ON THE DISTRIBUTION OF ZEROS OF DERIVATIVES OF
THE RIEMANN ¢-FUNCTION

AMITA MALIK AND ARINDAM ROY

ABSTRACT. For the completed Riemann zeta function £(s), it is known that the Riemann hypothesis
for £(s) implies the Riemann hypothesis for £0™)(s), where m is any positive integer. In this paper,
we investigate the distribution of the fractional parts of the sequence (ay), where « is any fixed
non-zero real number and «y runs over the imaginary parts of the zeros of £ (m)(s). We also obtain
a zero density estimate and an explicit formula for the zeros of f(m)(s). In particular, all our
results hold uniformly for 0 < m < g¢(T'), where the function g(7T") tends to infinity with 7" and
9(T) = o(loglogT).

1. INTRODUCTION

The Riemann ¢-function is defined by
§(s) = H(s)¢(s), (1.1)

where
H(s) = g(s - 1)77_5/2F<;>, (1.2)

and ((s) denotes the Riemann zeta function. The non-trivial zeros of ((s) are identical to the
zeros of £(s). It is well known that the real parts of the zeros of £(s) lie in the critical strip
0 < Res < 1. The Riemann hypothesis for £(s) states that these zeros lie on the critical line
Re s = 1/2. Moreover, the Riemann hypothesis for £(s) implies that the zeros of £(™)(s) also lie on
the critical line Res = 1/2. In 1983, Conrey [5] showed that for m > 0, the real parts of the zeros
of £0™)(s) also lie in the critical strip 0 < Res < 1.

There has also been a great interest in studying the vertical distribution of the zeros of £(s).
Under the assumption of the Riemann hypothesis, Rademacher [29] first proved that the sequence
(1), where 1 denotes the imaginary part of a non-trivial zero of {(s) and « is any fixed non-zero
real number, is uniformly distributed modulo one. Hlawka [I8] proved this result unconditionally.

Let {x} denote the fractional part of a real number z. Let p; = 1 + i1 denote a non-trivial
zero of ((s). The discrepancy of the set {{ay1}: 0 < < T} is defined by

_ #0<n<T; 0<{am} <y}
0<y<1 N(T) I’

where N(T') denotes the number of zeros of ((s) such that 0 < 8y <1land 0 <~y <T.
For any integer z, let o = logﬂx. In 1975, Hlawka [18] showed that

2
log
DX (T 1.3
A1) < 2L (13)
under the Riemann hypothesis, while
log
DX (T _— 1.4
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unconditionally. In 1993, Fujii [I6] improved this bound and showed that

loglogT

D (T) <a

Recently, Ford and Zaharescu [14] investigated this result on discrepancy in more general settings.
In particular, they showed that the discrepancy of the set {h(avy1) : 0 < 3 < T} is of the order
O (1/1logT) for a large class of functions h : R/Z — C. Also, Akbary and Murty [I] obtained
similar results on the uniform distribution and the discrepancy for a large class of Dirichlet series
on the assumption of average density hypothesis.

Another very important result in this direction is due to Montgomery. In [25], he studied the pair
correlation of zeros of ((s) and showed that the distribution of consecutive spacing of imaginary
parts of zeros follows GUE distribution. These results were also extended for general L functions
by Murty and Perelli [27], and Murty and Zaharescu [28]. In his work [25], Montgomery mentioned
the connection between Landau-Siegel zeros and the gap between consecutive zeros of the Riemann
zeta function. Conrey and Iwaniec [4] showed that the existence of Landau-Siegel zeros implies
that spacing of consecutive zeros of ((s) are close to multiples of half the average spacing.

The vertical distributions of zeros of &'(s) have also been studied recently. In [10], Farmer,
Gonek and Lee initiated the study of consecutive spacing of zeros of ¢(s). They investigated
the pair correlation of the zeros of ¢'(s) under the Riemann hypothesis. They obtained various
estimates on the consecutive spacing and multiplicity of the zeros of &’(s). Bui [2] improved some
of their results on consecutive spacing of zeros of £’(s).

One motivation of studying such distributions of & (m)(s) is to understand the distribution of
zeros of an entire function under differentiation. From the functional equation

§(s) =€(1—s) (1.5)

one can see that the entire function {(1/2 + it) is real on the real axis and has order one. Also,
from the work of Craven, Csordas and Smith [7], Ki and Kim [2I], and Kim [22], one may observe
that for sufficiently large m, the Riemann hypothesis is true for £ (m)(s) in a bounded region. Also,
the zeros of & (m)(s) approach equal spacing as m tends to infinity. For details, readers are directed
to the work of Farmer and Rhoades [11], Coffey [3], and Ki [20].

Since the small gaps between zeros become larger under differentiation, by the work of Conrey
and Iwaniec [4], one may disprove the existence of Landau-Siegel zeros by showing the gap between
consecutive zeros of & (m)(s) to be less than half of the average spacing for sufficiently many zeros;
for details, also see [10].

In 2009, Ford, Soundararajan and Zaharescu [I3] established some connections between Mont-
gomery’s pair correlation function and the distribution of the fractional parts of ay;. So one might
expect that the pair correlation result of Gonek, Farmer and Lee [I0] would have connections with
the distribution of fractional parts of a7y, where p = 8 4 iy denotes a complex zero of £™)(s).

