that
2
S(s,z) = z/ Q(z,s,x)dz, (3.8)
(©)
where ¢ > 20 + 2 (since o > 0) and
(% z M(z—1) . /mz (1-2)/2
Q(z,s,x) .—{(2>C(2—s> (an) sm( 1 ):L‘ . (3.9)

We want to shift the line of integration from Re z = ¢ to Re z = A\, where —1 < A < 0.
Note that the integrand in has poles at z = 1, 2, and 2s + 2. Consider the positively
oriented rectangular contour formed by [c¢ — T, ¢+ iT}, [c +iT, A\ +iT], [\ +iT, A —iT], and
[\ — 4T, c —iT], where T is any positive real number. By Cauchy’s residue theorem,

c+iT AT c—iT
{ / / / / } z,8,x)dz
27” c +iT A+iT

= R1(2) + R2(2) + Ras12(9), (3.10)
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where we recall that R,(f) denotes the residue of a function f at the pole z = a. The residues
are now calculated. First,

Rys12(Q) = lim (2 —2s—2)C (% - 3) ¢ <E> P(z—-1) sin (LZ) p(1-2)/2

22542 2 (47T)Z 4
=2((s + 1)lz(i§+ D sin <7T(2S4+ 2)> 253
_ 278 T(s + ) cot (37s) ((—s) (3.11)
ﬂ.er% IL’S+% ’ ’

where in the first step we used (2.8)), and in the last step we employed (2.4)) and (2.6|) with s
replaced by s 4+ 1. Second and third,

Ri(Q) = lim(z — 1)Mg (i) ¢ (E _ S) sin (E) L(1-2)/2

z— (4m)= 2 2 4
= 4\/1§7TC (;) ¢ (; - s> ; (3.12)
) = =2 5) € (=) Mgt () o
¢ —s)
871#\/5 ’ (3.13)

where, in (3.12)) we utilized (2.1]), and in (3.13]) we used ([2.8)). Next, we show that as T — oo,

the integrals along the horizontal segments [c + T, A + ¢T'] and [A — T, ¢ — iT] tend to zero.
To that end, note that if s = o + it, for o > —0 [79, p. 95, equation (5.1.1)],

3
C(s) = O(t2 7). (3.14)
Also, as |t| = oo,
1. 1.
TS ezlﬂ's _ 6_ZZ7TS 1
in(—)| = = amltl
sm( 1 )‘ 57 @) (64 ) . (3.15)

Thus from (3.14)), , and (3.15]), we see that the integrals along the horizontal segments
tend to zero as T"— oo. Along with (3.10)), this implies that

/()Q(z, s,x)dz = /()\) Qz,s,z)dz (3.16)
[ ¢(1—5) 1 1 1 27573 (s 4+ 1/2) cot (%) ¢(—s)
2w ( 8m2\/x * 4ﬂ¢r< (2) ¢ (2 a S) 5+3 JeT 2 ) '

We now evaluate the integral along the vertical line Re z = A. Using ([2.6)) twice, we have

/(/\) Qz,s,z)dz = /(/\) QRS pETIT2C (1 — g) ¢ (1 _Zy s) r (1 - g)
) e ()=

z
- pea S e -3 )
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Tz . (mz wsy Az T2
X sin (Z) sin (Z — 7) <n> dz

VT — Us(ﬂ)](s :c),

= 9s—11s+1 ns—i—l -
n=1

(3.17)

where in the penultimate step we used (3.7]), since A < 0, and used the notation for I(s,z)
in the lemma. From , (3.16)), and (3.17]), we deduce that

S(s,z) = 95— 27Ts+1 z:: ns+1 ( )
o <g(1 -5) 1 . (1) ; (1 _8> 27573 T(s+1/2) cot (47s) C(—s))
5 .

8m2y/x 421 2 JPER: i

The final result follows by substituting the expressions for [ (s, %) from the lemma, accord-
ingly as n < x or n > x. This completes the proof.

4. PROOF OF LEMMA [

Multiplying and dividing the integrand in by 7(3 — z)) and then applying ||
and ., we see that

7r2 sin? (%Trz) sin (%7’[’2 — %773) T (1 — %z + s)

1
1 T2%dz. 4.1
(s, 2) = 4mi B sinmz I‘(l—%z+%)x S (41)
We now apply (2.2)), (2.3), and (2.4) repeatedly to simplify the integrand in (4.1). This gives
1 —

1 = —— F d 4.2
(,2) = 559 /()\) (2 8,) dz 4.2)

where . L . .
F(z5,2) = tan (4772) 1“(5 — Zz+§s)F(§(1+z)) — (4.3)

2%/2(1 — z) I (iz—3s)
The poles of F(z,s,z) areat z =1, at z = 2(2k+1+s),k € NU{0}, at z =2(2m+1),m € Z,
and at z=—(2j+ 1), j e NU{0}.

Case (i): When = > 1, we would like to move the vertical line of integration to +o0o. To
that end, let X > X be such that the line (X —ioco, X 4+ i00) does not pass through any poles
of F'(z). Consider the positively oriented rectangular contour formed by [A—iT", X —iT], [X —
iT, X +4T], [ X +iT, A+ iT], and [A+iT, A —iT|, where T is any positive real number. Then
by Cauchy’s residue theorem,

1 X— X+4iT AT
— {/ / / / } z,8,x)dz
2mi A—iT X+iT AT

= R1(F) + Z Rogopy146)(F) + Z Ro@amy1)(F).

0<k<3(3X—1-Res) 0<m<3(3X-1)

We now calculate the residues. First,

Ri(F) = lim(z — 1)tan(im) ri-1 +i )ps(

z (1+ z)) 1
z—1 2%(1 —2) r

T~ 2”7
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1 F(%—F%s)

T ' 4.4
VaRT (L 1y (4.4)
Second,
R2(2k+1+s)(F)
= lim {z=202k+1+3s)} 3;11(4772’) (2 4Z+128 1(2( +Z))x L
AR 22(1-2) [ (32— 35)
B 4(—1)k+1 cot (%7‘1’8) T (% + 2k + 5) (2ht1ts)
B f122k+2+s T (L2k+1)
(—1)F*1 cot (%773) 1 1 -
= T - Z (2k+1+s) i
ey T2 \"T2), " , (4.5)

where in the second calculation, we used the fact lim,,_,,(z + n)I'(z) = (—1)"/n!, followed
by (2.1) and (2.4). Here (y), denotes the rising factorial defined in ([1.7]). Note that we do
not have a pole at 2(2k + 1 + s) when s is an odd integer. Also,

Roamy1)(F)

z
= i —2(2 1
z—>2(121?n+1){z (2m + )}2z/2(1 —2) r

_ 1 T (%5 _ m) r (2m + %) L—(2m+1)
m22m I‘(m— %s+%)

_ (_1)m (5)2m x7(2m+1)
~ 2%sin (3ms) T(1—s) (1= )y | (4.6)

where we used ([2.2)) and (2.4)). As in the proof of Theorem using Stirling’s formula (2.5)),

we see that the integrals along the horizontal segments tend to zero as T' — oco. Thus,

1 1
— F(z,s,2)dz = — F(z,s,x)dz (4.7)
27 (X) 27 \)
+ Ri(F) +a Z Ryok4145)(F) + Z Ryom+1)(F),
0<k<i(3X—1-Res) 0<m<3(3X-1)

where a is defined in (1.9). From (4.3]), we see that

F(z,s, - (EE+D) (3(z+3
Flo+4,5,2) = 80— )(3(2 ) (f(z . ). (4.8)
422(2+3) (32 — 5(s = 1)) (52 — 39)
so that
|F(2,5,2)| 1
|F(z+4,s,z)| = — 1+ O4 %)) (4.9)
Applying (4.8) and (4.9)) repeatedly, we find that
|F(z, 5, )| 1
|F(Z+4€,S,.’E)‘:T ]-+Os m

for any positive integer £ and Re z > 0. Therefore,

l
/ F(z,s,x)dz / LZSE,[L') (1 + Os <1> dz
(X +40) x) T |2
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e T

Since z > 1, we can choose X large enough so that

1
x| >4/1+ O < >

With this choice of X and the fact that ‘f(x) F(z,s,2)dz
from (4.10]), we find that

(4.10)

is finite, if we let £ — oo, then,

X+4l+i00
lim F(z,s,z)dz =0. (4.11)
=00 J X t40—ico

Hence, if we shift the vertical line (X) through the sequence of vertical lines {(X + 4¢)}7°,,

then, from (4.7) and (4.11}), we arrive at

1

ami Joy F(z,8,2)dz = —Ry(F) — GZRQ @k+1+s) (F Z Raam+1)( (4.12)

Since x > 1, from (4.5)) and the binomial theorem, we deduce that

= x5 L eot (17s) 1\ = (s+5)g. i\
akZ_ORQ(2k+1+S)(F) = —a QSﬁ r <S + 2> kz_o W <$) (413)
x5 cot (lTI'S) 1 i\ ~(s+32) i\~ (s+3)
= - 2T )1+ = 1—— :
a 3 /r <s+2) ( —I—x =+ .
From ({4.6]),
3 ! S (Do (1)
Ro@mi1)(F) = : 2m_{ —
T; (@m+1) 225 sin (§7ms) D(1 — s) L=t (L= 5)y, \@
1 1l 1
= 2N PR == |- (4.14)
228 sin (3 )F(l—s) T(1—-s),1—3s" x
Therefore from (4.4), (4.12)), (4.13)), and (4.14) we deduce that
1
— F(z,s,z)dz
2mi Sy
5T 1co‘c( 775) 1 i —(s+3) i —(s+3)
— 2
g T () {(5) T+ (1-5)
s 3F2 1 1 ;_72 + 1 1 .
x2 Sm(2 )F(l_ s) 5(1_3)71_55 T \/%F(Z—@S)

Using (4.2), we complete the proof of (1.12]).

Case (ii): Now consider z < 1. We would like to shift the line of integration all the
way to —oo. Let X < A be such that the line [X — ioco, X + ioo] again does not pass
through any pole of F(z). Consider a positively oriented rectangular contour formed by
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A —dT N+ iT|, [N+ T, X +iT), [ X +iT,X —iT|, and [X — T, \ — iT], where T is any
positive real number. Again, by Cauchy’s residue theorem,

1 AiT X+iT X—iT A—iT

[/ +/ +/ —l—/ ]F(z,s,az)dz

2mi |yt A+iT X4iT X T

= Z R—2(2k+1) (F) + Z R—(2j+1) (F)
0<k<i(-3X-1) 0<j<3(—X-1)

The residues in this case are calculated below. First,

R_yon11)(F)

. TZ 1
= dm {(z +2(2k + 1)) tan <T)} Sz (1=2)

L(-1x+19)

X

% — 2(k + 1)) 2(2k+1)

(
(—1)k+1 P(z+2k+1))T(5-2k+1) T RE+1)+5)

QE+D)+s)T(1-2k+1)—s)  T(3+20(k+1)
_ (—1)F*cos (37s) T(s) (s

- 25t (%)2(1@—&-1)

where in the last step we used (2.2]) and ([2.3). Second,
R_(2j11)(F)

2(k+1) p2(k+1)

(4.15)

tan (17rz) I (l —3z+
hm (R ))22/2(1 ) e
41 54151
_ 2] 2 T (41+ 213 + zf) 23
G+ (=5 = 55 — 39)

1 3 3 i1 s .
- s+) (+) sin<w<++)>xa+2, 416
V2s(j + 1)! ( 2 2/, 242 (4.16)

where we multiplied the numerator and denominator by I' (% + % J+ %s) in the last step and

then used (2.2) and (2.4). Thus, by (4.15) and (4.16),

L, F(z,s,2)dz = 1, F(z,s,x2)dz
21 ()\) 21 (X)
+ Z R k1) (F) + Z R_(opy1)(F). (4.17)
0<k<i(—3X-1) 0<k<i(—X-1)
From (L),

and hence

y4
) |F(z,s,z)|, (4.18)
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for any positive integer ¢ and Re z < 0. Therefore, from (4.18]),

/(X4k)F(zsa: / F(z,5,2)2 (1+05 <|Zl|>>£dz
e <1+0 <p1(|>>e /X)F(z,s,x)dz.

Since x < 1, we can find an X < A, with | X| sufficiently large, so that

<1+0 (‘)1(|>><1. (4.19)

With the given choice of X and the fact that ‘f(x) F(z,s,x) dz) is finite, upon letting ¢ — oo

and using (4.19)), we find that

X —4l+ico
lim F(z,s,z)dz=0. (4.20)
t=00 JX—40—ico
Thus if we shift the line of integration (X) to —oo through the sequence of vertical lines
{(X —4k)}32,, from (4.17) and (4.20), we arrive at

L
21 ()\)

Since x < 1, using (4.15)), we find that

F(z,s,2)dz = ZR72(21¢+1)(F) + Z R_2j11)(F). (4.21)
k=0 j=0

> Roagan(F) = 00 i (i)
—2(2k+1 1
k=0 2w k:() k+1)
_ I(s) cos ( %m7 2] -1 (4.22)
28 17mc 13 ’ ‘
where for £ = 1, we additionally require that o % in order to ensure the conditional
convergence of the 35 [3, p. 62].
From (4.16)),
N I (s+3) 1 s\ (5+3),
i J 2 (+3)
JZOR@JH)(F) 2>/ z%sm (w <2+4+2>) (]+1)'x 2 (4.23)
I‘(s—i—g) 1 s > (S+%)2] 2
= 42 3
OV <7T <4+2>>;0 i+

S ) (e -
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where in the last step we used the identities

X, (@)ya¥ (@) - (1)l
Z (2j j‘ 1! - 2z(1 —a) ’

i a)ojr1z@ Tt — (A +a) 4+ (1 —x)' " —2)

= (25 +2)! 22(1 — a) ’

valid for |z| < 1. Combining (4.21)), (4.22)), and (4.23)), we deduce that
1 LEAR N s m’ 1

2mi Jon 25— 1ny

il (s + 1)[ (T4 ) i) oD = (i)
+ = sin + (1+iz) 2 (1—iz) 2}
25t /mx . 2

—I—z'cos(%—l—;) {(1+ix) (+2) 4 (1 — iz)~(5F2 )—QH

Using , we see that this proves . This completes the proof of Lemma

If x is an integer in Theorem then the term corresponding to it on the right-hand side
of can be included either in the first (finite) sum or in the second (infinite) sum. This
follows from the fact that the integral I(s,z) in the lemma above is continuous at x = 1.
Though elementary, we warn readers that it is fairly tedious to verify this by showing that
the right-hand sides of and are equal when z = 1, and requires the following
transformation between 3 F5 hypergeometric functions, which is actually the special case ¢ = 2
of a general connection formula between ,F,’s [66), p. 410, formula 16.8.8].

Theorem 4.1. For a; —ag,a1 —as, a2 —ag ¢ Z, and z ¢ (0,1),
F(bl)r(bg) <F(CL1)F(CL2 — al)F(ag — al)
F(al)F(QQ)F(ag) F(bl — al)F(bg — al)

1
a1,a1—bl+1,a1—52+1;a1—a2+1,a1—a3+1;>
2

(-

3Fy (a1, az,a3;b1,b9;2) =

(a ['(ay — a3)l'(a2 — a3)
L(by — a3)T'(b2 — a3)

1
ag,ag—bl—{—1,@3—b2+1;—a1+a3+1,—a2+a3+1;Z)>. (424)

(=)

5. COALESCENCE

In the proofs of Theorems and using contour integration, the convergence of the
series of residues of the corresponding functions necessitates the consideration of two sums
— one over n < x and the other over n > x. However, for some special values of s, namely
s=2m+ %, where m is a non-negative integer, the two sums over n < x and n > x coalesce
into a single infinite sum. This section contains corollaries of these theorems when s takes
these special values.
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Theorem 5.1. Let x ¢ Z. Then, for any non-negative integer m,

i U2m+ _2m/% sin (% + 2#%)
- 2m) emle s —m) | L (L) ctom
2

omr V2(2mz)2m+l V2
T X oyt (n) m)! / n \2m+3
Sy e ()™

+ w2mt3 —~ n2m+s VT
in\ —@m+D) in —(@m+1)
X 1+ — +11-—
x T
(=1)™n 1 1.3.1 n?
———1TI(2 — | 3F: i—= | |- 5.1
+22m7rx m—i—2 e 1-m,2—m’ a? (5-1)
Proof. Let s = 2m + %, m > 0, in Theorem . To examine the summands in the sum
over n < x, observe first that 1/’ (i — %s) = 0. Since a = 1, the second expression in the

summands is given by

B Uin;;i(;) al (s QSH)\;;: () <g>s+1 { (1 . Zl>(s+%) .\ (1 - Zl)(s+é)}

B a2m+%(n) (2m)! ( n >2m+§ (1 B %)Qm-‘rl n (1 n %)2m+1
a p2mts o \2z (1+ n2/m2)2m+1
Tt 1 (M) (2m)! pPmagms Z’”:(_l)k (Qm + 1> (E)Qk 652)
n2mts VT 92mby (g2 4 p2)2mtt £ 2% z) :

The third expressions in the summands become

Tam+4 () n2= n( ©il o
: 3520 1-s 4 T2

n2m+3 xsin(%ws)F(l—s) 51-35 =

Ty ezt (LA

Tt ar(L—2m) P P\ Lomdom’ a2 ) (5-3)
n 2 1 ' 4

Hence, by (5.2) and (5.3]), the summands over n < x are given by
02m+;(”){ ~ (@2m)! n2mts g2mty = (_1)k<2m+ 1) (ﬁ>2k
k=0

2m+3

n2m+3 VT 92mE3 (12 4 p2)2me] 2k T
(=1)mn272m h3 n? }
+ e 3F —— | 5. 5.4
T (I—2m) 12 T (5:4)

For the summands over n > x, observe that the third expression is equal to zero, since
cos (%ﬂ' + %7[' (2m + %)) = 0. The first expression becomes

_02m+%(”)nr(3)005(%m) P %,%,1._:1:72 -1
2m+ 3 251y ’ S
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Tomy1 (1) (—1)m+1n2_2m{ P (i—l-m,i—i-m,l x2> 1} (5.5)
= 31472 YT | T ) .

3 n2

o2m+32 1_ 13 ’
n2mt3 xF(2 2m) 1

where we used (2.3)) with s = 2m. The second expressions of the summands become
Tomt 1 (M) i(— 1)+ /n(2m)! (1 — iz /n)?™ Y = (1 + iz /n)?m

n2m+3 92m+3 o (1+$2/n2)2m+1

(5.6)
Note that

. 2m+1 . 2m—+1 2m+1 . k
iz i 2m + 1\ [z It
1-= —(1+= == — ) (14 (=1)2mFiF),

These summands are non-zero only when & is odd, and so if we let 25 = 2m + 1 — k, we see
that

<1 _ Z:);L')Qm-i-l B (1 . Z:>2m+1 _ gi(_ 1y (%)2m+1 i(_l)j <2mzj+ 1) <%)2j'

§=0
Thus, after simplification, the second expressions (|5.6)) equal
Ooms(n) (2m)l  p2mtigmtsy O 2m+1 2j
_ %ame i (2m) n1 273 Z(—D]( m—l— > (ﬁ) . (5.7)
n2m+§ ﬁ 22m+§(x2 + n2)2m+1 =0 2] x

Thus, by (5.5) and (5.7), the summands over n > x equal
Tom+1 (1) (2m)! n2mts p2mt s Zm (2m+ 1\ /n\Z
2m—+1

2ty | 22m+3 (22 4+ n2) =0 2j T
—1)mt+1lpo—2m l+m7§+m’1 72
- - shy | 4 —— | -1 ] (5.8)
From (5.4) and (5.8)), it is clear that we want to prove that
13 2 1 3 2
777,1 7+m77+m51
3by <1 v ;—n2> + 352 (4 4 ;—562> =1, (5.9)
1~ My—m 1 n
for z > 0 and n € N. To that end, use (4.24) with a; = %,ag = %,ag =1,b; = % —m,by =
% —m, and z = —n?/22. This gives, for all x,n > 0,
13 2 2 7 5 2
13,1 dm + 3)(4m + 1 T4m, 5 +m,1
3F2<1 N ;_”2>:(m+ )(;nJr )z 3F2<4 m g ;_372>. (5.10)
7= m,7— T 3n ik n

Now for n > x, we can use the series representation (|1.8]) for 3F5 on the right-hand side to

obtain
7 5 2 0o 7
i+m,3+m, 1 x g tm
3F2<4 * ;—>=1—|—E & 2
k=

(i+m)k(1>k< w2>’“

k _Z
%7% n? 1 (4)k; (%)kk' n?
4 3n? > (% + m)k+1 (% + m)k—i—l (D) pg1 (_ﬁ)kﬂ
(4m + 3)(4m + 1)22 Pt (g)k+1 (i)k+1 (k+1)! n2

—3n2 Laim,34m,1 22
= 2N T = -1 5.11
(4m + 3)(4m + 1)z2 {3 2 ( 1.3 T n2 (5.11)
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Combining (5.10) and (5.11)), we obtain for n > x.

Now set aq :i—km, as :%—i-m, az=1,b = %, by = %, and z = —z2/n? in and
use, for n < x, the series representation for the 3F5» on the right-hand side of the resulting
identity to arrive at for n < x. This shows that holds for all z > 0 and n € N.

Hence, the summands in the sums over n < z and n > x in Theorem are the same
when s = 2m + % Now slightly rewrite to finish the proof of Theorem O

Similarly, when s = 2m + % in Theorem we obtain the following.

Theorem 5.2. For any non—negative integer m,

X o
Z 2m+ e 2TV gipy (% — 27V 2na:>

m)!
e ) () e (e
4 TR S @) (= i) o iy em) . (s)

(2m)>mt3 £

Notice the resemblance of the series on the right-hand side of with the divergent
series in Ramanujan’s incorrect “identity” . Since the series on the right side above
has a + sign between the two binomial expressions in the summands, the order of n in the
summand is at least —% —|— €, for each € > 0, unlike —5 —|— ¢ in Ramanujan’s series, because of
which the latter is dlvergent

When m > 1, we can omit the term %C (%) ¢(—2m) from both and since
¢(—2m) = 0.

In Theorem we assume x ¢ 7, whereas there is no such restriction in Theorem
because Theorems 1.1 and involve 3F3’s that are conditionally convergent, with the re-
striction o < % when z is an integer. Thus, the condition o > % implies that x ¢ Z, which is
the case when s = 2m + % for m > 0. However, 3F5’s do not appear in Theorem 1.3, and so

the restriction on x (other than the requirement x > 0) is not needed.
Adding (5.1]) and (5.12)) and simplifying gives the next theorem.

Theorem 5.3. For z ¢ Z,

o
2 o
Z mty e 2TVINT (g (27r\/ 2nx)

:2m&ﬂg<;—2m>+w¢m1<z:—2m>+é(;>d—%m

_1ym 1\ &0y 1(n) 13 2
——L—l——Tr om + = }:—ﬁiirﬁfé L S (5.13)
7r\/5(27r)2m—|—§ 2 ot n2m+§ 2
Subtracting (5.1]) from (5.12]) and simplifying leads to the next result.
Theorem 5.4. Forz ¢ Z,

X o
Z 2m+ e 2TV2nT gipy (271'\/ 2nx)

e o
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i ‘72m+ [ 2(2m)! ( n )2m+3
2m+ 2m+3
2 = VT \2x
in\ —(@m+D) in\ ~2m+D)
X 1+ — +11-—
x T

(—)™n 1 nhlo 0

In Theorem as well as in and , we should be careful while interpreting
the 3F»-function. For example, if n < x, then it can be expanded as a series. Otherwise, for
n > x, the sFy-function represents the analytic continuation of the series. Of course, when
n > x, one can replace the 3Fb-function by

as can be seen from (5.9)), and then use the series expansion of this other 3F5-function.

5.1. The Case m = 0. When m = 0 in Theorem we obtain the following corollary.
Corollary 5.5. Let x ¢ Z and x > 0. Then,

Z 01/2 o 2mVInT (% i 277\/%) (5.15)

) ) s

Proof. The corollary follows readily from Theorem We only need to observe that when
n <z,

and when n > x,

- <1+x2/n2_) :1:2—1—712

to complete our proof. Il
Similarly, when m = 0 in Theorem we derive the following corollary.

