RIESZ-TYPE CRITERIA AND THETA TRANSFORMATION
ANALOGUES

ATUL DIXIT, ARINDAM ROY, AND ALEXANDRU ZAHARESCU

ABSTRACT. We give character analogues of a generalization of a result due to Ramanujan,
Hardy and Littlewood, and provide Riesz-type criteria for the Riemann Hypothesis for the
Riemann zeta function and Dirichlet L-function. We also provide analogues of the general
theta transformation formula and of recent generalizations of the transformation formulas
of W.L. Ferrar and G.H. Hardy for real primitive Dirichlet characters.

1. INTRODUCTION

In 1916, Riesz [31] gave the following equivalent criterion for the Riemann Hypothesis:

Let the function F(x) be defined by
> T 2
F(zx):= Zu(n)ﬁe /n*
n=1

The estimate F(x) = Os (m%“;) for all 6 > 0 is a necessary and sufficient condition for the
validity of the Riemann Hypothesis.

One relevant aspect of Riesz’s criterion is that it involves the values of the Riemann zeta
function in the region of absolute convergence, more precisely at integers 2, 3,4, ---.

Same is the case with the following variant of the above criterion due to Hardy and Lit-
tlewood [18, p. 156, Section 2.5]:

Consider the function

Ply) = ”(]f)e—y/k2 =3 _ 9" (1.1)

' :
— — ml¢(2m + 1)

1
Then, the estimate P(y) = Os y4+6) as y — oo for all positive values of & is equivalent

to the Riemann Hypothesis.

Their intuition and motivation came from a beautiful identity in Ramanujan’s notebooks
[29] (see also [6, p. 468, Entry 37]). Ramanujan’s work [29, 5, 6, 30, 2] has always had an
element of surprise in it and this identity is no exception. It gives a nice transformation
between infinite series of the Mobius function. Ramanujan communicated his identity to
Hardy and Littlewood during his stay in Cambridge. The corrected version of this formula
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was given by Hardy and Littlewood [18, p. 156, Equation 2.516] and is as follows:

Let a and B be two positive numbers such that af = w. Assume that the series
1— /
> (r(550) 0
P

converges, where p runs through the non-trivial zeros of ((s) and a denotes a positive real
number, and that the non-trivial zeros of ((s) are simple. Then

e > =t
Va Me—ag/nz — VB ) g2 _ < ) 1.2)
nz:l n f; n 2\f Z ¢'(p) (

Various aspects of this identity have been presented by Berndt [6, p. 470], Bhaskaran [10],
Paris and Kaminski [27, p. 143] and Titchmarsh [33, p. 219, Section 9.8]. The following
one-variable generalization of (1.2) was recently obtained in [14] in the course of studying
transformation formulas of the form F(z,a) = F(iz,3), where aff = 1 and i = y/—1.

Let z € C and let a and (B be two positive numbers such that af = 1. Let 1Fi(a;c;2)
denote the confluent hypergeometric function (see (1.8)). Assume that the series

1—
ZF(2P> (e L =2 e,
- CI(,O) 141 9 9" 4

converges, where p runs through the non-trivial zeros of ((s) and a denotes a positive real
number, and that the non-trivial zeros of ((s) are simple. Then

5 M o (E02) 50 (422

e‘é F(%) 1—p 1 22 /2
a2 ) F( 2 ;2;4>”p . 13)

In (1.2) as well as in (1.3), it is not necessary to assume convergence of the series on the
right-hand side. Instead one can bracket the terms of the series as explained in [18, p. 158]
and [33, p. 220].

Motivated by (1.3) and the aforementioned variant of Riesz’s criterion, we establish the
following theorem which gives a more general Riesz-type criterion for the Riemann zeta
function. An analogue of this theorem for Dirichlet L-functions is given at the end of Section
4. Our result represents a family of criteria, parametrized by a complex variable z (although
only the z = 0 case gives a necessary and sufficient condition, while for z # 0 and arg(z) # —
it allows for finitely many possible zeros off the critical line).

s
4

Theorem 1.1. Fiz z € C. Consider the function

=3 M) o (Y22 (14)

n

Then we have the following:
1
e Riemann Hypothesis implies P,(y) = O,5 |y 4 as y — oo for all 6 > 0.
1) The Ri Hypothesis implies P O.5(y a™° for all § >0
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(2) (a) If z = 0, the estimate P,(y) = O 5 <y411+6> as y — oo for all & > 0 implies the
Riemann Hypothesis.

(b) If z # 0 and arg(z) # —7, the estimate P.(y) = O s (y_élﬁ(s) asy — oo for all§ >0
implies that ((s) has at most finitely many non-trivial zeros off the critical line.

In (1.2) and (1.3), one assumes simplicity of the zeros. It is known from the work of Bui,
Conrey and Young [11] that at least 40.58% non-trivial zeros of the Riemann zeta function lie
on the critical line and are simple. Also, the first 1.5 x 10 non-trivial zeros of the Riemann
zeta function are on the critical line and are simple (see van de Lune, te Riele and Winter
[21]). By an appropriate modification of the right-hand side of (1.3), one can avoid the
assumption on the simplicity of the zeros and prove an unconditional result. We do this in
Theorem 1.2 below which generalizes (1.3) in the context of Dirichlet characters.

Theorem 1.2. Let z € C and let o and B denote two positive numbers such that af = 1.
Let x be a primitive Dirichlet character modulo q. Let G(x) := G(1,x) denote the Gauss
sum defined more generally by

G(n,x) = Z x(m)e¥mimn/a, (1.5)

(i) If x is even,

[

q

)

(1.7)

where in (1.6) (and analogously in (1.7)), m, is the multiplicity of the zero p := 6 + i~y of
L(s,x) and the sum over p involves bracketing the terms so that the terms for which

v = '] < exp (= Aulyl/log(|y] + 3)) + exp (—A1|y|/ Tog (1] +3)) ,

where A1 is a positive constant, are included in the same bracket.

ze—imz 1 ame? ') g (2_5 3'22> (”)sﬁs

— )" e
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Theorems 1.10 and 1.9 from [13] can be recovered as special cases, by letting z = 0 in (1.6),
and respectively, by dividing both sides of (1.7) by z and then letting z — 0. We expect
the pairs of zeros {p, p'} that need to be bracketed together in (1.6) and (1.7) to occur very
rarely. For various results on correlation of zeros of L-functions, the reader is referred to
Montgomery [23], Rudnick and Sarnak [32], Katz and Sarnak [19], [20], Murty and Perelli
[24], and Murty and one of the authors [25].

In identities (1.3), (1.6) and (1.7) appears Kummer’s confluent hypergeometric function

1Fi(a; cw) == Z

n=0

(a)pw™

(€)pn!’