Although much information on the distribution of fractional parts of ay; is known, the authors
cannot recall any results of the distribution of fractional parts of a-y. The main goal of this paper
to obtain some classical results on the distribution of the fractional parts of ay analogous to the
results of Rademacher [29] and Hlawka [I§]. Our first result in this direction is stated below.

Theorem 1.1. For a € R, a # 0, and a positive integer m, the sequence (avy) is uniformly
distributed modulo one, where v runs over the imaginary parts of zeros of f(m)(s).

Next, we are interested in the discrepancy of the sequence (ay). Let N,,,(T) denote the number
of zeros of €™ (s) such that 0 < 8 < 1 and 0 <y < T. Conrey [5] proved that

T T T
Np(T) = —log — — o + O (logT). (1.6)
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Let D*(c; T) denote the discrepancy

. #{0 <~y <T; 0<{av} <y}
D*(a;T) := su -y,
(&) ogygl N (T) Y

of the set {{avy}: 0 <~y <T}.
We have the following bound for D*(«;T'), which generalizes the results of Hlawka [I8] for {(s).

Theorem 1.2. Let o > l‘;gf and m be a non-negative integer. Then

ajo e®2™ loglogT
D*(a;T) < +
( )< loglogT ViogT
as T — oo, where a1 and as are absolute constants. Under the assumption of the Riemann hypoth-
esis,

1
D (o T) < ——
() < logT +exp

as T — oo, where ¢; and cy are absolute constants.

Remark: Let g(7) tend to infinity with 7" and ¢(T") = o(loglog T"). Then for all 0 < m < g(T),
the bound

camlog T\ (loglog T)?
loglogT ) T'/3(logT)?

a
D*(a; T R
(5 T) < loglogT

holds unconditionally and

D*(a;T) < og T
holds under the assumption of the Riemann hypothesis. Theorem [I.2] shows that the distribution
of the sequence {ay} depends on m. If we take m < g(T), where ¢g(T') tends to infinity with T
and ¢g(T') = o(loglogT'), then the discrepancy vanishes as m tends to infinity. In other words, the
sequence {ay} becomes more and more well spaced as m approaches infinity. This result can be
compared with that of Ki [20] who showed that

There exist sequences A, and C,, with C,, = 0 slowly, such that

lim A,%"(Cps) = cos s
n—oo

uniformly on compact subset of C,
which was conjectured by Farmer and Rhoades [II]. In other words, one can say, the zeros of
derivatives become more well spaced as m increases.

Hlawka’s discrepancy bounds and rely on the explicit formula of Landau [23]

S 4P = —A(@)— + O(logT), (1.7)

2
o<y <T

where A(n) is the von-Mangoldt function. Gonek [I7] gave an explicit formula, similar to (1.7)),
which is uniform in both z and T'. Fujii [I5] also obtained a similar result independently. Gonek’s
explicit formula can be stated as follows:

S = —A@) e+ 0 (x log?(22T) + l?g 2T> +0 <loga:min (T, é>>> s

27 ogx
0<m<T

where (x) is the distance to the nearest integer prime power other than z itself.
In order to prove Theorems and we also need an explicit formula for the zeros of £(™) (s).
An essential ingredient in obtaining the explicit formulas (1.7]) and (1.8]) in the case of ((s) is the

Dirichlet series representation of C?/(s) for Res > 1. There are no such Dirichlet series for 5(;;7:)1)(3)
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We give an explicit formula for §(m)(3) with an extra parameter, which can be absorbed in the
error terms for small values of x.

Theorem 1.3. Let x > 1 and n, be the nearest prime power to x. Let g(T') tends to infinity with
T and g(T) = o(loglogT). Then, for T > 1 and any integer K > 1,

K K
A(ng) k2mk 1ogh Tt o 5 )
S o= Sor +0 (TY "= | +0 [ zlog?4z > (An]
x o OaT + ( 2 ogh T + xlog®dzx y ( ogx)

0<~<T k=1

K+1
B, loglogT\ 3
logT ’

+0 <a: log(22T") log log 2z + log 27 min <T, 10295)) +0 <xT (
(1.9)
holds uniformly for 0 < m < g(T'). Here Ay, and By, are function of m with log A,, < m and
log B,, < m,
e =T
if T =ng, and

1
Opr < min | T, ————

log 7%

if x is not an integer.

The first error term in can be written as a main term with some more efforts. This error
term may also disappear if x is not an integer. Also the second error term in can be improved
by a result of Erdos [§] for small values of K.

Differentiating gives the functional equation

M (s) = ()M (1 — ). (1.10)

Since £(™)(s) is real-valued for real values of s, it is clear from (T.10)) that the zeros of £(™)(s) are
symmetric with respect to the line o = 1/2. Therefore, for 0 < z < 1, we have

_ 1\”
P — l=p _ -
Y o= Y H=a Y (x> (L.11)
0<y<T 0<y<T 0<y<T
If we choose
| 3logT
~ |loglogT |’
then for a fixed z and for T sufficiently large, one can show that ((1.9) can be written as
Z o’ <« Ta + 2T°¢,
0<y<T
for € > 0, which may depend on T'. Therefore, by the Riemann hypothesis we find that
. 1 1
Z o < Ta7 2 e + 22T¢, (1.12)

0<H<T
which is non trivial for 2 < z < T?7¢ by (L.6). Now, if one assumes that {27}, behave like
independent random variables, then we may expect that
Y oa< Tate (1.13)
0<A<T

for all x > 0. Clearly, this is not true for every x.
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By observing the bounds in (1.12) and (|1.13]), we have the following conjecture.