Corollary 5.6. For x > 0,

5 al/jg@) o230 gin (T 20v/2na

(e g () () S o
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We now show that the two previous corollaries can also be obtained by evaluating special
cases of the infinite series

2 Z o_s(n)n3® ( mis/4 pc (47re7”'/4\/%) Fe s/, (47re*’”'/4\/%)) . (5.17)

Second Proof of Corollary[5.5. Use the remarks following (7.2]) and then replace x by ze™/2
and by ze~™/2 in (7.1), and then subtract the resulting two identities to obtain, in particular
for x > 0,

= s [ mis/d mi/4 __—mis/4 —mi/4
Q;US(TL)TLQ <e SICK <47re \/@) e THItK (47re \/@))

ixs/?—l TS i(27T)_S_1 ix5/2 i
= cot (3) C(s) — WF(S +1)¢(s+1) - 5 tan (?) C(s+1)
e (2—s) i@* no(n) (o oo (TS
+ 6 sin(3ms) msin(37s) nzz:l x? 4+ n? (n T2 ~cos ( 9 )) : (5.18)

Now let s = —1 in (5.18). Using (T.17) and (L.18), we see that the left-hand side simplifies
to

1 i 0'1/2(71) <677ri/4747re”/4\/nix _ ewi/4747re””‘/4\/ﬂ)
\/§x1/4 nl/4

Z 91 2 —2mV/2nx _; m
=~ Z / Ve gin (Z + 27r\/2na:) . (5.19)

The right-hand side of (5.18]) becomes

1 1 1 1 1 1
271':55/4C <_2> a WC <2> " 2951/4C <2>

inz®/* (5 i3/t N o1a(n) i/22B A SN a1a(n)
- ¢ <> + Z 2/ 5 T 5/2 /2 2\’ (5.20)
3v2 T =+ T = nd2(x? 4 n?)
Thus, from (]5.19]) and (|5.20D, we deduce that
e 2TV i (E + 27V 2n:z:>
— 4
1 1 1 1 1 —1 ra’? (5
={( —)<()— ()< )
w\f V2 T2 2 6 2
Z 01/2 7/2 i 01/2(”) (5 21)
ﬂ\f 22 —|—n2 ] n5/2(z2 + n2)’ '

From (5.15)) and (5.21)), it is clear that we want to prove that

nx3/? 5 27?2 & ay/2(n) 232 & a1 /2(n
c(2)-Eoy e 5 = E: /2 5 (5.22)
6 2 T A= 1n/(x + n?) \fx + n?)
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To that end, observe that

72 o (n 3/2 2 g1 o(n 3/2 2 g n(n
e By e T L S i )
T nd(a?4n?)  om ettt m = nd/
Finally, from (3.7) and the fact that ((2) = 72/6, we find that
= a1/2(n) _ 7772 5
Z_:l = 5Cs) (5.23)
This proves ([5.22]) and hence completes an alternative proof of (5.15)). O

Similarly, if we let s = —5 in , then we obtain (5.16)) upon simplification. Adding
) and -, we obtain the followmg result.

Theorem 5.7. Let x §Z Z. Then,

Z o /2 _zm/% cos <2m/%>

1 1 3/2 © 0'1/2
= —— = + V2
<2w2m 2> (> " xg( ) fsz2+n2
Subtracting ((5.15]) from ([5.16]) gives the next result.
Theorem 5.8. Let x ¢ 7. Then,

i 01\/;%71) e~ 2mV2ne iy (27r\/ 2n$>
n=1

()G () R

6. CONNECTION WITH THE VORONOI SUMMATION FORMULA

A celebrated formula of Voronoi [82] for 3, _ d(n) is given by

;d log:v+(27—1))—l—i
+z Z ( Yi (dmy/nz) — K1(47r\/%)> (6.1)

where Y, () denotes the Bessel function of order v of the second kind, and K, (z) denotes
the modified Bessel function of order v. Thus, the error term A(x) in the Dirichlet divisor
problem ({1.1)) admits the infinite series representation

\fz ( Yi(4ny/nz) — K1(47T\/TLSU))
In [82], Voronoi also gave a more general form of (6.1]), namely,

B
S dmsn) = [+ logt) (0 d

a<n<f
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+ 27 Z d(n / ( Ko(4mv/nt) — Yy(47v/n )) (6.2)

where f(t) is a function of bounded variation in («, ) and 0 < a < 8. A. L. Dixon and
W. L. Ferrar [31] gave a proof of under the more restrictive condition that f has a
bounded second differential coefficient in (o, ). J. R. Wilton [85] proved under less
restrictive conditions. In his proof, he assumed f(¢) has compact support on [, ] and
Ve f(t) — Vf_of(t) as € tends to 0. Here Vaﬂf(t) denotes the total variation of f(t) over
(a, B). In 1929, Koshliakov [53] gave a very short proof of for0 < a<p, a,B ¢ Z, for
f analytic inside a closed contour strictly containing the interval [, §]. Koshliakov’s proof
in [53] is based on the series ¢(x), defined in , and its representation

ola) = 7~ 5logz — 7 + —Z

A x2 —l— n2
See also [8, 9] for Voronoi-type summation formulas for a large class of arithmetical functions
generated by Dirichlet series satisfying a functional equation involving the Gamma function.
For Voronoi-type summation formulas involving an exponential factor, see [51]. The Voronoi
summation formula has been found to be useful in physics too; for example, S. Egger and
F. Steiner [36], 34] showed that it plays the role of an exact trace formula for a Schrédinger
operator on a certain non-compact quantum graph. They also gave a short proof of the
Voronoi summation formula in [35].

The extension of for @ = 0 is somewhat more difficult, since one needs to impose a
further condition on f(t). When f”(t) is bounded in (§,) and t3/*f”(t) is integrable over
(0,0) for 0 < 6 < a, Dixon and Ferrar [31] proved that

> d(n _ S0 /6(2’V+logt)f(t)dt

0<n<pB 4 0

+2de / ( Ko(4mv/nt) — Y0(4mf)> (6.3)

Wilton [85] obtained under the assumption that logzV({f, f(t) tends to 0 as x — 0+.
D. A. Hejhal [48] gave a proof of for § — oo under the assumption that f is twice
continuously differentiable and possesses compact support. For other proofs of the Voronoi
summation formula, the reader is referred to papers by T. Meurman [62] and A. Ivié [50].
Consider the following Voronoi summation formula in an extended form due to A. Oppen-
heim [67], and in the version given by A. Laurinéikas [59]. For z > 0,2 ¢ Z, and —3 < 0 < 3,

S o a(n) = (14 )+ D 1os %C(s) Z os(n (6.4)

1-s 28111
X (\/rﬁ)_l_S <J51(4w\/ﬂ) + Ji_s(4my/nx) — isin(ws)KlS(M\/ﬁ)) :

so that, by (1.3]), A_s(x) is represented by the expression involving the series on the right-
hand side of (6.4). (Note that Laurincikas proved (6.4) for 0 < s < 1. However, one can
extend it to —% <o < %) Wilton [86] proved the same result in a more general setting by
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considering the ‘integrated function’, that is, the Riesz sum

1 ! A
m Z O',S(n)(l‘ — TL) .
n<zx
Laurincikas [59] gave a different proof of (6.4) many years later.
We will now explain the connection of Ramanujan’s series

Z M6_27” T 6in (z + 27V 2n$)
— NLD 4

and its companion with the extended form of the Voronoi summation formula.
As mentioned by Hardy [45], [46, pp. 268-292], if we use the asymptotic formulas (2.17))

and (2.18)) for Y (4my/nx) and K;(4m/nx), respectively, in (6.1]), we find that

2Vt SN d(n 7r
A(z) = s z:l m cos (47r\/7’T - Z) + R(x), (6.5)

where R(x) is a series absolutely and uniformly convergent for all positive values of x. The
first series on the left side of is convergent for all real values of x, and uniformly
convergent throughout any compact interval not containing an integer. At each integer x, it
has a finite discontinuity.

If we replace the Bessel functions in by their asymptotic expansions, namely
and , similar to what Hardy did, then the most important part of the error term A_4(x)
is given by

23735 cot (lﬂs) > o (n) T
: T cos (v = )
- cos | 4my/nx .
/2 T; nati 4

This series, though similar to the one in (6.5)) or in (1.2)), is different from Ramanujan’s series
(1.21) in that the exponential factor, namely e~2"V2"* is not present.
A generalization of (1.20]), namely,

o(z,s) =2 i U,s(n)nés (e”i5/4Ks (4#6”/4\/@) +e T (47Te_ﬂi/4\/@)> ,  (6.6)
n=1

was studied in [30]. Note that ¢(z,0) = ¢(x), and that ¢(x) was used by Koshliakov [53] in

his short proof of (6.2)).
Replacing the Bessel functions in by their asymptotic expansions from (2.18]), we find
that the main terms are given by

V2 (” (s 4 1)> i 05 —anvEm g (5 —2nv2nz)

z1/4 4 2 ‘ ns/2+1/4 4

\/i . T 1 - as(n) —2m\/2nzx _: m
+ 12 Sin (4 <3 + 2>> 221 RPYCTEYTL sin (Z + 271V 2nx) . (6.7)

In our extensive study, the forms of the series in (6.7)) are the closest that we could find
that resemble the series in Ramanujan’s original claim (1.6[), or in our Theorem or the
companion series

i Ui/(g) 6_27”/% sin (% — 277\/%) .
1

n=
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Note that the only place where they differ is in the power of n. Similar remarks can be made
about and .

Series similar to these arise in the mean square estimates of [" A_(t)? d¢ by Meurman [63)
equations (3.7), (3.8)]. (An excellent survey on recent progress on divisor problems and mean
square theorems has been written by K.-M. Tsang [81].) Similar series have also arisen in
the work of H. Cramér [27], and in the recent work of S. Bettin and J. B. Conrey [19] p. 220
223]. Thus it seems that the two series in are more closely connected to the generalized
Dirichlet divisor problem than are Ramanujan’s series and its companion. We have found
identities, similar to those in Theorems and for each of the series in . However,
we refrain ourselves from stating them as they are similar to the ones already proved.

Remark. It is interesting to note here that at the bottom of page 368 in [71], one finds
the following note in Hardy’s handwriting: “Idea. You can replace the Bessel functions of the
Voronoi identity by circular functions, at the price of complicating the ‘sum’. Interesting idea,
but probably of no value for the study of the divisor problem.” In view of the applications
of such series mentioned in the above paragraph, it appears that Hardy’s judgement was
incorrect.

The series in can be used to derive an extended form of the Voronoi summation
formula (6.2)) in the form contained in the following theorem. This proof generalizes the
technique enunciated by Koshliakov in [53].

Theorem 6.1. Let 0 < a < B and o, 5 ¢ Z. Let f denote a function analytic inside a closed
contour strictly containing [a, §]. Assume that —% <o < % Then,

S oL ()IG) = / (C(1+ 8) + 751 — )£ (1) dt
© 1 B 2
+ 27 o_s(n)nz® tT2%f (¢t ZK,(4nv/nt) — Yy(4nvnt
S oton [Tebe s (Zramvnn vy

X CoS (g) — Jy(4mv/nt) sin <%> } dt. (6.8)

We wish to extend to allow o = 0 so as to obtain (/6.4]) as a special case of Theorem
To do this, we need to impose some additional restrictions on f. As an intermediate
result, we state the following theorem which generalizes Theorem 3 in [85].

Theorem 6.2. Let 0 < a < %, —% <o < %, and 0 < 6 < min (1, ifgg) Let N € N such

that NP« > 1. If f is twice differentiable as a function of t, and is of bounded variation in
(0,), then as N — oo,

¢(=5)
2

N «
+27rn;' U;(/”Q)/O f(t)t%S{Js(zm/ﬁ)sm (%S)

+ (1@(47”/%) - iKs(zm/ﬁ)) cos (”—3) }dt

f(0+)

- /0 " FOC ) (1t ) de

2
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(27 +1log N)(VE¥ " £(t) + NOD/A(| f ()| + V3 f(1))), if s =0,

< vﬁvfgf(t)4—(IV(1_9N2”‘J)WL+—PJ“%1_2”)_(2”+1”/4)
x(If ()] + V5 f (1)), if s # 0.

Additionally, if we assume the limits

lim Vif(t)=0, ifs#0 and li%lJrloga:VOzf(t):O, if s =0, (6.9)
z—

z—0+

then

/f C(— )+ 15¢(1+ 5)) dt

+2m Z s/2/f { 4mﬁ)sm(2)

t\.’)\m

< L(dmv/nt) — —K (4mf)> cos ( 2‘9) }dt ~0. (6.10)
Clearly, for 0 < a < %, we have
S o)) =o. (6.11)
0<j<a

Also, if we substitute for Y;(4mv/nt) via (2.15) and employ (1.18]), we find that the kernel in
(6-10), namely,

Js(4m/nt) sin <§> < L(dmv/nt) — —K (47r\F)> o8 < 28)

is invariant under the replacement of s by —s. Therefore replacing s by —s in (6.10)), then
replacing zero on the right-hand side of (6.10) by — > o<, 0—s(j)f(j) using (6.11)), and then

finally subtracting the resulting equation so obtained from , we arrive at the following
result.

Theorem 6.3. Let 0 < a < %,Oz < B and B ¢ Z. Let f denote a function analytic inside a
closed contour strictly containing |« B], and of bounded variation in 0 < t < a. Furthermore,
if f satisfies the limit conditions in , and —% <o < %, then

s B
> o) = ~fo0 5+ [T s) et - s ) d

0<j<p

+2W7§as(n)nés/oﬁt_55f(t){< s(4mv/nt) — (4mﬁ)>

xcos(@) (47?\/>)51n<2)}dt

6.1. Oppenheim’s Formula (6.4) as a Special Case of Theorem Letting A =
—s+1, p=s, and z = 4mwy/nt in [69, p. 37, equation (1.8.1.1)], [69, p. 42, equation (1.9.1.1)]
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E|and [69, p. 47, equation (1.12.1.2)], and then simplifying, we see that

Jeie{ (Grtanvin - vamvin) ) eos () = oy sin () o

e (J (/) + 1 (/) — 2 sin(rs) K (4“@) (012
47r\/71 sin (37s) = o " o | |

Let f(t) =1 and =z ¢ Z in Theorem Then,

S oeali) = —5¢)+ [ (€ s) e - )t

+2wia_s(n)nés/: t—és{ ( (dm/ni) — (4mf>
X cos (”2 ) Jy(4mv/nt) sm< ; ) }dt (6.13)

Note that
1—s

/(4(1 )+ E0C( = 8)db = 11+ 5) + (1~ 5). (6.14)

Since —3 3 and the right- hand 81des of (6.12)) and (6.14) vanish as ¢ tends to 0, from

- h, and -, we obtain

Remark. The analysis above also shows that for a > 0, ¢ Z,

1—s 1—s

> omuli) = aC(l+8) + (L —s) —al(l+5) = T—C(1—3)

N N
- % sin(ws)K1—s(47T\/%)>
Q1-9)/2 <J51(4w\/@) + Ji_s(4my/ma) — isin(ws)Kls(M\/@)) } (6.15)

3This formula, as is stated, contains many misprints. The correct version should read

T2 _ _ Atv+1 2
/ y)‘Yu(y)dy—{ ll}cos;z:w)l"( v)x P (A+1/+1;1+V7)\+1/+3;_x7)
xq

T+ v+1) 2 2
—1| 2"T(v)z> ¥ *! A—v+1 A—v+3 a?
Jr{l}ﬂ'()\—l/—‘rl) 112 g v T Ty
ol 2* A=—v+1Drm A+v+1 —l/—|—
- — Cos r
1 2 2

z1 = 0,22 = x; Re(\) > |Re(v)| —1
r1 =x,22 = 00; Re(\) < % ’
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From (6.4) and (6.15)), we conclude that, for —% <o< %,

o (1-9)/2

. . os(n
lim T Z n(sil))ﬂ <J5_1(47n/noz) + J1_s(4mv/na)

a—0+ sin (57['8)

n=1

- isin(m)Kl_S@m/@)) — ¢(s),
which is likely to be difficult to prove directly.
7. PROOF OF THEOREM

We begin with a result due to H. Cohen [24, Theorem 3.4].

Theorem 7.1. Let x > 0 and s ¢ Z, where 0 > 0 E| Then, for any integer k such that
k= [o+1)/2],

8722 oy (/2K (4m/nw) = A(s, 2)¢(s) + B(s,2)(s + 1) (7.1)
n=1
9 ) o0 nsf2k _ a:.szk
s | D 2925~ 9)2¥ T 2 Y e () |,
sin (7s/2) S n=1 o
where
8,x) = L— 7)1 75T (s)
Als,z) = sin (7s/2) (2m) ’
2 e Tt
B(s,x) =~ (2n) D(s+1) - Py (7.2)

By analytic continuation, the identity in Theorem is valid not only for > 0 but for
—7m < argz < 7. Take k =1 in (7.1). The condition |(c + 1) /2] < 1 implies that 0 < o < 3.
We consider 0 < 0 < % Note that Koshliakov [53] proved the case s = 0, and the theorem
follows for the remaining values of o, i.e., for —% < o < 0, by the invariance noted in the
previous footnote.

Replace = by iz in for —m < argz < %w, and then by —iz for —%71’ < argz < m. Now
add the resulting two identities and simplify, so that for —%71 <argz < %71,

A(z,s) = ®(z,9), (7.3)
where
Az, 8) := 275%p(z, 5), (7.4)
with ¢(z, s) defined in (6.6]), and
D(z,8) := —(2m2) °T'(s)((s) + gs: — %C(l +s)+ ; Z 321(2)2 (7.5)

As a function of z, ®(z, s) is analytic in the entire complex plane except on the negative real
axis and at z = in,n € Z. Hence, ®(iz,s) is analytic in the entire complex plane except
on the positive imaginary axis and at z € Z. Similarly, ®(—iz,s) is analytic in the entire
complex plane except on the negative imaginary axis and at z = n € Z. This implies that

4As mentioned in [24], the condition o > 0 is not restrictive since, because of ([1.18]), the left side of the
identity in this theorem is invariant under the replacement of s by —s.
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®(iz,s) + P(—iz, s) is analytic in both the left and right half-planes, except possibly when z
is an integer. However, it is easy to see that

. . 1 ) . 1
zl_lgln(z Fn)b(iz,s) = %U_S(n) and zl—l>r:I|:1n(Z Fn)b(—iz,s) = —550-

so that
lim (z Fn)(®(iz, s) + ®(—iz,s)) =0.
z—tn

In particular, this implies that ®(iz, s) + ®(—iz, s) is analytic in the entire right half-plane.
Now observe that for z inside an interval (u,v) on the positive real line not containing any
integer, we have, using the definition (7.5)),

®(iz, s) + P(—iz, s) = —2(2m2) *T(s)((s) cos (37s) — (1 + s). (7.6)

Since both ®(iz, s) + ®(—iz,s) and —2(2m2) *T(s)((s) cos (37ms) — ((1 + s) are analytic in
the right half-plane as functions of z, by analytic continuation, the identity ([7.6] holds for
any z in the right half-plane. Finally, using the functional equation (2.6) for ((s), we can
simplify ([7.6)) to deduce that, for —%ﬂ' <argz < %71',

D(iz,s) + P(—iz,s) = =z °C(1 —s) — (1 + s). (7.7)
Next, let f be an analytic function of z within a closed contour intersecting the real axis in
aand B, where 0 < a< g, m—-1<a<m,n<pf<n+1, and m,n € Z. Let v and 7o
denote the portions of the contour in the upper and lower half-planes, respectively, so that

the notations ay1 8 and a3, for example, denote paths from « to 5 in the upper and lower
half-planes, respectively. By the residue theorem,

! f(2)0(izs)dz = Y Ry(f(2)0(i%,5)).

2mi ay2ffy1c a<j<f

Since f(z)®(iz,s) has a simple pole at each integer j, o < j < 3, with residue %Us(j)f(j),
we find that

> o)) = f(2)®(iz,s) dz — f(2)®(iz, s) dz
a<j<p ay2f avif8
= , f(2)®(iz,s)dz — , f(2) (=®(—iz,s) —27°C(1 —s) = ¢(1 +5)) d=
= f(2)®(iz,s)dz + f(2)®(—iz,s)dz + (2) (27°¢(1 = s) + ¢(1 + 5)) dz,
ay2f8 ay1f av18

where in the penultimate step, we used ([7.7). Using the residue theorem again, we readily
see that

B
/ ROl CERE R / S0 (C(1+ 8) +£75¢(1 — )) dt.

Since A(z,s) = ®(z,s) for —%W <argz < %W, it is easy to see that A(iz,s) = ®(iz,s), for
—m < argz < 0, and A(—iz,s) = ®(—iz,s), for 0 < argz < 7. Thus,

dooosfG) = | fRAGzs)dz+ [ f(2)A(=iz,5)dz

a<j<p a2 amnfp

3
+ / f@) (CA+s)+t7°¢(1—s)) dt. (7.8)
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Using the asymptotic expansion , we see that the series
A(iz,s) = 2(@'2)_5 ia,s(n)nés (ems/éle (47rei7r/4\/iTL7> e K (47re_”/4\/iniz))
=1
is uniformly converant in compact subintervals of —m < arg z < 0, and the series
A(—iz,s) = 2(—1’2’)*%8 i 0'_5(77,)77,%8 <e”5/4K5 <47Tei”/4\/ —inz)
n=1
e i/ (47r6_i7r/4 v —inz))

is uniformly convergent in compact subsets of 0 < argz < w. Thus, interchanging the order
of summation and integration in ([7.8]), we deduce that

Z os(j)fG) =2 i Ufs(n)nés (z)(zz)_%s (6”“/41(S (47re”/4\/inz)
a<j<p n=1 avy2f3
te i/ K, (47‘(67”/4\/1'7172)) dz

+ 2§:U_S(n)n%5/ f(z)(—iz)*%s (ei”/‘lKS (47re”/4\/%>
n=1 a

7B
e/ (471'6_”/4\/ —inz)) dz

B
+/ F@) (C(L+s)+t75¢(1 = s)) dt.

Employing the residue theorem again, this time for each of the integrals inside the two sums,
and simplifying, we find that

S o (FG) =2 o (m)n®
n=1

a<j<fB

< [ (1 (amivin) + K (~amivir) + 2eos () K (1nvi) ) e

aﬁ
+ [ f@) (A +s)+t¢(1—s)) dt. (7.9)

«
Note that for —7 < argz < 3, the modified Bessel function K, (z) is related to the Hankel
function H,El)(z) by [41, p. 911, formula 8.407.1]

K, (2) = %le”m/zH,El)(iz), (7.10)
where the Hankel function is defined by [41, p. 911, formula 8.405.1]

HW(2) := J,(2) + iV, (2). (7.11)

v

Employing the relations ([7.10|) and (7.11)), we have, for x > 0,
K (i) + K (—iz) = e/ (H (=) + H (x))

- %iem/z (o) + Ju(—2)) + i (Ya(@) + Ya(—2))}. (7.12)
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For m € Z [41], p. 927, formulas 8.476.1, 8.476.2]
J (€M™ z) = ™™, (2), (7.13)
Y, (™) = e”™Y,,(2) + 2isin (my) cot (vm) J,(2). (7.14)
Using the relations and with m = 1, we can simplify and put it in the

form

K (ix) + Ks(—ix)

2
= T2 (1= ) Uy(w) + (14+ €)Y ()

- e (s () vy (5)). a9

Now replace x by 4mv/nt in ((7.15)) and substitute in ((7.9) to obtain after simplification.
This completes the proof.

eims/? {(Js(z) + eimJS(m)) +i (Ys(z) + e~ ™Y, (x) + 2i cos (ms) Js(x)) }

8. PROOF OF THEOREM [6.2]
For any integer A, define

s

Gats(z) := —Jrys(2) sin <7> - (Y)\Jrs(z) - (-1 FK)\+S(Z)) oS (?S) (8.1)

and

™8

Fais(2) == —Jrqs(2) sin (3) - (Y/\+s(2) +(=1) ﬂ_K/\'f‘S(Z)) cos (%8) : (8:2)

Remark. Throughout this section, we keep s fixed such that —% <o < % So while
interpreting Fyyy(2) or Ggya(2), care should be taken to not conceive them as functions
obtained after replacing s by s + A in Fs(z) or G(z), but instead as those where s remains
fixed and only A varies.