(1.8)

where (a),, is the rising factorial defined for a € C by

I'le+n
(a)p i =ala+1)---(a+n—-1)= (I‘(a))
It is the special case p = ¢ = 1 of the generalized hypergeometric function given by [1, p. 62]
o (a1)n - (ap)n w"
1)n """ \Up)n
F by, b tw) = 1.9
pEalon, o apibry s byiw) Z;wnm~wgnm’ (19)

and is an entire function of w.

An analogue of (1.3) for Hecke forms is provided in [15]. The identity in (1.3) can be easily
rephrased in the form F(z, o) = F(iz, 8) (see [14, Equation (1.23)]). The best known example
of a formula of the type F(z,a) = F(iz, 3) is the general theta transformation formula (see
the first equality in (1.27)). For more details, the reader is referred to [7, Equations 1.1, 1.2]
and the references therein.

We now discuss the second goal of this paper. Recently, the general theta transformation
formula and one-variable generalizations of the transformations of Ferrar and Hardy were
established in [14] as a by-product of evaluation of integrals of the form

F(z,a) = /OOO f <;> = <;> v (a,z, 14;”) dt, (1.10)

for specific choices of f(t). Here f(t) is of the form
f@t) = o(it)p(—it), (1.11)

where ¢ is analytic in ¢ as a function of a real variable, Z(¢) is the Riemann Z-function defined
by E(t) := &(5 +it), where

1 s
— Zo(g — —s/2p (2
§(s) = (s = Dm T (2) ¢(s), (1.12)
and V(a, z, s) is the function defined by
V(.’L‘,Z,S) = p(x,z,s)—l—p(:z:,z,l—s), (113)
where
1 z2 1 — S 1 22
=22 % s F | —;=;— . 1.14
p(x,z,s) rz e 81 1< 2 ,274) ( )

In this paper, we work with two analogues of the integral in (1.10) for real primitive Dirichlet
characters. Let the function Z(¢, x) be defined by

E@X%=£<;+ﬁm>, (1.15)
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o= (2 () o, (1.16)

- 0, X(_l) =1,
b= {1’ N (1.17)

It is known [12] that (s, x) satisfies the functional equation
5(1 - 37%) - 6(X)§(87X)7 (118)
where €(x) = i°¢'/?/G(x), where G(x) is defined in (1.5). Since for real primitive characters,

we have
q, for x even,
o) =4 V! (1.19)
iy/q, for x odd,
the functional equation reduces simply to

§<1_57X) :£<37X)‘ (120)

where

with

This also gives
E(=t,x) = E(t,x)- (1.21)
For even real primitive Dirichlet characters, we work with the integral

/OOO f (;) = (;X) v (a,z, 1—;Zt> dt, (1.22)

for different choices of f(¢). Here the functions f and V are defined in (1.11) and (1.13)
respectively. Since V (a, Z, 12”) =V (B,z'z, 12”) (see [14, (1.12)]), this integral is invariant
under the simultaneous application of the maps a — 8 and z — iz, and hence generates
transformation formulas of the type F(z,a, x) = F(iz, 3, X)-

For odd real primitive Dirichlet characters, we work with the integral

/0 f <;) = <;x> A (a,z, J;”) dt, (1.23)

where
Az, z,8) i=w(z, 2,8) + w(x, 2,1 —s), (1.24)
with
1_, 22 s 3 22
= Fill——= = —]. 1.2
w(x,z,8) :=x2 % 84 1( 5 5 4) (1.25)

By Kummer’s first transformation for ; Fi(a;c;w) [1, p. 191, Equation (4.1.11)], [28, p. 125,
Equation (2)], namely,

1F1(a; c;w) = e“1Fi(c— a; ¢; —w), (1.26)
we also have A (a, z, 1;“) =A (B, 1z, 15”), and so the integral, invariant under o — 8 and
z — iz, gives formulas of the type F'(z,a,x) = F(iz, 3, X).

The difference between the forms of the functional equations for £(s, x), when x is even
or odd, necessitates the use of two different analogues, namely the ones given in (1.22) and
(1.23). Another reason is, we want to be able to explicitly evaluate the associated inverse
Mellin transforms when we convert these integrals into equivalent complex integrals, and this
requires working with the integrals in (1.22) and (1.23) as we shall see later. We now give
some examples.
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Consider the following extended version of the general theta transformation formula es-
tablished in [14]:

Let z € C. If o and B are positive numbers such that aff =1, then

22

?—68 Ze "cos\fomz) =B ——e Ze ”coshfﬁnz)

1 [*E(t/2) 1+t
= . 1.2
7T/0 1+t2v<a,z, 5 )dt (1.27)

Va

Here, we establish the following character analogue of (1.27):

Theorem 1.3. Let z € C and let o and S denote two positive numbers such that af = 1.
Let x be a real primitive Dirichlet character modulo q.

(i) If x is even,

Vaes 3 x(n)e”
n=1

os(ﬁ;a"2>_ﬂe—fix<n>e— ot (Y72 \f;)

1 ee t 1+t
= — = — ] dt. 1.28
o [ =G v (a5t @ )
(ii) If x is odd,

o (L) it S ()

2 [t 1+ it
— =(-,x)A dt. (1.29
8y/7q Jo (2’X> <a’ 7 ) (129

Note that Berndt and Schoenfeld [9, Theorem 7.1] have derived a transformation formula
for a periodic theta function.
Define v(a, x) by

(1]

Zn+a (1.30)

where a € C\Z«¢. For a real character x, this is consistent with the character analogue of the
digamma function which can be obtained by the logarithmic differentiation of the following

Weierstrass product form of the character analogue of the gamma function for real characters
derived by Berndt [3]:

(g, y) = e~oL(1X) ﬁ (1 N %>—x<n) oxtem

n=1
Then we prove the following character analogue of a generalization of a formula of Hardy [14
Theorem 1.3]:

Theorem 1.4. Let z € C and let « and 5 denote two positive numbers such that aff = 1.
Let x be a real primitive Dirichlet character modulo q and let (x, x) be defined as in (1.30).
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(i) If x is even,

22 o0 ralz?
Vaes / P(x,x)e 9  cos (@xz) dx
0 q

= \/Be_é /Oooip(x,x)e_ﬁﬁjﬁ cosh <\/7?\/[3;Z> dx

oo = (1t 144t
1/ “(Q’X)V(la’z’ ) g (1.31)
8 Jo cosh(§7rt)

(ii) If x is odd,

22 oo 7ra212
\/&88/ Y(x,x)e sin< 7\T/ng> dz
0

= \/Ee_é /Ooo?ﬂ(fl«“,x)ejﬁﬁ sinh (ﬁ\/B;TZ) dx
VT [E(G ) A (0,2 15Y)
i) cosh (L) dt. (1.32)

In a similar vein, we prove the following character analogues of a generalization of Ferrar’s
formula [14, Theorem 1.4]:

Theorem 1.5. Let z € C and let K,(z) denote the modified Bessel function of order v. Let
a and B are positive numbers such that a8 = 1. Let x be a real primitive Dirichlet character
modulo q.