Conjecture 1.4. For all real numbers x,T > 2 and any € > 0,

Z mi’Y < Tx—%-f-e + T%xe
0<~<T

holds uniformly for 0 < m < g(T).

To obtain the bounds in ([1.3]) and ((1.4]), another important result needed is to obtain a non-trivial
upper bound for

D

0<m<T

1
-
In 1924, Littlewood [24] proved that

>

o<y <T

1
b1 — 2' < TloglogT,

which was later improved by Selberg [30] in 1942. In particular, he obtained
1
/ N(o,T) do < T,
1
2

where N (o, T') denotes the number of zeros p; of ((s) such that f; >0 and 0 <y < T.
For a fixed o, let N,,(0,T) denote the number of zeros p = § + iy of £0™)(s) such that 8 > o
and 0 < v < T. Our next result provides a zero density estimate for €™ (s).

Theorem 1.5. Let g(T') tends to infinity with T and g(T) = o(loglogT). Then
1
/ Np(0,T) do < C(m)T
1
2

holds uniformly for 0 < m < g(T'), where log C(m) < m.

Since the prior works suggest that the zeros of §(m)(3) migrate to the line ¢ = %, we have the
following conjecture.

Conjecture 1.6. The function C(m) is a decreasing function of m.
Remark: Note that for o > %,

! 1
ﬁ Np (o', T) do’ > <O‘ - 2) Np, (0,T) .
2

Therefore,

Nip(0,T) = O, <T> (1.14)

1
o= 3

holds for 3 < o < 1. Combining (L.6) and (L.14) we find that the zeros of & (m)(s) are clustered
near the line o = %
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2. AUXILIARY LEMMAS

For a positive real number 0, and X = T?, define

B w(n) logn
Mx(5)= D oimnr? (1 - 1ogx>’ (21)
n<X

where P is a polynomial with P(0) = 0 and P(1) = 1. We have the following result from [6].

2
dt ~ T,

Lemma 2.1. Let V(s) = Q (—@ d%) ¢(s) for some polynomial @, and let Mx(s) be defined as
in (2.1). For 6 <4/7
T
1 R
e (Lo .
/2 %4 X<2 logT+Zt>

where 0 < R < 1 and the constant ¢ depends on P, Q, and R only.

For fixed P and R one has ¢ < |Q(1)[? (see [6, p. 10]). We also need the following result of
Conrey [5].

Lemma 2.2. Let L(s) = H/(s), where H(s) is defined in (1.2)), and s = o +it. Then, for any fized
H{(s)

integer k > 1, the following holds:

(1) for [t| > 1,
1 s
L(s) 510g§ +0 (t!)
and
LW (s) < L
2]*

(2) Fort> 10 and 0 < o < AloglogT, where A is a constant,

H®) (s) B logh~1¢
)~ (L(s))k+0< - ) .

We also need the following lemma from [17].

Lemma 2.3. Forz,T >1andc=1+ ﬁ7

= A 1 T 1
Z (n) min ( T, ——— | < log2xloglog 2z 4 logz min [ —, — |,
ne | log z/n (

X
n=2
n#x

where () is the distance to the nearest integer prime power other than x itself.
Weyl’s criterion [32] for uniformly distributed sequences is given by the following lemma.
Lemma 2.4. A sequence (zy)n>1, is uniformly distributed mod 1 if and only if
lim ~— i e*mkim = 0
N—oo N £~ ’
for all integers k # 0.

The following inequality is due to Erdos and Turdn [9].
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Lemma 2.5. Let Dy denote the discrepancy of a sequence (xy)n>1 of real numbers. Then, for any
positive integer M,

Dy <

Y

1 N
- § :€2ﬂ'ikan
N n=1

M
& 1
C -
Myl T ; k
where C1 and Co are absolute positive constants.

The following lemma is due to Montgomery and Vaughan [26].

Lemma 2.6. If Y °°  nla,|? converges, then

T | o0 00
|t =3P+ O
n=1 n=1

The following lemma from [31], p. 213] will be used to bound the argument of an analytic function.

Lemma 2.7. Let f(s) be an analytic function except for a pole at s =1 and be real for real s. Let
0 <a<b<2. Suppose that T is not an ordinate of any zero of f(s). Let |f(o +it)] < M for
oc>a,1<t<T+2and Re(f(2+1it)) >c>0 for some c € R. Then, for o >,

3T

1
a (10gM+10g C> + ?

|arg f(o +iT)| <

2-b
Let Ay denote the generalized von-Mangoldt defined by
n
= log® —.
n) = _u(d)log* -
dln
Therefore, for Re(s) > 1,

o~ Ag(n 1P (s)
—1 . 2.2
)3 s (2.2)
Let Azl denote the [-fold convolutions of Ag, i.e.,
N—_———

[ times

Then, we have the following inequality.
Lemma 2.8. With the notation from (2.2)) and ( -
(A log # A} s - x A;;f;y)(n) < (log n)tHhtkitlitthntin, (2.4)
Proof. From [19] p. 35|, we have
Ag(n) < logkn.
Using the above inequality and , we find that

(Ag log xAg, ) (n Z Ag(a)log(a)A, (b) < Ap(n)log(n)(1 * Ag,)(n) < loghtkitln
ab=n
By repeating this argument, we complete the proof of the lemma. O]

As an application of the Faa di Bruno formula [I2] p. 188], we obtain the following result.