From [83] pp. 66, 79] we have

% (" J(2)} = 2"y (2), (8:3)
d% (K, (2)} = ="K, 1 (2), (84)
L) = Yo (2) (8:5)

Using (8.3)), , and (§8.5) we deduce that
d t (s4+A)/2 ¢ (s+A-1)/2
{ < ) G8+A<4m/ﬁ>} = 2 () Gopr1(dmVtu), (8.6)

dt | \u u

for u > 0. Similarly,

()7 mamvi) = (07 i

dt | \u
for u > 0.
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From (|1.3) and (6.4)), recall the definition
Z o
Us
2
X (JS_1(47T\/77,1') + Ji_s(dmy/nx) — — sin(ﬂs)Kl_s(élm/nx)) ,
0

A_g(z) =

2 sm

for —% <o < % and z > 0. If we replace s by —s in the equation above and use (2.15)), we
find by a straightforward computation that

8w =32 () oG (anvim), (55)
n=1

for —% <o < % and x > 0. Fix > 0. By the asymptotic expansions of Bessel functions
(2.16)), (2.17)), and (2.18)), there exists a sufficiently large integer Ny such that

1
G, (4my/nx) <,

and Fl,(47r\/n:c) <y W7

1
e (8.9)

for all n > Ny. Hence, for —% <o < % and x > 0,
z Afgs Gq Amv/nz AM(20-1)/4 os(n) A(20-1)/4
Z 05(n)Gspan(dmvnz) <z Z pA+(1+20)/4 <z ’

n
n>No n>No

provided that 2X\ > |o| + % Therefore, for A > 1, —% <o < %, and x > 0, the series

i (z))\—i-;s gs(n)Gs+2)\(47r\/%)

is absolutely convergent. Similarly, for A > 1, —% <o < %, and x > 0, the series
(0.]
T\ M3
Z (—) * 05(n)Fypox(4my/nx)

n
n=1

is absolutely convergent. Denote

Dy(x) ==Y oy(n) (8.10)
n<x
and
:L'1+8 1
O (x):=aC(1—s)+ 1 5((1—!—8) — QC(—S) (8.11)
Therefore, from , we write
Ds(z) = ®s(x) + Ag(x) (8.12)

for —l <o < 1
The followmg lemmas are key ingredients in the proof of Theorem [6.2 They are special

cases of two results in [86]. We note, however, that the definitions of G and F in [86] are
different from those in (8.1)) and (8.2]) that we use.
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Lemma 8.1. Ifx >0, N >0, and —% <o < %, then

N
A=Y (%) S )G (/) — (%)(s“)/ ? Gt (4mV/ND) AL (N)

n=1 n
+ NSC(l + 82)7:‘ C(l — 3) (%)8/2 FS(47T\/N7.%‘)
S [ ) s

> S NGLE AR
+21 > ay(n) /N (%) Fypo(4m/xt) <n> Gop1(4m/nid) dt.
n=1

Proof. Take A = 0, k = 1, and # = 1 in Theorem 2 of [86, p. 404], and make use of the
notations (1.21) and (3.13) given in it. O

We wish to invert the order of summation and integration in the last expression on the
right-hand side of (8.13). In order to justify that, we need the following lemma.

Lemma 8.2. If N > A, Nz > A, —% <o < %, and

(s42)/2 £\ (5+1)/2
()" Pty (1) Guatanvia ae

o0

Is(x,n; N) = 27T/

N
then

oo x1+e
nz::las(n)ls(x,n;]\f) =Cs(z,N)+ O <\/N> ,

for every € > 0, where

Cs(x,N) =0, if x<% or z €N,

cem=2(2) e [ sin(tsgn(y =) 4y
T™\Y 4mV/N|y/i—a| L
if xty=|z+3]>1
Proof. This is the special case A = 0,k = 1 of Lemma 6 of [86, p. 412]. O

Proof of Theorem[6.3 By Lemma[8.2] we see that the last expression on the right-hand side

of (8.13) tends to 0 as N — oo. Hence, by interchanging the summation and integration in
this expression, we deduce that

N/ N (s+1)/2
A =Y (5)T ou)Gan (4mv/na)

n
n=1
NC(1+s)+C(1—s) faz\5/?
+ - (N) F,(47VNz)
(%) CE G (VN AL(N)
0 s/2
+5C(;r+ 5)/N (%) Fy(4nvat)t*=" dt
%y (542)/
+or /N (%) e (AmVED) AL () dt. (8.14)
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Let a > 0 and b > 0. From ,
b
S Fm)osm) = [ ft)dDy(2), (8.15)

where we write the sum as a Lebesgue Stieltjes integral.
For a=0and b = a < the left-hand side of (8.15) equals 0. Therefore, from ,

), (8-11), (8.12)), (8.14)), (fﬁ[) and (8.8),
/f C(1—8)+t°¢(1+s))dt = /f ) dA(t)

= o Z'O;Z/z /0 t5/2Gy(4mv/nt) £ (t) dt

+N5§(1;é)_1+)/§(15)/0 tGV2E, L (anV/NE) f(t) dt

- %AS(N) /0 "2 (4 N £ (1) dt

{0 )
+or /0 i f(t)% ( /N h <2)(8+2)/2 oo (4nvEn) Ay (w) du) dt. (8.16)

Using twice, we see that

% (/Noo <t>8/2 Fy(dmvtuyu®™! du) =or /Noo(tu)“—l)/?Fs_l(zxm/ﬁ) du

u

= t5/2_1u5/2F8(47T\/E)E:
= /27 IN32F (4 VEN), (8.17)

where in the last step we use (2.16)-(2.18), and the fact that o < 3. The interchange of
differentiation and integration above is justified from . Denote

w0 /4N (542)/
L(t,N) := 21 / <t> ) A () o (8.18)

N u
Performing an integration by parts on the last expression on the right-hand side of (|8.16|)

and using (8.17) and (8.18)), we find that
“ s/2
/f C(L—=s)+t°C(1 +s))dt —2m Z ns/2 /0 t32Gy(4mv/nt) f(t) dt

_ ng(1;(i)_$/§2(l—s)/0 t6=V2F | (4ny/NO) £(8) di

_ %AS(N) /O " 26 (an N £ (1) dt

s/ o
— M / f(t)t5/2_1Fs(47T~ /Nt)dt
2T 0
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(0%
LN - [ LE N0 (8.19)
0
where in the last step we made use of the fact that for —% <o < %,
lim tC+2/2F, o (47v/tu) = 0.
t—0

Here again the limit can be moved inside the integral because of .
Since a < %, by Lemma Ii(t,N) < N=1/2 for all 0 < t < . Also by hypothesis, f is
differentiable, so

‘Wﬂﬂ=%ﬂfwwm

where V" f(t) is the total variation of f on the interval (0, ). Therefore the last two terms
on the right-hand side of (8.19)) are of the form

ONTY2(|f(a)| + V§ £ (1))- (8.20)
Recall the bound A(N) < N3(l+o) [86, Lemma 7]. From and (8.9),
27 @
e s/2 V
Ns/2AS(N)/O t*/*Gs(4nV Nt) dt
(s+1)/2
= A,(N) (%) Gos1(47VNa)
1
o (1

Here we also made use of the fact that
lim t+H)/2G, | (4nV/Nt) = 0.

t—0

Again, from and 7
NC(1+5) + (1= 5) / te=D2E,_ (4nV/Nt) dt

N(s—1)/2 0
N°C1+s)+C(1—5) o
(27 +log N)(aN) V4, if s =0,
8.22
(aN)(2a—1)/4 + a(QU_l)/4N(_20_1)/4, if s 7é O, ( )

since lim;_q t5/2F5(47r\/ Nt) = 0. Finally,

/2 po
SC(lzs)N / #5271 F, (4my/NT) dt
m 0

1 Ns/2 00 00
= SC(J;;) </O —/a >t5/2—1Fs(47r\/J7t) dt

=1 — Is.
Using the functional equation of ((s), namely (2.6), and the formula [86, p. 409, equation
4.65], we find that

s/2 00
I, = SC(I—;S)N// ts/2_1Fs(47r~/Nt) dt
T 0
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—(2m) " Lsin(ws/2)(s + 1)¢(1 4 s) = C(;S).
Using , we deduce that
= S0t N [ et N i < (a0 (8.23)
since —3 < 0 < %. Using (8-20)(8-23)) in (8.19)), we find that
/ FIOC(L = )+ £5¢(1+ 9)) dt (8.24)

- Z' T /O 112G, (dm /D) £ (1)

_NSC(1]+V<‘1)_T)/§(1_S) [ R R 0) - 0

_]\ZQAS(N)/O t2G(4mVNE)(f () = f(O+)) dt

B SC(T . / (£ = FO)E/2N2E, (47 /N dt
™ 0

+O((aN) @7/ 4 oo DAN20=D/4) 1 O((2y + log N) (aN)~1/4).

By the second mean value theorem for integrals in the form given in [85] p. 31],

a<c<d<b

t)dt — f /¢ dt‘<Vb max

/ ot dt' (8.25)

where ¢ is integrable on [a,b).
Recall that NP > 1 for some 0 < § < min (1 1+2"). Dividing the interval (0, «) into

1120
two sub-intervals (0, N=%) and (N, «), applying (8.25), and using an argument like that in
(8-22)), we see that

N*C(1+s)+¢(1—s) /a tED2E L (4nyV/ N (f() — F(0+)) dt
N—0

N(s—l)/2
{ (27 +log N)NO=D/4ye f(1), if s =0,
<

8.26
(N(l—e)(ZU—l)/4 + N(e(l_QU)_(20+1))/4)V]$,9f(t), if s ?é 07 ( )

and

N*C(1+5)+((1—s) /N t=D2E L (4r/ N (f(E) — £(0+)) dt
0

N (s—1)/2

(2 + log NV f() if s =0,
<

VTR, if s £ 0.

By (8.25) and arguments similar to those in and -,

]@AS(M/N&JS/QG VN (f(t) — F(0+)) dt < af (%)ZVﬁ_gf(t),
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2 —200—1— _
o) /0 PG (mVNO(f(1) — FOH) e < N (@),
SC(1+S) “ s/2—1 n1s/2 M o
B @) - o) TINTE (4r VN dt < N Vi (1),
N0
and
1 N .
“(2:8) /O (F(t) — FOOL)E/2- N2 B, (am/NE) dt < V¥ " £ (2). (8.27)
Combining ,m together with ( m, we obtain
/ FIOC(L = 8)+£5¢(1+ 8)) dt
_ “ s/2
o Z n8/2 /0 t32G(4mv/nt) f(t) dt
(27+10gN)( "F(t) + NO-DAVE f(8)), ifs =0,
<
V () (N(l 0)(20— 1)/4+N(9(1 20)— (20—&—1))/4))‘/]370‘}0(07 1f8750,
(2fy+logN)( F) + NODA( ()| + VEF(1), it s=0,
< V F) + (N(l 0)(20-1)/4 4 N(0(1-20)— (2a+1))/)

X(If (@) + V5 f(2), if s #0.
Furthermore, if log 2 Vi f(t) — 0 as  — 0+ when s = 0, and if Vi f(t) — 0 as  — 0+ when

s # 0, then the assumption 0 < § < min (1, i“") implies that

/ FO(C( =) +t°¢(1 4 5)) dt
— 27 Z n3/2 / 512Gy (4m/nt) f () dt = 0.

This completes the proof of Theorem [6.2) . O

9. AN INTERPRETATION OF RAMANUJAN’S DIVERGENT SERIES

As mentioned in the introduction, the series on the left-hand side of is divergent for all
real values of s, since o4(n) > n°. However, as we show below, there is a valid interpretation
of this series using the theory of analytic continuation.

Throughout this section, we assume z > 0, ¢ > 0, and Re w > 1. Define a function
F(s,z,w) by

F(s,z,w):= io: 7 (n) ((x - in)’S’% — (z+ in)’sfé) . (9.1)

n=1 nw—%
Ramanujan’s divergent series corresponds to letting w = % in (9.1). Note that
2isin ((s + %) tan™! (n/x))

1 1
r—in) "2 —(rx+in)" 2 = -
(@ —in) " = (a +in) i
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Since for 0 > —2 and n > 0 [41} p. 524, formula 3.944, no. 5]
> 1 sin ((s + 3) tan™!
/ =455 sin(nt) df = T <s + > sin (s + 5) tan " (n/) (9.2)
0

2 (22 + n2)§+i

we deduce from ((9.1)—(9.2) that
[e.@]

N oo
F(s,r,w) = 2 - Z o (1) / 1572 sin nt dt.
T(s+3) 0

n=

From [64] p. 42, formula (5.1)], for -1 <c=Re z < 1,

sin(nt) = ! /CCHOO I'(z) sin (%) (nt)"*dz.

% —100
Hence,
1 [e'¢) & c+i00
F(s,z,w) = 1/ ¢T3 Z as(nl)/ I'(z)sin (72) (nt)"*dzdt
7TF (8 + 5) 0 n—1 nll)7§ c—100 2
0 c+ico 0
- 11/ e~ots3 / =*T'() sin (Wi) 3 LG (9.3)
7wl (3 + 5) 0 c—100 2 n—1 n“’+z_§

where the interchange of the order of summation and integration in both instances is justified
by absolute convergence. Now if Re z > %— Re w and Re z > %— Re w + o, from (3.7)), we

see that
o0
os(n) 1 1
;n“’“_; —C(w+z—2)C(w+z—s—2 .

Substituting this in (9.3)), we find that

oo c+i00
F(s,z,w) = 11/ e T2 / t*T'(z) sin (W—Z>
7L (s+ %) Jo c 2

—100

Xg<w+2—;>C<w+z—s—;> dz dt
1 cHiee . (T2 1 1
:7IT(S+%)/cioo F(Z)sm(2)C<w+z—2>g<w+z_s_2>

with the interchange of the order of integration again being easily justifiable. For Re z < o+ %,

we have
1
o efxttsfzfé dt — I (8 —Z+ 5)
0 T

Substituting this in (9.4)), we obtain the integral representation
1
-1

T 5 c+100 ) Tz 1
F(s,x,w)zw/c F(z)sm<2>c<w—|—z—2>

—100
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x(<w+z—s—;>I‘<s—z+;>xzdz. (9.5)

Note that if we shift the line of integration Re z = ¢ to Re z = d such that d = % +0o—1n
with 7 > 0, we encounter a simple pole of the integrand due to I (s —z+ %) Employing
the residue theorem and noting that, from and , the integrals over the horizontal
segments tend to zero as the height of the rectangular contour tends to oo, we have

o1

T 5 d+ioco T
F(s,z,w) = 77I’(s+§)/d I'(z) sin (7> ¢ (w +z— ;)

—100

1 1
s 15— 2 g7
><§<w+z s 2> <s z—|—2>x dz
1

. E(Hr ( i ;) sin (g ( . ;)) C(w + 5)C(w)a*+E.

Note that the residue in equation is analytic in w except for simple poles at 1 and 1 —s.
Consider the integrand in . The zeta functions ¢ (w +2z— %) and ¢ (w +z—5— %) have
simple poles at w = % —zand w = % + s — z, respectively. However, since Re z = % +o0o—n
and o > 0, the integrand is analytic as a function of w as long as Re w > 7. By a well-known
theorem [77) p. 30, Theorem 2.3], the integral is also analytic in w for Re w > 7. Thus, the
right-hand side of is analytic in w, which allows us to analytically continue F'(s,z,w)
as a function of w to the region Re w > n, and hence to Re w > 0, since 7 is any arbitrary
positive number.

As remarked in the beginning of this section, letting w = % in yields Ramanujan’s
divergent series. However, the analytic continuation of F'(s,x,w) to Re w > 0 allows us to
substitute w = % in and thereby give a valid interpretation of Ramanujan’s divergent
series. The only exception to this is when s = %,
right-hand side of , as discussed above.

If we further shift the line of integration in from Re 2z = %—i—a —ntoRez= %—i—a -1,
and likewise to 400, we obtain a meromorphic continuation of F(s,z,w), as a function of w,
to the whole complex plane.

|

(9.6)

since then w = % =1 — s is a pole of the

10. GENERALIZATION OF THE RAMANUJAN—WIGERT IDENTITY

The identity (1.16|) found by Ramanujan, and then extended by Wigert, has the following
one variable generalization in the same spirit as Theorem

Theorem 10.1. Let 15(n) := Zj2|n §*. Let >0 and 8 > 0 be such that a8 = 473, Recall
that 1 Fy is defined in (1.8)). Then, for o > 0,

- */ffa—g +T(s)cos (5 + Z2) ¢ (1 5 ) (28)2° + \gc (1) ¢(1—s)
—s—§ 52 o 1_s(n) -1/
+2 \/B; . {

VBT (1 — s)sin (%)
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(s+1)/2
92 ds+2 (;) T (;) iy <; ; na)} (10.1)

Note that 15(n) is an extension of Ramanujan’s definition of ¢)(n) that was defined earlier
in (1.15). The proof of Theorem is similar to that of Theorem and so we will be
brief.

Proof. From the definition of 15(n), we note that

Z nz/2 - ( )C(z—s)

for Re z > 2 and Re 2z > 14+ 0. Let

> T

Z V1B gin <Z—\/nﬁ>.
Proceeding as we did in 7-, we obtain for ¢ = Re z > max{2,1 + o},

W(s,8) = — /(C) (2 — 1) cos (%) ¢ (%) C(z — 8)(28) 1722 gz

21

Shifting the line of integration from Re z = ¢ to Re z = A\, =1 < A < 0, applying the residue
theorem, and considering the contributions of the poles at z = 0,1, and 1 + s, we find that

W) = Yoo+ Tpeos (T ) ¢ (L12) ) 2o e (5 ) st -0
1

I o G(z,s,p)dz, (10.2)

where

G(z,5,8) = T(z = D cos (0) ¢ (5) (= — 5)(28) )2
= 2Z_8_§7T§Z_8_2I‘(z —-1)r (1 - %) I'(1 — z+ s)sin (%Z)

X sin (%z - %‘S) ¢ (1 - g) C(1—z+s), (10.3)
and where we used the functional equation of ((s) given in . Since Re z < 0 and ¢ > 0,
¢<1—%) C(1—z+5) Z%SZ/Q. (10.4)

Thus, , , and imply that
W) = Yoo+ Tpeos (M5 ) ¢ (112) o)

\/é
\}54 (;) C1—s)+ 25§7r52\/5n§31 feln) g (s, i) . 05)

where
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. (TZ\ . (TZ TS B\
xsin () sin (5= 5) <4W3n) dz

_922—3,_(32+5)/2 —z/2 _
= 1/ 2 ngz (B/n) COS <E> COS (W(z S)> dz,
271 ()\) F( 3 )F(Z—S) 2 2

by routine simplification using f.

To evaluate H (s, 3/n), we now move the line of integration to +oc and apply the residue
theorem. In this process, we encounter the poles of the integrand at z = 1 and at z =
2k + 1+ s,k € NU{0}. The residues at these poles are

m3y/n
Ri(H) = —
BT (1 — s)sin (%)
and
(—1)k+124k+257r3k+4+35/2(ﬁ/n)_(k+(s+1)/2)l—‘ (%S + k)
mT(2k + 1)
With the help of (2.5, it is easy to show that the integrals along the horizontal segments
tend to zero as the height of the rectangular contour tends to co. Also, arguing similarly as

in (4.8)—(4.11]), we see that the integral along the shifted vertical line in the limit also equals
zero. Thus,

H (s, g) = —Ri(H) = > Rort14s (10.6)
k=0

—my/n o seao (T XT(5+K) [ 167"

= s 2 () e ()

AT (1 — s)sin (5 (2k)! 64
_ —Wgﬁ 4 92spgst2 (I | (f) Ly f;l;_émgn ,
Br(1 — s)sin (%) 2 2’2" B
where 1 F}(a; ¢; z) is Kummer’s confluent hypergeometric function.
A result similar to the one in Theorem could be obtained when we replace the — sign

in the sine function by a + sign.
The result now follows from (10.5)) and (10.6)), and from the fact that af = 473. O

Rop+14s(H) =

!

10.1. Special Cases of Theorem When s = 2m+ 1, m € NU{0}, in Theorem [10.1]
we obtain the following result.

Theorem 10.2. For each non-negative integer m,
Yo () -
Z 72mA1Y) —v/nB gy (7 _ nﬁ)
o Vn 4

VB . (Tm a1y 171
= ¥ 50(=1 = 2m) = (2m)!sin (7) C(1+m)(28)~(m+3) ¢ 3¢ <2) C(—2m)

m+% 0
+ 2™ <2;> r <m + ;) ;¢2m(n)nmlFl <m + %; %; —na> : (10.7)

When m = 0 in (10.7)), or equivalently when s = 1 in Theorem we obtain ((1.16)).
When s = 2m,m € NU {0}, in Theorem we obtain the following companion result.
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Theorem 10.3. For each non-negative integer m,
o~ Yom(n) m
Z 22 e=VnB gin (— - \/nﬂ>
— NLD 4

= Y2z - B D (T ¢ (L2 ) 2y + e (3) 1 - 2m)

+ 2572m7_‘_72m i 1/}1—\2/7%(”) {(_1)m+1(2m>!

4 2im=ly3m <g> (m—-1)h1F (m; %; —na) } :

10.2. A Common Generalization of os(n) and 15(n). Note that if we define Qg(m,n) :=
Yo jmppJ* for m € Z,m > 1, then Q,(1,n) = 05(n) and Q5(2,n) = ¢s(n). Thus, the series

oo
3 Q%")Fﬂ sin (T~ /) (10.8)
corresponds to the one in Theorem when m = 1, and to the one in Theorem when
m = 2. It might be interesting to find a representation of analogous to those in these
theorems for general m.

Attempting to evaluate by first writing the sum as a line integral, then shifting the
line of integration to infinity and using the functional equation of {(s), we encounter
the sum of residues at the poles 2(2k + 1 + s)/m to be a constant (independent of k but
depending on m, s,n, and () times

o k
T (Qk‘-l;;-&-s _ %) _2(2m+4)/m7r(2m+2)/mn2/m
(25)! 52/m :

n=1

k=0

When m = 2, this series essentially reduces to the ; F} present in . If we let /B = 2mv/ 22
and set m = 1, we can write the series above as a 3Fy. However, we need to consider two
cases, according as n < x or as n > x, which should then give Theorem [I.3] But for a general
positive integer m, it is doubtful that the series above is summable in closed form.

11. RAMANUJAN’S ENTRIES ON PAGE 335 AND GENERALIZATIONS

We begin this section by stating the two entries on page 335 in Ramanujan’s lost notebook
[71]. Define

Fla) = {ij, if £ is not an integer, (11.1)

— 5, if x is an integer.

Entry 11.1. If 0 < 0 < 1 and F(z) is defined by (11.1)), then

Z F ( ) sin(2mnf) = ma (; - 9) - icot(ﬂﬂ)

Ji(dry/m(n+0)z)  Ji(dry/m(n+1—0)z)
+ WZZ{ /m(n + 6) vm(n+1-0) }’ (112)

where J,(x) denotes the ordinary Bessel function of order v.

m=1n=0
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Entry 11.2. If0 < 6 <1 and F(x) is defined by (11.1), then
1 .
ZF ( ) cos(2mnh) = 1 xlog(2sin(7h))

1 - Li(4my/m(n+0)x) Li(dry/m(n+1—0)x)
2\FZZ{ vm(n+6) * vm(n+1-0) }’ (11.3)

m=1n=0

where
I,(2):=-Y,(2) + %cos(m/)Ky(z), (11.4)

where Y, (x) denotes the Bessel function of the second kind of order v, and K,(x) denotes the
modified Bessel function of order v.

Entries and were established by Berndt, S. Kim, and Zaharescu under different
conditions on the summation variables m,n in [I4], [16 [18]. An expository account of their
work along with a survey of the circle and divisor problems can be found in [I7]. See also the
book [4, Chapter 2] by Andrews and the first author.

It is easy to see from (11.1]) that the left-hand sides of (I11.2)) and (11.3) are finite. When
x — 0+, Entries (11.2) and (11.3]) give the following interesting limit evaluations:

\FZZ J1(4my/m(n + 0)x) J1(4W\/m) :lcot(ﬂﬁ)
Jmnt8) Vin(n+1-10) 27

iy
—0+
v m=1n=0

and

I (4 0 I (4 1-140 1

lim IZZ 1(4m/m(n+ 0)x )+ 1(4m/m(n + )x) _ 1
20+ vm(n+0) vVm(n+1-—10) 2

Direct proofs of these limit evaluations appear to be difficult.

As shown in [I7, equation (2.8)], when 6 = %, Entry is equivalent to the following

famous identity due to Ramanujan and Hardy [45], provided that the double sum in ({11.2])
is interpreted as imy 00 ) -, , < rather than as an iterated double sum (see [16] p. 26]):

> 'ra(n) —m—1+zr2 ()" nervim).