(i) If x is even,

22 [0 _ma%? VTarz\ w— 2nx
\/568/ e 1 cos< ) XnKo( )d:c
0 Va ; () q

= \/Be*§ /Ooo efwij cosh (ﬁ\/ﬁ;z) Zx(n)Ko <27m:c) dx
n=1

0 1+t 11—t t 1+t
_ \/53/ (=" V(L ) v (a2 222 g
3273 Jo 4 4 2 2
(1.33)
(i) If x is odd,
22 [ ra%a? VTarz\ 2mnx
\/568/ re 7 sin < ) x(n)nKj < > dx
0 V4 nzz:l ) q
2 [ _xp%? VIBrz — 2mnx
= 668/ re 4 sinh () x(n)nk ( > dx
Ve s | Ve nzl (mnKo (=
ozq [ 3+t 3—ut\ _ [t 144t
_327r2/0 F( 1 )F( 1 >H<2,X>A<a,z, 5 dt.
(1.34)

The convergence of the integrals on the extreme right-hand sides of (1.28)-(1.29) and of
(1.31)-(1.34) follows from (2.6) and (2.7). When z = 0, we have V («, 0, 15%) = 2 cos (5tlog ).
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This gives analogues of the theta transformation formula and formulas of Hardy and Ferrar
(Equations (1.1), (1.15), (6.19) respectively in [14]) for even real primitive Dirichlet char-
acters. Since A (a,O, 1‘5“) = 2cos (%tlog a) too, we get corresponding analogues for odd
real primitive characters by dividing both sides in each of the Theorems 1.3, 1.4 and 1.5 by
non-zero z, letting z — 0 and then by using Lebesgue’s dominated convergence theorem.

This paper is organized as follows. In Section 2, we give preliminary results which are
used in subsequent sections. In Section 3, a proof of Theorem 1.2 is given. Then in Section
4, we give a proof of Theorem 1.1 and give a corresponding Riesz-type criterion for the
Riemann Hypothesis associated with the Dirichlet L-function. Section 5 is devoted to proving
Theorems 1.3, 1.4 and 1.5, where we prove them only in the case when x is odd and leave
the even case for the reader.

2. PRELIMINARY RESULTS

In this section, we give a result which transforms the integrals in (1.22) and (1.23) into
equivalent complex integrals. The latter can then be evaluated using Cauchy’s residue theo-
rem and the theory of Mellin transforms. We omit its proof since it is similar to the analogous
one for the Riemann zeta function [14, Theorem 3.1].

Theorem 2.1. Let

f(t) = o(it)p(—it),
where ¢ is analytic in t as a function of a real variable. Let x be a real primitive Dirichlet
character modulo q. Let V(x,z,s), p(x,z,s) and Z(t,x) be defined in (1.13), (1.14) and
(1.15) respectively. Assume that the integrals below converge. Then,

o0 141 9 [3+io 1 1
L)) (o5 =2 7)ol )t

2

o0 14 2 [atio 1 1
f(E)=E) e (o) n=t Lo (mg) o () et

’ (2.1)

In the proofs of Theorem 1.5, we will be making use of the following special case [8,
Theorem 2.1] of a general result of Berndt [4, Theorem 10.1]:

Theorem 2.2. Let x > 0. If x is even with period ¢ and Re v > 0, then

gx(n)n'/[{y <27rqnx> _ 23:500 <%>u+1 r (y + ;) gX(n)(nQ L) (2.2)

if x is odd with period k and Re v > —1, then

g:lX(n)nyHKy (27?36) N 2:ci7(rj(x) (%)UH I (” + 2) gx(n)n(n2 +a?) VI (2.3)

We will frequently use the following two lemmas in the proofs of subsequent theorems.
These lemmas already exist in the literature, for example, see [26, p. 47, Formulas 5.29, 5.30]
and [16, p. 318, 320, Formulas (10), (30)]. However, the first of these lemmas is incorrectly
given in both these references since the first argument of the confluent hypergeometric func-
tion in the formula should be 1 — 5 instead of —5. The correct version, which is also given

in [17, p. 503, Formula (3.952.7)], is as follows.
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Lemma 2.3. For c= Re s > —1 and Re a > 0, we have

1 ety s 2 1 3 b
el §a_%_§e_27f (s—;— > 1F1 ( ; 3 1a > x5 ds = e sin ba. (2.4)
C—100
Lemma 2.4. For c= Re s >0 and Re a > 0, we have
1 C+ZOO 1 2 1 _ 1 b2
5 30 -aT ( )e ZalFl <23 22 > 7% ds = %" cos ba. (2.5)
T Je—ioo a
We note that [14, Equation (2.10)]
1Fy (f -\ ;; %) ~ e%*/8 cos (ﬁz) , (2.6)
as — oo and |arg(Az)| < 2w. Stirling’s formula for I'(s), s = o + it, in a vertical strip
A d A 2m. Stirling’s f la for T it i ical stri
a < o < 3 given by
1
IT(s)| = (271') It~ 237l <1 +0 <\t\)> (2.7)

as |t| = co. Finally we note that the Whittaker function M) ,(z) is defined by [17, p. 1024,
formula 9.220, no.2]

1
My u(z) = 2" ze 22 Ry (L—A+52u+1;2). (2.8)
3. CHARACTER ANALOGUES OF THE GENERALIZATION OF
RAMANUJAN-HARDY-LITTLEWOOD RESULT

We prove only Part (ii) of Theorem 1.2. First, letting a = 1, b = 2z, = \/ra/(n,/q) in

Lemma 2.3, we see that for Re s > —1,
2 —s
;§; Z) (Yre ds. (3.1)
27 4 n\/q

22

— 2= c+io00 1
e q”2 sin Vs _ € ,4 T s 11—
n.\/q AT Jelino 2

Hence for —1 < Re s < 0, we have

i:: x(nilu( R (f;2>

22

zefT > ctico s+1 s 3 22

e Loy (-5 )
:z(f? /CHOOF s+1 B 1_§;§;zj Ta\ ’ ix(n)u(n) ds
ami o 2 221 ) g =

— ctico T (stl 2 —s
_ oz / TCE) (1832 (YT g (3.2)
AT Jo—ioo L(1 —8,X) 272" 4 Va

where in the penultimate step, we interchanged the order of summation and integration,
which is valid because of absolute convergence, and in the ultimate step, we used the fact
that 1/L(1 —s,x) => .02 Xmu) £ Re s < 0. Now for odd y, the functional equation for

n=1 n

L(s, x) can be put in the form

N »

