KOSHLIAKOV KERNEL AND IDENTITIES INVOLVING THE
RIEMANN ZETA FUNCTION

ATUL DIXIT, NICOLAS ROBLES, ARINDAM ROY, AND ALEXANDRU ZAHARESCU

ABSTRACT. Some integral identities involving the Riemann zeta function and func-
tions reciprocal in a kernel involving the Bessel functions J,(x),Y,(z) and K,(x)
are studied. Interesting special cases of these identities are derived, one of which is
connected to a well-known transformation due to Ramanujan, and Guinand.

1. INTRODUCTION

In their long memoir [20, p. 158, Equation (2.516)], Hardy and Littlewood obtain,
subject to certain assumptions unproved as of yet (for example, the Riemann Hypoth-
esis), an interesting modular-type transformation involving infinite series of M&bius
function as suggested to them by some work of Ramanujan. By a modular-type trans-
formation, we mean a transformation of the form F(«) = F(3) for a8 = constant. On
pages 159 — 160, they also give a generalization of the transformation for any pair of
functions reciprocal to each other in the Fourier cosine transform as indicated to them
by Ramanujan.

Let Z(¢) be Riemann’s E-function defined by [31], p. 16]

2(t) == &(5 +it), (1.1)
where
£(s) = %s(s ~ur (2) <) (1.2)

is the Riemann ¢-function [31) p. 16]. Here I'(s) is the gamma function [1, p. 255] and
((s) is the Riemann zeta function [31, p. 1].
A natural way to obtain similar such modular-type transformations is by evaluating

integrals of the type
o 1
/ f(t)=(t) cos <§tlog a) dt,
0

where f(t) = ¢(it)p(—it) for some analytic function ¢, since they are invariant under
a — 1/a, although the aforementioned transformation involving series of Mobius func-
tion is not obtainable this way. Ramanujan studied an interesting integral of this type
in [29].

Motivated by Ramanujan’s generalization, the authors of the present paper, in [12],
studied integrals of the above type but with the cosine function replaced by a general
function Z (% + it), which is an even function of ¢, real for real ¢, and depends on
the functions reciprocal in the Fourier cosine transform. Several integral evaluations
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such as the one connected with the general theta transformation formula [10, Equation

(4.1)], and those of Hardy [19, Equation (2)] and Ferrar [10, p. 170] were obtained in

[12] as special cases by evaluating these general integrals for specific choices of f.
Ramanujan [29] also studied integrals of the form

° t t+1 t—1 1
/0 f(§,z)5( ZZZ)E( 2zz> coS (§tloga> dt,

f(t,2) = ¢(it, 2)p(—1t, 2), (1.3)
with ¢ being analytic in the complex variable z and in the real variable t. With f
being of the form just discussed, in the present paper, we study a generalization of the

above integral of the form
t+1iz t—aiz 1+t 2
Z = 1.4
(27)=(57) 2 (%) o

[ o)

where the function Z (% + it, z) depends on a pair of functions which are reciprocal to
each other in the kernel

cos( 5 ) L(4v/x) — sm( 5 ) L(4/1), (1.5)

where

[1]
[1]

where

M, (x) = %Kz(x) —Y.(x).
Here J,(z) and Y,(z) are Bessel functions of the first and second kinds respectively,
and K (x) is the modified Bessel function.
We call this kernel as the Koshliakov kernel since Koshliakov [23, Equation 8] was
the first mathematician to construct a function self-reciprocal in this kernel, namely,
he showed that for real z satisfying —% <z< %,

/ K ( cos WZ)MQZ(Q\/_)—sm(ﬂz)ng(Q\/_)) = K. (x). (1.6)

(It is easy to see that this formula actually holds for complex z with —3 < Re(z) < 3.)
Dixon and Ferrar [I3, Equation (1)] had previously obtained the special case z = 0 of
the above integral evaluation.

The Koshliakov kernel occurs in a variety of places in number theory, for example, in
the extended form of the Voronol summation formula [4, Theorems 6.1, 6.3]. In view

of Koshliakov’s aforementioned work, the integral transform
/ 0t 2) (cos(m=) My. (2v/2) — sin(2).Jo.(2/T) ) i
0

where ¢(t, z) is a function analytic in the real variable ¢ and in the complex variable z, is
named in [4, p. 70] as the first Koshliakov transform of g. It arises naturally when one
considers a function corresponding to the functional equation of an even Maass form
in conjunction with Ferrar’s summation formula; see the work of Lewis and Zagier [24]
p. 216-217], for example.
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Let the functions ¢ and 1 be related by
oz, 2) = Q/ww(t, z) <cos (72) My, (4V/tz) — sin (nz) ng(4\/ﬂ)> dt, (1.7)
and :
P(z,z) =2 /000 o(t, z) <cos (72) My, (4V/tx) — sin (nz) J22(4\/E)> dt. (1.8)

Moreover, define the normalized Mellin transforms Z; (s, z) and Zs(s, z) of the functions
p(x,z) and ¢(z, ) by

r (S 3 Z) r (s ;r Z) Zi(s,2) = /OOO 2 Vo(z, 2) da, (1.9)
r (5 -~ Z> r (S ; z) Zo(s,2) = /Ooo =z, 2) da, (1.10)

where each equation is valid in a specific vertical strip in the complex s-plane. Set
Z(s,2):=Z1(s,2) + Zs(s,z) and O(x,z):= p(z,2) + ¢Y(x, 2), (1.11)

so that
F(S;Z)r(s‘gz) Z(s,2) :/ 2" 10(x, 2) do (1.12)
0

for values of s in the intersection of the two vertical strips.