Lemma 2.9. For any non-zero analytic function f, we have

f;n)@— > H " ((f’>“)(s>)m~ (2.5)

p12ue+-+kpg=ni= 1
pi1+ o=k
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3. PROOF OF THE EXPLICIT FORMULA
Applying Leibnitz’s rule in ((1.1)), we find that

€M (s) = H™(5)Fp(s) (3.1)
where
P )+ ch (mm] e (32)

with ¢; = ( ). For ¢t > 10, H(S()S) is non-zero by Lemma [2.2{ and H(s) never vanishes, therefore

H(™)(5s) does not have any complex zero for ¢t > 10. Therefore, the complex zeros of F,(s) are the
only zeros of €™ (s). The logarithmic derivative of (3.2)) yields

Fu(s) _ d'(s) | En(s)

Fu(s) ~ () T Bml3)’ (33)
where
B m H(m 9 (s) ¢W)(s)
HZ “ (s) <(s) (3:4)
Also,
N, (H) <<J><s>>'
E.(s)=) c ( —
]z:; J H( )(3) C(S)
m )\ Hm(s) & . Hm=(5)\ ¢0)(s)
; ( i) ) HO(s) *;( H<m><s>> 0
=: E1(8) 4 Eppa(s). (3.5)

Let c=1+ log%m and consider the rectangle R defined by the vertices 1 — ¢ + i1y, c+iTy, ¢+ iT
and 1 — ¢ + T, where Tj is chosen later. Then, by the residue theorem,

1 F/
To<t<T

Since £(™)(s) is an entire function of order 1, by the Hadamard’s factorization theorem, one can

rewrite it as
s
£m) (g) = A+Bs <1 _ ) —
(s) |p| ;

where the product runs over all the zeros of £™)(s), and A, B are certain constants. Also note that
all complex zeros of F),(s) lie in the strip 0 < o < 1. This implies that %(s) is bounded at 2 + it
for any t € R. Therefore, by logarithmic differentiation, (3.1), and Lemma we obtain

g’lz(aﬂt) => < L ;) + O(logt)

p \5TP

1 1
:Zp:<s_p_2+it_p>+0(logt). (3.7)
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Now, we consider the terms in the sum on the right side of (3.7)) for which |y —¢| > 1. From (1.6)),
we have

Np(t+1) — Ny (t) < f(m)logt, (3.8)

where log f(m) < m. From now on f(m) denotes a function of m, not necessarily same at each
occurence, and log f(m) < m. Using (3.8) we find that

> 2 — 1
2 2 (s p)(2+2t— Z 2 (v —1)?

n=1 n<|y—t|<n+1 n=1n<|y—t|<n+1

<y Y 4

n=1 n<|y—t|<n+1

> log(t +n)
<Y —m

n=1
< logt. (3.9)
Since 0 < 5 < 1, by (3.8) we have
1
— < logt. 3.10
2 drit—p S8 (3.10)
[y—t|<1
Invoking (3.9)) and ( - in we obtain
FT’n 1
a(s) = > 7p+0(logt) (3.11)
[y—t|<1

From (3.11)), in (3.6) the integral along the top horizontal side of the rectangle R can be written as
1—c+iT s c
T log 2T
ds+ O | log 2T 7 do | =: E IL,+0 . 3.12
/ i s—p o <og /1_090 G) i <x10g2x> (3.12)

a ly—T|<1

[v—=T|<1

In order to compute I,, we shift the line of integration from Ims = T to Ims = T + 1. For
|y —T| < 1, by the resadue theorem, we see that

1—c+i(T+1) c+i(T+1) 1—c+i(T+1) e
I, = / +/ —/ ds+ O(1)
c+i(T+1) c+iT 1—c+iT sS—p

¢ x° T+1 dt e
<1+ do+x +
1—c /(0= B)2+ (T +1—7)2 T =B+ ({t—7)?2 B-1l+c

< zloglog 2x.

Note that the sum on the right side of (3.12)) has log(27") terms. Therefore, the contribution from
the top horizontal integral is

1 1—c+iT Frln(s) i
— ——<x¥ds < f(m)xlog(2T) log log(2z). (3.13)
2mi c+iT Fm(s)
Since f{/mngzg is bounded in the interval [1 — ¢ + iTp, ¢ + i1y, the contribution from the integral

along the lower horizontal of the rectangle R in (3.6|) is given by

L 1—c+1iTy F ( )
27T’L. c+iTo Fm(S)

¥ ds < f(m) (3.14)

log 2z
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Next, we compute the integral on the right vertical line of the rectangle R in (3.6)). From (3.3),
one has

c+iT F c+iT C/ c+iT E' c+iT E
/ —(s)z’ds = / = (s)x® ds +/ —ml(s)x® ds —|—/ —m2 (g)x® ds
c+iTy Fm c+iTy C c+iTy Em c+iTy Em
=11+ I+ Is. (315)
From [31], sect. 6.19], we have the following bound for the Riemann zeta function
!