E

(=) = 6emr (5
L—sx) i X (3:3)

e~
D
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Employing (3.3) in (3.2), we have

nilx(mnﬂ( e Sm(faz)

B [ () () e

In order to be able to use the Dirichlet series for 1/L(s,X), we now shift the line of integration
from —1 <c=Res<0tol < A= Re s < 2. In this process, we encounter the non-trivial
zeros of L(s,X). Consider a positively oriented rectangular contour formed by [c — iT, A —
iT), [N =T, A+ iT), [N+ iT,c+iT) and [c +iT,c — iT], where T be a positive real number.
Let Rp(a) denote the residue of the function
r (%)
"= e (

at s = a. By the residue theorem, we have

[ L 30 ()
= 2mi Z Ri(p), (3.5)

—T<Im p<T

1 dme—1 I (%2) s 3 22 Vao\*
R = li —p)me 2 LR (1-25 2 — . 3.6
1 0) = gy B S s = ™ LR ( s ) ( v ) (3.6)
As T — oo, the integrals along the horizontal segments [c¢ — T, A — iT] and [A + iT, ¢ + iT]
tend to zero, which can be shown using a similar reasoning as in the proof of Theorem 1.6 in
[14]. Thus, we find that

3

H
o ®
N | W
IR
N———
7N
BE
N———

w

[ 5 (-339) ()
! /Ai:o ILE X)) v <1 a % ; f) (@) ds- w‘zp: Ry(p). (3.7)

We now evaluate the integral on the right-hand side of (3.7). Let w = 1 — s so that for

—1 < )N = Re w < 0, we have
)\—i-zool“ 2—s 2 —s
o e (53 ) () e
A—100 L(37X) 2 4 ﬁ
w—1
Vao duw
NZs
_I_

l\D\Cn

\)

N +ioco F(T+) +1322
:/ 1F1 5
N —ioco L(l_wX) 4
00— X +ioo 1 1 3 22 —w
—ﬁzxw”/ f()n () Ge)
(67 n N —ico 2 2" 4 TLOé\/a

\f€4 ZX /X+ioor<w+1>1F1 <2—w‘3._22> (ﬁﬁ)w .
N —ioco 2 2 727 4 n\/a

+N)

M
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47r3/22ﬁ2x (n) —=82 <ﬁ6z>

z

(3.8)

where in the penultimate step, we used (1.26), and in the last step we used (3.1) with z
replaced by iz and « replaced by 8. From (3.4), (3.7) and (3.8), we see that

i x(nlu( I <W;Z>
_ zﬁe—w Z OO0 35 g (52

e TGR) 1 dme! T (%5%) s 3 2%\ (vao\ ™
— m(1-22
+ 2ym (m,—1)! p dsme—1 (s =) sx) 272’

2
Finally, multiplying both sides of (3.9) by /a\/G(x)es and making use of the facts that

aff =1 and that \/G(x)G(X) = iy/q for odd primitive x, we arrive at (1.7) upon simplifica-
tion.

The proof of (1.6) employs (2.5). The method involves similar steps to the one above, and
the proof is left to the reader.

4. RIESZ-TYPE CRITERIA FOR THE RIEMANN HYPOTHESIS
We prove Theorem 1.1 here. Before beginning the proof, let us give the heuristic behind
why one gets the bound P, (y) = O.(y~'/*). Representing e~™/"* and cosh (@) in the

definition of P, (my) in (1.4) by their Taylor series and interchanging the order of summation,
we have

(2t)!
= (=7 L (Vyz)?t & n
- Z ( my' Z (Q?Z)! Zl n2ifb5-22+1

_ < (=)™ (my) >
= X m!(2¢)I¢(2m + 2t + 1)

© n) A (—ry/n2)m S (Jruz/n)2
Pz(y)::'Pz(wy):Z'u’(n)Z( y/n%) Z(ﬁ/)
t=0

(4.1)
m,t=0

(m,t)7#(0,0)
Thus, P,(y) is an entire function of y. From (1.3), we know that for a8 = 1,

Vaes P(o?) — y/Be F MZ (Qp)lﬂ(l‘p;l-’z) R02670, (42)

Assume the Riemann Hypothesis and the absolute convergence of

ZFC?)JH <1 —p;%; 2) P2,

—~ C(p)
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Then the right-hand side of (4.2) is O,(1) as 8 — oco. From definition for a — 0, we have

Pp(a?) = i Me—ﬂ a?/n? (\/Z‘éz>
£ o(2) ()

-2 (o(5))
!

where in the last step, we used the prime number theorem in the form » 7, u(n)/n = 0.
Hence P;,(a?) — 0 as a — 0, or equivalently, as 8 — oo. Thus from (4.2), we find that

ﬂ.ﬁ2)m+t 2t Yy
sz: 2ttg2m+2t+1) Oz(ﬁ 12)’ (43)

m=0 t=

which can also be rephrased as
1

P.(y) = 0. (y) (4.4

as y — oo. This completes the heuristic.
Now we begin with the actual proof of Theorem 1.1, where we first prove the necessary

1
condition, i.e., we show that the bound P;(y) = O, <y_4+5>, as y — oo for all positive

values of §, implies the Riemann Hypothesis when z = 0, and when z # 0 and arg(z) # —7,
it implies that all but finitely many non-trivial zeros of ((s) are on the critical line. We first
prove the following identity involving P, (y):

Lemma 4.1. Let 0 < Re(s) < 1. Then for any z, we have

~ mT(=shF (—55:%)
/0 y ' P.(y) dy = Y : (4.5)
Proof. Let
(s, 2) ::/0 y 5 LP.(y) dy. (4.6)

Employing the change of variable y = x/n?, we see that

n"2p(s, 2) == /000 —s=lp, <n2) dzx. (4.7)

Now multiply both sides of (4.7) by n~! and sum over n from 1 to co to obtain

~1

(25 + 1)p(s, 2) = Z/o

L < )da: (4.8)

It can be shown using Weierstrass M-test and the Lebesgue dominated convergence theorem

that .
Z/ 2P, () do = /OOO a:—s—lnz::lipz (=) da. (4.9)
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From (4.1), we have