In this paper we evaluate the mtegrals in (L.4) for two specific choices of f(t, z)
satisfying (1 The function Z (1 4 it, z) in these integrals depends on the functions
o(x, z) and ¢(x z) satisfying (1.7)) and (1.8)), and belonging to the class ¢, defined
below.

Definition 1.1. Let 0 < w < 7 and n > 0. For a fized z, if u(s, z) is such that
i) u(s,2) is analytic of s = e regular in the angle defined by r > 0, 0] < w,
ii) u(s,z) satisfies the bounds

_foutst) T
“(S’Z)_{0z<!sr—”—1—ﬁe<z>'> sl > 1, (119

for every positive 6 and uniformly in any angle |0] < w, then we say that u belongs to
the class Q. and write u(s, z) € Oy .

We are now ready to state our two main theorems.

Theorem 1.2. Letn > 1/4 and 0 < w < 7. Suppose that ¢, € Oy, are reciprocal

in the Koshliakov kernel as per (L.7) and (1.8)), and that —1/2 < Re(z) < 1/2. Let
Z(s,z) and O(z, z) be defined in (L.11). Let o_.(n) = >_,, d"*. Then,

= owg(t?z) (t;iz)z(lzit@ T IPETCTP

= i o_.(n)n*?0 <7m, g) — R(2), (1.14)

[1]
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where

R(z) =T (== ) ¢(~2)2 (1 - —> —=/2] <f) Z (1 _: Z) 1.15

@ =t (F) ez (145.5) +ror (5) oz (1-5.5). s

With af = 1, and the pair (¢(z, 2),¥(z, 2)) = (K,(2ax), BK,(26z)) which easily
satisfies (1.7)) and (1.8)) (as can be seen from ([1.6]), we obtain the following result [9,
Equation (3.18)]:
Corollary 1.3. Let —1 < Re(z) < 1. Then

loga)

‘%oma(t+222>“<t_2m)< TR TP

os (
1)
o (ag_lﬂ_izf (g) C(z)+a 2772l (72) ((=2) — 420—,3(71)712/2}% (2n7roz)> :

(1.16)

1
2
2

dt

This result is illustrated below.
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FIGURE 1. Left: Difference between the left and right sides of (1.16));
Right: Quotient rli‘;fﬁt% of (|1.16]);
Here z = 0 and the series on the right is truncated to 10 sums.

This identity is connected with the Ramanujan-Guinand formula (See Equation ({3.7)
below.). Our second result is

Theorem 1.4. Letn > 1/4 and 0 < w < 7. Suppose that ¢, € Oy, are reciprocal

in the Koshliakov kernel as per (L.7) and (1.8), and that —1/2 < Re(z) < 1/2. Let
1.11)

Z(s,z) and O(z, z) be defined in (1.11). Then,
(t—iz) (1+it z) dt
7 )
2 2 2)2+(z=+1)

WZQS/ r z—1+1it r z—1—1at = t+1z
0 4 4 2
x1+z/2

a1 (23 - a1 [ z _
=7 F( 5 )2:10_2(71)71 /0 @(:E,2> (22 1 o O dr — S(z),

(11

(1.17)
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where

S@p:z*ﬁﬂ1+@«1+az(y+§%)+2%N@qaz(1—ff).

As a special case when again off = 1, and (¢(z, 2),¥(z, 2)) = (K.(2az), BK,(261)),
we obtain the following result established in [9, Equation (4.23)].

Corollary 1.5. Let —1 < Re(z) < 1 and define

ajiz 1 —z—1
— = 1.18
— o, (1.18)

Mz, z) =((z+1,2) —

where ((z,x) is the Hurwitz zeta function. Then

8@@33/mr et (2= 1—it o (ttiz
L(z+1) Jy 4 4 2

— a7 (i AMna, z) — et C(Z>> : (1.19)

[1]

(t — zz) cos (%tlog a) ot

2 24 (z+1)2

201 az
As in the previous case, the graphical illustration of this corollary is given below.
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FIGURE 2. Left: Difference between the left and right sides of (1.19);
Right: Quotient rlg}tlt% of (1.19));
Here z = 3/4 and the series on the right is truncated to 10 sums.

This is related to the modular-type transformation involving infinite series of Hurwitz
zeta function. (See Equation below.)