Z(U +it) < log§ tlog% log t,

which holds uniformly on ¢ > 1 — Alog_% tlog_% logt, where A is an absolute constant. Using the
Cauchy integral formula, for any positive integer n, we obtain

/ (n) 2 1
(C(a + zt)) < logs tlogs logt,

which holds uniformly on ¢ > 1 — Alog_% tlog_% logt. Hence, by Lemma
¢

T(O’ +it) < f(n) log%n tlogs logt (3.16)
and
@
g(n) . 2n n
T(U + it) < f(n)log=s tlogs logt, (3.17)
foro >1— Alog*% tlog*% logt. As an application of Lemma we deduce that
H™) 1. s 1
4 it) = —log? — (1 —_— 1
e 0 i) =57 log’ o ( +O<tlogt>) (3.18)
and
!/ .
Hm) , logi=1t
for ¢ large. Combining (3.16)) and ({3.18]) with (3.4]), we find that
m 2j 7
logs tlogs logt 10g3 logt 1
En(o+it) —1| < A < — <z 3.20
Bulo i) =1 < f0m) Yo R < ) SERE <5 a0

for large ¢ and uniformly for o > 1 and m < g(T'). Now, we choose Ty so that (3.18]), (3.19), and
(3.20]) hold for all ¢ > Ty. Using (3.16), (3.18]), (3.19), and (3.20)) in (3.5]), we have

2j 7
logs tlogs logt

= (3.21)

E m
“m2 (g 4 it) < f(m Z ¢

En tlog

for t > Ty and uniformly for ¢ > 1. Therefore, 1ntegrat1ng by parts, and using (3.20) and (3.21)),
one deduces that

Is < f(m)x. (3.22)
To compute I, we first rewrite it as
K-1 il il pr E _ K
I, = Z(—l)k/ L (8)(Em(s) — 1)k ds +/ 1 (3) (B () = 1) z® ds
k=0 c+iTp c+iTyp Em(s)

=: Io1 + I99. (323)
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From (3.5), (3.17), and (3.18]), we find that

m
log 3 tlog3 logt logs logt
Z ¢j < f(m)——==
logs t
for t > Ty and uniformly for o > 1. Hence, from , , and the definition of Iy in (3.23)),

we have

P (o +it) < f(m , (3.24)

f(m) log% logT>KH, (3.25)

Iy < 2T T
loga T

where the implied constant in the bound is absolute, and the constant C,, depends only on m.

From (3.4)) and (3.5)), we have
K-1 m - / .
, ¢l (s) ) H™(s)
> Ena(o)(Bu(s) =1 =3 ( 28 ) )

k=0 j=1
K-l m 5) om0
PO Hz( i)) H(m)(i))> - 329

k=0 l1+lo+-+lm=k =1

If k =1y + 2y + - - - 4+ mly,, then by (B.17) and (3.18)), we obtain the following bound
, . m . , li k+j
¢O(s)\" B (s) T (€O(s) H 0 (s) f(m)log? logt | "
11 < | L= . (3.27)
) ) o) W ey e Y
The sum of coefficients of terms in (3.26)) bounded by (3.27)) is at most

m K-1
D Y (=nF ) k'Hl'cZ P < KoMK

7=1 k=0 L+l++lm=k =1

Therefore, the contribution from all terms on the right side of (3.26)) those bounded by (3.27) with
k+ 7 > K is at most

% (Cplogilogt)" loglogt\ "3

3

Koy <m 5 % ) <<K<f(mi Ogt - ) (3.28)
og

k=K+1 logs ¢

for t > Tp. Let l~€+j = L < K. Then, from (3.16)), (3.17), (3.18), and using trivial bounds, one has
() B (s) ﬁ IO H @)\ ()
C(s) H(m (s) £\ <) H(m)( ) ] logh(s/2m) 11\ C(s) ¢(s)
L0 2Llog3 logt
tlogs 1t

< (f( )logglogt> . (3.29)

log3s ¢
Thus, the sum of the coefficients of terms in (3.26)) bounded by (3.29) is at most

m L-1 m
PGS D | | l%(cz-)li < Lamk, (3.30)

j=1 k=0 li+lot+Alm=k i=1 "



12 AMITA MALIK AND ARINDAM ROY

Also, from the definition of Ay (see (2.4])), the following Dirichlet series can be written as

(W(s) _ <n> )\ e = Ax(n) logn
) Z <<<s>>‘<1) 2

n=1

e (Z) S b () S ! o0 n
e o

for 0 > 1. Moreover, from Lemma we find that bz, (n) < logl™ n. Combining (3.29 (3-29), (3-30)
and (3.31)), we have