0<n<zx

Note that the Bessel functions appearing in are the same as those appearing in (6.1]).
Indeed when 6 = , Entry is connected Wlth Voronoi’s identity for ) d(n) as will be
shown below. Flrst followmg the elementary formula

x
Sldm =33 1= 1=3"[7].
n<x n<z dln dj<zx d<z

we see that the left-hand side of ((11.3)), for § = %, can be simplified as

ni::lF (%) cos(mn) Z Zcos 7d).

n<z dn

m=1n=0

Second, let
/= 0, if n is odd,
)1, if n is even.
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Note that
Z cos(md) = # even divisors of n — # odd divisors of n
dn
o(3) o ()
= (1+0)4d (g) —d(n).
Hence,
;F(i) cos(mn) %dd +n%; {2d (g) —d(n)}
=23 dm) - Y d(n)
n<iz n<w

Applying the Voronoi summation formula (6.1)) to each of the sums above and simplifying,
we find that

ZF( )coswn) —xlog2+f—\ﬁz (Y1 (2mV2nz) + K1(27r\/7)>

< (27V2nz) + K1(27r\/7)>

1 2
_—mlog2+4—m;\/§< % 1> <Y1(27T\/%)+7TK1(27T\/%)>
d odd

Letting k = m(2n +1) and interpreting the double sum as imy_,o0 ) _,,, ,,< x> We deduce that

ZF( )coswn) —zlog2+ - —|—f§ih 47T~mn+ )), (11.5)

m=1n=0 (TL+ )

where I;(z) is defined by (11.4)). Then (11.5) is exactly Entry with 6 = 1.
It should be mentioned here that Dixon and Ferrar [32] established, for a,b > 0, the

identity

au/zz n+b K, (2m/a(n +0)) = 1™ u/zZTHa)(?))/QKl_M(%\/W).

(11.6)
Generalizations have been given by Berndt [7, p. 343, Theorem 9.1] and F. Oberhettinger
and K. Soni [65, p. 24]. Using Jacobi’s identity

n)=43y (~1)02

dln
dodd
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we can recast ((11.6) as an identity between double series

K, (amfal@e Dme D)) K (amfa(nrHm D)

DD (4n + Dym + b)u/2 - ((4n + 3)m + b)H/

n=0m=0

(1—p)/2 o f Kiw (47T\/b ((n+3)m+ %)> K, (47T\/b (n+32)m+ %)>
—b >, ((4n + 1)m + a)(1-n)/2 T ((An+ 3)m+ a) 0072

n=0m=0

In this section, we establish one-variable generalizations of Entries and where
the double sums here are also interpreted as limy_, Zm,ng ~» instead of as iterated double
sums. It is an open problem to determine if the series can be replaced by iterated double

series. As in Entries and the series on the left-hand sides of Theorems and
[[1.4 are finite.

Theorem 11.3. Let ((s,a) denote the Hurwitz zeta function. Let 0 < 0 < 1. Then, for
o] < 3.

> (2) 2 EBTE) () (-1 -0) (11.7)

n ns

n=1

cos(ms/2)I'(1 — s) v s
B 2(2m)1-s (C(1—s,0) —¢(1—s,1 —9))4—55111 (7)

o [ Mo (m/mad 8) My (/e (07 1-9)

X2 . - : )L
e et ) () 1H2(n 4 0)1-9)72 (ma) 1492 (n + 1 — 0)(0-9)/2

where

2 1
M, =—-K
/(@) T o)+ sin(mv)
We show that Entry is identical with Theorem when s = 0. First observe that

[5, p. 264, Theorem 12.13]

(Jo(z) — T (z)) = %K,,(x) FY() + () tan () (118)

(0,0) = % —0 (11.9)

" i (C(1— 5.6) — (1~ 5.1~ 6)) = (1 — ) — ¥(6) = mcot(rh).

where ¢(z) = I'(2)/T'(z) denotes the digamma function. Since, by (2.14), J_1(z) = —Ji(z),
li_l)l(l] sin(ms/2)Mi_s(x) = Ji(x). (11.10)

Now taking the limit as s — 0 on both sides of and using 7, we obtain

Entry

Theorem 11.4. Let 0 < 6 < 1. Then, for |o| < %,

> x\ cos (2mnd)  cos(ms/2)['(—s)
;F ) === G €50+ C(=s1-0)) (11.11)
sin(37s -5 T UE]
- (3(27);(15 L= 5,0)+¢(1—5,1-8)) - S os (%)
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v o (Hyy (in/mem58)  H.(dr/mem i 1=0)
XZZ : (HS ;: >+ 1(m£)1gs(n+1+9)123>

m=1n=0 (ij)T (n + 9) 2

where

2

Hy(x) = 2K, () (Jo(2) + Jo(z)) = %K,,(x) FY(a) — ) cot (7). (1112)

~ sin(nv)
We demonstrate that Entry can be obtained from Theorem as the particular case

s = 0. First,

(C(_Su 0) + C(_Sa 1- 9))

—S

im P(=5)(¢(=s,0) + ((=s,1 = 0)) = lim(=s5)['(—s)
= C,(O’ 9) + <I(Oa 1—- 0)
= —log(2sin(7h)), (11.13)

where we used the fact that ¢/(0,0) = log(I'(d)) — 3 log(27) [LI]. Second, since s = 1 is a
simple pole of (s, #) with residue 1, then

iiir(l)sin(ws/Z)(C(l —5,0)+((1—s,1-0))

= lg%sm(zs/ms@(l —5,0)+C¢(1—-51-0)) =—m.
Third, by ,
(Jl_s(x) + Js_l(l')) = —Yl(ac). (11.14)

<20 2sin(rs/2)
Taking the limit as s — 0 in (11.11]) while using (11.13)—(11.14)), we obtain Entry

12. FURTHER PRELIMINARY RESULTS

Let us define the generalized twisted divisor sum by
US(Xan) = ZX(d)ds7 (121)
dln

which, for Re z > max{1,1+ o}, has the generating function

o0

os(x,n
(L5 = Y0 2
n=1
The following lemma from the papers of Voronoi [82] and Oppenheim [67] is instrumental

in proving our main theorems.

Lemma 12.1. Ifz >0, © ¢ Z, and —% <o< %, then

s (1—s5)/2
7;/ o_s(n) = _COS(;WS)nZIU—s(n) <%) / Hi_ (4m/nz) + xZ(s,x) — %C(s), (12.2)
where H,(z) is defined in (11.12)), and where
—s) _, :
Z(s,a) = U)o s A0, (12.3)
logz 4+ 2v —1, if s =0,

is analytic for all s.
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We show that ((12.2]) reduces to Voronoi’s formula (6.1) when s = 0. From the definition
(11.12)) of H, and ([11.14]), we find that

Hi(4m/nz) = Yi(4m/nz) + %Kl(zlm/ﬁ) — L (4n/m).

We now show that
lim Z(s,x) =logx +2v—1=Z(0,z). (12.4)

s—0

Recall that the Laurent series expansion of ((s) near the pole s = 1 is given by

)" Yn(s — 1
((s) = ==+ + Z nls Z 17,
where 7, n > 1, are the Stieltjes constants defined by [L0]
N
_ log" k  log"t' N
=1 — . 12.

Thus, by (12.3)), for s > 0,

s—1+x7°% r—° L (=1)"y,8" - s™
Z(s,x)—Jrv(l— )+Z( Jws” on

_ _ | _ |
S(S 1) S ]. o— mn. ]. S - mn.
Hence,
lin Z( :17) = lim 5 1 - +2’}/ = l.lll(l log xx s)+2’y =1 :17—}-2”}/ 1
sl—>0 5 sl—>0 S(S — 1) sl—)O 8 08 ’

which proves (12.4)).

Lemma 12.2. Let F(x) be defined by (11.1). For each character x modulo q, where q is
prime, define the Gauss sum

T(x) = Z x(n)e?min/a, (12.6)

n (mod q)

If 0 < a < q and (a,q) =1, then, for any complex number s,

00 z\ . (2mna S igs 1 (v / o (x.m
Sor () () DT PIRCIIP M)

q mod d 1<n<dz/q
d>1 x odd
where ¢(n) denotes Euler’s ¢-function.
Proof. First, we see that
. . Li/dJ )
o= XS =Y =3 r (2 127)
n<x n<z dn d<zx m=1

Similarly, for any Dirichlet character x modulo g,

S o ZF( ) (12.8)

n<x
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where o5(x,n) is defined in (12.1]). We have

ZF <£> sin (27rna> n® = Z F (f) sin <2ﬂ'na) n®
1 n q n q

Now using the fact [I5], p. 72, Lemma 2.5]

sin (2514) = 1 3 @) (12.9

we find that

~Taw 2 () (7)) Z oo

x mod d
1 x odd

=it Y g 2 TOOX@) 3 aten),

x mod d n<dz/q
d>1 xodd

as can be seen from (12.8). This completes the proof of Lemma [12.2] O

Lemma 12.3. If0 < a < q and (a,q) = 1, then, for any complex number s,

> x 2mna
E F <—) cos < ) n’®
n=1 n

q

Proof. We have

n=1 n=1 dlq (n,q)=q/d 1
B > » dx 2rma qm\ 8
- ) mz:l <q> cos < g ) <7>
! (m.d)=1
0 x . > dx 2na [qm\s
:;F(qm>(qm) +dzq: mZ:l F<qm>cos< y ><d) -

d>1 (m?d)zl
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Invoking (12.7]) and (|12.9) above, we find that
> x 2mna !
F()cos( )ns—qs os(n
nzl - p Y os(n)

n<w/q
20 g X F (S me Y
2 d*¢(d) = qm “
m X Mo
d>1 (m,d)=1 X even
S ! S 1 = /
n<z/q dlg x mod d n<dz/q
d>1 X even
Thus, we have finished the proof of Lemma [12.3 (|

We need a lemma from [21], p. 5, Lemma 1].

Lemma 12.4. Let o, denote the abscissa of absolute convergence for

o(s) = Zan)\;s.
n=1
Then for k>0, 0 >0, and o > o,,

1 ! k1 [ D(s)e(s)ast*
T(k+ 1);;95%(3: M)t =5 ) TE+k+1) ds,

where the prime ! on the summation sign indicates that if k = 0 and x = A, for some positive
integer m, then we count only %am.

We recall the following version of the Phragmén-Lindel6f theorem [61), p. 109].

Lemma 12.5. Let f be holomorphic in a strip S given by a < o < b, |t| > n > 0, and
continuous on the boundary. If for some constant 6 < 1,

£(s) < exp(el™Isl/(0=a)),

uniformly in S, f(a +it) = o(1), and f(b+it) = o(1) as [t| — oo, then f(o +it) = o(1)
uniformly in S as |t| — oo.

We also need two lemmas, proven by K. Chandrasekharan and R. Narasimhan [21, Corollar-
ies 1 and 2, p. 11] (see also [0, Lemmas 12 and 13]), which are based on results of A. Zygmund
[88] for equi-convergent series. We recall that two series

oo

Z aj(z) and Z bj(z)

j=—o00 j=—00

are uniformly equi-convergent on an interval if

n

> laj(z) = bj(@)]

j=-n

converges uniformly on that interval as n — oo [6, Definition 5.
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Lemma 12.6. Let a, be a positive strictly increasing sequence of numbers tending to oo,
and suppose that ap, = a—,. Suppose that J is a closed interval contained in an interval I of
length 2. Assume that

o0

Z len| < 0.

n=—oo

Then, if g is a function with period 2w which equals

0o
§ : cnezanac

n=—oo

on I, the Fourier series of g converges uniformly on J.

Lemma 12.7. With the same notation as Lemma|12.0, assume that

SUPp<p<1 E cn| = o(1),
k<an<k+h

as k — oo, and

—  cnl
>l

Let A(x) be a C* function with compact support on I, which is equal to 1 on J. Furthermore,
let B(z) be a C*™ function. Then, the series

o0
B(x) Z cpe'n®
n=—o0o
is uniformly equi-convergent on J with the differentiated series of the Fourier series of a
function with period 2w, which equals

A(z) > e(n)Wa(z)
n=—oo
on I, where Wy,(x) is an antiderivative of B(z)e'n®.
Let the Fourier series of any function f defined, say, in the interval (—m, ), be
oo
Sif] = Z Cne™®.
n=—o0o

The following result of Zygmund [89, Theorem 6.6, p. 53| expresses the Riemann-Lebesgue
localization principle.

Lemma 12.8. If two functions f1 and fa are equal in an interval I, then S[f1] and S[fa] are
uniformly equi-convergent in any interval I' interior to I.

For each integer A define
~ T8 . s
Gats(z) := Jygs(2) cos <7> — (YAH(z) — (-1 K/\Jrs(z)) sin (?> . (12.10)

By (8.3), B.5), and 4),
d (m)(1+k—8)/2

(k—s)/
@ .%') k 2

05(1)Crs (ATv/T0) = 2 (a o5 (n)Crs(dmy/an).  (12.11)

u
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Let us consider the Dirichlet series > 7 | anpu;,® with abscissa of absolute convergence o, and
O<pr <po<--<py— o0 Fory>0and v=X\+s, define

n=1

0o 2\ V/2
S () o)
n=1 n

where G)14(2) is defined in (8.1)). Suppose that

and

(o.9]
> ‘1%‘3 < o0 (12.12)
avty

n=1 lUn

and
a
SUPg<p<i Yoo =), (12.13)
m2<un<(m+h)2 ,LL121 4

as m — 0o.

The following lemma is similar to Theorem II in [21] and Lemma 14 in [6].

Lemma 12.9. The function 2y1:",, (y) is uniformly equi-convergent on any interval J of length
less than 1 with the differentiated series of the Fourier series of a function with period 1,

which on I equals A(y)F,+1(y), where I is of length 1 and contains J. Moreover, F,(y) is a
continuous function.

Proof. We examine the function

fly) = 2¢"/2y" i (Z:’;)V/Z {Gy <47ry\//”;>”> (12.14)

n=1

1/4

g ((\//Tnmw) ( oo,
— | cos (4my, [~ — — — — ) do +sin | 4wy, | — — — — = | d},
7r,u71/4(2y)1/2 q 2 4 q 2 4

3/4

q . Pn TV T Hn TV T\
(s (a2 T ) on (- ) ) ),
27T2u3/4y3/2< (y\/: 2 4) ' W 2 )

where do, dj),d;, and d} are constants. Since y > 0, then by the definition (12.10), (2.16)),
(2.17), (2.18]), and (12.12)), the function f(y) in (12.14)) is a continuously differentiable func-

tion. Let g be a function with period 1 which equals f on I. Since f is continuously dif-
ferentiable, the Fourier series of g is uniformly convergent on J. By the hypothesis (12.12)),

(12.13)), and Lemma the series
y ) a v/2 q

2, 1+ n
2¢" 7y Z < > 1/4

7=l \Hn T (2y) 12

X (COS (47Ty\/l27 - % - Z) do + sin <4wyﬁ— % — Z) 6)

1/4
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is uniformly equi-convergent on J with the derived series of the Fourier series of a function
that is of period 1 and equals on I,

A > an vz v/241+v q
> (= 2¢"/t

n=1 Fn 7r/~‘711/4<2t)1/2

y ( <4m, /qu S D do + sin (m /qu S Z) 6) i (12.15)

for some a > 0. Using Lemma we can prove a result similar to that of (12.15]) for the

series

1/4

3/4

00 v/2
v/2, 1+v an 4q
iy (S

n=1 Hn

X (cos (47ry1/'LZl—7T2V—Z> dp + sin <47ry,/'uq"—w2y—z> 6)

Hence, the series
0o 2\ V/2 _
2y2an <qy) Gy <47Ty H")
ne1 H q

n

is uniformly equi-convergent on J with the derived series of the Fourier series of a function
that is of period 1 and equals on 1,

0 y 2\ V/2
qt A Hn
Ay an/ 2t <> G, <47rt ) dt
X [ (G -

Al S (aA\ TR i
= ?Zan <,Un Gyt | 4y ? .

n=1

In the last step we use (12.11)). This completes the proof of the lemma.

The following lemma is proved by the same kind of argument.

Lemma 12.10. The function 2yF,(y) is uniformly equi-convergent on any interval J of
length less than 1 with the differentiated series of the Fourier series of a function with period
1, which on I equals A(y)F,+1(y), where I is of length 1 and contains J. Moreover, F,(y) is
a continuous function.

13. PROOF OF THEOREM [11.3]

We prove the theorem under the assumption that the double series on the right-hand
sides of and are summed symmetrically, i.e., the product mn of the indices of
summation tends to co. Under this assumption, we prove that the double series in
and are uniformly convergent with respect to 6 on any compact subinterval of (0, 1).
By continuity, it is sufficient to prove the theorem for all primes ¢ and all fractions 0§ = a/q,
where 0 < a < g. Therefore for these values of 6, Theorem [11.3]is equivalent to the following
theorem.

Theorem 13.1. Recall that M, is defined in (11.8)). Let q be a prime and 0 < a < q. Let

Ly(a,q,z) = —gsin (%‘9) (13.1)
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o oo [ My, (477\/m) M, (47r\/m:1: (n+1-— a/q))

< 2 2 | G T a0 (PG 1= g [

m=1n=0

where M(z) is defined in (IL.8). Then, for |o| < 3,
(a.0.2) + ZF< )sm (2mna/q) _ _xsin(ﬂs/Q)F(—s) <C(—3> g) ¢ (_S’ L Z))

(2m)~*

- cos(gi/zi))Flsls —3) (C (1 _s, Z) ¢ (1 —s5,1— Z)) :

where ((s,a) denotes the Hurwitz zeta function.

First we need the following theorem.

Theorem 13.2. If x is a non-principal odd primitive character modulo q, x > 0, |o| < 1/2,
and k is a non-negative integer, then
1 ! k
m Z o—s(x,n)(z —n)

n<x

+

n 1 k 2n+1 C(2n)
k: 2n+2) (2m)*

CaFTIL(1+ $X) 2P L(s, x)
T(k+2)  20(k+1) a

(1—s+k)/2 -
27_[_ T N/o Nk Zo—s (7> G1-stk <47T\/7) )

where Ga_q(2) is defined in (12.10). The series on the right-hand side converges uniformly
on any interval for x > 0, where the left-hand side is continuous. The convergence is bounded
on any interval 0 < x1 < x < x9 < 0o when k= 0.

Proof. From ([12.1)) and Lemma[12.4] for a fixed z > 0, we see that

1 ! ['(w)zwtk
i) > oslon)(@—n)t =— / ((w)L(w + s, x)F(liJr)de, (13.2)

n<zx

M

L(1—-2n+s,x)

where max{1,1 — 0,0} < c and k > 0. Consider the positively oriented rectangular contour
R with vertices [¢c +4T,1 — ¢ £ 4T]. Observe that the integrand on the right-hand side of
1 ) has poles at w =1 and w = 0 inside the contour R. By the residue theorem,

F(w)l‘w+k

W)Wtk w)zwtk

where we recall that R,(f(w)) denotes the residue of the function f(w) at the pole w = a.
Straightforward computations show that

Ry (<<w>L(w )

L(w)z"** \ _ (0)L(s, x)z'**
I(w+k+ 1)> - T(k+1) (134)

and

(13.5)

F(’U})a}erk > B karlL(l +S,X)

Ry (C(w)L(w + S’X)I‘(w +k+1) I(k+2)
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We show that the contribution from the integrals along the horizontal sides (o 47,1 — ¢ <
o < ¢) on the left-hand side of ([13.3]) tends to zero as |t| — co. We prove this fact by showing
that

F(w) :L.w+k

o) Lw +5,3)

Mw+ken) 0

as [Im w| — oo, uniformly for 1 — ¢ < Re w < ¢. The functional equation for L(s, x) for an
odd primitive Dirichlet character x is given by [28, p. 69]

6 (=) e oo

where 7(x) is the Gauss sum defined in (12.6). Combining the functional equation ([2.6) of
((w) and the functional equation ([13.6) of L(w + s,x) for odd primitive x, we deduce the
functional equation

7;7T2w+571

C(w)L(w + s, x) = WU

(w,s)¢(1 —w)L(1 —w —s,Y), (13.7)

where

n(w,s) =
Since ¢ > max{1,1 — 0,0},
C(c+it)L(c+it+s,x) = O(1),
as [t| = oo. Using (2.F)), we see that

I'(w) —1-k
—— =0(|L 13.8
o = O w7, (138)
uniformly in 1 — ¢ < Re w < ¢, as |Im w| — co. Therefore, for w = ¢ + it,
F(w)wark
L —— =o0(1 13.9
L) s = o) (139

as |[t| — oo. Again, using Stirling’s formula (2.5)) for the Gamma function and the relation
(113.7)), we find that, for w =1 — ¢+ it,

w)x?tE
LW+ 50

,L'7T2w+8—1 B F w xw+k
= mﬁ(wa $)C(1 —w)L(1 —w — S’X)F (w)

T(X)q (w+k+1)
_ Oq7s(t2070'7k72)
=o(1), (13.10)
as |t| — oo, provided that k > 2c—o —2. From (|13.8)) and |28 pp. 79, 82, equations (2),(15)],
P(w)xw—i-k

for some constant C' and |Im w| — oco. Since the function on the left-hand side of ((13.11]) is
holomorphic for [Im w| > 7" > 0, then, by using (13.9)), (13.10), (13.11)), and Lemma
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we deduce that
F(w)xw+k

C(w)L(w + Sax)m

=o(1),
uniformly for 1 — ¢ < Re w < ¢ and |Im w| — co. Therefore,

1—ctiT w)z? k
/ C(w)L(w + s,x)Ld

o Twt kil w = o(1), (13.12)

as T — co. Using the evaluation ¢(0) = —3 and combining ([3.9), (3.3), (3.4), (13.5), and
(13.12), we deduce that

1 ZIU (x n)(fﬂ—n)k _ P+ s, x) B L(s, x)z*
) ;

Tk +1) & T(k + 2) oT(k + 1)
1 [(w)zwtk
— L —d 13.1
#am [ St sV s, (1319

provided that k£ > 0 and k& > 2¢ — o — 2. Define

1 n(w, s)T'(w)

y* dw. (13.14)

Using the functional equation (13.7)) in the integrand on the right-hand side of ((13.13]) and
inverting the order of summation and integration, we find that

1 I'(w)zvtk
irkrs=l 1 n(w, s)I'(w)

: _(m2\"
- (et 2w (1—c) m((l —w)L(1 —w—s,X) <> dw

_abnt 1 n<w>F<w>()§<X> dho

T(x)gs T 2mi (1—) T(w+k+1) \ ¢ — nl-w
T(X)q n 2m (1—) D(w + Kk +1) q
zhn os(X,n Tn
= e Z ( ; ) , (13.15)

provided that & > 2¢ — o — 1. We compute the integral I(y) by using the residue calculus,
shifting the line of integration to the right, and letting ¢ — —o0.
Let k be a positive integer and ¢ # 0. From ((13.14]), we can write

1
271'7, (l—c)

where
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Note that the poles of the function F'(w) on the right side of the line 1 —c+it, —0o < t < 00,
areat w=2m+landw=2m+2—s form=0,1,2,.... Thus,

2T (2m + 1T (—m — (s — 1)) y?m+?