Theorem 5.3 from [11] gives a sufficient condition for a function to be equal to its
first Koshliakov transform. In the same paper [11, Equations (4.8), (4.17)], there are
two new explicit examples of such a function whereas [4, p. 72, Equation (15.18)]
contains a further new one. One may be able to obtain further corollaries of our
theorems by working with these other examples. However, none of them is as simple
as IK,(z), and so we do not pursue this matter here. We note that Theorems [1.2] and
M work for any pair of functions reciprocal in the kernel , not necessarily self-
reciprocal. Dixon and Ferrar [I3], Section 5] study, for example, the pair (¢(z), ¥ (z)) =
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(e, —2 (e*li(e~**) 4+ e~*"li(e""))), which is reciprocal in (L.5) with z = 0. Here li(z)
denotes the logarithmic integral function defined by the Cauchy principal value

1—¢ T
li(z) = lim / i—I—/ - :
=0t \Jyg logt 14 logt

Finally, it must be mentioned here that Guinand [I7, Theorem 6], [I8, Equation (1)]
derived the following summation formula involving o,(n):

S o_.(m)ni fn) - C(1+2) / i f(e)de — (1 - 2) / T f(a) de

n=1 0

= Za,z(n)n%g(n) —((1+2) /000 z2g(x)dr — (1 —2) /OOO t72g(z)dx.  (1.20)

Here f(z) satisfies certain appropriate conditions (see [17] for details) and g(x) is the
transform of f(z) with respect to

—2msin (372) J.(4my/x) — cos (372) (27Y.(47v/z) — 4K, (47V/7))

which, up to a constant factor, is nothing but the Koshliakov kernel in ((1.5]). Nasim [25]
derived a transformation formula involving functions reciprocal in Koshliakov kernel,
and which is similar to (1.20)).

2. PRELIMINARIES

The Riemann zeta function satisfies the following functional equation [31], p. 22, eqn.
(2.6.4)]

s (S JeED)] 1-—s
7 r(g) C(s)=n r( > >g(1_s), (2.1)
sometimes also written in the form
£(s) =&(1—s), (2.2)
where £(s) is defined in ([1.2]).

For Re(s) > max(1,14+Re(a)), the following Dirichlet series representation is well
known [31, p. 8, Equation (1.3.1)]:

= 04(n)
—a) = AT 2.3
st =a) =2 T, 23)
Throughout the paper we use R, to denote the residue of a function being considered
at its pole z = a.

We also use Parseval’s theorem in the form [28, p. 83, Equation (3.1.13)]

1 o t\ dx
— (G tds = hl—|— 2.4
o | e = [ (1) 5 (2.4
where & and ) are Mellin transforms of g and h respectively.
The following lemma will be instrumental in proving our theorems.

Lemma 2.1. Let n > 0 and 0 < w < m. Let —1/4 < Re(z) < 1/4. Suppose that
0, € Opw are Koshliakov reciprocal functions. One has
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(1) Z(s,z) = Z(1 = s,z) for all s in —n — |Re(z)|/2 < Re(s) < 1 +n+ |Re(2)]/2.
(2) Z(o +it,2) <, ezt for every € > 0.

Proof. Fixn>0,0<w <7 andlet p,9 € Oy,. We begin by proving the first part
of the claim involving the functional equation between Z; and Z5. Set

w(s, 2) ::r(sgz)r(s‘;z) (2.5)

Note that
w(l —s,2)Z1(1 — s, 2)

= /OO x%p(x, 2) dx

_9 /0 s /0 Tt 2) (cos (72) My, (4v/7) — sin (72) J2z(4\/5)) dt dz

=2 /000 W(t, z) /000 x° <cos (72) My, (4v/tz) — sin (72) ng(4\/ﬁ)> dx dt

= Q2728 /000 571 (t, 2) /Ooo u™® (cos (72) Ma.(4m/u) — sin (7z) Jo.(4m\/u)) dudt

-2 : I'(l—s—2)I'(1 =54 2)(cos(mz) — cos(s)) /OOO 5l (t, 2) dt
_ 2 : ['(1-s—2)I'(1—s+z)(cos(mz) — cos(ms)) w(s, 2) Zs(s, 2), (2.6)

where in the penultimate step, we used the integral evaluation

/OOO x° (cos (mz) Ma.(4m/z) — sin (7z) Jo.(47V/x)) dx

1

= 22T7r3*2sr (1-=s—2)I'(1 =5+ z)(cos(mz) — cos(ms)),

valid for 7 < Re(s) < 1= Re(z). This can in turn be obtained by replacing s by 1 — s,
z by 2z, and letting y = 1 in Lemma 5.1 of [I1]. Using the duplication formula for the
gamma function

1 NZs
[(s)I (s + 5) = 2257111(25)’ (2.7)
and the reflection formula
T
T'(s)T'(1—s) =
()T ) sin(rs)’

we see that
Z1(1 = 5,2) = Zs(s, 2).

Similarly, Zo(1 — s, z) = Zi(s, z), and hence from ((1.11]), we see that
Z(1—s,2)=2Z(s,2).
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The interchange of the order of integration in the third step in (2.6)) requires justifica-
tion. We provide that below using Fubini’s theorem. We only show that the double
integral

/OOO Y(t, 2) /OOO T8 (cos (72) M2z(4\/ﬂ) — sin (72) ng(4\/ﬂ)> da dt

converges absolutely for 2 < Re(s) < 1 — |Re(z)|. (This necessitates Re(z) to be
between —1/4 and 1/4.) The absolute convergence of the other one can be proved
similarly.

Fix g9 > 0 such that

3
1 teo < Re(s) < 1 — |Re(2)] — o.
Then

(2.8)

| —s| - x€0—1+\Re(z)|’ if 0<z< 1’
x
= | a3/, if >1.