D(s)\ B (s) e (€O HO(5) )"
2 («s)) ) “11; ( ) H<m><s>)

k+j=L
k& CL log¥ logt

= CD7 sharn) g (COnlogtlost) © g o)
log™(s/2m) 2= n° tlogs+l¢

where ar(n) < L2mF log“*tn. Therefore, from (3.28), ([3.32) and an integration by parts, we
deduce that

for o > 1. Hence,

c+zT loglog T %
=YY [ R (5 s o mie) + 0 (sear (L 0ERST) T
L=1n=1"ctiTo log"(s/2m) \n logT
(3.33)
Let n/ be the nearest integer to x. Then,
il 1 T\ zye (T 1 T
oy e (B [ we T
e+iTy log”(s/2m) \n n 1, log™t log“ T
If x is not an integer, then by integrating by parts, we obtain
c+iT 1 TN S T
(2] ds <
/CH'TO logh (s/2m) (n) CLnclog(z/n)
where C' is an absolute constant. Therefore,
> etiT 1 T\ ar(MT xfar(n
ZaL(n)/ — (—) ds < L(L) + Z Lc# (3.34)
ot c+iTy logh(s/2m) \n log"T — £= C%n log(x/n)

n#n’
Also,

Z xfar(n Z zfar(n Z xL2mL _ xL2mL logL'Hx
CInclog x/n CEnclog(z/n) m/n C’an C’L (c— 1)L+l cr
1<n<n’/2 n>2n’

For the remaining terms in the sum on the right side of (3.34)), we have

Z xfar(n) < LomL logLJrl x 1
L L .
o [r o Cnclog(x/n) C ! log(x/n)
n#£n’ n#£n’

Since

/ o o
1ogf”210g”:_1og(1_” ,”)z'” .
n n n n
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we have

1 n'
< S log 2.
2 gl S 2 o S rla

n'/2<n<2n’ n'/2<n<2n’
n#n’ n#n’

Therefore, from (3.33)),

. K 1 K+1
k2(mH+ Dk 1ogk+1 k2(mFDk 1oght1 o f(m)logs logT
In < TZ long oF + 2T .
k=1 k=1

Using (3.25) and the above estimates in (3.23)), we obtain

v + xlog 4z -
loga T

K K 1 K+1
f2(mH Dk oght! f2(mH Dk Joght! logs log T
Ig<<TZ kog x—i—aﬁlogélxz kog x—i—azT f(m) Og13 o8 .
k=1 log™ T =1 ¢ logs T
(3.35)
Let n, be the nearest prime power to . Then by Lemma
c+iT CI c+iT io: I\ S
11:/ > (s)x?® ds——/ A(n)(—) ds
c+iTy C c+iTy n=2 n
T it o)
, x A(n)
:—zAnz/ <> dt+ O | z°¢ _
() Ty, \ Nz nZ::z n¢log(z/ny)
n#ng
= —iA(ng)dy 1 + O (xlog(2z) loglog(2x)) , (3.36)
where
T it
So = / <x) dt.
0 Ny
Clearly 6,7 < T. If x = n, then
Opr =T
otherwise
( )iT 1
Z — -1
5:L",T = %7m < log x
ilog . Ny

Notice that the first term on the right side of (3.36)) disappears if x is not an integer. Combining
(3.15), (3.22), (3.35), and (3.36) for the contribution from the integral along the right vertical side
of the rectangle R in (3.6), we arrive at

c+iT g Ki1
/ i (s)a*ds = —iA ()8 + O (wlog(2) log log(22)) + O [ T (f(m)bglogT> g
c+iTy Fr ’ IOgT

k2 1o
+0 (T Z og" gT ) +0 (SE log? 4x Z m) log x) > (3.37)

k=1

Now, we move on to estimate the integral along the left vertical side of the rectangle R in ({3.6]).
From the functional equation ([1.10]) one can derive
(m+1) F(m+1)

Fm m Fm m H
EL(s) = (1)L (L =) 4 (<) (1) = e

F, F, H(m)

(s)-
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Thus, for the integral along the left vertical line, we have

1—c+iT F 1—c+iT F
/ mtl (s)x®ds = (—1)m+1/ mtl (1 —s)x’ds
1—ctiy Em 1—ctity Em

1—cHiT (m+1) (m+1)
+/ (1)m+1H(1 —5)— H(s)) x® ds
1

CeniTh H(m) H(m)
=: Iy + I5. (338)
Integrating by parts and employing (3.18]) and (3.19)), we find that
log 2T
Iy < 2827 (3.39)
log

Also, trivially we have
Is < Tlog2T.

We rewrite the integral I, above as

1—c+iT ¢! K-1 —ctiT
I4:/ (1 —s)x® ds+ Z/ L (1= 8)(En(l—s)—1)*z% ds
1

—c+1Tp C k=0 1—c+iTp
1—c+iT E/ 1— E 1— -1 K 1—c+1iT El
+/ ml( S)( m( 3) ) P dS—I—/ m2(1_8)$s ds
1—c+iTo En(1—5s) 1—ctiTy, Em
=: Iy + lag + Iz + Lua. (3.40)
Now, we compute I4; defined above as follows.
1—c+iT 1 oo A T )
Iy = / C—(1 —5)x® ds = iz'™¢ Z (Cn)/ (nz)™ dt (3.41)
1—ctiTy & m—o 10
(0]
_ A(n) )
1—c
e
< = ne log(xn)
$1_C
< c—1

< log x.
Proceeding in a similar fashion as for I5; earlier and using (3.33)), we have