=1 x 21 A= (=1)F (/)2
P (=) = it
Zn (nQ) Zn Z '2t'(2k+2t—|—1)
n=1 n=1"" k=0 t=0
i ( ) ( )k+t 2t > 1
Ao RN2OIC(2k + 2t + 1) £ n2h 2t
(k,t)#(0,0)
L3 (D
= El(2t)!
(k,t)#(0,0)
o et t 2t oo (_1)k(7r$)k+t22t
> +§: }1(20)!
k=1 t=1 k=1
= (e ™ —1) + (cosh(v/mxz) — 1) + (¢~ ™ — 1)(cosh(v/mzz) — 1)
=e " cosh(v/mzz) — 1. (4.10)
O
Substituting this in (4.8), we have
o0
C(2s+1)p(s,2) = / g7t (e7™ cosh(v7zz) — 1) da. (4.11)
0
Integrating by parts, for 0 < Re s < 1, we have
/ 7 (e7™ cosh(v/mxz) — 1) dx
0
~¢ (e7™ cosh -D1™ 1 [ . d
_ |:$ (6 Ccos ( 7T5UZ) ):| + / 85— (e—mz COSh( 7127}2) _ 1) dz
-5 o SJo dx
= 1/00 x_si (e7™ cosh(v/7wz)) dw
s Jo dx ’
(4.12)

since limg_ oo €™ cosh(y/mxz) = 0. Next, observe that

> —S d —Tx
/0 x %(e cosh(v/mzz)) da

o z
— —s,—TT inh _ h
77/0 x %e (QW sinh(y/mxz) — cosh( wa:z)) dx
2 200: ( 7TZ)2n > n—s,_ —mr EOO: (ﬁz)Qn > n—s_—mnx
_ﬂ<2@”+ULA v e (2n)! A v

n=0

0
AT +n—s) = 2T(1+n—s)
-7 (222 (2n + 1)! _Z; (2n)! )
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where in the penultimate step, we have utilized the fact that Re s < 1. Combining the two
infinite series in the last line in the above calculation, we have

> —S d —Tx
/0 x %(e cosh(v/mzz)) da

—omr 13 (Ut Lot )
=-—mT(1-3s) (1 + 7;) <1(_2;)+ 12;+2 <12_n8++2n a ;>>

oo+ ot

e (1 G

= —°T(1 - shFy (— ; '242> . (4.13)

From (4.11), (4.12) and (4.13), we arrive at

mT(=shFi (=53 %)
¢(2s+1)

Remark. Letting z = 0 in (4.5) gives the following result of Hardy and Littlewood [18
Equation (2.544)]:

(s, z) = (4.14)

e —s—1 WSF(—S)
y Py dy = o 4.15
/ )y = 5 (1.15)
where P(y) is defined in (1.1). Multiplying both sides of (4.5) by s((2s + 1), we have
o) 1 2
sC(2s + 1)/ y 5 P (y) dy = 7T (1 — s)1 ) < 55 1) (4.16)
0

We now show that the bound P,(y) = 0275(y_%+5) for any § > 0 as y — oo implies that
(4.16) holds for —3 < Re s < 0 as well. Splitting the integral on the left-hand side into
two integrals, one from 0 to 1 and another from 1 to oo, and applying the bound for P,(y)
for the latter integral, one can see that the integral is analytic on —i < Re s < 0. Since
the pole of ((2s + 1) at s = 0 is annihilated by the zero of s at s = 0, we see that the
left-hand side of (4.16) is analytic. Since I'(1 — s) does not have any poles in —% < Re s <0
and 1 F; ( 85 5; Zf ) is an entire function of s, the right-hand side of (4.16) is also analytic on
_Z < Re s < 0. Since (4.16) holds for 0 < Re s < 1, by the principle of analytic continuation,
it holds on —% < Re s <0 as well. Since the Gamma function does not have any zeros, the

zeros of the right-hand side of (4.16) are the zeros of 1 F} ( sis 5 ) Now if z = 0, the fact
)99 4

s < 0. Since the integral on the left is analytic in this interval, this implies that ((2s + 1)

does not have any zeros in —3 < Re s < 0. This implies the Riemann Hypothesis, thereby

proving part (2)(a) of Theorem 1.1.

that 1 F} (—S' 1 ﬁ) = 1 implies that the left-hand side of (4.16) is non-zero in —i < Re
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Let us now consider the case when z # 0. For |\| = oo and |arg(v/Az)| < 7, the following
estimate for M) ,(z), where M) ,(z) is defined in (2.8), is well-known [22, p. 318]:

My u(z) = 7= V240 =1=14D (2 4 1) cos (2\/)\,2 - % - m) +0 (|>\|‘“_3/4) . (417)

From (2.8) and (4.17), as |A| — oo,

1
1y (u — A+ oL 2pu+ 1, z> =72 (\2) P42 (20 4 1) cos (2\/)\ - % - ;m)

+0., <\)\]‘“‘3/4> : (4.18)

This gives for |s| — oo,

1 22 2 1
1By (—3;2;4> = e8 cos (z <S+4>> +Oz<

For s = o+it, since —1 < o < 1 and |s| = oo, we have |t| — co. Since z # 0 and arg(z) # — 7T,
this implies that the main term on the right-hand side of (4.19) tends to oo in absolute value

17% 4.19

as |s| — oo, implying that for ¢ large enough, we have ‘1F1 <—s; %; %)) > 0, i.e., for a fixed

non-zero z, there exists a number 7, such that for ¢ > T,, we have 1 F} (—s; %; %) # 0.

Hence, the left-hand side of (4.16) has zeros at most up to a fixed height T, depending on z.
But ((s) has only finitely many zeros up to any fixed height 7. This proves part (2)(b) of
Theorem 1.1.

Remark. Note that if arg(z) = —7, then z4/s + 1/4 is almost real, and so cos (z 5+ 1/4)

will be essentially bounded, thereby making the main term in (4.19) bounded. Hence we need

the condition arg(z) # —7%.
Now we prove part (1) of Theorem 1.1, i.e., the Riemann Hypothesis implies the bound

P.(y) = Oz,g(y_%“;) for any 6 > 0 as y — oo. It is known that the Riemann Hypothesis
implies M(z) := )
see that

n<z H(N) = Oe(m%“) for all € > 0. By partial summation, it is easy to

M(v,n) = zn: e (4.20)

=P+ P, (4.21)

say, where v = [3'7¢]. Here

Py = i IS S <ﬁﬂz) : (4.22)
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For any integer N > v, we have

Zu =g COSh(fﬁZ) plv) == COSh(fBZ)