The asymptotics of Bessel functions of the first and second kinds [I. p. 360, 364] give

Re(z) if 0< <1
v 1 v

JZ v <<Z Y - —_ Y
(v) {v1/2 if v>1,

Y

(14 |logv|, if 2=0,0<v<1,
Y. (v) <, { v IR if 2#0,0<v<1,
\v_l/Q, if v>1,

whereas those for the modified Bessel function [I, p. 375, 378] give
(1+|logv|, if z2=00<v<I,

K.(v) <, { vIReG)I if 2#00<v<1, (2.9)
k1)_1/26_”, if v>1.
Therefore
1+ |log(tx)|, if 2=0,0<tz <1,
cos (72) My, (4v/tx) — sin (72) J22(4\/5)) <, | (tr)~IReGI if z2#0,0<tx<1,

(tx)~1/4, if  tr>1.
(2.10)
We now divide the first quadrant of the ¢,z plane into six different regions whose

boundaries are determined by the ¢ = 1, x = 1 and the hyperbola xt = 1.
Let D = [0,00) x [0,00). Set

F(t,2) = z=5(t, 2) (cos (m2) My, (4v/47) — sin (12) J22(4\/E)>

and

Lu(s, 2) ::/D|Fz(q:,t)|d)\,
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X
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FiGURE 3. Regions from the hyperbola zt = 1.

where d\ denotes the Lebesgue measure. Let
Iy(s,z) :==1(s,2) + Is(s,2) + - - - + I(s,2), with I;(s,z) = // |F,(x,t)|d\,
D;

We estimate each I; separately. Let us assume that ¢ < g. Using (1.13)), (2.8)), and
(2.10) in the regions Dq,Ds,---,Dg, we have

I L1l g [ [ d
1(57’2) e,z b x1*€0*\Re(z)| t_6( t)EHRe(ZN rat = 0 pl—cote 0 to+etRe(z)] =09
1 1 < dx
Iy(s, z) < // 3/4+a0 tiHn+Re(2)] $1/441/4 du dt <</ 1+80/ t5/4+’7 °
I(s.2) < / / L1
3(8, 2 15 z
Dy 73/4+eg 19 (xt)aJrlRe(z)\

1 1 de d
<e Ds 3/4+egtet[Re(2)| go+e+[Re(2)| T at

= 3/4+eotet|R SR 4°
LT ofte+Re(z)| [ go+et|Re(z)|
° dx
< . 27/4=b+¢0 < 00,
1 1 1 > 1 Loat > 1
.74(8,Z)<<//D4 %3/4+a()t—étl/%l/élalmdt:/1 pE // t5+1/4dx<</ $1+60dx<oo,
1 1 1

I dz dt
(5:2) < / /Ds IRy (R () = ReGI]

1 1
- //D5 pl=eote t1+2|Re(z)|+n+e dz dt

B ) 1 1/t dr p
- 1 t1+2|Re(z)|+n+e 0 prl—eo+e t
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o0 dt
Loy /1 e Re()tre0

Finally,

1 1 1
Is(s,2) < //D6 1 IRe(z)|—€, $1HIRe(z)[+n $1/41/4 dx dt

[ 1 ! dx gt
- . $5/4+Re(2)[+n 1 15/4—|Re(z)|—e0

oo 1
< [ t1+2[Re(z)|[+n+eo0 dt < oo.

Hence (s, z) < oo, which justifies the interchange of the order of integration in (2.6]).
Finally, let us look at Zs(s, z) and the Mellin transform of v (t,z). We split up the
integral as

e’ 1 e’
s—1 d — s—1 d s—1 d )
/Owos,z)ut Lt /Ow(t,zmt rt+/1 o, <)l dt

Since ¢ € Oy, for the latter integral, we have

(e} [ee]
/ |¢(t,z)||t5—1|dt<</ tRe(@)=2=Re@/2=n gt o0,
1

1

provided that Re(s) < 1+n+ w. Similarly, for the first integral, we have

1 1
/]w(t,z)|tRe(s)1dt<</ R =179 gt < o0,
0 0

provided that Re(s) > d. This shows that the function Zs(s,z) is well-defined and
analytic, as a function of s, in the region

5 < Re(s) <145+ 'Rez(’z”, (2.11)

for every § > 0. Similarly, Z;(s, z) is well-defined and analytic in s in this region. Thus,
by analytic continuation, the equality Z;(1 — s, z) = Zs(s, z) holds in the vertical strip
_ |Re(z)] [Re(2)]

2 2

To prove the second part of the lemma, let us consider the line along any radius vector
r and angle 6 (we would choose —6, if t = Im(s) < 0), where |#| < w. Then by Cauchy’s
theorem we can deform the integral (1.9)) to

<Re(s) <1+4+n+

h(o +it,2)Zy (o + it, z) = / potit=1ebetit) o (retf ) dr,
0

where 60,t > 0. Therefore, by splitting the range of integration to [0, 1] and [1, co] and
the fact that Z; is analytic in the region defined by (2.11]) we see that

|h(o + it,2) Z1(0 + it, 2)| < eet/ 7 Yo(re?, 2)| dr < eI, (2.12)
0
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since ¢ € O, ,. By Stirling’s formula for I'(o + ¢t) in the vertical strip p < o < ¢ [7,
p. 224], we have, as [t| — oo,

1 1 ].
IT(s)| = V2r|t|]" 2e 2" (1 +0 (m)) : (2.13)
as [t| — oo. Now combining ([2.5)), (2.12]) and (2.13)) we get
Zl(l -5 Z) - 22(57 Z) <z e(g—w—l-s)\ﬂ’
for every £ > 0. This completes the proof the lemma. O

3. GENERALIZATION OF AN INTEGRAL IDENTITY CONNECTED WITH THE
RAMANUJAN-GUINAND FORMULA

We prove Theorem (1.2 here. The convergence of the series in (1.14]) follows from the
fact that O(s, 2) € Oy ..