— (_1)m+1
Romy1(F(w)) = (=1)™F mIT(2+k+2m) (m+ )T (1+m+ i(s))

and
2I'(2m+2 — )T (—m + %(3 _ 1)) y2mt2s
m!F(3+k—|—2m—s)F(m+%(2—3))I‘(m+%)'

With the aid of the duplication formula (2.4)) and the reflection formula (2.2) for I'(s), we
find that

Ramyz-s(F(w)) = (1)

_ 25—1 (2\/27)4m+2
Romer (F(w)) = cos(ms/2) (2m + k+1)'I0(2m + s + 1) (13.16)
and
—s am
Romsa-o(F(w)) = 22 v (13.17)

cos(ms/2) 2m + )T (2m+k+3—s)
Now from [83], pp. 77-78], we recall that the modified Bessel function I, (z) is defined by

0 »/2)2m+v
3 (2/2)

I(z) = P e (13.18)
and that K, (z) can be represented as
K, (z) = EM' (13.19)

2 sin(wv)
(We emphasize that the definition of I,(z) given in (13.18]) should not be confused with
the definition of I,(z) given by Ramanujan in ((11.4).) Therefore, from (2.14)), (13.18)), and
(13.16)), for k even,
oo o0
25—1—2k’ —k ) Y Am~+2k—+2

> Romia(F(w)) = — z ( \f)|

= cos(ms/2) A 2m+k+1)IT2m+1+s)

9s—1-2k, —k e 2 4m+4-2k+2
_ Y { Z ( (2v¥)

cos(ms/2) — 2m+1DIT(2m +1+s—k)
k/2
a Z/: (2m—1)(!i\(/21777)ji 12—|—s—k)}
m=1
L V) e k()
cos(ms)2) I4s—k Y I4s—k Y
9s—1-2ky—k k/2 (2,/7) 42
cos(ms/2) — 2m—1)IT2m -1+ s—k)
B _2—1—ky(1—s—k)/2 et /B) — Jorenald
cos(m5/2) 1+s—k(4/Y 1+s—k(4/Y))
gstl k2 9—dm, 1-2n

+ cos(ms/2) ‘ T(k—2m+2)(1—2m+s) (13.20)

m=
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Similarly, for £ odd

9] B _2—17ky(1fsfk)/2
> Romi1(F(w)) = cos(75/2) (I-14s-k(4VY) + J-145-k(4V/Y))
m=0

9s+1 (k+1)/2 9—4m, 1-2n
— Y (13.21)
cos(ms/2) <= T(k—2m+2)I'(1—-2m+s) ) '
From (13.17), (2-14)), and (13.18)), we find that
0o 2—1—ky(1—s—k)/2
Roms1_s(F(w)) = Ty ain(4 I en(447)). 13.22
3 R o F@) = o k) BB (182

Invoking (|13.19) in the sum of (|13.20)), (13.21]), and ((13.22)), we deduce that

(R2m+1(F(w)) + R2m+1fs(F(w))) = m

m=0

" <Jls+k(4\/§) + (=1 1 (4y)

sinms

—«Jﬁ“jKlﬁa«@O

Jr

9s+1 2 274my172n

™ cos(ms/2) Z (k—2m+2)I(1 —2m+s)’

Consider the positively oriented contour Ry formed by the points {1 — ¢ — iT,2N + % -
iT,2N + % +iT,1—c+iT}, where T' > 0 and N is a positive integer. By the residue theorem,

1
2mi RN = > Ruya(Fw)+ Y Ropri—s(F(w)). (13.23)
0<k<N 0<k<N
Recall Stirling’s formula in the form [28, p. 73, equation (5)]
[(s) = V2me 555 1/2e5 (),

for —m < args < mand f(s) = O (1/|s]), as |s| = oco. Therefore, for fixed T' > 0 and ¢ — o0,

I(s) = O (e—"+("—1/2> 10%") . (13.24)
Hence, for the integral over the right side of the rectangular contour Ry,
2N+3/2+iT
/ F(w) dw < y2N+3/264N—(4N+2+k+U) logN _ 0(1)’ (1325)
ON+3/2—iT ’

as N — oco. Using Stirling’s formula (2.5)) to estimate the integrals over the horizontal sides
of Ry, we find that

1—c

oco+iT 00 28 . y
op—28—0— _
/10ﬂT F(w) dw < /10y T do <y TZoZlogT o(1), (13.26)

provided that k > 2¢ — o — 2. Using ([13.23)), (13.25)), and ((13.26)) in ([13.14)), we deduce that
sin(7s/2) <stuﬂn+@n“Uaﬂkuﬂn

I(y) = kg (~L+s+k)/2 sinms

(13.27)
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s+1 L 2 J 2—4my1—2n

2
_<—1)k+1ﬂ-K13+k(4\/§)) - cos(15/2) mzl I(k—2m+2)I(1 —2m +s)’

Using the functional equation ([13.6|), the reflection formula (2.2)), and the duplication formula
[2.4), for y = m2nx/q, we find that

| B
i Us(Xyn) 25—1—1 Z 2—4my1—2n
— n cos(ms/2) Lk —2m+2)T'(1 —2m+s)
7.[.1—5 L%J x—2n+l C(Zn)
= 2i7(X —1)nt L(1—-2 . 13.28

q
With the aid of (2.15)), we see that

stm(*SM“@+“”H”1”““@—vw“fmwM%@o

n=1

sin s

= Grip_s(4yy). (13.29)

Combining ((13.13)), (13.15), (13.27), and (13.28)), we see that

1 / 2Ll +s,x)  L(s,x)ak
T D) & e ) = T e (13.30)
4 et o
e Z k201 2) éf)?lm_%“’”

N M g:l o) (3) R <47r\/?) ’

provided that £ > 0, 0 #0, and k > 2c — o — 1.
For = > 0 fixed, by the asymptotic expansions for Bessel functions (2.16)), (2.17)), and
(2.18)), there exists a sufficiently large integer Ny such that

~ nT 1
G1+k—s(4ﬂl?) <y ()

for all n > Ny. Hence, for x > 0,

gz (I+k—s)/2 ~ nx 2k—20—1)/4 74(n)
Z (?> 0s(n)Gyp—s | 41 ? <y ! )/ Z n(2k—20+3)/4

n>Ng n>Nop

<, 2k20-D/4

provided that k > |o| + 3. Therefore, for k > || + & and > 0, the series

2 ()" i (im )

n=1
is absolutely and uniformly convergent for 0 < z; < 2 < z9 < co. Thus, by differentiating a
suitable number of times with the aid of (12.11]), we find that (13.30) may be then upheld

for k > |o| + 3. Since |o| < 3, the series on the left-hand side of (3.30) is continuous
for k > |o| + 5. Conversely, we can see that the series on the left-hand side of (13.30) is
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continuous when k& > 0, which implies that |o| < % Thus, the identity is valid for
k> |o|+ % and o # 0. Since the series on the right-hand side of is absolutely and
uniformly convergent for 0 < z; < x < x5 < 00, we can take the limit as s — 0 on both sides
of for |o| < 1 and k > |o| + 3. Hence, the identity is valid for k > |o| + %
with |o| < 1.

Suppose that the identity

1 Z/ (o) (@ — n)* = L1 +s,x)  L(s, x)a”
) J

T(k+1) = 7~ T(k+2) o (k + 1)
|5 ph—2nt1
¢(2n)
2 Z (hi—2n+2) 2men 28X

1— 5+k
T Za_s (i> Grosik (Mﬁ), (13.31)

is valid for some k£ > 0. Let 5 > max{l, 1 —o}. Then

Sl

n=1

and

os(n)
SUPo<p<1 Z ﬁ = o(1),

m2<n<(m+h)2

as m — oo. Put z = y? in the identity , where y lies in an interval J of length less
than 1. By Lemma 2y times the infinite series on the right-hand side of , with
x = 92, is uniformly equi-convergent on J with the differentiated series of the Fourier series
of a function with period 1 which equals A(y)Fy_syx(y) on I, provided that k > |o| — . But

then, k+ 1 > |o| + % Hence, from ((13.30)),

1 ~
1 AW Fa— stk ()

() (2m)k T
_ ro_s(em)(y® =) PN 4 s x) | L(s, x)yP Y
- A(y){;}Q I(k+2) T T3 Mkt
[5] 2(k—2n+2)
n-1_Y " C(Qn)
—9 nzl ) ot y) (2ﬂ)2nL(1—2n+s,X)}
1o x, Jt—n)t o PEILA 45 x) | L(s )y
{/ Z k+1) - TD(k+3) 2T (k + 2)
Lk}LQ y2(k=2n+2)
§ ¢(2n)
-2 Z =20+ 3) (QW)QHL(l—Qn—Fs,X)}
10 X, (t? — n)k2t @t P21 +5,x)  L(s, )2kt
{/ 2 k+1) ~ T(k+3) 20 (k + 2)

n<t2
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1552 2(k 2n+2)
¢(2n)
—2 Z (k—2n+3) (2w)2nL(1_2n+S’X)}'

Note that A(y) = 1 on J. Therefore, from Lemma and the properties of the Fourier
series of the function

Y Y o -

I'k+1 o
in I, we see that the identity ((13.30] m ) holds for k > |o| — , which completes the proof of
Theorem [13.2) 0

From (T1.8) and (13.29), we find that sin(ms/2)M;_s(2) = G1_4(2). The case k = 0 of
Theorem [13.2] gives the following corollary.

Corollary 13.3. If x is a non-principal odd primitive character modulo q, x > 0, and
lo| < 1/2, then

o sm) = 2L+ 5,0) — 3 L5 )

n<x
isin (75)/2 — _ qzr\ 7 nx
— = —s(X;n) | — My | 4my[— |,
where My_s(2) is defined in (11.8]).

Next, we show that Theorem [13.3] implies Theorem We then finish this section and
hence finish the proof of Theorem by proving that Theorem implies Theorem [I3.3]

Proof that Theorem implies Theorem [13.1. Recall that L(a,q,z) and M, (z) are defined
in (13.1) and (11.8]), respectlvely Thus,

Ls(a7Q)x) = _gSin (%S>

My s<47r\/m> i <47r\/maz n+1—)>

(ma)(1+9)/2(n + a/q)(1—9)/2 (mx)(Hs P(n+1—a/q)=9)/2

i i My_g <47rﬁ> i My (47T\E)

(ma)(1+9)/2(n /q)(1-5)/2 o n:1 (ma)(1+9)/2(n /q)(1-5)/2

n=amod q n=—amod q

a0 () 5 S UV S o aco

145)/29(1—5)/2
2(Z5(Q) 2 m=1n=1 ml+9)/2n( )/ x mod q
(qz)(1=%)/2 /7 © & o M (47r m;m)
Yo% R (7) XmZMqX(“)n;nﬂX(”)” (mn)0+9)72
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—Msin <7r3) 3 ZZX My (47r\/%7>

(@) = o n(1+s)/2
x odd
(qx)(l—s)/2 ' TS Ml—s (47[-\/%7)
_WSHl( >X§0:dq ZUS X n(1+s)/2 .
x odd

Now, from Lemma [12.2] and Theorem [13.1

Ja.q. +ZF(QJ)S”1 CBrne/d) _ IS M@y (DE( + )

o(a) X7#Xo mod ¢

X even

: 20(9) x#szn:lodq @O

X even

Using the functional equation (13.6]) of L(s, x) for odd primitive characters, we find that

sin 27rna/q) st (31— 5)) ¢ _
(a,q.2 +ZF( ) =TT ers) 6@ 2 X@H-sX)

x mod ¢
x odd
7TS_1/2F (%(2 — S)) ql—s - B
0 ) o 2 XOH a0
x odd
om0 ) g o
T +s) o o N XTI
2T (32— ) ¢ i
T ar(L(1+s) o) X%q(X(“) —x(g—a)L(1-s,%). (13.32)
From [5, p. 249, Chapter 12],
(5:x) =a ZX (s,h/q). (13.33)

Multiplying both sides of (|13.33)) by x(a) and summing over all characters x modulo ¢, we
deduce that

= q—s x(a)L(s
((s,a/q) = 50 X%qx( )L(s, x), (13.34)

where ((s,a) denotes the Hurwitz zeta function. Using the duplication formula (2.4]) and the
reflection formula (2.2)) for I'(s), we find that

I (is) _ cos(3ms)L(s)
FO0-s) - 2
Utilizing (13.34]) and ([13.35]) in (13.32]), we see that

oo S (A ((,2) (1-3)

(13.35)
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A=) (1 0) g (1-an- ).

which completes the proof. O

The proof that Theorem [11.3] implies Theorem [13.3] is similar to the proof that Theorem
implies Theorem which we give in the next section.

14. PROOF OF THEOREM [I1.4]

Arguing as in the previous section, for 0 < a < ¢ and ¢ prime, we can show that Theorem
11.4]is equivalent to the following theorem.

Theorem 14.1. Let g be a prime and 0 < a < q. Let

Gs(a,q,x) = gcos <?> (14.1)

XZZ Hy_ <4m/mz(n—|—a)> (47T\/mm n+1—))

(mz)1+9)/2(n + a/q)0 iz T (mz)1+9)/2(n+1—a/q) =972 (°

m=1n=0

where H,(z) is defined in (11.12) and where we assume that the product of the summation
indices mn tends to infinity. Then, for |o| < %,

s +ZF( e zﬁjw/q) _xcos%;;;r;—s) (C (_S, Z) +C<_5,1_3)>

S (c(1ng) e (-erg))

We show that Theorem is equivalent to Theorem which is a special case of the
following theorem.

Theorem 14.2. If x is a non-principal even primitive character modulo q, x > 0, |o| < 1/2,
and k is a non-negative integer, then

1 ! k

F(k+1)7§ o—s(x,n)(z —n)
ML +s,x)  2FL(s,x) 49 ; )P lah=2ntl ¢(2n) L1 - 20+ 5.%)
T(k+2)  20(k+1) T(k—2n+2) (2m)™ X

(1—s+k)/
27r Z"— ( )1 " Giei (4”\/?)’

where GA,S(Z) 18 deﬁned n . The series on the right-hand side converges uniformly on
any interval for x > 0 where the left-hand side is continuous. The convergence is bounded on
any interval 0 < x1 < x < x9 < 00 when k = 0.

Proof. From ([12.1)) and Lemma[12.4] for fixed z > 0, we see that

1 ! [(w)zwtk
F(l‘*'k)% o_s(x, )(l‘_” 27”/ C(w w+S,X)mdw7
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where max{1,1 — 0,0} < c and k > 0. Proceeding as we did in the proof of Theorem m
we find that

LS e = PO L
) Y

Dh+1) &= T(k+2) o0 (k + 1)
1 [(w)zwtk
— L —d 14.2
#am L s O s, (42)

provided that k > 0 and k& > 2¢ — 0 — 2. The functional equation for L(2s,x) for an even
primitive Dirichlet character x is given by [28, p. 69]

<Z>_SI‘(S)L(2S, X) = T(\jg (Z)ﬁﬂ) r @ - ) L(1 - 25,%), (14.3)

where 7(x) is the Gauss sum defined in (12.6). Combining the functional equation ([2.6) of
¢(2w) and the functional equation (14.3)) of L(2w + s, x) for even primitive x, we deduce the
functional equation

2w+s—1
C(w)L(w + s, ) = Wn(w, $)C(1—w)L(1 —w — s, %), (14.4)
where
(0,5) = I (3(1-—w))T (3(1 —w—3s))
”’ TR Gw+s)
Define
I(y) = 1 n(w, s)I'(w) w g (14.5)

271 (1—c) F(w +k+ 1)

Using the functional equation ((14.4) in the integrand on the right-hand side of (14.2) and
inverting the order of summation and integration, we find that

1 [(w)zwtk
[ 5 s
gt n(w, s)I'(w)

1—w)L(1 AN
= Tl om 1o (w+kz+1)€< —w)L(1 —w —s,X) <> w
k

phas—1 1 n(ws)r(w)<7r2x>w§:05(x,n)dw

7'( 7(x)g*~ 1 2mi (- Nw+k+1) \ ¢ — nl-w
! ZUs x,n) 1 n(w, s)0(w) (w*nz\” dw
7(X)g* 1 n1+k 27m (1—c) T(w +k + 1) q
7rs 1 os(x,n T NnT
- e (), (14.6)

provided that & > 2c — o — 1. We compute the integral I(y) by using the residue calculus,
shifting the line of integration to the right, and letting ¢ — —oc.
Let k be a positive integer and o # 0. By ({14.5)), we can write

I(y) := 3 " F(w) dw,
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where
Tl (31 -w)T (3(1—w—ys))y®
F(1+k+ w0l (3w) T (3(w+s))
Note that the poles of the function F'(w) on the right side of the line 1 —c+it, —0co < t < o0,

areat w =2m+land w=2m+1—s, m=0,1,2,.... Calculating the residues, we find
that

F(w):=

2U'(2m + 1)L (—m — §s) y?™+!
mIT(2+k+2m)L (m+ 3) T (m+ 5(s + 1))

Ram1(F(w)) = (1)

and

2L (2m+1—s)I' (—m + 3s) y?mH1=s
mL2+k+2m—s)L (m+3(1—3s)) (m+3)
With the aid of the duplication formula (2.4)) and the reflection formula (2.2)), we find that
2571 (2\/@)4m+2

Ram1-s(F(w)) = (1)

ma1(F = 14.7
Rom 1 (F(0) = 75 Gm kot DIT@m £ 1+ 5) (147)
and
(2y)' (2yy)*m
J(F(w)) = — . 14.8
Romt1-s(F (w)) sin(ws/2) (2m)\T(2m + k + 2 — s) (14.8)
Consequently, from (2.14)), (13.18)), and (14.7)), for k even,
0 23—1—2k -k 9 Am~+2k+2
S Rama (F(w)) = 2 20
= sin(ms/2) = 2m+k+1)IT2m+1+5s)
257172ky7k e (2\/27)4m+2
~ sin(7s/2) { = (2m+ D)IT@2m+1+s— k)
k/2 _
B Z/: (2\/@)4771 2
— 2m—-1)IT'2m—-1+s—k)
91—k, (1=s—k)/2
— I ogve n(AVT) — J 1rei(4
Sil’l(?TS/Q) ( 1+ k( \/y) 1+ k( \/@))
25+1 k/2 2—4m 1-2n
- i . (14.9)
sin(ms/2) = I'k—2m+2)I'(1 —2m+s)
For each odd integer k,
00 2—1—ky(1—s—k)/2
m - I s— 4 14— 4
32 Ramen (F0)) = 5 sV 4 ook
st1 (k+1)/2 —4m, 1-2n
7 2y . (14.10)
sin(ms/2) = D(k=2m+2)I'(1—2m+s)
Similarly, from ((14.8)), we find that
oo 2—1—ky(1—s—k)/2
s -2 (4 T o n (40)). 14.11
3 RamaealF) = =5 L s V0 hosnslB). (141
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Utilizing (13.19)) in the sum of ((14.9)), (14.10)), and (14.11]), we deduce that
oo

cos(ms/2)

(Rmn+ﬂFKuO)+fbm$lfdfxw»)::_iaﬂifﬁﬁiﬁi

m=0

" (Jl—s+k(4\/§) — (=DM ek (45)

sinms

- <—1>’f“iK1_s+k<4@>

23+1 I_k+1J 2— 4my1 —2n

~ sin(ws/2) Z I'(k—2m+2)I'(1—2m+s)

(14.12)

Using (2.15]), we can shovv that

e

sinms

COSs

- <—1>’“+1frf<1_s+k<4@>

= Groes(4yp). (14.13)

Consider the positively oriented contour Ry formed by the points {1 — ¢ — iT,2N + % —
1T, 2N + % +iT,1—c+iT}, where T' > 0 and N is a positive integer. By the residue theorem,

QLM F(w)dw = Z Rop11(F(w)) + Z Ropq1—s(F(w)).

RN 0<k<N 0<k<N
By (|13.24]), for the integral over the right side of the rectangular contour Ry,

2N+43/2+iT

/ F(w) dw <<T,s y2N+3/2e4N—(4N+2+k+a)logN _ 0(1)’
2N+3/2—iT

as N — oo. Using Stirling’s formula (2.5 to estimate the integrals over the horizontal sides

of Ry, we find that

1—c

oco£iT 0o 25 . y
a — —0— .
/1—c:|:iT Fw)dw < /1_Cy T do sy roe—o—ra logT o(1),

provided that k& > 2¢ — 0 — 2. Combining (14.2)), (14.6), (14.12), and (14.13]), we conclude
that

1 / i
F(k"’_l)g o_s(x,n)(x —n)
M
karlL(l—l-S,X) kL S X Lo Z n 1 k 2n+1 C(2n) L(l on )
= —2n+s
T(k+2)  2T(k+1) k m+2) (2m) X

(1—s+k)/2 nx
o) — g ZO’ (x,n ( ) Gi_stk (4771/ . > , (14.14)

provided that k& > 0 o 75 0, and k > 2¢ — 0 — 1. By the asymptotic expansions for Bessel

functions (2.16)), (2.17 , and (2.18), Lemma [12.10] (8.6, and an argument like that in the
13 2

proof in Theorem we deduce the identity (14.14) for k > |o| — 3, with |o| < 1. Thus,
we complete the proof of Theorem O

From the definition (11.12) and (13.29)), we find that cos(ws/2)M;_s(z) = Gi1—s(z). The
case k = 0 of Theorem provides the following corollary.
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Corollary 14.3. If x is a non-principal even primitive character modulo q, x > 0, and
lo| < 1/2, then

/
D os(x;n) =xL(1+s,x) — 5L(s, x)
n<x
cos (75) /2 T\ 7 nx
+ ( Y )/ ZU*S(Xan) <Q7> ’ Hlfs (47T ) )
where Hi_s(z) is defined in (11.12)).
Next we show that Theorem implies Theorem [14.1]

Proof. First we write ((14.1]) as a sum over Dirichlet characters. To that end, for any prime ¢

and 0 < a < g,
Gs(a,q,x) = = cos (g)

) ii{ Hi_g <4ﬂ\/m> <4ﬂ\/mw n+1—)>
)

(ma)(1+8)/2(n 4 OL/q)(l—S)/2 (ma)1+9)/2(n +1 — a/q)(1-9)/2

i i Hi_ (4%@)

(mz)T9/2(n/q)(1-9)/2

= (5) XX mmmaar 2 X)) +x(-a)

m=1n=1 x mod ¢

Hy_, (471' mn:p)

@ () S 3 S s (4my/%)

(mn)(1+s)/2

e (3) X @S e e (iry %)

1+s)/2
¢(q) 2/) = T n(+s)/
X even
- o0 Hi_. (47, /2z
_ (qz)(1=9)/2 s B 1 s( \/7)
x mod g n=1
X even

where in the penultimate step we recall our assumption that the double series converges in
the sense that the product of the indices mn tends to infinity. For the principal character xg,

S o) (%) D Bp R Ly ) (1416)

n(1+s)/2 (mn)(1+s)/2

m=1n=1

o oo Hy_, (477 mgﬂ”)
Sy
m=1n=1

(mn)(l-‘rs)/Q
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_ i ins Hy_ (477\@) (s—1)/2 i ins Hy_; (4my/mnz)

L (mn)(1+s)/2 L (mn)(1+s)/2
00 H—s 4 nx

_ Za ) 1 ( T/ o ) - 1)/22 H1 s 477\/713:)‘
— § n(1+s)/2 n(l+s)/2

Combining (|14.15)) and ([14.16) and applying Lemma we find that

@0 > H (i[5
Glwa.m) = e () L Mo e sy
X even
1 ! 1
M (ng:x o_s(n) —axZ(s,x)+ 2((8))
ql s /
- ¢(q) (n;gc/q s(n) *Z(Saw/Q) + QC(S))
z)' 7 TS Hi—s (45
= (g2) cos (?> Z x(a)Zas(X,n) n(<1+s)/2 - >
¢(9) X7#X0 mod g n=1
L o
" 5 2 T G 2 e
x 1N () 1
ottt <1 - q‘s> 26(q)q* " (1 q1‘5> ' (1)

For each prime ¢, by Lemma [12.3

> x\ cos (2mna s ! 1 = !
> FHM:(J > ol g X @) Z —a(x,m)

n ns
n=1 1<n<z/q x mod ¢ 1<n<z
X even
_s / 1 /
=4 Z s(n) 2@ Z (xo0,m)

1<n<z/q UV n<a
1 B ’

o X Xm0 3 oslon) (14.18)
e X#xo mod g 1<n<z

Now,

> oo = 3 Dd= 3 g Y Y

1<n<z 1<n<z d|n 1<n<z d|n 1<n<z/q d|n

qtd
— Z’ o_s(n) — g Z’ o_q(n). (14.19)

1<n<z 1<n<z/q
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Substituting ((14.19) into (14.18]), we find that

1—s

cos (2mna ! 1 !
ZF( ) = /9) Zb(q 3 a_s(n)—wz o_s(n) (14.20)

1<n<z/q

1 !/
Yot Yo x@r(x) Y o-s(in).