K o0 L—cHiT 1 oot loa 7\ K7
o= 33 [T o (e (Ll ost e T) )
L=1n=1 n Ji-etity log™(s/2m) logs T'
(3.42)
where
0 1—c+iT 1 o0 l1—c L2mL1 L+1
S [T s Y ) LB
= " Ji—cyir, log”(s/2m) = C*nclog(nx) C
Proceeding similarly as we did for Iy2 and I3, we arrive at
f( )1 1 oo T K+1
3
Iis T m Ogl o8 and Iy < f(m) (3.43)
logs T
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Thus, from ((3.38)), (3.39)), (3.40)), (3.41)), (3.43)), and (3.42)), the contribution from the integral along
i

the left vertical side of the rectangle R in (| becomes
et Ey f(m)loglogT 5 K
_m s — 7 (LA 0506 £ 1 9 4 1
/1—C+iT0 Fm <8>$ ds 0 ( < IOgT > + 0 og" a4l Z(f(m) og $)]€

k=1

log 2T

+0 <min <T log 2T, o8 )) ) (3.44)
log x

Using the estimates from (3.13)), (3.14), (3.37), and (3.44)) in , we now complete the proof
of Theorem [L.3]

4. PROOF OF THE ZERO DENSITY ESTIMATES: THEOREM

As discussed earlier in the previous section, since the complex zeros of €™ (s) are identical to
those of F,(s), we prove the theorem for F,(s) instead. Let

f(s) := Mx(s)Fin(s) — 1, (4.1)

where My is defined by . Consider
h(s) :=1— f%(s). (4.2)
Here h(s) is analytic except for the pole at s = 1. Let P(z) = z in Lemma 2.2} Then, for 0 < § <1

and X = TY, we have
p(n) logn logn
M = 1 1—
x(s) Z ns ( +0 (logT)) ( log X

n<X
_ ZX ) (Ho (;gg;)). (4.3)

Let 0 > 2. Then, from (3.2)), (3.18), (4.1)), and (4.3)

p(n) r(m) dn) r(m) 1 r(m)
f(s) < C(S)%”S_l +@ <<g;{ o T log T < \/)7+1ogT

for Z <t < T and logr(m) < m. From now on r(m) denotes a function of m, not necessarily same
at each occurence, and logr(m) < m. Therefore, for some X > Xy, T > Ty, m < g(T), and o > 2

1

1) < 5 (4.4)

Combining (4.2) and (4.4), we find that h(2 +it) # 0 for t > Tp and X > Xy. Let v(o’,T) denote
the number of zeros of h(s) in the rectangle ¢ > ¢’ and 0 < t < T. By the Hardy-Littlewood
Lemma (see [31, p. 221]), one has

2 T T T
zﬂ/ V(J,Q,T) da:/ log|h(c0 + it)| dt—/ log [h(2 + it)| dt
o T/2

() T/2
2 2
—i—/ arg h(og +iT") do —/ arg h(og +171'/2) do, (4.5)
oo g0

where v (a, %,T) =v(o,T)—v (a, %) and og > % is fixed. From (4.2) and (4.4]), we deduce that

Re(h(2 +it)) > %
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for t > Ty and z > Xj. Since {(k)(s) < ¢4 for some constant A
h(o + it) < r(m) X4
for 0 > 0 and sufficiently large ¢t. Therefore, from Lemma we have
T
arg h(o +1iT) — argh (0 + i2> < log X +logT +logr(M)

for o > 0g. This gives

2 2
T
/ arg h(o +iT') do — / arg h (a + 2'2) do < log X +logT +logr(m) < logT (4.6)
o)

0 o0

for 0 <6 <1, m < g(T) and X = T? From (3.2), (&.3), and for Res > 1

—j)(s) )
HT)(S)C(J) (8)Mx(s)

b(n) .
logd Toc T 1f2§n<X7
= d)1+0 < 8 4.8
ax(n) =Y u )( < )> {d(n)+lz(gn%’ 0> X, (4.8)

and

a@) + g, ifn=X.

c(n) .
' _ i logd Aj(n)+logT7 1f2§n<X,
510 = 3o (5)nta (140 ((257)) < oz (49)
Here, d(n) denotes the divisor function,

b(n) = Zpﬂ(d) logd, ci(n)= Zlogj <§) p(d), and c(n) = Zlogj (%) 12(d) log d.
dln dln din
(4.10)

Therefore, for Res > 1,

S g (S5 S ok e Y (£
n=1

2y (2)) 2w ((2s) n ((29)
Since h(s) is analytic for ¢ > 2 and h(s) — 1 as 0 — oo, by the residue theorem
T 00 T 00
/ log h(2 +it) dt = / logh <O‘ + z) do — / logh (o +1iT) do. (4.11)
T/2 2 2 2
Also,
log |h(s)| < log (L+[f(s)*) < [f(s)” (4.12)

and

log |h(s)| = Re(log h(s)).
Using this along with (3.18]), (4.7)), (4.11)), and (4.12) we have

T oo
/ log|h(2 + it)| dt < / |f(0)]? do < r(m). (4.13)
T/2 2
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Thus, it remains to estimate only the first integral in (4.5]), which is done by using the convexity
theorem. From (4.1)), we find that

.1 R ? r
I ::/ <—+it> dt<</
' T/2 / 2 logT T/2

From (3.18)) and integrating by parts, we have

T
1 R
MxF,, | = — it
/T/z * m<2 IOgT+Z)

2

1 R
MxFy, |z — it )| dt+T.
X <2 logT—i_Z > +

2 T
dt ~ /
T/2

2
dt,

where

1 R
u 1 .
XV(2 logT—Ht)

k
—1 log" T
Also, by Lemma

T 1 R
M - — it
/T/2 xV <2 10gT+Z>

From [6] it can be seen that logc < m. Hence I) < r(m)T
Next, we compute the integral

2

dt ~ cT.