+ Z (M(v,n) — M(v,n—1))e =12 COSh(fﬁz)

v<n<N
*WB2
= M€<”+1>2 cosh (W> + M(V,N)e# cosh <\fﬂz)
v v+
\fﬁz *7\'522 ﬁﬁz
n? _ o (ntl)
-+ Z M(l/, TL) <€ cosh ( e (m+1)2 cosh o
v<n<N-1
—np? —np%
e Z ]\4-(1/7 'n) (eng COSh <\/7T-BZ> _ e(n+1)2 COSh <\/E/Bz>>
v<n<N-1 n n—+1
+ OE(V_%"’e) + V_%+€O(N_2). (423)

Letting N tend to infinity, from (4.22) and (4.23) we derive

Py = i M(v, n)e_;éj (27;362 cosh (ﬁﬁz> Vb sinh (ﬁﬁz)) + 0. (v2t),

An A2 An
(4.24)
where the mean value theorem with n < A, < n+1 is used in the last step. Using (4.20), we
see that
00 g2
_ 1y 5 VrBz\ Bz o (VTBz
P2_05<V 2 6;6 " A% cosh < " ) sz sinh | 0

[C/B} &) _7\./32

O, I/_%+E Z—I— Z

n=v. n=[Cfl+1

2 w3 w3 w3
osh<\cnz> \C\QZ 1nh<\cnz>‘

n

(4.25)
say, where the constant C' will be chosen later. Note that for n > Cf,
273 VB2  VTBz VT Bz B2 B B
¥ cosh ( " 2 sinh " = EOC,Z(l) + EOC,z "
,82
= O¢.. (n3> . (4.26)
Hence,
© =% 2
Py = Z e M 27;\5 cosh<\/§52> \sz inh(@ﬁzﬂ
n=[C§] " " "

= 0¢.2(1). (4.27)
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For v <n < C§,

" cosh <ﬁ6z> VB2 om <ﬁ62> = Oc.. <i§em> (4.28)

3 e A2 e
Hence,
gl _ 52
v VTBz\ Bz . (VTBz
Ps—Ze*n csh( N, ) ¥ sinh <)\n
98] =zg? | YEpjnes
= Oc.. Z " . (4.29)
Choose C = % Then one sees that for each n in the interval [v, [C'(]] the corresponding
exponent on the right-hand side of (4.29) is negative, so
—np2 | /mB|Rez|
e M i <1.

Hence
Cﬁ]

2
By = Z =0 <62> = 0:(8%). (4.30)
Therefore, PQ = Oz (]j_%+€ﬁ2€>‘ Now for BzE > @7

P = S“Sj)e "2 cosh <I5Z>

n=1

777,8 fﬁ\ReZ\
<Y et T

< ve P, (4.31)

Combining the bounds for P; and P, above, one obtains the desired bound for P,(3?).
Replacing 32 by y proves part (i) of Theorem 1.1. This completes the proof of Theorem 1.1.

Now in the case of a primitive Dirichlet character, the associated Dirichlet L-function does
not have a pole at s = 1, or in other words,

Z X(n)nﬂ(”) £0
n=1

Thus, in order to obtain an analogue of Theorem 1.1 for Dirichlet L-functions, it seems
appropriate to work with the derivative of the analogue of P,(y) rather than the function
itself. This analogue of P,(y) is defined by

)= ni::l W < an? cosh <\£;qz> - 1> (4.32)
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for x even, and by

Y

P.(y, x) := Zl X(”)n“(”) 6\/%2 sinh (%) 1 (4.33)
n= n\/q

for x odd.

Theorem 4.2. Let x denote a primitive Dirichlet character modulo q, where ¢ > 3. Fix
z € C. Let b be defined in (1.17). Consider the function

(m + k)(—l)m(w/q)m+kym+k22k
m!(2k + b)IL(2m + 2k + 1,x)

Q:(y,x) = Y (4.34)
k

m,k=0
Then we have the following:
(1) The Riemann Hypothesis for L(s,x) implies Q.(y,x) = Ozx.5 (yfiﬂs) as y — oo for
all positive values of 9.
(2) (a) If z =0, the estimate Q.(y,x) = Oz .5 <y_%+5> as y — oo for all positive values
of 6 implies the Riemann Hypothesis for L(s,x).
(b) If z # 0 and arg(z) # —7, the estimate Q.(y,x) = O+ s <y‘i+5> as y — oo for all

positive values of & implies that L(s,x) has at most finitely many non-trivial zeros off the
critical line.

Note that upon writing the right-hand sides of (4.32) and (4.33) in terms of the Taylor series

of e_q% cosh (nﬂj;) and e_f;:Ty2 (sinh (n@\/y;) / (nﬂ\/y;)), changing the order of summation

and then simplifying, it is seen in both the cases that %Pz(y,x) = Q.(y,x)/y. We refrain
from giving the details of the proof of the above theorem since the reasoning is similar to
that in the proof of Theorem 1.1. However, we note that the following identity, which is
interesting in its own right, plays a crucial role in the proof.

Lemma 4.3. Let Q.(y, x) and the number b be defined as in (4.34) and (1.17) respectively.
Let 0 < Re(s) < 1. Then for any z, we have

2

_(W/Q)Sr(l - 3)1F1 <—5; % +b; %)
L(2s+1,x)

/OOO Y QL (Y, X) dy = (4.35)

5. PROOFS OF THE CHARACTER ANALOGUES OF SOME WELL-KNOWN TRANSFORMATION
FORMULAS

In this section, we prove Theorems 1.3, 1.4, 1.5 for odd real x. The case when y is even

and real can be similarly proved.

Proof of Theorem 1.3. Let x be odd and real, z € C\{0}, and let ¢(s) = 1. Using the
second equation in (2.1), we have

~©_ [t 1+t
=2 = A
/0 <2’X> (a’z’ 2 > “

22 1.,

2 - 5+ioco 1 2 —-s

vl Bt <S+ ) L(s, x)1F1 (1 -2 §; ) <ﬁa> ds
Zﬁ 1ico 2°2
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z\ﬁe 822 /HH'Z'OOr(S';l)lFl (1 g g j) (Vjoa‘”>_s ds,  (5.1)

1+d—ioc0

where 0 < § < 1. The last expression comes from the residue theorem since one does not
encounter any pole when one moves the line of integration from Re s =1/2 to Re s =1+,
and also from the fact that Y 2 | x(n)n~% converges absolutely for Re s > 1 and is equal to
L(s,x). Now letting b = z # 0, a = 1 in Lemma 2.3 and simplifying, for c = Re s > —1, we

obtain
1 c+1i00 1 3 2 9 2
— r <s i ) 1 <1 - g; 5 ) a¥ds = e T T sinaxe. (5.2)
z

z
21 J oo 2 4

Use (5.2) in (5.1) to get

1 > t 144t % Tanz
=1 =, Al a,z, KB sin . (5.3
8v/7q Jo (2 X) ( 2 ) ZX < Va ) (5:3)