X#xomod g 1<n<a
X even

Adding (14.17) and ( and using Theorem we find that
(2 1
TN A P

" o)
B O N R X(@)7(X)L(1 + 5,%)
2¢(q)qs‘1< q1‘5> o(q) X;ﬁ%%ggdq
‘z&ﬂﬁg%m}wwuwwwy (14.21)

Recall that if x¢ is the principal character modulo the prime ¢, then
1
Lisx) =< (1= ). (14.22)
Using the functional equations of ((s) and L(s,x) for even primitive Dirichlet characters,

(2.6) and (14.3)), respectively, and (14.22)), we find from (14.21) that

x\ cos (2mna zrst2r (—Lg) g
s(a,q, @ +ZF( ) (2mna/q) _ F(=29) 4 > x(a)L(-s,X)

ns L(z(1+5) ¢la) 4,
oven
UL 5 o
oo
_ x;;*(lg ifi—j;) ;(‘; szm(xm) +x(a - @))L(~s,%)
We complete the proof of Theorem [[4.1] by using (13.34) and (13.35) in (14.23). =

Next we prove that Theorem [11.4] implies Theorem [14.3
Proof. Let x be an even primitive character modulo ¢q. Set § = h/q, where 1 < h < q. The

Gauss sum 7(n, x) is defined by
q

r(n,x) = 3wy,

m=1

Note that 7(1, x) = 7(x), which is defined in (12.6]). For any character x [5, p. 165, Theorem

8.9]
7(n, x) = X(n)7(x)-
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Multiplying both sides of (11.11)) by x(h)/7(x) and summing over h, 1 < h < ¢, we find that
the left-hand side yields

1 B T\ COS (27mh/q 1 X F (g) a1 B 2rnh
—_ F (- n h) cos
7(X) h:lX nZ:1 (n) ns nZ:l ns ;X< ) ( q )
1 OOF(g)q_l- ominh/q | —2minh/
— — ;1 (h) e min q + e TN q
27'()();:1 n h:lX ( )
= o > Tl + -y
n=1
= /o:s(x,n). (14.24)

On the other hand, summing over h, 1 < h < ¢, on the right-hand side of (11.11)) gives

s qg—1 oo [e’e) B Hl—s (471'\/@)
2 cos ( ) hz_:lmz:l j%:l d X(h) (ma)(1+5)/2(n /q)1-9)/2
n=xhmodgq

= e (B) T3 HI_S(A‘WW) SRR

2 (ma)(1+9)/2(n /q)(1-9)

(]

m=1n=1 h=1

h=4+nmodq

- e (3) 3 S w (i /%)

7(X) 2 (ma)(1+9)/2(n [ q)(1=5)/2
—( )(1 S)/ZCOS( o os(x,n) nx
N 7(X) n; its)/2 s 47T\/: : (14.25)
Combining ((14.24)), (14.25)), and (13.33) with the functional equation (14.3) of L(s,x) for

even primitive y, we obtain the equality in (11.11f), which completes the proof of Theorem
M4.3l O

l\.’)\)—l
CIJ
S— 3

15. KOSHLIAKOV TRANSFORMS AND MODULAR-TYPE TRANSFORMATIONS

In Section |§|, we studied a generalization of the Voronoi summation formula, namely ,
the right-hand side of which consists of summing infinitely many integrals involving the kernel

( s(4mv/nt) — (47r\ﬁ)> cos( 5 ) Js(4mv/nt) sm( 5 ) (15.1)

Koshliakov [57] remarkably found that for —3 < v < 1, the modified Bessel function K, (z)
is self-reciprocal with respect to this kernel, i.e.,

/ K, cos (v70) May, (2v/zt) — sin(vr) Jay, (2V/at) ) = K, (). (15.2)

He also showed that for the same values of v, £ K, (x) is self-reciprocal with respect to the
companion kernel sin(v7).Ja, (2v/xt) — cos(vm) Lo, (2v/2t), i.e.,

/0 0 (sin(mr)Jg,,(Z\/:E) - cos(m)LQV(m/E)) dt = 2K, (z). (15.3)
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Here

N (z) = gK,,(m) “ V@) and  Ly(z) = iK,,(x) V@),

It is easy to see that these identities actually hold for complex v with —5 < Re v < 7. It
must be mentioned here that the special case z = 0 of - was obtalned by DlXOIl and
Ferrar [33] p. 164, equation (4.1)].

Motivated by these results of Koshliakov, we begin with some definitions.

Definition 15.1. Let f(t,v) be a function analytic in the real variable t and in the complex
variable v. Then, we define the first Koshliakov transform of a function f(t,v) to be

/ S ) (cos(m)z%y(z\/a) _ sin(w)JQ,,@\/E)) dt,
0
and the second Koshliakov transform of a function f(t,v) to be

/0 " ) (Sin(mT)JQV(Z\/E) . cos(m)LQ,,@\/ﬁ)) dt

provided, of course, that the integrals converge.

Remark. We note here that the first Koshliakov transform is the integral transform that
arises naturally when one considers a function corresponding to the functional equation of
an even Maass form in conjunction with a summation formula of Ferrar; see for example, the
work of J. Lewis and D. Zagier [60, p. 2167217@

The following two theorems, obtained in [30, Theorems 5.3, 5.5], give the necessary con-
ditions for functions to equal their first or second Koshliakov transforms. The corollaries
resulting from them [30, Corollaries 5.4 and 5.6] give associated modular transformations.
These results are stated below.

Theorem 15.2. Assume :l:%cr <c=Rez<1lzk %O‘. Define f(x,s) by

c+1i00
f(a:,s):l‘/ x *F(z,5)C((1 —2z—5/2)((1 — 2+ s/2)dz

211 —ioo

where F(z,s) is a function satisfying F(z,s) = F(1—z,s) and is such that the integral above
converges. Then f is self-reciprocal (as a function of x) with respect to the kernel

27 (cos (2773) s(4my/Ty) — sin ( ) (47r\ﬁ))
that 1is,
f(y,s) —27T/ f(z,s) COS( 78) M,(4my/zy) — sin (37s) J (47r\ﬁ)]

Corollary 15.3. Let f(x,s) be as in the previous theorem. Then, if a, > 0 and aff = 1,
and if —1 <o <1,

\/a/ooo K,)o(2maz)f(z,s)dr = \/B/OOO K,)o(2mBx) f(x, s) dz. (15.4)

5The kernel Fy(€) in [60, p. 217] is equal to 27 times the kernel in (I5.1) with s replaced by 2s — 1. This
is immediately seen by an application of ([2.15)).
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Theorem 15.4. Assume j:%a <c=Rez<1l+ %O‘. Define f(x,s) by

Fa,s) = 2% /_+Oo 1(?2(;);)1“ (z - ;s> r (z + ;5> ((z-3)c(s45)ads, (155)

200

where F(z,s) is a function satisfying F(z,s) = F(1 — z,s) and is such that the integral above
converges. Then f is self-reciprocal (as a function of x) with respect to the kernel

2 (sm ( ) s(4m\/xy) — cos (2773) (4ﬂr))

that 1is,

f(y,s) —27r/ f(z,s) [sin (37s) Js(dmy/zy) — cos (3ms) Ls(4my/zy)] da

Corollary 15.5. Let f(x,s) be as in the previous theorem. Then, if a, f > 0 and aff = 1,
and —1 <o <1,

o0 o0
a3/2/ K, )o(2mar) f(z,s) dr = 63/2/ K, )o(2mBz) f (2, 8) d. (15.6)
0 0
The identity in (15.2)) can be proved using Theorem by taking
% T (%z — is) r (12 + 13)
4 ((1—2—3s)¢(1 -2+ 3s)
and then using the fact [64, p. 115, formula 11.1] that for ¢ = Re z > + Re v and a > 0,
1 v z

2 ), YT (5 3) T (G+3) e & = Kulaw) 150

Note that (2.2), (2.4)), and (2.6) imply F(z,s) = F(1 — z,s). In the last step, replace s by

2v, x by z/(2m), and y by y/(2m) to obtain (15.2). Similarly, (15.3)) can be proved using
Theorem by taking

F(z,s) =

7I.z—l—l
[ 39T (et 1) G390 Gt )

and then using (15.7) with z replaced by z + 1. The equality F(z,s) = F(1 — z,s) can be
proved using (2.3)), (2.4]), and (2.6)). As before, in the final step, we replace s by 2v, = by

x/(27), and y by y/(27) to obtain (15.3).
If we let f(z,s) = K /o(2mz) in (15.4), we obtain
\/a/ K, )o(2max) Ky o(2mw) de = \/B/ K, )o(2mBx) Ky jo(2mx) de, (15.8)
0 0
which is really a special case of Pfaff’s transformation [77), p. 110]

2F1(CL, ba C;’U)) = (1 - w)_a2F1 (CL,C— ba G v 1) ’ (159)
w —

as can be checked using the evaluation [69, p. 384, Formula 2.16.33.1]

/0 2K, (b2) K, (cx) do

_ga-3—a—p W platptvyfatp—vy fa—ptvy fa—p—v
'(a) 2 2 2 2

F(z,s) =
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valid for Re (b+¢) > 0 and Re a > [Re u| + |Re v|. Similarly, letting f(z,s) = 2K, /5(27x)
in (15.6) yields

oo o0
a3/2/ :UQKS/Q(ZW&Q:)KS/Q(%T&:) dr = 53/2/ xZKS/Q(Zﬂﬁx)KS/Q(Qﬂx) dz,
0 0
which is again a special case of Pfaff’s transformation (15.9).

15.1. A New Modular Transformation. In [30, Theorems 4.5, 4.9], transformations of
the type given in Corollaryresulting from the choices F'(z,s) =T (z + %s) T (1 —z+4+ %s)
and F(z,s) =T (%z + %s) r (5 — %z + %s) were obtained. In the following theorem, we give
a new example of a function f(x,s), equal to its first Koshliakov transform, constructed by
choosing

1

F(zs) = sin(mz) — sin (37s)

which, with the help of Corollary gives a new modular transformation. An integral
involving a product of Riemann =-functions (defined in (2.10)) at two different arguments
linked with this transformation is also obtained.

Theorem 15.6. Let —1 <o < 1. Let

335/2 s x2fs/2 OO ns—1 _ ps—1
flx,s):= 1+s) + Za,s(n) <> (15.10)

2sin (%7’[’8) T Ccos (%7‘(’8) = n? — x2

— oSl pms/2 {F(S)C(s) (71' tan (g) —2(v + log J:)) _@r)d—s) C(g _) ) } .

COS

Then, for a, 3 >0 and af =1,

Va [ K. pp(enans B [ Koplempo)f(o.s)da

1 0 s— 141t s—1—it —s+ 1413t —s+1—1t
= r r T r{ ——
4w3/0<4>(4)(4)(4)

— 111
L= (t zs) = <t+zs) ctos (5tloga) " (15.11)

2 2 24+ (s+1)2

Remark: When z is an integer m, we adhere to the interpretation

i ms—l o xs—l _ (S o 1)m573

e=sm m2—22 2
Proof. Let
1
F = . 15.12
() sin(rz) — sin (37s) ( )
We first show that for j:%a <c=Rez<1l+ %0,
1
J(z,s) := 5 F(z,8)¢(1—2—-5/2)((1 —z+s/2)z" *dz = f(x,s), (15.13)
T ()

where f(x,s) is defined in ((15.10)).
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To prove ([15.13]), first assume that Re z > 1+ %a, let z =1 —w, and consider, for A = Re
w < + g, the integral

H(z,s) = L Clw=3)¢w ir ) 2~ dw.

27i J(y) sin(mw) — sin (37s)

In order to use the formula

oo
s s o_s(n)
_2 Z) = =, 15.14

C(w Q)C(w+2> an—é (15.14)

n=1

which is valid for Re w > 1+ %a, we need to shift the line of integration to N’ = Re w > 1+
Re %a. Considering a positively oriented rectangular contour with vertices [A—iT', ' —iT, N+
iT,\+ 4T, \ — iT] for T > 0, shifting the line of integration, considering the contributions
of the simple poles at 23 and 1+ s and of the double pole at 1 — s and noting that the
integrals along the horizontal segments tend to zero as T' — oo, by Cauchy s residue theorem,

we find that
o2 (nfr)y
(9) ~ 2mi ( Z 7—s(n /X) sin(rw) — sin (%) v

— 27 (RS/Q + R1+s/2 + Rl_s/g)), (15.15)

where the interchange of the order of summation and integration can be easily justified. The
residues R, 9, Riy,/2, and Ry_/5 are computed as

. ('LU — %s) B s s .
Ry = wlljgs sin(mw) — sin (%Ws) ¢ (w 5) ¢ (w + 5) "
g
 2meos (3ms). (15.16)
(w—1-39)

s s
Lte/2 w%llIIJ:%s sin(mw) — sin %ws) ¢(w 2 ¢(w 2) %

B _C(l + 5)xs/?
~ 2sin (%7‘(’8) ’

_ (w—1+ %8)2 e S\ we1
Bamspe = uthIniS dw {sin(ﬁw) — sin (%773)< (w 5) ¢ (w + 5) o

=2 Sl msy /2 {F(s)((s) (77 tan (%) —2(y + log .CC)) - WM} . (15.18)
2

(15.17)

()
/(A/) sin(rw) — sin (37s) d

1 s s n\ —w
R — dw. (15.19
5 oo e GG g ) % 0519

MH
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For 0 < d= Re z < 2 [38] p. 345, formula (12)],
1 T 2

— 7.%_2 dz

271 Jigy sin (372) T 14

Replace z by w — %3 to obtain, for %U <d =Rew<2+ %a,

1 9 —s/2
/ T Ydw=" (15.20)
27 J(ary sin (577 (w — 53)) 1+=x
Also, replace w by w + 1+ s in (15.20)), so that for —1 — %a <d'"=Rew<1- %a,
1 9plts/2
/ Y dw = (15.21)
27 J(qry cos (§7T (w + 55)) 1+=x

Employing (15.20) and (15.21) in (I5.19) and using (2.13)), we deduce that, for 10 < ¢/ =
Rew <1— %a,

(n/z)=v L 4i [ 2 (nf(xt) T dt
/(C/) sin( dw = /0

Tw) —sin (37s) T (1+¢2) (14 n2/(22t?)) t

4i rnN\1+s/2 [ t=°
=— (- dt. 15.22
T (x) /0 (14 t2) (n2/22 +t2) (15.22)

From [41] p. 330, formula 3.264.2], for 0 < Re u < 4, |argb| < m, and |argh| < m,
3] =1 p T h,u/2—1 _ b,u/2—1
t pu—
/0 (b+t2)(h + t2) 2sin ($pm) b—nh

Letting p = —s+1, b= 1, and h = n?/2? above, employing the resulting identity in (15.22),
and simplifying, we see that, for %U <d=Rew<1- %a,

/ (njx)=v dw — 2 ((n/x)_s/z _ (n/x)HS/Q) |
(er) sin( : )

Tw) — sin (37s) cos (37s 1 —n?/a?

Employing the residue theorem again, we find that for ' = Re w > 1+ %0,

()
/( nysin(rw) — sin (17s)

:/ o (n/z)™ dwt2mi L (W LEs/2) /D)
(¢/) SIn

Tw) — sin (37s) w—l-s/2  sin(rw) — sin (37s)
__ 2 (TR 2 e
 cos (37s) 1 —n2/z? cos (%71’8)
2infs/2x3fs/2 ns—1 _ ps—1
= . 15.23
cos (%WS) < n2 — x2 ) ( )

Now substitute (15.16]), (15.17)), (15.18)), and (15.23) in (15.15]) to see that, for ¢/ = Re z >
1+1is
27

1 -z —s/2)C(0 -2+ 5/2)
H2) =55 @) sm(rz)sn(dms)
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_ x5/2C(1+s) C(S).%'S/zil 22 5/2 ia < ns—1 —x51)

2sin (%WS) " 971cos (%TFS) T cos n? — g2

n:l

— 2 S iy s/ {F(S)C(s) (7‘(’ tan (g) — 2(v + log x)) - W} i

Using the residue theorem again, we see that for :l:%a <c=Rez<1= %a,

o e (2 —1+5/2)
I(z,s) = H(x,s) Z_}ilfls/z sin(z) — sin (37s)

s/ —s/ o0 s—1 _ .s—
:$2C(1+S)+ x27s/2 Zas(n)<n . 1)

2sin (%Ws) T Ccos (%773) — n? — g2

— 9 s/ {F(S)C(s) (71' tan (g) —2(v + log x)) - ()C(E_))}
2

COS
= f(.%', S),

where f(z,s) is defined in (15.10). The proof of the first equality in (15.11)) now follows from

(15.13), Theorem [15.2, and Corollary [15.3,
In order to establish the equality between the extreme sides of ((15.11] m, note that by -,

forc—Rez>:|: o,

C1—2z—-5/2)(1—2z+s/2)x""

1
R /( | 2°=2(27rq)) T (5 - Z) r (% + Z) 172 dz = K, p(2maz), (15.24)
From (15.24) and (2.12)), for £30 < c=Re z < 1 + 10,
f/ Kgpp(2maz)f(x,s)dx = ve 27" 2ma)* 7t
211 (c)

P(y—de—ds)T(4—2z41
g . s?z(ﬁziszsiy(éﬂz;—i_48)6(1_2_ s)C(1 — z+ 3s) dz.

Now use the functional equation (2.7)) for {(1 — z — s/2) and for {(1 — z + s/2), (2.1), (2.2),
and ([2.9) to simplify the integrand, thereby obtaining

\/a/ooo Kgjo(2max) f(x, s) do

_ 1 F(%ZJF%S—%)F(—WF )T (3 — 32— 35)T (32— 13)
6ar3iv/a Jic) (32— 35— 3) (32— 19)
x & (z - ;) ¢ (z + g) o dz. (15.25)

From [29] equation (2.8)], if f(s,t) = ¢(s,it)p(s, —it), where ¢ is analytic as a function of a
real variable ¢ and of a complex variable s, then

e t t+1 t—1
/0 f(s,2)5< —;ZS>E( 2ZS>COS(%tIOgOé) dt

= i\;a ;J::O ) <s,z — ;) 0] <3, % — z) 13 (z - g) £ (z + %) o dz. (15.26)
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It is easy to see that with

Flz+ds—Hr(lz 1541
é(z, ) = (2 4~ 4)1 (21 1 4),
(22— 35— 1)

and the fact that shifting the line of integration from Re z = ¢ to Re z = % and using the

residue theorem leaves the integral in (|15.25)) unchanged, this integral can be written in the
form given on the right-hand side of ({15.26]), whence (|15.26)) proves the equality between the

extreme sides of (15.11)). U

Theorem [15.6] gives a new generalization of the following formula due to Koshliakov [56,
equations (36), (40)], different from the one given in [30, Theorem 4.5].

Theorem 15.7. Define

2

1 e 1 1
A(ﬂﬁ):+72—2’71+2'ylog:c+210g2$+zd(n)< _>’
n=1

6 r+n n

where 7y is a Stieltjes constant defined in (12.5)). Then, for a, 8 >0 and aff =1,
\/&/ Ko(2rax)A(x) dx = \/B/ Ko(2rBz)A(z) dx
0 0
oo (= 2
_ 8/ (2(3t))” cos (5tloga) i@t
0

(L+1t%)2  cosh (37t)

Koshliakov’s result can be obtained by letting s — 0 in Theorem [15.6

15.2. Transformation Involving Modified Lommel Functions: A Series Analogue
of Theorem In [42, Theorem 6], Guinand proved the following theorem.

Theorem 15.8. If f(x) and f'(x) are integrals, f(x),xf'(x), and 22 f"(x) belong to L*(0, 00),
and 0 < |r| < 1, then

N A2
i {320 2 om0
1
[ (=8 ) (e - vt ) o)
= Jim, {i (1- ) o720

)29(1‘) (w_T/QC(l — )+ 221+ r)) d:c} ,

|
c\

2)—-
A/~

[a—

|
=] =

where

/0 o)y dy = <12 /0 YR F(y) s (4 /) dy,

bu(2) = cos <;7r1/> J(2) — sin <;7w> (Y,,(z) + iKy(z)> ,

and g(x) is chosen so that it is the integral of its derivative.
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As discussed by Guinand [43] equation (1)], this gives

[e.9]

o_s(n)n®/? n,s) — s - SI2G(t, s) dt — —s e ,S .
;:1 (n) G(n,s) —C(1+ )/0 t*°G(t,s) dt — ¢(1 )/0 t7%*G(t,s)dt  (15.27)
:OOU, nn*2H(n,s) — s 005/2 s - — 3 OO—8/2 s

> o s(n)n*/?H(n,s) — ((1+ )/0 7 H(t, s)dt — ¢(1 )/0 tT¥7H(L, s) dt,

1
where G(x, s) satisfies the same conditions as those of f in Theorem and where
H(z,s) = / G(t, s) (—27rsin (A7) Js(4mV/at)
0
—cos (37s) (27TY8(47T\/:E) - 4K3(47r\/ﬂ))) dt,

that is, H(x,s) is essentially the first Koshliakov transform of G(z, s).

Even though (15.4) and (15.27)) are both modular transformations and both involve the
first Koshliakov transform of a function, they are very different in nature as can be seen
from the fact that if f(z,s) = Ky(2mz) in ([15.4), we obtain Pfaff’s transformation, as
discussed in and (15.9), whereas, letting G(z,s) = K,/»(2max) in yields the
Ramanujan—Guinand formula, as discussed in [30, Section 7].

The function f(z,s) of Theorem is equal to its first Koshliakov transform, as can
be seen from (|15.12)), (15.13)), and Theorem Thus there are two series transformations
associated with this f(z,s) for a fixed s such that —1 < ¢ < 1 — one resulting from letting
G(z,s) = H(z,s) = f(z,s) in (15.27), and the other being the series analogue of Theorem
obtainable by interchanging the order of summation and integration in both expressions
in the first equality in . The former seems more formidable than the latter. Thus we
attempt the latter, which gives a beautiful transformation involving the modified Lommel
functions.

There are several functions in the literature called Lommel functions. However, the ones
that are important for us are those defined by [83, p. 346, equation (10)]

whtl p—v+3 p+rv+3 1 ,
v = 1; , ;—— 15.2
swr (W) = T Ty 1 D) 2< 2 2 4w) (15.28)
and [83] p. 347, equation (2)]
ou—1T (u,;,H) r u+g+1>
Spw(w) = sy, (w) + Sn(om) (15.29)
1 1
X {cos (2(,u — I/)T[') J_,(w) — cos (2(u + V)7T> J,,(w)}
for v ¢ Z, and
— 1 1
Spw(w) = spu(w) +2¢7'T (M ;+ > r (M + ; * > (15.30)

 fsin (500 = 7) Jutw) = cos (G- 0)r) Vi) |

for v € Z. These functions are the solutions of an inhomogeneous form of the Bessel differ-
ential equation [83] p. 345], namely,
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Even though s, , (w) is undefined when x & v is an odd negative integer, S, , (w) has a limit
at those values [83, p. 347]. These are the exceptional cases of the Lommel function Sy, (w).
For more details on the exceptional cases, the reader is referred to [83 pp. 348-349, Section
10.73] and to a more recent article [39].

The modified Lommel functions or the Lommel functions of imaginary argument [87] are
defined by

Tw(y) == =i S (iy), (15.31)
where y is real. For further information on modified Lommel functions, the reader is referred
to [72] and [74].

Lommel functions, as well as modified Lommel functions, are very useful in physics and
mathematical physics. For example, see [2, 40, [75], [78, [80].
As a series analogue of Theorem [I5.6, we will now obtain the following modular transforma-

tion consisting of infinite series of modified Lommel functions, of which one is an exceptional
case of Lommel functions.

Theorem 15.9. For a >0 and —1 <o <1, let

s/2 1
8s,q) = m*/T (._Ef) C(_S)af(s+1)/2 _ 9=2-s,—(s43)/2,—1+s/2] <1 - 5)
8 sin (iws) 2

x {r<s>c<s> <man () - +210g(2n0) — v (1 - >> _ <27T><(<;—)>}

+ _ Vo Z as(n)nS/Q{QS/QF (1 + f) T_1_s/2,—s/2(2mn00)

2

s 3—s
— /m2 AT < 5 ) T—2+s/2,s/2(27ma)}-

Then, for af =1,
L(s, ) = L(s, B)

o B ) o B ) B .
_1/ r s—1+41t r s—1—1it r s+ 1+t r s+1—1t
43 J 4 4 4 4

- <t — is> = (t + is> cos (5tlog ) " (15.32)

2 2 2+ (s+1)2

Remark: We emphasize that there are very few results in the literature involving infinite
series of Lommel functions. Papers by R. G. Cooke [25] and Lewis and Zagier [60), p. 213-218]
are two examples. The special case of the Lommel function S, ,(2) that Lewis and Zagier
consider in [60, p. 214, Equation (2.15)] is

Cu(=) = VED(25 + 1Sy, 1 1 (2).

To the best of our knowledge, none of these papers involve infinite series of exceptional cases
of Lommel functions.

Proof. Consider the extreme left side of (15.11)). Using (15.7) and (2.7)), we find that

< 2*/%((1 + 5) w0 (=5) (=)
o UK, (2 dx = 2 ) 15.33
/0 2 sin (%71'3) s2(2max) d 8al+s/2 gin (%7['8) ( )

11
272
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Also note that formula 2.16.20.1 of [69, p. 365] asserts that, for |[Rew| > Re v and real
m > 0,

00 2w73 _
/ 2V K, (mx) log z dx = r <w+u>r <w V)
0 mv 2 2

w + v w—v m
X {1/} < 5 ) + <2> — 2log (2)} . (15.34)
Now use ([15.7]) and ([15.34]) to find, upon simplification, that

o0
2_377_1_8/ $_5/2Ks/2(277a:n)
0

X {F(s)((s) (Wtan (g) —2(v+ logm)) — WM} dx

cos (%s)

— _272787_[_7(.54*3)/20(71‘#8/21‘\ <]‘28> (1535)

« {r(s)g(s) <7r tan (757) 5 + 2log(2ra) — v <1 =~ 8)) - (2”2;5((;)_ s) } .

