TWISTED SECOND MOMENTS OF THE RIEMANN ZETA-FUNCTION
AND APPLICATIONS

NICOLAS ROBLES, ARINDAM ROY, AND ALEXANDRU ZAHARESCU

ABSTRACT. In order to compute a twisted second moment of the Riemann zeta-function, two
different mollifiers, each being a combinations of two different Dirichlet polynomials were introduced
separately by Bui, Conrey, and Young, and by Feng. In this article we introduce a mollifier which is
a combination of four Dirichlet polynomials of different shapes. We provide an asymptotic result for
the twisted second moment of {(s) for such choice of mollifier. A small increment on the percentage
of zeros of the Riemann zeta-function on the critical line is given as an application of our results.

1. INTRODUCTION

In [1], Balasubramanian, Conrey and Heath-Brown computed the twisted second moment of the
Riemann zeta-function

T
(1.1) /O C(3 +it)PPap(3 + it)dt

where 9 is a Dirichlet polynomial of the type

(1.2) bis) = 3 )

and a(n) <. n°. The length T of the polynomial is sensitive to the nature of the coefficients a(n).
They also obtained an explicit main term in their theorem for a particular choice of 1 (s).

In [5], in order to obtain a higher percentage of zeros of the Riemann zeta-function on the
critical line, Conrey needed to establish such type of second moment. In his result he made an
ingenious choice of a(n) which allowed him to push the value of 0 from 1/2 (see [10]) to 4/7. The
possibility of obtaining a mollifier by combining two Dirichlet polynomials of different shape had
been considered by Lou [I1]. In [2], Bui, Conrey, and Young extended with an explicit main
term for a more sophisticated choice of a(n). They considered ¢ (s) as a convex combination of
two Dirichlet polynomials of different shape. Introducing such two-piece mollifier increases the
complexity and technicality of the computation of the main term. Another such two-piece mollifier
was introduced by Feng [9] and the main term was computed explicitly.

Crucial ingredients to obtaining the error term in [9] were Lemmas 1 and 2. To reach 6; < 4/7—¢
in [5], it was required that a(n) = pu(n)F(n), for a smooth function F. In [9], the coefficient a(n)
in the mollifier was not of the form p(n)F(n), for some smooth function F, and it is not clear how
the techniques of [5] can be directly applied to the proofs of Lemmas 1 and 2 of [9].

Independently of each other, in [2] and [9], the possibility of obtaining a ¢ (s) by combining these
three Dirichlet polynomials of different shape was mentioned. One can obtain the main term of
for such choice of 1(s) by going over some subtle technicalities in the calculations.
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In the present paper we introduce a new mollifier ¥ (s) which is a convex combination of four
Dirichlet polynomials of different shape. Let

_ 7_‘_371/21_‘(%)

x(s) = IC) =2(2m)"°T'(s) cos (g) .
We will use the convention
(1.3) Pi[n] := P, <loigggﬁzin)) and I:’k[n] = P (10?53;2/;)) ,

where P’s are polynomials. Recall that p(n) denotes the Mobius function, also po(n) and us(n)
will denote the coefficients in the Dirichlet series of 1/¢2(s) and 1/¢3(s), respectively, for Re(s) > 1.
Also, let di(n) denote the number of ways an integer n can be written as a product of k > 2 fixed
factors. Note that di(n) = 1 and that d2(n) = d(n) is the number of divisors of n. With this in
mind, we define

(1.4) ¥(s) == 1(s) + tha(s) + ¥3(s) + Yals),
where
,U, noo— 1/2
(1.5) =) Pi[n]
n<y1

introduced in [5],

(1.6) Ya(s) = x(s + 3 — 00) Z pa(

hk<ya2

h)h00—1/2k1/2—00

hskl—s PQ[hk]

introduced in [2],

,U3 h0071/2k1/27¢70
(1.7) ¥3(s) = x*( Z hskl . Ps[hk]
hk<ys
introduced in the present paper, and
p(n)n70=1/2 logp: ... logpy
09 > Sy e,
n<ys k=2p;...pkIn 08 Y4
introduced in [9]. Here K > 2 is a positive integer of our choice and p1, ..., py are distinct primes.
Also we need P;(0) =0, Py(1) = 1, Py(0) = Py(0) = Py (0) = 0, P5(0) = P4(0) = --- = P{¥(0) = 0,

and P,(0) =0, for k =2,..., K. We use the conventions y; = T% and o9 = 1/2 — R/logT.
The reasoning behind introducing the new piece 93 is that it approximates 1/¢(s) in some region
of the complex plane. We now state our main theorem.

Theorem 1.1. Let o, < o7 T, oo = % % and R < 1. Then for 01 <4/7—¢€, 03 <1/2 —¢,
03 <3/7—¢, and 04 < 3/7—5 we have

T
(1.9) I(a, B) == / C(3 +a+it)C(3+ B —it)py(og + it)dt = CT + O (T (log T) "' 19),

1
where C is an explicit constant that depends on o, 8, Q, Py, Ps, P3, R, 01,02,05,04 and Py for k =
2,3,..., K.