T T
12;2/ If (146 4it) — 1) dt:/ |Mx Fr (146 +it) — 1)
T/2 T/2
From and .

T
I <« /
T/2

oo
Zax
n—=

= bye(n) |
‘77
dt+zlog2]T L)
Employing Lemma (4.8), (4.9), and ( -, we have

r(m)T
log? T~

L <
From an easy modification of the classical convexity theorem (see [31, p. 233]), one can deduce that

T
/ |f(o0 +it)[> dt < r(m)Tlog' =270 T
T/2
uniformly for & —

(4.14)

<09 <1+6. From (4.12) and (4.14)), we find that

T
/ log |h(0g + it)| dt < r(m)T log' 27 T. (4.15)
T/2
Combining (4.5)), (4.6)), (4.13]), (4.15), and the inequality

2 1
/ v (J, T,T) do > / N (O’,T,T> do,
o0 2 o 2

0
which follows from , we obtain

T
/ N (0,T) do — / (0’, 2) do < r(m)Tlog! =270 T
uniformly for

< 09 < 1. Now, we replace T' by T/2™,n > 0, in the above estimate, and sum over
nfor0<n< oo to complete the proof of Theorem [1.5} -
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5. UNIFORM DISTRIBUTION AND DISCREPANCY BOUNDS: PROOFS OF THEOREMS [[.1] AND

Proof of Theorem [I.1. We start with the identity

Z " = Z T Z (miV—xp*1/2>, (5.1)

0<<T 0<y<T 0<A<T

which holds for any z. Let 2 = 2™, where o > 0 is any fixed real number. From (T.10)), it can be
shown that the non-trivial zeros of £(™)(s) are symmetric respect to the line o = 1/2. Therefore,

Z (xm—x”_l/2)<< Z ’1—33’3_1/2‘

0<<T 0<<T

B>1/2
< Vrlogz Y (B—1/2)
0<H<T
5>1/2
1
= \/Elogac/1 Np(0,T) do,
2

where in the penultimate step, we use the mean value theorem. Combining this with Theorem
we find that

Z (mi'y — :L'p_l/2> < Cy/zTlogz, (5.2)

0<~<T
where log C' < m. Let T be large enough such that

logT
logz < 08

loglog T’

For x > 1, from Theorem we have

T1
Z o2 2 98T Vzlog(22T)logz + Cv/aT log z + v/z(Clog z)* 2
0<A<T Ve

K+1
CloglogT\ 3

where log C' < m. Combining the above estimates along with (1.6)), (5.1)), and (5.2)), we have

as T — oo and uniformly for m < g(T). A similar result also holds for 0 < z < 1. In this case, we

first use ([1.11]) on the left side of (5.3)), and then apply Theorem
Invoking the Weyl criterion, Lemma we conclude that the sequence (a-y) is uniformly dis-

tributed modulo one. This completes the proof of Theorem O

Proof of Theorem[I.2. case i): Unconditional bound
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From Lemma , , , and , we have

M

1 1 1 :
D (o, T) < + - Pl
T ) 2 E |, 2,

1 1 M log x k)2 klog?z /2 K42
T logT'1 T Ck1l
<<M+1+T10gT; g t@MlogTlogz + xk/QlogT+ i~ (Cklogx)
k/2 loe loe T\ K+1
+:1: T Clog log +ka/2Tlogx
k logT
1 1 log x M2 Mlog?x M/2 K+2
<<M+1+TlogT< 12 + Mz longogx+TW+x (CM log x)
M/2 CloglogT K+l M/2
og

where K is any fixed positive integer and log C' < m. Now, we set
loglog T
= st
log

Hence, we deduce that

< m logx  e*™loglogT

~ loglogT ViegT

where a; and ag are absolute constants, holds uniformly for 0 < m < ¢g(T).
case 1i): Assuming the Riemann hypothesis

D*(a;T)

Let g = % Then, from Lemma and Theorem we have

M

1 1 1 ~
D (o, T) < + - el
T N 2k |, 2,

1 1 & gz, /2 klog’z  ak/? K+2
< M1 +T10gT]; ka/z + 1ongogw+Txk/210gT+ k (Cklogx)
+xk/2T CloglogT K+l
k logT
1 1 log = M2 Mlog?z M/2 K+2
<<M+1+T10gT< Y + Mx longogm—FTW—f—x (CM log x)
Cloglog T\ ¥
+aMP2T10g M (fgog> ,
ogT

where log C' < m. Set

Therefore, we obtain

<c110gx o camlog T\ (loglogT)?
* loglogT ) T'/3(logT)?’
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where ¢; and ¢ are absolute constants, holds uniformly for 0 < m < ¢(7T'). This completes the
proof of Theorem [1.2 O
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