2

In [69), p. 347, formula 2.16.3.18], we find that, for y > 0, Re ¢ > 0, and Re a > |Re v|, the
integral evaluation (in corrected form)

PV /0 b x;:a_lKl,(cm) i = ”2?‘/_2) <cot (77(“;”)) I (ey) — cot <”<“_”)> I_,,(cy)>

—y?  4sin(vr 2

4 9a—42-a (“‘;” _ 1) r <a;” _ 1>

V+a V—a czy2
12— 2 ;
X1 2(7 9 + 9 4>

(15.36)

(In [69], the principal value designation PV is missing.) Next we show that

o0 9 s/2 > ns—l_xs—l
/O 22K, o(2m02) 3 0 a(n) <2> d (15.37)
n=1

n?2 —x

00 00 2—5/2K 2
= Zo,s(n) {nS_IPV/ ’ 5 3/2(277(13:) dx
0 _

n X
n=1

Py /oo x1+5/2K5/2(27Tax) dx} .
0

n2 — 2

Let w(t) € C§° be a smooth function so that 0 < w(t) < 1 for all ¢ € R, w(t) has compact
support in (—%, %), and w(t) =1 in (—%, %) Then the right-hand side of (|15.37) is equal to

> 00 s nsfl _ xsfl
Z O'S(n)PV/O 1'2 /2K8/2(27T04117) (M) dx (1538)
n=1

0 00 . TLS_l _ ZL'S_l
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s—1 xsfl

i ng(n)PV/O $2—8/2K5/2(27T041‘) <nn2—x2> w(z —n)dz.
n=1

Since the series in the integrand on the left-hand side of (15.37)) is absolutely convergent, we
can interchange the summation and integration of the first expression on the right-hand side
of (|15.38]). Note that if m is a positive integer and m — % <z<m+ %,

o nsfl _ xsfl msfl _ xsfl
Y o-sn) <n2_x2) w(z —n) =o_s(m) <m2—x2> w(z —m).
n=1
Therefore,
1 _ 1,5—1
PV/ 2 S/2K 271'0[3’,' ZO'_S (n2—x2> w(x—n)dx
m+1/2 ns—1 _ ps—1
= Z PV/ » 22 S/QKS/Z 2ra) ZO'_ <n2 — )w(x—n) dx
m=1 m= n=1
[e’e) m+1/2 msfl _ xsfl
= Z as(m)PV/ » x2_8/2KS/2(27rax) <m2—x2> w(z —m)dx
=1 m—

o s—1 _:L.sfl

Z as(m)PV/ m2_5/2KS/2(27rax) <mm2_ﬁ> w(x —m) dz.
- 0

=1

This justifies the interchange of summation and integration in ((15.37). Using (|15.36)), we
have

00 42-8/2 ¢ 2
=1 .pv/ ’ sp(2ma) (15.39)
0

s/2

W {cot (7”) Iy /5(2mnar) — cot (53—13)) 1_5/2(27m04)}

1 1- 1 1+s
s—1 —1—8/2 —1-‘,—8/21—\ - 1—\ 2.2 2
n® 2 (2rar) <2) ( 5 > 1F o T T

2,.8/2 (s—1)/2,,—14s/2,,5—1 1— 11
nl I_/5(2mnar) — U a4 " 7 ( 8> 1F» < i 8,7T2n2a2> .

~ 4cos (§7rs) 2 272
Another application of (15.36) yields
0o gl+s/2 K 0 (2ma) 72ns/? T
PV s/ dz = t<—2+s>l omna
/0 x? —n? v 4sin (%773) 0 2( ) ) Ls2(2mna)

li 95/2=2 (9 \~5/2 (f K) T (f _ 5)
+HH§}2{ (2ma) t3)t a7 3
><1F2<1;1—Z—g,1 Z+§ 7T2n2a2>

2ns/2

_ ;;T(WT) cot (g (2 + g - y>> I_Z,(27ma)}

25/2 cot (%)
= —=%1,5(2 L 154
Asin (%s) 5/2( 7T7’LOz) + L, ( 5 0)
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where we have denoted the limit by L. Note that

1 s v s v s v s v
L== 1 F<7_f> —8/21"(7 7) F(l,l—*—*,l—* —: 222)
im {(ﬂa) +5) 1 13 Ty

4 v—s/2 4 2 4
/2 s v s v
— s_r 1(1—7 —)LVQ
sin(vm) o8 (77 <4 2)> 4 + 2 ( ﬂna)}
1 1 s v s v s v
= lim — (T D) iR (1515 - 5= 24 Sinte?a?)
4ﬂ$qj_@{ww YR A

ns/ s v s v
o (G5O §) raman)

where we multiplied the expression on the right side of the first equality above by (i — %)
and used the functional equation of the Gamma function.
The last expression inside the limit symbol is of the form 8, since

li —S/Qp(f Z) F(l.l_E_Z 1347 222)
im {(Woz) 4+2 1k (1 1 4+2,7rna

v—s/2
I s (32 (12 ) L)

= ( —S/QFf o —- _ 5. 2.2 2\ _ ’
= (ra) 5) ol i1 T

s/
™
—1_ 9(2

sin (%7‘(’8) /2( Wna)

=0,

as can be seen by applying the reflection formula (2.2)) and the definition [41], p. 911, formula
8.406, nos. 1-2]

L e—wyi/QJV(ewi/Qw)7 if —r < arg w < %m (15.41)
v w) = . y .
e37‘(’l/l/2!]y(6737'”/2w>7 if %F < arg w <m,

where J,(w) is defined in (2.14). Thus L’Hopital’s rule yields

1 d
L=—- lim {(77‘04)_8/2F (§+%) 1F» (1;1—5—5 1—§+g;7r2n2a2)

2 v—s/2 dv 4 4 2’ 4
ns/? s v s v
e s_r FO—— ﬂ1,2
snmuw)cos(ﬂ'<4 2)) 1) ”"a)}
1 s v\ d s v s v
- 1 *QI«— fyfzrﬁqffff1ff f-22ﬂ
2;§JW® { 1 t) g \Btm gyt tgma

1 S v S v S v
(D) iR (-5 -2 =24 Dirte?a?)
tat (g tg) 1yl gtgTra
d ([ cos (7r (§ — Z)) s v
— 2L 1”3 r<1477 7>1 2 . 15.42
o du{ sin(vm) 4 - 2 —v(2mna) (1542)

Using the series definition of 1 F5, we see that

d 5 v 5 UV 9 9 9
—1F2<1;1—7—7,1—7+7;7rna>
dv 4 2 4 2 v=s)2



NEW PATHWAYS AND CONNECTIONS IN NUMBER THEORY AND ANALYSIS 83

N <—¢(1—z—§;+¢(1+m—i—§)>
_lz -Hb(l_i"’% —¢(1—|—m—i+%) (7rna)2m
2 m—0 1 - i - %)m (1 i + %)m v=s/2
1 sy (CH— e m ) - m)
=57 (1-3) P BTN (T (wnay
mno)®/? S s
= _( 2) r (1 - 5) (w (1 - 5) +’7) I_y/5(2mna)
1 S\ e (¥ (1+m—3) =y (1+m) m
+§F (1_5) Z m!Tl (12—|-m—§) (e, (15.43)

where in the last step we used the fact (1) = —v, and also (15.41]) and (2.14]). Next, as
v — s/2, the last expression in (|15.42) simplifies to

d{mqw@—;»ro_s+;)LA%mw}

dv sin(vm) 4

v=s/2

= lim [F(l_MI_V(QWTLa){W <sin (%(s - 21/)) —2cos (%(s — 2y)> cot(mr))

v—s/2 | 2sin(vm)

N (77 _2)> 1_74_ +cos74rs—21/))f‘(1—i+%)i] (27na)
o8 Z(S v sin(vm) dy v
I_,/5(2mna) d

s/2

_ Losplomna) L 15.44

>sin (17s) ('y+27rcot<2)>+sm( 5 dv (2mna) o (15.44)

Substituting (15.43)) and (15.44)) in (15.42)), and using in the second step below, we find
that

= gflmer e () (- 5 (0 5) (0 (- 5) #2) ot
+ ;r (1-2) i: (v (1 ;T;(‘li);@_”(;; m)) (Wna)2m>
+ %F/ (%) oF1 (—; 1-— 5 7T2n2a2) }

I_g/5(2mna) T8 1 d
o s/2) s/2 o 9
o { 2sin (%71‘8) (7 +2m cot ( 2 >) + sin (27T8) dZ/ v(2mna)

s/2

= _2sin7(T§7rs) {(m)—s/z{ _ (m;) (w (1 - 5) + 'y) I_g)5(2mna)

"

1 (¢ (1+m—3) = (1+m)) o (mna)? s
+§m:0 m!T (124—m_%) (mna)“™ + 5 ¢<§> 15/2(2777104)}
_ sl { _ %I_S/Q(anoz) (v+2meot (5)) + C%I_,,(ana) - H
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s/2

- _QSin7(rl7rs) {n2 Losa(2mne) (d} <§) v (1 B 5) +2mcot ( 2S>>

2
(0 & (@ m )~y 4 m)
2 m!F(l—i—m—%)

m=0

2m

(mna)

d
a2 21,2
- —v(2mna)

} (15.45)
v=s/2
The reflection formula (2.2)) implies that
S s TS
b (5) 9 (1 - 5) — —mcot (7) . (15.46)
Also, for v # k or k + %, where k is an integer, we have [41], p. 929, formula 8.486.4]

L ia(3) - 5 S () s

Hence, employing ((15.46)) and ((15.47) in (15.45)), we obtain
n®/? cot (%3)

L= ~5an (%ws) [ 5 I,S/Q(ana)
(ma)™? & (v (1+m—35) — ¢ (1+m)) -
Ty mE:o mil (1+m— 3) (mna)
8/2{ I_s/2 (2mna) log(mna) i 1 Tm- 5)5 (ﬂ.na)Qm—s/Q}]
m=0 (1+m-—3)
- 4sm7(r;m) [ I p(2mna) (m cot (5 ) +2log(mna) )
(ma) /2 —I—m—7)+¢(1+m))w 2m}
" Z m!T (1+m —3) (mna)™ (15.48)

Now substitute (15.48)) in (15.40) and use the definition [83, p. 78, equation (6)]
1y (w) — I (w)

K,(w) = 5 Sn() (15.49)
to deduce that

PV /°° 12K o (2max) "

0 22— n2

s/2 s/2

™m s ™m
= K /(2mna) cot (;) - m[_s/g(%ma) log(mna)

m(ma) P g5 (@ (Lt m = §) + 9 (L+m) (mna)®™, (15.50)

4 sin (%71’8) = m!l (1 +m — %)

Hence, from ) and m,

PV/ > K s2(2maz) M dx
0 s n2 _ 22
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2 s/2 =L 14s/2,5—1 1— 11
°n 1_8/2(27ma)_7r o n F( 28> N <1;, +3;7r2n2042>

~ 4cos (37s) 4 27 2
/2 s /2
— TKS/Q(Zﬂna) cot (7> - WI_S/Q(QWTL@) log(mna)

m(ra)™? = (v (1+m—35) +v(1+m))

2m
mll (1 +m —3) (mna)™™. (15.51)

4sin (%7’[‘8) =0
From [83] p. 349, equation (3)],
Sy-1p(w) = =220 ()Y, (w) (15.52)

wY > 1™ (w 2m
+ —TI'(v) Z ?51'1}()”_(1_”/123_ 0 {210g (;w> —Yp(v+m+1) —p(m+ 1)},

where S, _1,(w) is an exceptional case of the Lommel function S, ,(w) defined in (15.29)
and ([15.30). Dixon and Ferrar [31, p. 38, equation (3.11)] denote the infinite series on the

right-hand side of (15.52) by Y}, (w).

Let w = 27mina and v = —%8 in (15.52)), and then use ((15.41)) and the relation [77, p. 233,
equation (9.27)]

, 2 .
Y, (iw) = e%(l’ﬂ)mly(w) - ;e*%”’”Kl,(w), (15.53)

which is valid for —7 < argw < %77, to find after simplification that

i (W(1+m=3%)+v¢(1+m))

T (14 m — ) (mna)*™ = Q(Wna)s/zl,s/z(Qﬂna) log(mna)

m=0
4(2mina)’/?
1
I (-3s)
Also, let p = § —2,v = 5 and w = 2mina in ([15.29) and (15.28)), then substitute the latter
into the former, use ((15.53]), and simplify to obtain

+ 26”8/2(ﬂ'na)s/QKs/g(Qﬂna) - S_1-s/2,-s/2(2mina).  (15.54)

11
1F <1; 2 %; 7r2n2a2> = (2mina)' /% (1 — 5)S5/2-2,5/2(2min)

_ 928y ( : 1) (z—em/m o(2mna) — Qem/%/z(ma)) .
T

Hence, using (2.3]), we see that

17 5 )
4 2 2 2
2, 5/2 0 8/2 ,—ims/2
_ m™™n 18/2(271'”@) _ 1T €

_ K. /9(2
4 cos (%ws) 8/2( ﬂna)

2 cos (%7‘(’8)

2 2

Finally substituting (15.54) and ((15.55)) in (15.51)), using (2.2) and ([15.49), and simplifying,
we obtain

s s/2 _
—ilT2y/m (E) r (3 S> Sy/a-2.s/2(2minC). (15.55)

-1 _ ,.s—1

PV / 222K, (2max) <"2x2) dz = (2in)*/?T (1 + f) S_1_sja_s/a(2mina)
0 ne —x 2
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1—s/2 n\s/2_ (3—s ,
_ i/ ﬁ(i) F( > >S_2+5/278/2(27rm04), (15.56)

that is, the integral in can be written simply as a linear combination of two Lommel
functions of imaginary arguments, one of which belongs to the exceptional case. (Note that
we can replace the second subscript —s/2 of the first Lommel function in (15.56)) by s/2, since
the Lommel function S, ,(w) is an even function of v (see [83] p. 348]). From (15.11)), (15.33)),

(115.35)), and (|15.57)), we arrive at (15.32)). This completes the proof of Theorem O
Since the integral evaluation ([15.56]) is new and has not been recorded in the tables of

integrals such as [41] and [69], we record it below as a theorem and rewrite it in terms of the
modified Lommel function.

Theorem 15.10. Let —2 < 0 < 3 and y,co > 0. Let the modified Lommel function T}, ,(y)
be defined in (15.31). Then

o0 s—1 s—1
_ Yy -
PV/O z? 5/2K3/2(27TO(£L‘) (y2 3 > dx (15.57)

3—s
2

= (29)*°T (1 + g) T 1 g2,—sj2(2may) — V7 (%)5/2 r (

> T72+s/2,s/2(27ray)'
Remark: The Ramanujan—Guinand formula [29, Theorem 1.2, Theorem 1.4], containing
infinite series involving o4(n) and the modified Bessel function K, (z), is similar to the series
occuring in the Fourier expansion of non-holomorphic Eisenstein series [24], [60, p. 243]. In
view of the fact that the modular relation involving series of Lommel functions appearing
in Lewis and Zagier’s work [60), p. 217] characterizes the Fourier coefficients of even Maass
forms [60, p. 216, Proposition 3], we surmise that the modular transformation consisting
of the series involving o4(n) and the modified Lommel function that we have obtained in
Theorem may also have some important implications in the theory of Maass forms.

15.3. An Integral Representation for f(z,s) Defined in (15.10) and an Equivalent
Formulation of Theorem Some elegant integral transformations involving the func-
tion p(x,s) defined in or, in particular, the function o(z,s) — x%/271¢(s)/(27), were
established in [30, Theorems 6.3, 6.4]. In this subsection, we derive an equivalent form of
Theorem which yields yet another integral transformation involving this function. These
integrals also involve the Lommel function S, , (w).

We first derive an integral representation for f(z,s) defined in .

Theorem 15.11. Let f(x,s) and p(z,s) be defined in (15.10) and , respectively. Then,
for -1 <o <1,

flz,s) = gw*5/2 /OO e ((p(t, s) 42(5)755/21> dt. (15.58)
0

T x2 4 t2 Cor

Proof. Note that from [30, equation (6.9)], for +10 < c=Re 2 <1+ 10,
1 ferie(l—243s)¢(1—2z—3s
2m% Joioo 2 cos (%77 (z + %s))
Let s = 1 in , replace by z? and w by %z — %s, and use to find that for
%a<d’:Rez<2+%a,

):z:*z dz = ¢(z,s) — 4-2(;?1,3/21. (15.59)

1 d'+ico 9p—5/2
P - u T S dz = LQ (15.60)
2T J gy _iso SID (§7r (z — 53)) 1+

—_
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Hence, for :l:%a <c=Rez<1l+ %0,

1 c+1i00 1— 22— 1 1— 1
f(x,S) — / g( : z QS)C'( 1Z+ 28)1'_Z dZ
270 Jeioo sin(mz) — sin (gws)
L1 (-2 gs)¢(1 - 2 + §) w i
270 S 2cos (37 (2 +3s))  sin(37 (2 — 33))
2 i ¢(s)
_ 2. .—s/2 S8 521
e /0 22 412 <<P(ta 5) = 5t ) dt, (15.61)

where in the last step we used ([2.13]). O

Now we are in a position to state and prove an equivalent formulation of Theorem [15.6

Theorem 15.12. Let S, ,(w) be the Lommel function defined in (15.29)). For a,3 > 0,

af=1, and -1 <o <1,

\/a/o 53/2,5/2(27T04t) <(p(t, 5) — C2(jr)ts/2—1> dt
= VB /0 Ss/2,5/2(27Bt) (gp(t, s) — Cg(jr)ts/z—1> dt

98/2=25=3 [® /o 14t s—1—it s+ 14t sl it
s [ (e (e (2)

. . 1
_ (t — zs) = (t —|—28> cos (3t log o) dt. (15.62)

X =
2 2 )2+ (s+ 1)

Proof. Using (15.58)), we write the extreme left side in (15.11)) as

Va [ Kplenan) f(a.s) da
0
9 00 0o 251—‘,—5/2
= \7{5/0 x_S/QKs/Q(Qwa:c)/O <g0(t,s) C;S)ts/2_1> dtdx

22 +12 S om

2\/5[ 1+s/2 C(S) s/2—1 / 8/2}<S/2(2”ax)
= — 7 . 15.
/ t (p(t, S) t 22 2 dx dt ( 5 63)

The interchange of the order of integration given above is delicate and hence we justify it

below.
By Fubini’s theorem [77, p. 30, Theorem 2.2], it suffices to show that each of the two

double integrals are absolutely convergent. We begin with the first one. Thus,

00 00 t1+s/2 C(S)
—S/2K 9 / o s/2—1
/0 ‘m s/2( WO(I')‘ N (cp(t,s) o t dt dx
1 00 l+0/2 C(S)
—o/2 s/2—1
:/0 z=! ‘Ks/z(Qﬂax)‘/O o o(t,s) — ﬁt / dt dx

(9] /2 o0 tl40/2
—0
+/1 x ‘Ks/z(Zﬂaa:)‘/o popl o

=:I1(s,a) + Ix(s, a).

(t,s) — C(S)ts/%l

™

dt dx
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Consider I»(s,a) first. Note that

> —0/2 o lto/2 ¢(s) 5/2—1
|I2(s, a)| = : x ‘KS/2(27rax)| . e o(t,s) — 7t dtdx
0o o0 yl+0/2 C(S)
—o/2 s/2—1
< /1 x o/ ‘KS/2(27raac)| /0 e o(t,s) — Tt / dt dx.

Now use the definition of ¢(¢,s) in (6.6]), the asymptotic expansion of K,(z) from (2.18),
and the fact that ¢ < 1 to see that the inner integral converges as t — oco. To analyze the
behavior of this integral as t — 0, we observe from (7.3|) and (7.4) that

r —s/2 s/2 s/2+41 X .
o(t,s) — CQ(jT)tS/?—l _ _@)(C;iiﬁ _ t2 C(s+1)+ t . Z 22 izg
—5/2 s/2
- B+
ts/2+1 o0 . o
T 7;)(—1) C(2n+2)C(2n + 2+ s)t™", (15.64)

where the last equality holds for |[t| < 1. In the last step, we expanded 1/(1 + t2/n?) in a
geometric series, interchanged the order of summation, and then used (3.7). Now o > —1
implies the convergence of this integral near 0. Thus,

o] tl+o’/2
/0 1+ |7
Using (2.18]) and ((15.65)), we conclude that I5(s,a) converges.
Now consider [;(s, ). Split the inner integral as

(t, S) <(3> t8/2_1

o

dt = O,(1). (15.65)

1 v flto/2 ¢(s)
_ /2 L _ 5\9),5/2—1
L (s, a) /0 x ‘KS/Q(QTI'O[]J)‘ {/0 222 e(t,s) By ¢ dt
0 tlto/2 (s)
_5\9),5/2-1
+/x ool [AUE) Rl dt} dz

=: I3(s, ) + I4(s, ). (15.66)
Using (|15.64)), we see that

x t1+a/2
/0 z? +t2
Since 0 <t <z <1,if0<o <1, then t°/2 +¢79/2 =0 (t_"/Q), and so

e dt=0,( L [tar) =0
[ t=0. (5 [(1ar) —o.. sy

whereas if —1 < o < 0, then /2 +¢=9/2 =0 (t"/2), and hence

LHU/Q dt = O 1 mtlﬂf dt O, (z°
/0332+t290 - s(.’E2/0 >_ 5(33‘)

Thus, from (|15.67)) and (15.68)),
Hl40/2

1 T
I = —9/2|K (2 / L
(o0 = [ a2 K ptman)| [ e

Sp(t7 5) - CQ(;j_)tS/Q_l

1 xX
dt = 0, ( / fl+o/2 (t”ﬂ +t_"/2) dt> . (15.67)
0

72

(t, s) C(S)ts/%l

™

(t, ) C(S)ts/%l

s

(t, s) ¢(s) 5/2-1

s

dt dx
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1
=0, (/0 (x"/Q + x*"/2> | K2 (2maz)| dm) : (15.69)
1
Lastly, it remains to consider I4(s, o). Since ) < 2
x
! —0/2 >~ /21 . ¢(s) s/2—1

I(s,a) < x {KS/2(27raa:)‘ t o(t,s) — =—t dt dx. (15.70)

0 x T

Next, split the latter integral into two integrals, one having the limits of its inner integral
from t =z to t = 1, and the other from £ = 1 to t = co. Since o < 1, it is easy to see that

/ 172 ot 5) — g1 | g = 0, 1),
1 ™
and thus
1 o
/0 330/2‘Ks/2(27rax)‘/1 727 o(t, 5) — C(i)ts/?l dt dx
1
= O, </ z7/? ‘Ks/2(27ra:v)‘ dx)
0
1
=0, (/ <a:"/2 + x*"”) | Ko (2maz)] dac) . (15.71)
0
Now
1 1
/0 :c_o/2‘Ks/2(27rax)|/ 7271 (¢, 5)—%?758/2_1 dt dx

1 1/2
—/ x_”/z‘K5/2(27raw)|/ 7271 ot s) — @ts/z_l dt dx
0 T 2T
! ! ¢(s) 1
+/ x_0/2|K5/2(27ra$)‘/ 1727 (¢, 5) — 2245271 dt d.
0 1/2 ™
It is easy to see that
1
/ 7271 (t, s) — C0) psya- gy O4(1). (15.72)
1/2 Q0

Observe that another application of (15.64)) yields

1/2 1/2
/ 0/2-1 dt = O, / 0/2-1 <ta'/2 Lo/ t1+a/2> dt

= 04(29) + Oy (Jlog z|) + O (x°1). (15.73)
However, since 0 < x < 1 and —1 < o < 1, Os(2°*!) = O4(2?). Thus, combining this with

(15.72) and (15.73)), we arrive at

1
x

This in turn gives

1 1
/ z7o/? |KS/2(27T051L‘)‘ / /21
0 T

) — C2(S)ts/21

t 2~ 7
o(t,s -

@ts/Qfl

o(t,s) — 5 dt = Os(27) 4+ Os(1) + Og (Jlog z|) .

¢(s)

— 22710 gt
v

o(t, s)
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1
= Os </ (x0/2 4 g7/2 4 /2 ‘1ogg;\> ‘K8/2(27raa;)‘ d:c) . (15.74)
0

From (|15.66), (15.69), (15.70), (15.71)), and (15.74]), we deduce that

1
Li(s,a) = Os </ (azo/z + a7/ g/ |logx|) | Ky /2(2maz)| d:c> . (15.75)
0

From [I, p. 375, equations (9.6.9), (9.6.8)], as y — 0, K, (y) ~ 2*"'T'(v)y~", when Re v > 0,
and Koy(y) ~ —logy. Hence,

Osa (z7192) . if s #£0,

K, o(2 =
s2(2maz) {Oa(logm), if s=0.