In this manuscript we will obtain an explicit formula for the constant C' and more specifically
we show that

C = ci1(a, B) + 2c14(a, B) + caa(av, B) + ca2(a, B) + e33(cv, B) + 2c12(ax, B) + 2¢23(ax, B) + 2c24(av, B),
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where the values of ¢;;j(a, ) are given in the next section. At the end of this article we will provide
an application and show that optimizing the numerical value of certain derivatives of C with respect
to o and B for specific values of a and 3, will give an improved result towards the percentage of

zeros of the Riemann zeta-function on the critical line.

2. INTERMEDIATE RESULTS

From now on we will denote L = log T'. Suppose that w(t) is a smooth function with the following

properties:

(1) 0<w(t) <1forallteR,

(2) w(t) has compact support in [1/4, 2T]

(3) w(t) <; A™J for each j = 0,1,2, -, where A = .
The Fourier transform of w(t) is denoted by w(s). For j, k € {1,2,3,4} and (4, k) ¢ {(1,1), (1,
we define

(2.1) (e, B) = /Oo wt)C(} + o+ it)C(L+ B — it)Tu(oo + it)dt.

—0o0

For (7,k) € {(1,1),(1,4),(4,1),(4,4)} we define

(22) Ijk(OZ?ﬁ)w) =

\/7er /_Z e WPAT (L o it) (L + B — it) k(o0 + it)dt.
The following two propositions were proved in [2, Theorem 3.2 and Theorem 3.3].
Proposition 2.1. Let ) < 4/7 —¢ and 63 < 1/2 —e. One has that
(2.3) Iao(a, B) = cia(a, B)W(0) + O(TL™Y),
uniformly for a, B < L=t. Here cia(a, B) is given in the main term of [2, Theorem 3.2].
Proposition 2.2. Let 3 < 1/2 — . One has that
(2.4) Inn(0, B) = ca(, B)B(0) + O(TL1+%),
where ca(av, B) is given in the main term of [2, Theorem 3.3].

We will prove the following propositions as intermediate results.

Proposition 2.3. Let 02 < 1/2 —¢ and 03 < 1/2 —e. Then we have

Ios(a, B) = c23(ev, B)w(0) + O(T/ L),
uniformly for a, 8 < Lil, where

28 —x au —u -8

03

x Py <:1: +y+1—(1- “)9 ) abPy” (1 - a — b)u)dudadb

2 r=y=0
Also Isz(a, B) is asymptotic to laz(a, ).
Proposition 2.4. Let 05 < 1/2 —e. Then we have
Iz(, ) = eaz(, B)w(0) + O(TL™'*),

uniformly for a, 3 < L™, where

2 Z"UT‘ a\y—ulxr—+r
R N N R e

4),(4,1), (4,4)}
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1 2 2
g. T @ty —vly+r) —ulz+r)) | (@+7)(y+7)
3

x PY((1 = w)(z + 1) P (1 = v)(y +7) )(Tyng(“r)“(erT))t(“*ﬁ)dtdrdudv)

z=y=0

Proposition 2.5. Let K be an integer greater or equal to 2 , 6o < 1/2—¢ and 64 < 1/2—¢. Then
we have

142(a7 6) = C42(Oé, 67 K)@(O) + O(T/L)a
uniformly for o, B < L™, where

K
cala, B,K) = > (55 (0, B) + ¢5” (0, 8) + €3V (00, B) + i3V (@, B)
k=2

+ ey (@, B) + 57 (@ B) + 5 (e, B) + €577 (@, B) + €577 (0, B)).

Here we have

1+k a z, a(u—1)\"
s (. ) = k+1'dxdy[/%<a+b<1/ N i

% (yg*byf;“““):r)_ (1 —(1—u) Z;)

Bl +y 4 0Py ((1—a—b)< (1—u)22)>dudadbL:y ,

=0
1,0 1—u)a gy ¢
59 (0, ) = —4 _1,dy[/ﬁ<a+b<1/ gy 1)

b(1—u)+ —B 01\’
X (y4( u) ny_bT) (1 —(1- u)e)

2

ng”((l—a—b) <1_(1_U)Z4

2

—(1—uw)a—z g\~ ¢
042 (aﬁ) —1‘da:[/%<a+b<1/ —u) ) Y3)

b(1—u) -8 2
x (yy "y °T) <1 (1—u) )
x P <(1—a—b)< (1—u) )) (x +u) dudadb} ,
=0
1,1 Qk 2k 0,4 _
04(12 )(av /A<a+b<l/ < (1 —u) 92) (l—u)k 1

<yz“ R Rl (A Vol

x Py’ ((1 —a—b) < (1—u) ZQ>> Py (uw)dudadb,
(1,>2)

2h(—1)l2
Cio~Na, B) = —4k!
42 l1+§ 113! (1 + ll) (l3 — 2)

>> Pi(y + uw)dudadb| |

y=0
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1 1 64 2
N [ [ (1= 0-0)
ab>0 Y0 70 2