Using ((1.1)) and (2.2)), it is easy to see that

- t+ 1z - t—1z . —t+ 1z - —t — 1z
- 2 - 2 T 2 - 2 '

Along with (L.3) and part (i) of Lemma [2.1] this gives
/°°f E,z = t+iz = t—iz 7 1+it,z gt
] 2 2 2 2 72
1 oo . . 14
:_/ f E,z = t+iz = t—iz 7 +zt7f gt
2/ .7 \2 2 2 2 2
1 1 1 z z z
= Z/(%)¢<s—§,z) ¢(§—s,z>§<s—§>§(s+§)2(s,§> ds. (3.1)

Now choose
6(s,2) = n 1 n z n 1 =z -1
$,z) = s 513 s 575
so that from (3.1]),

16/00: t+iz\ _ (t—iz 7 14t 2 dt
o \ 2 /7 2 2 72) (P4 (z+1)H)E2+ (2 -1)?)
1 sz sz z z z
R R I CIE MO M PO P
u " 2 pty)eFmg)elstg)2isg) d (3:2)
Since —1/2 < Re(z) < 1/2 and Re(s) = 1/2, we have 1/4 < Re(s — 2/2) < 3/4. In
order to use ([2.3)), with s replaced by s — z/2 and a replaced by —z, which is therefore
valid for Re(s) > 14 Re(%), we shift the line of integration from Re(s) = 1/2 to
Re(s) = 5/4. In doing so, we encounter a pole of order 1 at s = 1 — z/2 (due to
((s+2/2)) and a pole of order 1 at s = 1+ 2/2 (due to ((s —z/2)). Using the notation
for the residue of a function at a pole, we see that the integral in (3.2)) is equal to

(GG D=3 (5 2(5) -t i)

4
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- %(;g_z(nmzm /(i) I (g — Z) r (g + Z) (mn)°Z <3, %) ds

142z 1 1—z 1 —
~ormi (7r_(2>F ( ;FZ> C(1+2)Z (1 + 2, ;) L 2r ( > Z) C(1-2)Z (1 .

= — 3 o_.(n)n*?0© <7m, g)

T (gerp (2 2 2) s+ (2) (_22)>
2(7r F(Q)g( )Z(1+2 2)+7r r(3) ez (1-2.2
where in the penultimate step, we used the part (ii) of Lemma [2.1{ and to see
that the integrals along the horizontal segments of the contour [ zT 2 — zT 5 +
iT, L 5 + 17, ; iT] tend to zero as T'— oo, then interchanged the order of summatlon
and integration because of absolute convergence, and in the ultimate step we used
twice.

This completes the proof of Theorem [1.2]

In the following corollary and at few other places in the sequel, we use the notation

O(z) = O(x,0) and Z(s) = Z(s,0).
Corollary 3.1. Let d(n) denote the number of positive divisors of n. Then

2 0°°z2 <§)Z(1;it) T Zd —(Z'(1) + (7 — log4m) Z(1)).

Proof. Let z — 0 in Theorem and note that the expansion around z = 0 of R(z),

defined in ([1.15]), is given by
R(z) = (y —log4m)Z(1) + Z'(1) + O(2),

where 7 is Euler’s constant. O

3.1. Proof of the integral identity connected with the Ramanujan-Guinand
formula. Corollary is proved here. As mentioned before its statement, we substi-
tute p(z,2) = K.(2ax) in (L.8), where o > 0. The fact that K,(z) € ¢, for any
n > 0 is obvious from . Let f = 1/a. From , it is easy to see then that
W(x,z) = PK,(2Bx). For Re(s) > £ Re(r) and ¢ > 0, we have [26, p. 115, Equation

(11.1)]
/ 2K, (qr) dow = 2°~%¢~°T (8 5 V) r (S J; ”) . (3.3)
0
Using ((1.9)), (1.10)), (3.3), and the fact that o = 1, we see that
1 1
Z1(s,2) = Zoz_s and Zs(s, z) = Zas_l (3.4)
so that

1+t 2 1 1
Z (=% 2) = ¢ .
( 5 ,2> 2\/5608(225 oga) (3.5)
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and
© <7m, %) = K.;o(2mna) + BK. o (2mn3). (3.6)
Then Theorem [1.2] gives
32 [ _ [t+iz\ _ [t—iz cos (3tlog o) dt 1
T s “( 2 >“< 2 ) FrGr e+ 1 2@ +30.2),
where

S, 2) = Va (aglﬂfl“ (5) C(z) +a 27720 <_Z) 420 Z/2Kz (2n7ra)> .