If s # 0, then

1
/ (xa/2+$—a/2 g |1ng|> | K)o (2maz)| da
0

1
= Os,0 (/ (1+277+a2 7 |logz|) dx> = O;,(1),
0

since o < 1. If s =0, then

1
/ (xU/Q 4+l 4 g0/2 |1Og;g|) ’KS/2(27T()4:B)‘ dx
0

1
= O, </ (:c”/Q + 27?4 2792 |log x]) [log x| dx>
0

= Os,a(l)a

as o > —1.
Along with ([15.75)), this finally implies that I;(s, ) converges. Hence, the double integral

9 oo 41+4s/2
/ x3/2K8/2(27ra3:)/ ! <g0(t,s) C(S)t3/21> dt dz
0 0

x2 + t2 - or

converges absolutely. Similarly, it can be shown that

00 00 ,.—5/2
/ t1+s/2 (‘P(ta s) — <(3>ts/2—1> / x KS/Q(QWO‘x) do dt
0 2 0

x? 4 12
converges absolutely. This allows us to apply Fubini’s theorem and interchange the order of
integration in (15.63).
Now from [69] p. 346, equation 2.16.3.16], for Re u > 0, Re y > 0, and = Re v > —%,
00 :L,:I:l/ 7T2y:ty—1 v
— K, dr = —— (Hy, -Yo, , 15.76

| gt de = T (L ) = Vi) (15.76)

where H,(w) is the first Struve function defined by [41], p. 942, formula 8.550.1]
oo (w/2)2m+y+1

H,(w) = » (-1

m=0

Also from [37, p. 42, formula (84)],

F(m+%)F(y+m+%)'

ol —1/2

H,j(’w) = Yl,(w) + m
2

Sy (w). (15.77)
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Hence, from ([15.63)), (15.76), (15.77), and (2.3),
\/a/ K )o(2max) f(z, s)dx
0

D(1-9)va [~ ((5) oja-
= LB [, atoman) (sit.) — 20 ) (15.78)
Using (15.11) and (15.78), we obtain (15.62). 0
Remark: From (15.10)), (15.58]), and the evaluation [38, p. 345, formula (14)]
o8] 5 ,n_xsfl
/ 55 dt = T , —l<o<l,
0o X+t 2 cos (5773)

we find that
xs/QfIC(S)

2 s/2 /OO t1+s/2()0(t7 3) dt = ]
0 27 cos (%7‘(’8)

—x~ i = f(x,s) +

T
Koshliakov’s formula [55 equation (7)]EL namely,
 tp(t,0) ) R 1 1
dt=r" 2y — -+ _Sdm) (- -
/o 1+¢2 VMgt ; KON P

is a special case of (15.79) when s =0 and x = 1.

(15.79)

16. SOME RESULTS ASSOCIATED WITH THE SECOND KOSHLIAKOV TRANSFORM

In Section we studied a modular transformation associated with the function f(z,s)
defined in (15.10]), which in turn, was found by choosing the function F(z, s) given in (15.12).
Then in (15.58) of Section[15.3] we found an integral representation for f(z, s). This, however,
completely obscures the discovery of this choice of F(z,s), and in fact, it was discovered by
first considering ([15.59) and asking ourselves, what function needs to be multiplied with
1/ (2cos (5 (= + ;! ! ! in order to form a function F'(z,s) that satisfies F(z,s) = F(1 — z,s)
and hence to be able to use Theorem [15.2l This motivated us to consider the function defined
by the integral in the second equality in , which we then evaluated in two different
ways, leading to f(z,s) and its aforementioned integral representation.

With the same intention of constructing an F'(z, s) satisfying F'(z,s) = F(1— z, s) towards
applying Theorem and obtaining a modular transformation, we introduce a function
defined by means of the integral

o [ G Sy (a4 )¢ (o D) (4 ) o

for i%a <d=Rez<1l+ %a. We first evaluate this integral in the half-plane Re z > 1+ %a
as well as in the vertical strip :t%a <d=Rez< 1= %a . It is easy to see, using ([3.14)),
(3.15), and (2.5]), that this integral converges in both of these regions.

Theorem 16.1. For ¢ =Re z > 14+ %J,

1./;“00 2Sin(%ﬂ‘ (z—%s))r(z_ §>F<Z+§>C<2_f)g(z+f) 7% dz

270 J o —ioo (2m)?* 2 2
:77('1‘75)1 (161)

6Note that there is a misprint in Koshliakov’s formulation of this identity, namely, there is a plus sign in
front of the infinite sum, which actually should be a minus sign.
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where
.9 - s /2 ( mis/4 i /4 _ —mis/4 5 —7i/4 )
n(z,s) :=2i ;:10 (n)n® (e ITK (47re t \/nx> e TR K (47Te ¢ \/nx>)

Moreover, if

k(z,s) :==n(x,s) —

1 (TA+s)¢(1+s) T —s)¢(1—s)cos ()
o2m2y < (2m/7)* + 2mya) ) , (16.2)

thenfor:l:%a<c:Rez<1:|:%U,

i CHOOQSin(%?T(Z_%S))F(Z_S)r(z+s)<(z—S><<Z+S>$_Zdz

2mi c—100 (27[-)2,2

Remark: Note that n(z, s) is merely ¢ times the series in ((1.19)).

Proof. The proof of (|16.1) is similar to that given by Koshliakov in [54, equation (11)] for

the special case s = 0 of the series (6.6), and employs (15.7) along with (15.14). Then
(16.3]) follows from (|16.1) by shifting the line of integration from ¢ = Rez > 1 + %o to

:t%a <c=Rez< 1= %0, considering the contribution of the poles of the integrand at
1+ %8, and employing the residue theorem. O

Given below is an analogue of Theorem [15.11]
Theorem 16.2. Let k(x,s) be defined in (16.2)), and let

T(1 4 8)C(1 + s)z—175/2
- (2m)2+s

D(z,8):=2 Z o_s(n)n*? K (4m/nx)
n=1

(1 —5)¢(1—s)z /2
(2m)2—s

Then, for —1 <o <1,

—s/2 Oot1+s/2 ¢
O(z,5) = — / ~ wls) gy
T Jo 2 4 22

Proof. The proof simply uses the identity [30, equation (5.26)]
1 etioo s S S s\ x~ 7

b0 [T Pl ) e

(z,s) 27m/c_wo 7= 7t 3 C(z 5 ¢ 7t 3 (QW)zdz

valid for i%a <c=Rez<1+ %a, (15.60]), which is valid for %0’ <d=Rez<2+ %0’, and
@.13). O

As of now, we have been unable to use ([16.3]) to construct an f(z,s) in (15.5)) to produce
15.0)

a modular transformation of the form (
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17. THE SECOND IDENTITY ON PAGE 336

On page 336 of his lost notebook, Ramanujan claims the following:
Let o5(n) = 3 g, d° and let ((s) denote the Riemann zeta function. If o, and
B are positive numbers such that off = 472, then

alst)/2 é((l —s)+ %{( s) tan (3 Zos sin na
— gls+1)/2 ;C(l —s)+ %C(—s) tan (37s) + nzz:as(n) sinng p . (17.1)

As remarked in [13], this formula is easily seen to be false because the series are divergent.

Fix an s. If a correct version of Ramanujan’s identity exists, we believe that it should
be a special case of (15.27), where G(z,s) = H(z,s) = f(x,s), and f(z,s) is self-reciprocal
with respect to the kernel

—2msin (27rs) (47r\/>) — cos( ) (27rY (4Wf) 4K, (47T\/>)>

in other words, f is equal to its first Koshliakov transform.

The appearance of tan (;7‘(’8) in Theorem of Section [15[is pleasing when compared
with - Thus, a series analogue of this theorem (as attempted in Sectlon or a series
transformation through Guinand’s formula ) with the choice of G(z,s) = H(z,s) =

f(z,s), with f(z,s) defined in ([15.10)), may shed some light on ((17.1]), provided, of course, a
correct version of ((17.1)) does exist.

Acknowledgements

A significant part of this research was accomplished when the second author visited the
University of Illinois at Urbana-Champaign in March, July and November of 2013, and Oc-
tober, 2014. He is grateful to the University of Illinois, and especially to Professor Bruce
C. Berndt, for hospitality and support.

REFERENCES

[1] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, with Formulas, Graphs, and
Mathematical Tables, 9th edition, Dover publications, New York, 1970.

[2] N. T. Adelman, Y. Stavsky and E. Segal, Azisymmetric vibrations of radially polarized piezoelectric
ceramic cylinders, Journal of Sound and Vibration 38, no. 2 (1975), 245-254.

[3] G. E. Andrews, R. Askey and R. Roy, Special Functions, Encyclopedia of Mathematics and its Applica-
tions, 71, Cambridge University Press, Cambridge, 1999.

[4] G. E. Andrews and B. C. Berndt, Ramanugjan’s Lost Notebook, Part IV, Springer, New York, 2013.

[5] T. M. Apostol, Introduction to Analytic Number Theory, Undergraduate Texts in Mathematics, New
York-Heidelberg, Springer-Verlag, 1976.

[6] B. C. Berndt, Identities involving the coefficients of a class of Dirichlet series, I, II, Trans. Amer. Math.
Soc. 137 (1969), 345-359; ibid. 137 (1969) 361-374.

[7] B. C. Berndt, Identities involving the coefficients of a class of Dirichlet series, III, Trans. Amer. Math.
Soc. 146 (1969), 323-348.

[8] B. C. Berndt, Identities involving the coefficients of a class of Dirichlet series, V, Trans. Amer. Math.
Soc. 160 (1971), 139-156.

[9] B. C. Berndt, The Voronoi summation formula, in The Theory of Arithmetic Functions (Proc. Conf.
Western Michigan Univ., Kalamazoo, Mich. 1971), Lecture Notes in Math., Vol. 251, Springer, Berlin,
1972, pp. 21-36.

[10] B. C. Berndt, On the Hurwitz zeta-function, Rocky Mountain J. Math. 2 (1972), 151-157.



94
(11]
[12]
(13]
(14]
(15]
[16]

(17]

18]
(19]
20]
(21]
22]
23]
24]
[25]
[26]
27]

(28]
29]

(30]

(31]
32]

33]
34]

35)
[36]
37)
38)
[39]

[40]

BRUCE C. BERNDT, ATUL DIXIT, ARINDAM ROY, AND ALEXANDRU ZAHARESCU

B. C. Berndt, The gamma function and the Hurwitz zeta-function, Amer. Math. Monthly 92 (1985),
126-130.

B. C. Berndt, Ramanujan’s Notebooks, Part 11, Springer-Verlag, New York, 1989.

B. C. Berndt, O.-Y. Chan, S.-G. Lim and A. Zaharescu, Questionable claims found in Ramanujan’s lost
notebook, in Tapas in Experimental Mathematics, T. Amdeberhan and V. H. Moll, eds., Contemp. Math.,
Vol. 457, American Mathematical Society, Providence, RI, 2008, pp. 69-98.

B. C. Berndt, S. Kim, and A. Zaharescu, Weighted divisor sums and Bessel function series, II,
Adv. Math. 229 (2012), 2055-2097.

B. C. Berndt, S. Kim, and A. Zaharescu, Weighted divisor sums and Bessel function series, 111, J. Reine
Angew. Math. 683 (2013), 67-96.

B. C. Berndt, S. Kim, and A. Zaharescu, The circle and divisor problems, and double series of Bessel
functions, Adv. Math. 236 (2013), 24-59.

B. C. Berndt, S. Kim, and A. Zaharescu, The circle and divisor problems, and Ramanujan’s contributions
through Bessel function series, in Legacy of Ramanugjan: Proceedings of an International Conference in
Celebration of the 125th Anniversary of Ramanujan’s Birth: University of Delhi, 17-22 December 2012,
B. C. Berndt and D. Prasad, eds., Ramanujan Mathematical Society, Mysore, 2013, pp. 111-127.

B. C. Berndt and A. Zaharescu, Weighted divisor sums and Bessel function series, Math. Ann. 335
(2006), 249-283.

S. Bettin and J. B. Conrey, Period functions and cotangent sums, Algebra and Number Theory 7 No. 1
(2013), 215-242.

N. N. Bogolyubov, L. D. Faddeev, A. Yu. Ishlinskii, V. N. Koshlyakov, and Yu. A. Mitropol’skii, Nikolai
Sergeevich Koshlyakov (on the centenary of his birth), Russ. Math. Surveys 45 (1990), 197-202.

K. Chandrasekharan and R. Narasimhan, Hecke’s functional equation and arithmetical identities, Ann.
of Math. 74 (1961), 1-23.

S. Chowla and H. Walum, On the divisor problem, Norske Vid. Selsk. Forh. (Trondheim) 36 (1963),
127-134. (Proc. Sympos. Pure Math. 8 (1965), 138-143).

S. Chowla, The Collected Papers of Sarvadaman Chowla, Vol. 111, Les Publications Centre de Recherches
Mathématiques, Montreal, 1999.

H. Cohen, Some formulas of Ramanujan involving Bessel functions, Publications Mathéma-tiques de
Besangon. Algebre et Théorie des Nombres, 2010, 59-68.

R. G. Cooke, Null-series involving Lommel functions, J. London Math. Soc. 1, No. 1 (1930), 58-61.

E. T. Copson, Theory of Functions of a Complex Variable, Oxford University Press, Oxford, 1935.

H. Cramér, Contributions to the analytic theory of numbers, Proc. 5th Scand. Math. Congress, Helsingfors,
1922, pp. 266-272.

H. Davenport, Multiplicative Number Theory, 3rd ed., Springer-Verlag, New York, 2000.

A. Dixit, Transformation formulas associated with integrals involving the Riemann E-function, Monatsh.
Math. 164, No. 2 (2011), 133-156.

A. Dixit and V. H. Moll, Self-reciprocal functions, powers of the Riemann zeta function and modular-type
transformations, J. Number Thy. 147 (2015), 211-249.

A. L. Dixon and W. L. Ferrar, Lattice-point summation formulae, Quart. J. Math. 2 (1931), 31-54.

A. L. Dixon and W. L. Ferrar, Some summations over the lattice points of a circle (I), Quart. J. Math. 1
(1934), 48-63.

A. L. Dixon and W. L. Ferrar, Infinite integrals of Bessel functions, Quart. J. Math. 1 (1935), 161-174.
S. Egger and F. Steiner, An exact trace formula and zeta functions for an infinite quantum graph with a
non-standard Weyl asymptotics, J. Phys. A: Math. Theor. 44, No. 44 (2011), 185-202.

S. Egger and F. Steiner, A new proof of the Voronoi summation formula, J. Phys. A: Math. Theor. 44,
No. 22 (2011), 225-302.

S. Endres and F. Steiner, A simple infinite quantum graph, Ulmer Seminare Funktionalanalysis und
Differentialgleichungen 14 (2009), 187-200.

A. Erdélyi, W. Magnus, F. Oberhettinger and F. Tricomi, Higher Transcendental Functions, Vol. II,
Bateman Manuscript Project, McGraw-Hill, New York, 1953.

A. Erdélyi, W. Magnus, F. Oberhettinger and F. Tricomi, Tables of Integral Transforms, Vol. I, Bateman
Manuscript Project, McGraw-Hill, New York, 1954.

M. L. Glasser, Integral representations for the exceptional univariate Lommel functions, J. Phys. A:
Math. Theor. 43 (2010) 155-207.

S. Goldstein, On the Vortex Theory of Screw Propellers, Proc. R. Soc. Lond. A 123 (1929), 440-465.



[41]
(42]
(43]
[44]

[45]

[53]
[54]

[55]
[56]

[57]

[58]
[59]

NEW PATHWAYS AND CONNECTIONS IN NUMBER THEORY AND ANALYSIS 95

1. S. Gradshteyn and I. M. Ryzhik, eds., Table of Integrals, Series, and Products, 7th ed., Academic Press,
San Diego, 2007.

A. P. Guinand, Summation formulae and self-reciprocal functions (I1I), Quart. J. Math. 10 (1939), 104
118.

A. P. Guinand, Some rapidly convergent series for the Riemann &-function, Quart.J. Math. (Oxford) 6
(1955), 156-160.

J. L. Hafner, New omega theorems for two classical lattice point problems, Invent. Math. 63 (1981),
181-186.

G. H. Hardy, On Dirichlet’s divisor problem, Proc. London Math. Soc. (2) 15 (1916), 1-25.

G. H. Hardy, Collected Papers of G. H. Hardy, Vol. 11, Clarendon Press, Oxford, 1967.

G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, 6th ed., Oxford University
Press, Oxford, 2008.

D. A. Hejhal, A note on the Voronoi summation formula, Monatsh. Math. 87 (1979), 1-14.

M. N. Huxley, Ezponential sums and lattice points. 111, Proc. London Math. Soc. (3) 87 (2003), 591-609.
A. Ivié, The Voronoi identity via the Laplace transform, Ramanujan J. 2 (1998), 39-45.

M. Jutila, Lectures on a method in the theory of exponential sums, Tata Inst. Fund. Res. Lect. Math. Vol.
80, Springer, 1987.

S. Kanemitsu and R. Sitaramachandra Rao, On a conjecture of S. Chowla and of S. Chowla and
H. Walum, II, J. Number Theory 20 (1985), 103-120.

N. S. Koshliakov, On Voronoi’s sum-formula, Mess. Math. 58 (1929), 30-32.

N. S. Koshliakov, On an extension of some formulae of Ramanujan, Proc. London Math. Soc., II Ser. 41
(1936), 26-32.

N. S. Koshliakov, Note on some infinite integrals, C. R. (Dokl.) Acad. Sci. URSS 2 (1936), 247-250.

N. S. Koshliakov, On a transformation of definite integrals and its application to the theory of Riemann’s
function ((s), Comp. Rend. (Doklady) Acad. Sci. URSS 15 (1937), 3-8.

N. S. Koshliakov, Note on certain integrals involving Bessel functions, Bull. Acad. Sci. URSS Ser. Math. 2
No. 4, 417-420; English text 421-425 (1938).

Y .-K. Lau, On a generalized divisor problem I, Nagoya Math. J. 165 (2002), 71-78.

A. Laurinéikas, Once more on the function oa(m), Lithuanian Math. J. 32, No. 1 (1992), 81-93; trans-
lation from Liet. Mat. Rink. 32, No. 1 (1992), 105-121.

J. Lewis and D. Zagier, Period functions for Maass wave forms. I, Ann. Math. 153, No. 1 (2001), 191-258.
J. E. Littlewood, Lectures on the Theory of Functions, Oxford Univ. Press, New York, 1944.

T. Meurman, A simple proof of Voronoi’s identity, Astérisque 209 (1992), 265-274.

T. Meurman, The mean square of the error term in a generalization of Dirichlet’s divisor problem, Acta
Arith. 74, No. 4 (1996), 351-364.

F. Oberhettinger, Tables of Mellin Transforms, Springer-Verlag, Berlin, 1974.

F. Oberhettinger, and K. Soni, On some relations which are equivalent to functional equations involving
the Riemann zeta function, Math. Z. 127 (1972), 17-34.

F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark, eds., NIST Handbook of Mathematical
Functions, Cambridge University Press, Cambridge, 2010.

A. Oppenheim, Some identities in the theory of numbers, Proc. London Math. Soc. 2, No. 1 (1927),
295-350.

R. B. Paris and D. Kaminski, Asymptotics and Mellin-Barnes Integrals, Encyclopedia of Mathematics
and its Applications, 85, Cambridge University Press, Cambridge, 2001.

A. P. Prudnikov, I. A. Brychkov and O. I. Marichev, Integrals and Series: Special Functions, Vol. 2,
Gordon and Breach, New York, 1986.

S. Ramanujan, Notebooks (2 volumes), Tata Institute of Fundamental Research, Bombay, 1957; second
ed, 2012.

S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Narosa, New Delhi, 1988.

C. N. Rollinger, Lommel functions with imaginary argument, Quart. Appl. Math. 21 (1963), 343-349.

S. L. Segal, A note on the average order of number-theoretic error terms, Duke Math. J. 32 No. 2, (1965),
279-284.

R. E. Shafer, Lommel functions of imaginary argument, Technical report, Lawrence Radiation Laboratory,
Livermore, (1963).

M. R. Sitzer, Stress distribution in rotating aeolotropic laminated heterogeneous disc under action of a
time-dependent loading, Z. Angew. Math. Phys. 36 (1985), 134-145.



96 BRUCE C. BERNDT, ATUL DIXIT, ARINDAM ROY, AND ALEXANDRU ZAHARESCU

[76] K. Soundararajan, Omega results for the divisor and circle problems, Internat. Math. Res. Not. (2003),
No. 36, 1987-1998.

[77] N. M. Temme, Special Functions: An Introduction to the Classical Functions of Mathematical Physics,
Wiley-Interscience Publication, New York, 1996.

[78] B. K. Thomas and F. T. Chan, Glauber e~ + He elastic scattering amplitude: A useful integral represen-
tation, Phys. Rev. A 8, 252-262.

[79] E. C. Titchmarsh, The Theory of the Riemann Zeta Function, Clarendon Press, Oxford, 1986.

[80] H. C. Torrey, Bloch equations with diffusion terms, Phys. Rev. 104 (1956), 563-565.

[81] K.-M. Tsang, Recent progress on the Dirichlet divisor problem and the mean square of the Riemann
zeta-function, Sci. China Math. 53 (2010), 2561-2572.

[82] G. F. Voronoi, Sur une fonction transcendante et ses applications & la sommation de quelques séries,
Ann. Ecole Norm. Sup. (3) 21 (1904), 207-267, 459-533.

[83] G. N. Watson, Theory of Bessel Functions, 2nd ed., University Press, Cambridge, 1966.

[84] S. Wigert, Sur une extension de la série de Lambert, Arkiv Mat. Astron. Fys. 19 (1925), 13 pp.

[85] J. R. Wilton, Voronoi’s summation formula, Quart. J. Math. 3 (1932), 26-32.

[86] J. R. Wilton, An extended form of Dirichlet’s divisor problem, Proc. London Math. Soc. (1934), s2-36
(1): 391-426.

[87] C. H. Ziener and H. P. Schlemmer, The inverse Laplace transform of the modified Lommel functions,
Integral Transforms Spec. Func. 24, No. 2 (2013), 141-155.

[88] A. Zygmund, On trigonometric integrals, Ann. of Math. 48 (1947), 393-440.

[89] A. Zygmund, Trigonometric series. Vol. I, II. Third edition. With a foreword by Robert A. Fefferman.
Cambridge Mathematical Library. Cambridge University Press, Cambridge, 2002.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN STREET, URBANA, IL
61801, USA
E-mail address: berndt@illinois.edu

DEPARTMENT OF MATHEMATICS, TULANE UNIVERSITY, NEW ORLEANS, LA 70118, USA

E-mail address: adixit@tulane.edu

Current address: Department of Mathematics, Indian Institute of Technology Gandhinagar, Ahmedabad
382424, India

E-mail address: adixit@iitgn.ac.in

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN STREET, URBANA, IL
61801, USA

E-mail address: roy22@illinois.edu

Current address: Department of Mathematics, Rice University, 6100 Main St, Houston, 77005, USA

E-mail address: arindam.roy@rice.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN STREET, URBANA, IL
61801, USA, AND INSTITUTE OF MATHEMATICS OF THE ROMANIAN ACADEMY, P.O. Box 1-764, BUCHAREST
RO-70700, ROMANIA

E-mail address: zaharesc@illinois.edu



	1. Introduction
	2. Preliminary Results
	3. Proof of Theorem 1.1
	4. Proof of Lemma 1.2
	5. Coalescence
	5.1. The Case m=0

	6. Connection with the Voronoı Summation Formula
	6.1. Oppenheim's Formula (6.4) as a Special Case of Theorem 6.3

	7. Proof of Theorem 6.1
	8. Proof of Theorem 6.2
	9. An Interpretation of Ramanujan's Divergent Series
	10. Generalization of the Ramanujan–Wigert Identity
	10.1. Special Cases of Theorem 10.1
	10.2. A Common Generalization of s(n) and s(n)

	11. Ramanujan's Entries on Page 335 and Generalizations
	12. Further Preliminary Results
	13. Proof of Theorem 11.3
	14. Proof of Theorem 11.4
	15. Koshliakov Transforms and Modular-type Transformations
	15.1. A New Modular Transformation
	15.2. Transformation Involving Modified Lommel Functions: A Series Analogue of Theorem 15.6
	15.3. An Integral Representation for f(x,s) Defined in (15.10) and an Equivalent Formulation of Theorem 15.6

	16. Some Results Associated with the Second Koshliakov Transform
	17. The Second Identity on Page 336
	References