The proof is complete once we observe the fact that the left-hand side of (5.3) is invariant
under the simultaneous replacement of e by £ and of z by iz. OJ
s+2

Proof of Theorem 1.4. Again, assume that x is odd and real. Let ¢(s) = 2f7rr (% 7) r (—%

so that

. . A" 1 it 1 it 1 it
f(t) = o(it)p(—it) = 487T2 r <4 + 2> r <4 + 2) r <4 — 2) r <4 — 2) :

Using twice the reflection formula I'(2)['(—z) = —n/(zsinnz), z ¢ Z, we find that f (%)

1/ cosh (17t). Thus, using the second equation in (2.1) and the fact that 2I'(z) = I'(z + 1),
we get

[FEEL e,
0

cosh %wt

z2 1,
-5 54100 1— 3 2
— Ve = /2 F i (1 — f) Lis,xiF (1- 2,22 ) (Y2
mT21 %—ioo 2 224 \/a
X

22 . -
i/ 1 ico 2 sin s 224 V4 7 ‘

where in the last step we have used the duplication formula I'(2)I (z + 3) = 2!'72/nT(22)
twice as well as the reflection formula.

Now in order to use the Dirichlet series representation for L(s,y), we shift the line of
integration from Re s = % to Re s =1+ 4, where 0 < 6 < 1. Consider a positively oriented
rectangular contour with sides [§ 47T, &+ —iT],[3 —iT,1+6 —iT],[1+ 6 —iT,1+ 6 +iT] and
[1+0+:T, % + 1T, where T is any positive real number. While shifting, we have to take care
of the pole of order 1 of the integrand (due to sinzs). Thus using the residue theorem and
noting that by (2.7) the integrals along the horizontal line segments tend to zero as T — oo,
and then interchanging the order of summation and integration while evaluating the integral
on the line Re s = 1 + §, which is valid because of absolute convergence, we have

L tico 1\ L 3 22 —s
/2 P2 LX) (s 32 (Ve
1 ioo 2 sin s 2°'2 14 V4
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- ix(n)G(z a,n) — 2mitim &= Vp (3 + 1) L(s, )1 Fi (1 -5 g f) (ﬁo‘>_s,

s—1 sinms 2

s

G(z,a,n):/ F(S+1> ( 2z 4>< wan) ds. (5.6)

14+8—ico 2 sin s Va4
Using the residue theorem once again, we have for 0 < ¢ = Re s < 1,

c+ioo 111 1—§ 3.2 -
G(z,a,n)z/ F<S+1) ( 2 4> (ﬁan) ds
3
2

—ico 2 sinms NG
-1 1 -
4omitim S p (L) g (122 2 (man) T (5.7)
s—1 sinms 2 2 4 V4

Since for 0 < ¢ < 1, we have [27, p. 91, Equation (3.3.10)]

1 c+1i00 —s 1
5 x ds = ) (5.8)
2700 Jojoo SINTS m(1+x)
and since [27, p.83, Equation (3.1.13)],
1 c+1i00
— F(s)G(s)w™ ds = / f(= (5.9)

2mi c—100

where F(s) and G(s) are Mellin transforms of f(z) and g(x) respectively, we deduce using
(5.2) that

2
92 Z 0o ,—x2 13 2
Gz a,n) =2mi | 2 / L \/63 Ly <; 2. z) , (5.10)
z Jo o g4 Vmon anmt? 2°2° 4
V4
which after a simple change of variable gives
2 _ma®s? Vrazz
4’L€% 0 e q sm( 7 > 27’\/6 13 22
G = dx — Fi{=;=— . 5.11
(z,a,m) ~ /0 o ey 1(27274> (5.11)
Substituting (5.11) in (5.5), simplifying and then combining with (5.

o5 Lt 2 oo s e e sin [ YEozz
/ 2’ A( 2 )dt:f\/aeg ZX(”)/ ( Vi )dCC
8[ z 0

cosh 1 STt ot x+n
22 00
= vaes / P(x,x)e mq sin <fozxz) dx,
z 0 V4
(5.12)

where 1(z, x) is defined in (1.30) and the interchange of summation and integration is jus-
tified because of absolute convergence. Finally we obtain (1.32) from the above equation by
simultaneously replacing « by 8 and z by ¢z and noting that the integral on the left-hand
side is invariant under these replacements. O
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Proof of Theorem 1.5. Let ¢(s) =T (% + %) and let

e 34t 3—1t t 144t
I(z,a,x ::/ F( >F< >E<,X)A<a,z,> dt. 5.13
o= | : . . s (5.13)

Using (2.1), we have

= Liico 1 1 2 —S$
Iz y) = Y2 8/2 B(?,l—i)F(s—; >L(s,x)1F1<1—;;g;Z4> <\/770‘> ds,

%—ioo \/a
(5.14)
where B(s, z — s) is the Euler beta function given by
o gl L(s)I'(z — s)
B —g) = —  dr=——""7 . 1
(s,2—5) /0 TEE x T(2) , 0< Res< Rez (5.15)

Now shift the line of integration from Re s = % to Re s =140, 0 < < 2, and observe that
this does not introduce any poles, so that by the residue theorem and replacing L(s,x) by
its Dirichlet series, we get

Z— 14+-8+ico 2 -5
I(z,a,x) = ZX / B<1+81—>F<S+1>1F1<1—8;3;Z> <ﬁom> ds,
v 2 2 2 2'2° 4 a
(5.16)

where the interchange of summation and integration is justified by absolute convergence.
Using (5.15), we have for —1 < ¢= Re s < 2,

1 c+100 1 9
— B( Rk 1—>xsds:$3. (5.17)
21 c—ioo 2 2 (1 +x2)§

Thus, from (5.2), (5.9) and (5.17), we obtain upon simplification

I(z,a,x) = M\/?qez; i x(n) /OO QW (1 + (WY) B e sinxz da.

n=1 0

(5.18)

Making a change of variable x — \/jgx and interchanging the order of summation and

integration, we have
22
8m /ages [ _
I(z,a,x) = 7raqe/ xe sin (fa:cz) Z nx(n) - dz. (5.19)
z 0 \/a n=1 (n2 + $2)§

Now use (2.3) with x real and v = 0, use (1.19) and simplify to obtain

= nx(n) A & 2rnx

Y =) x(n)nk, . (5.20)

n=1 (n2 + $2)§ q2
Substitute (5.20) in (5. 19) to obtain

00 42,2 e 2
32q I(z,a,x) = \F; ’ /0 xe @ sin (\/EO@Z) Zx(n)nKo < 7an:c) dr.  (5.21)

Now note that this proves (1.34) completely since I(z, c, x) is invariant under the simultane-
ous application of the maps o — 8 and z — iz. O



22

ATUL DIXIT, ARINDAM ROY, AND ALEXANDRU ZAHARESCU

Acknowledgements

The authors thank Bruce C. Berndt for his important suggestions which improved the quality
of the paper.