Now the Ramanujan-Guinand formula [18], [30, p. 253] gives, for ab = 72,

\/EZ o_.(n)n"*K, j5(2na) \/_Z o (n)n** K j5(2nb)
n=1

_ %lr (g) C(2) {122 q(1=2)/2) 4 ZF (_§> C(—2){alt 22— q(+2/2) - (3.7)
(See [B] for history and other details.)

Invoking (3.7)), with @ = ma and b = 73, it is seen that F(a, z) = F(5, z), with the
help of which we deduce that, for —1/2 < Re(z) < 1/2,

32 [ _[t4iz\_[t—iz cos (3tloga) dt S(0)
—— = = =F(a, 2).
T Jo 2 2 B+ =+ + (2 —1)2) ’
Since both sides of the above identity are analytic for —1 < Re(z) < 1, by the principle
of analytic continuation, the result holds for —1 < Re(z) < 1 as well. This proves

Corollary [I.3]

4. GENERALIZATION OF AN INTEGRAL IDENTITY INVOLVING INFINITE SERIES OF
HURWITZ ZETA FUNCTION

Theorem is proved here. To see that the series on the right-hand side of (|1.17))
is convergent, it suffices to show that

x1+z/2

) 1
_ z+1 z
— X:IU_Z(n)n /0 ) (x, 2) =N 7r2n2)(z+3)/2 dx

converges. Since © € Oy, © (I, g) < 7% for 0 < < 1 and for every § > 0, so that
the inside integral does not blow up as x — 0. Thus,

) < Z TRe)\ ), (4.1)

The series on the right-hand side converges as long as Re(z) > —1 as can be seen from

. Let
1 z—1 s
¢(S’Z>:s+(z+1)/2r( 4 +§)'
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Using ((1.3) and (3.1)), we see that

4/°°F<z—z~l—it)F(z—i—it)g(t—;iz)g(t;iz)Z(l;it7g) dt :
0 2+ (z+1)
et IR L R B LRI EHE ()
<o (m3) )2
(o Grina) G5 G- G+ d)
< (s=5) ¢ (5 3) 2 (s 5) s = 2mi (s + i) )
1S fyr (34T G5 0r G- DT G
x 2 (s,2) (wn)~" ds — 2ri (R1+;+R1§)), (4.2)

where in the penultimate step we used the functional equation I'(w + 1) = wI'(w) of
the Gamma function. Here Ry, z is the residue of the integrand at the pole of order 1
due to ¢ (s - g), and R;_z is the residue of the integrand at the pole of order 1 due

to ¢ (s — g) These residues turn out to be

Rusy = 250079201 421+ 97 (1+2,5).
Ry_s = 2P0 (2)¢(2)Z (1 - % g) . (4.3)

Note that for 0 < Re u < Re w, Euler’s beta integral is given by

/oo ( # L Tl(w—u)

L4z I'(w) ’
so that for — Re(%) — 1 < d = Re(s) < Re(%) + 2,

1 s z 1 z s z2+3 z(x+2)/2
— I'f-+-+-|T (— - = 1) $ds =2I" .
2mi S (2 T3t 2) 1 )T ( > ) L+ 27

Along with (1.12)) and (2.4)), this gives
s oz 1 z s sz sz z
(e DG GG 2 o
/@ (2+4+2) 172" y -~ )T gt )2 sg) m)ds
3 o0 1+z/2
il 2 i (ﬂn)(z+2)/2/ ) (a:, E) ’ dx. (4.4)
2 0 2/ (22 + 7T2n2)(2+3)/2

From (4.2)), (4.3) and (4.4), we obtain ((1.17). This completes the proof of Theorem
L4l

W
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Corollary 4.1. Let d(n) =3_,,1 as before. Then,

oo . 2 .
7r_3/2/ r =1+t =2 t 7 1+t dt
0 4 2 2 1+1¢2

- %anm) /OOO %dx - % ((y —log(2m))Z(1) + Z'(1)) .

(2% 4 m2n?)

Proof. Let z — 0 in Theorem [I.4] and note that
1
5(0) = 5 (v —log(2m)) Z(1) + Z'(1)).
]

4.1. Proof of the integral identity involving infinite series of Hurwitz zeta
function. We now prove Corollary [l.5] We again choose the pair (¢(z,2), ¢ (z, 2)) =

( (2ax) BK.(26z)) where a8 = 1. So from (3.4)-(3.6)),

1+zt z—1—it\ _ (t+iz _ [t—iz\ cos(3tloga)
r = = dt
2\/_ 4 2 2 24 (z + 1)
B 243 B o gltz/2
=T +1/2F (T) Z:lo-—z(n)n +1A ( )(z+3)/2 (Kz/2(2a$) + 5K2/2(2517>) dx

22 4+ m2n2

— 27T+ 2)¢(1+2) (772 +a2) + 2777 T(2)¢(2) (a2 +a77)) . (4.5)
For Re(a) > 0, Re(b) > 0 and Re(v) > —1, we have [I5] p. 678, formula 6.565.7]

/ o' (2? 4+ a®)' K, (bx) dov = 2T (v + 1)a” ™ o718, i (ab),
0

whereas from the footnote on the first page of [14], we have

> 1-— l—p—v 3
Sﬂ ,,(w) = w“+1 / te_thFl K + V, K V, — —t2 dt
: o 2 2 2’

Thus

00 2 v 0 3
/ o (2? + o' K, (br) dv = a*? (5) L(v+1) / ye Yy Fy <1 H V=g 5 —yQ) dy.
0 0
(4.6)
Let a =7n, b =2a, u = —(3+4 2)/2 and v = z/2 in (4.6] so that

oo 1+z/2K 2 —1-z_ —z/2
/ x 2/2(3041’)2 dp — (mn)” "« r (1 N E)
o (22 + 7T2712)( +z)/ 142 92

o0 e—27rnay ‘ »
< T
0

since [15, p. 1006, formula 9.121.4|
l—a 2—a 3 w? (u+w)* — (u—w)*
2 F1 = :

2 9 'y u? 2awus—!
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142/2

72 K. 2(2ax) dx

Thus
/2 (z + 3) Z o (nnt! /OO T
2 =t 0o (22 4+ 7m2n?)

a 22 (.41 2\ © = ey SIN((1 4 2) tan™1 y) dy
< —z —2rmkay
N ( 2 )F<1+2)Zm / Ze (1 4 y2) =)/

a/ z+1 sm 1—|—z tanl(ﬁ)) dr
2\/_ 2 Z x2 T m2a2)(1+z)/2 e2rr _ ]

k: > ma)~*  (ma)”?
:22+2F(z+1)n;(g(z+l,moz)—( 2) | z) ), (4.7)

where in the last step, we used (2.7)), and Hermite’s formula for the Hurwitz zeta
function 27, p. 609, formula 25.11.29], namely,

1, a > sin (wtan"Y(t/a)) dt
C(U),CL) =50 =+ + 2/0 (a2 + t2)w/2 e2nt _ 1’

2 w—1

which is valid for w # 1 and Re(a) > 0.
Hence from (4.5)), (4.7, and the fact that a8 = 1, we deduce that

21T [ [ 1+it z—1—it\ _ [(t+iz\ _ [t—iz) cos(5tloga)
_— r——|)r{—m—|=z = dt
I'(z+1) /o 4 4 2 2 12+ (24 1)2
(z+1) C( (z+1) ((2)
{ (ZA s?) = - ZA 00 = S 5
(4.8)
where A(z, z) is defined in (1.18). To obtain ([1.17)), it only remains to show that

z+1 z z+1 z
(Z)\ na, a:rl) — Coi ) (Z)\ np, z BZI) — Cg;) )
(4.9)

The limiting case z — 0 of this identity appears on page 220 of Ramanujan’s Lost
Notebook [30], and is discussed in detail in [3].

In [8] as well as in [9], (4.9) was proved as a consequence of Corollary and the
fact that cos (%tlog a) = CoS (%tlog 6) for aff = 1. Hence to avoid circular reasoning,
we must obtain a new proof of it which does not make use of the integral involving the
Riemann Z-function present in this corollary.

The aforementioned limiting case was proved in [3, Section 4] in the manner sought
above using Guinand’s generalization of the Poisson summation formula [16, Theorem
1]. This requires use of a result of Ramanujan [3, Equation (1.4)] that the function
(x + 1) — log x is self-reciprocal in the Fourier cosine transform, i.e.,

/OOO (v(1+ x) —log z) cos(2myx) dx = E (Y(1+y) —logy).

2
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For , this method, however, does not look feasible as the one-variable generalization
of ¥(z 4+ 1) — log x relevant to the problem, namely z7%/z — (2 4+ 1,z + 1), is not self-
reciprocal in the Fourier cosine transform. Hence we prove by first obtaining a new
proof of the equivalent modular transformation in the first equality in the following
result, also proved in [II, Theorem 6.3] using the integral involving the =-function.
This new proof is, of course, independent of the use of this integral, and generalizes
Koshliakov’s proof for the case when z = 0 [22] p. 248].
Assume —1 < Re z < 1. Let Q(z, z) be defined by

(x,2) :=2 Z o_.(n)n*/? 7rZZ/4KZ(47re7ri/4\/nx) + e_”iz/4Kz(47re_m/4\/na:)) :

where o_.(n) = >y, d"* and K,(z) denotes the modified Bessel function of order v.
Then for a, 8 > 0,a8 =1,

o 1
a(z+1)/2/ e—27rocxxz/2 (Q(I, Z) . _C(Z)mzﬂ—l) dx
0 2T

1

_ g/ / ¢ 2B 2 (Q(:U,z) - 2—<<z>xz/2—1) dz. (4.10)
0 T

Upon proving (4.10)), we show that
o 1
/ 6—27raxxz/2 (Q(Z’, Z) . —Q(Z)xz/2_l) dr
0 2m

I'(z+1) z4+1 z
(27) (9-)\2+1 Z ( Céaz-l-l) o C;;) ’ (4.11)

thereby proving (4.9). The special case of (4.11)) was obtained in [10].