(1]

B

9
[10]
[11]
[12]
[13)
[14]
[15]
[16]
17)
18]
[19]
[20]
[21]
[22]
23]
[24]
[25)

[26]

REFERENCES

G. E. Andrews, R. Askey and R. Roy, Special functions, Encyclopedia of Mathematics and its Applications,
71, Cambridge University Press, Cambridge, 1999.

G. E. Andrews and B. C. Berndt, Ramanujan’s Lost Notebook, Part I, II, Springer, New York, 2005; 2009.
B. C. Berndt, Character analogues of the Poisson and Euler-MacLaurin summation formulas with appli-
cations, J. Number Theory 7 (1975), 413-445.

B. C. Berndt, Periodic Bernoulli numbers, summation formulas and applications, in: Theory and Appli-
cation of Special Functions, R.A. Askey, ed., Academic Press, New York, 1975, pp. 143-189.

B. C. Berndt, Ramanujan’s Notebooks, Parts I, II, I1I, and IV, Springer-Verlag, New York, 1985; 1989;
1991; 1994.

B. C. Berndt, Ramanujan’s Notebooks, Part V, Springer-Verlag, New York, 1998.

B. C. Berndt, C. Gugg, S. Kongsiriwong and J. Thiel, A proof of the general theta transformation formula,
in Ramanujan Rediscovered: Proceedings of a Conference on Elliptic Functions, Partitions, and g-Series
in memory of K. Venkatachaliengar: Bangalore, 1 — 5 June, 2009, pp. 53—62.

B. C. Berndt, A. Dixit and J. Sohn, Character analogues of theorems of Ramanugjan, Koshliakov and
Guinand, Adv. Appl. Math. 46 (2011), 54-70 (Special issue in honor of Dennis Stanton).

B. C. Berndt and L. Schoenfeld, Periodic analogues of the Euler-Maclaurin and Poisson summation
formulas with applications to number theory, Acta Arith. 28 (1975), 23-68.

R. Bhaskaran, On the versatility of Ramanugjan’s ideas, Ramanujan Visiting Lectures, Technical Report
4, Madurai Kamraj University, (1997), 118-129.

H. M. Bui, J. B. Conrey and M. P. Young, More than 41% of the zeros of the zeta function are on the
critical line, Acta Arith., 150 (2011), no. 1, 35-64.

H. Davenport, Multiplicative Number Theory, 3rd ed., Grad. Texts in Math. 74, Springer, New York,
2000.

A. Dixit, Character analogues of Ramanujan-type integrals involving the Riemann Z-function, Pacific J.
Math. 255, No. 2 (2012), 317-348.

A. Dixit, Analogues of the general theta transformation formula, Proc. Roy. Soc. Edinburgh, Sect. A, 143
(2013), 371-399.

A. Dixit, A. Roy and A. Zaharescu, Ramanujan-Hardy-Littlewood-Riesz phenomena for Hecke forms,
submitted for publication.

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Tables of Integral Transforms, Vol. 1,
McGraw-Hill, New York, 1954.

1. S. Gradshteyn and I. M. Ryzhik, eds., Table of Integrals, Series, and Products, 7Tth ed., Academic Press,
San Diego, 2007.

G. H. Hardy and J. E. Littlewood, Contributions to the Theory of the Riemann Zeta-Function and the
Theory of the Distribution of Primes, Acta Math., 41 (1916), 119-196.

N. M. Katz and P. Sarnak, Zeros of zeta functions and symmetry, Bull. Amer. Math. Soc. (N. S.), 36
(1999), no. 1, 1-26.

N. M. Katz and P. Sarnak, Random Matrices, Frobenius Eigenvalues, and Monodromy, American Math-
ematical Society Colloquium Publications, 45, American Mathematical Society, Providence, RI, 1999.

J. van de Lune, H. J. J. te Riele and D. T. Winter, On the zeros of the Riemann zeta function in the
critical strip. IV, Math. Comp., 46 (1986), no. 174, 667-681.

W. Magnus, F. Oberhettinger and R. P. Soni, Formulas and Theorems for the Special Functions of
Mathematical Physics, Springer, Berlin, 1966.

H. L. Montgomery, The pair correlation of zeros of the zeta function, Analytic Number Theory (St. Louis,
MO, 1972). Proc. Sympos. Pure Math. vol. 24, Amer. Math. Soc. Providence, R. I., 1973, pp. 181-193.
M. R. Murty and A. Perelli, The pair correlation of zeros of functions in the Selberg class, Int. Math.
Res. Not., 10 (1999), 531-545.

M. R. Murty and A. Zaharescu, Fxplicit formulas for the pair correlation of zeros of functions in the
Selberg class, Forum Math., 14 (2002), 65-83.

F. Oberhettinger, Tables of Mellin Transforms, Springer-Verlag, New York, 1974.



RIESZ-TYPE CRITERIA AND THETA TRANSFORMATION ANALOGUES 23

[27] R. B. Paris and D. Kaminski, Asymptotics and Mellin-Barnes Integrals, Encyclopedia of Mathematics
and its Applications, 85. Cambridge University Press, Cambridge, 2001.

[28] E. D. Rainville, Special Functions, The Macmillan company, New York, 1960.

[29] S. Ramanujan, Notebooks (2 volumes), Tata Institute of Fundamental Research, Bombay, 1957; reprint
2012.

[30] S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Narosa, New Delhi, 1988.

[31] M. Riesz, Sur ’hypothése de Riemann, Acta Math., 40 (1916), 185-190.

[32] Z. Rudnick and P. Sarnak, Zeros of principal L-functions and random matriz theory, in A celebration of
John F. Nash Jr., Duke Math. J. 81, Issue 2 (1996), 269-322.

[33] E. C. Titchmarsh, The Theory of the Riemann Zeta Function, Clarendon Press, Oxford, 1986.

DEPARTMENT OF MATHEMATICS, TULANE UNIVERSITY, NEW ORLEANS, LA 70118, USA
E-mail address: adixit@tulane.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN STREET, URBANA, IL
61801, USA
E-mail address: roy22@illinois.edu

SIMION STOILOW INSTITUTE OF MATHEMATICS OF THE ROMANIAN AcADEMY, P.O. Box 1-764, RO-
014700 BUCHAREST, ROMANIA

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN STREET, URBANA, IL
61801, USA
E-mail address: zaharesc@math.uiuc.edu