The function (x, z) has many nice properties. For example, it has a very useful
inverse Mellin transform representation [I1, Equation (6.6)], valid for ¢ = Re s > 1+
Re 2

2

1 /c+i00 C(l — S+ Z)C(l -8 %)x—sds. (412)

Oz, 2) = —
(z,2) 211 Jo—ioo 2008( (s+ ))
It also satisfies the following identity [L1, Proposition 6.1] and Re = > 0:

F(Z)C(Z) /21 _xz/Q . 221 2 U,Z(n)
et e O SRR

2 T =n?ta?
Lastly, we mention that it plays a vital role in obtaining a very short proof of the
extended version of the Voronoi summation formula [4, Theorem 6.1] in the case when
the associated function is analytic in a specific region.
We begin with the following lemma, which is interesting in its own right, and shows
that the function Q(z,z) — 5=((z)z2 7" is self-reciprocal when integrated against the
Bessel function of the first kind of order z. It is a one variable generalization of a result

of Koshliakov [21, Equation (11)].

Qz,2) = — (4.13)
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Lemma 4.2. Let J,(w) denote the Bessel function of the first kind of order v. Let
—1 < Re z < 1. For Re(z) > 0, we have

1

Proof. For — Re (5) < Res< %, we have [11] p. 225]

2
> (s+53)
s—1 __o—2s_—2s, —s 2

/0 L (Am/ry)dr = 27y T—s+3)

and from (4.12)) and an application of the residue theorem, we find that for Re s < 1+
Re (3)

2)7

/OOO ?/5_1 (Q(Q,Z) - %C(z)?/g_l) - C(lgczs—z Z>C(il+_ S))_ §> (4-14)

Hence using Parseval’s formula [28, p. 83, Equation (3.1.11)], we see that for + Re
(g) <c=Res< min(%,liRe(%))

[ nanvan (909 - 5w dy

L[ e
" o F(l—s—I—) ZSin(g(s—g)
/ (1—s+ )KL —s5—32) —sg

x %ds

47 cos (s + %)) ’

where in the last step we used the functlonal equation for ((s) twice. The result now
follows from (|4.14]). O

We now prove the modular transformation [4.10] Using Lemma [4.2] we see that

o 1
CY(Z+1)/2/ e—27raxl,z/2 (Q(l‘,Z) . —C(Z)ZL'Z/2_1) dr
0 2m
o0 oo 1 .
= 27704(Z+1)/2/ emexz/Q/ J.(4m\/zy) (Q(y, z) — 2—((2)3;21) dy dx
0 0 T
:2704(2“)/2/0 (Q( )——(( Jyz ! )/ e~ 2wy 22 I (4rr\/zy) do dy, (4.15)

0

where the interchange of the order of integration follows from Fubini’s theorem.
Now use the formula [I5 p. 709, formula 6.643.1]

° i D(p+v+d) 2 b?
/0 ' z2e J21/<2b\/5) dr = W—l—l;e 2a @ ,uM%V <E> )
which is valid for Re (,u +v+ %) >0, with b =27\/y, v = 2/2, p = (2+1)/2,a = 27a,
and then the definition [I5, p. 1024] of the Whittaker function

1
My, (2) = Paa-Taele o) (u —k+ 2 2+ 1; z) ) (4.16)
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to deduce that
6727ry/a z/2

OO—WO{(EZ y
/ 2 /QJ(47T\/_) = (4.17)

Finally we obtain ( - ) from (4.15), ( and the fact that a8 = 1.
It only remains to now prove 1- We first prove it for 0 < Re z < 1 and then

extend it by analytic continuation. To that end, we use (4.13) to evaluate the integral
on the left-hand side of (4.11]). Note that

[ (_r<z>c<z>x—z/2 e ) o - -LEKE)_TEa Dty

(2m)= 2 a(2m)#+t 2(2ma)t!
(4.18)
Also,
oo 241 © o 00 .z+1 o
—2rax T 0—z (TL) —z T —2rax 1
do = T 4
/0 ‘ T ;HQ—F%Q v mzzlm /0 T ;xz—f-m%? s

where the interchange of the order of summation and integration is justified by absolute
convergence. It is well known [0, p. 191] that for ¢ # 0,

o0

1 1 1 1
2t = - — 4+ —.

So
0o z+1 o0 [e's)
—2max T 0—z (Tl) —z —2rax .z 1 1 1
dr = — — | d
/0 c s ;x2+n2 v mZ:lm /0 ‘ ’ (m(e%x/m—l) 27T£L‘+2m v
_ i /OO 727ramttz 1 1 1 t
= et —1 27t 2
N(z+1) & (ma)™  (am)=!
— 1 _ _
(27)=+1 mZ:l {C(Z +1,ma) z 2
1)
ertﬂ Z A(ma, z) (4.19)

where in the penultimate step, we used the following result [27, p. 609, formula
(25.11.27)], valid for Re(w) > —1,w # 1, Re(a) > 0:

1, a1 e 11
= - —_— -] d
(w.a) PR — +F(w)/0 v w1z 2)%
with w =2+ 1,a = am amd x = 2xt.

Finally (4.18) and (4.19) give (4.11). This completes the proof of the modular
transformation in (4.9) for 0 < Re z < 1. As explained in [§ p. 1162], the result

follows for —1 < Re z < 1 by analytic continuation.
This proves (4.9), and hence along with (4.8)), completes the proof of Corollary
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