—a(l—u) g\~ % w)—uc — -8
(1) ) T )

x Py ((1 —a—b) ( —(1- u)z )) Pu((1 = o)u)ul~ '3 2dudedadb,

2
with 13 > 2,
l1 l2_2
(>2,1) 21(-1)
g (@B =k Y ! !
Ity 1=Fk 11.12.(1 + ll)(lg — 2)
2
1— o o 1+ll
0<a+b<1
a,b>0
@f““”“%)%w( @*T -
X Py ((1—a—b) ( (1—u) ))Pk (1 = e)u)u2~ 22 dudcdadb,
with lg Z 2,
6(22,0)(a 8) = 4k! Z 2l (—1 lz {// / / 1+zl (z + u)12—1
42 ? - ° | _ | a+b
e ll lg (lg 2 1 + l1 0< Ij_>0<1
% (ycu-l—zt —(1-u)a a) a( 4+ (1—u)b _bT) <1_(1_ )H4> C2_2
)
x P'), ( (1—a-—10) (1 (1—u) >) Pk((lc)(x+u))dadbdcdu}
=0
with 1o > 2,
ll 3
(0,>2) ALl 21 (-1 _ )t I3—1
ciz” (@ B) = k! Z_ 1!5!(I5 — 2) l (1+10) ldy 0Zabe (1 —u) ™y +u)®”

lh+1ls=k

—y—a(l—u — —c(u —u) — — 0 —
() MJT>WF‘“‘ Mﬁ(ﬁ2

x P' <(1 —a—0D) ( — (1 —u) ;)) Pu((1—co)(y+ u))dadbdcdu}

y=0
with I3 > 2, and

Qh(__l)b443

(I2,13)
= 4k
Cay" (e, ) l +lz+:l !5 (1+ 1) (T2 — 2)!(l3 — 2)!
N

ez [ a=w(a- a-ug)

a,b,g,h>0
au u—a _ a —bu—hu —_ — 0
x g w)(mbh*%JT>ﬁy(u—a—m< 1-ug))

x P((1 — g — h)yu)u>tB-2g2=2pb=2qudadbdgdh,
with lo > 2 and I3 > 2.

Also note that Io4(a, ) is asymptotic to Isa(a, 3).
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Proposition 2.6. Let 61 < 4/7—¢, 04 <3/7T—¢ and T/2 <w < T. One has that
(2.5) Ti(a, B,w) + 2Na(e, B,w) + Lua(a, B,w) = c1(a, B) + 2c14(, B) + caa(a, B) + O(L™1FF),

uniformly for o, 3 < L=t. Here c11(a, B) + 2c14(cv, B) + caa(a, B) is given in the main term of [9
Eq. (5.1)]. Note that the right-hand side is independent of w.

Proposition 2.7. Let 61 < 4/7—¢ and 03 < 3/7 — . One has that
(2.6) Lz(a, B) = O(TL™'F9),
uniformly for a, 3 < L™t

Proposition 2.8. Let 6y < 4/7 —¢ and 84 < 3/7 — . One has that
(2.7) Iss(ar, B) = O(TL™'),
uniformly for a, B < L™1.

Now we choose a w(t) that satisfies (1)-(3), an upper bound (or lower bound) for the characteristic
function in the interval [T'/2, T, and with support in [T'/2 — A, T + A]. We note that in this case
w(0) =T/2+4 O(T/L). Therefore one can see that

T
(2.8) / C(3+a+it)C(3+ B —it) (oo + it)dt
T/2

can be bounded by

/ w(t)((5 + a+it)((5 + B — it) (oo + it)dt
for above choice of w and (j,k) ¢ {(1,1),(1,4),(4,1),(4,4)}. Using Propositions and
we can see that (2.8) can be bounded by cji(a, 8)T/2 + O(T'/L). Now summing over dyadic

segments gives the required asymptotic for (2.8]) with the limits of integration replaced by 1 to T.
Let T/4 <Ty < Ty < 2T and we define

I

NN

(2.9) w(t, Ty, Ty) = e (tmw)PAT2 gy

Then clearly

(a) 0< w(t,Tl,TQ) <1

(b) w(t, Ty, To) = O(exp(—log®T)) when t ¢ [Ty — Alog T, To + Alog T]

(c) w(t, Ty, To) = 1+ O(exp(—log? T)) when t € [T} — Alog T, Ty + AlogT).
Now we can select two such w(t, T1, T»)’s, specifically w(t, T/2—Alog T, T+ AlogT) and w(t, T/2+
AlogT, T — AlogT). Then from the above facts, Proposition and (2.9) we bound

T
(2.10) > CE+a+it)(3+ B — it)yhjr(oo +it)dt

(G,k) {(1,1),(1,4),(4,1),(4,4)} 7 772

by (c11(a, B) +2c14(a, B) + caa(c, B))T/2+ O-(TL~1+¢). Now summing over dyadic segments gives
the required asymptotic for (2.9) with the limits of integration replaced by 1 to T

Since I(a, ) is the sum of the terms of the form given in (2.8) and (2.9) with the limits of
integration replaced by 1 to T, the equality

C = ci1(a, B) + 2c14(a, B) + caa(av, B) + ca2(a, B) + e33(cv, B) + 2c12(a, B) + 2¢23(a, B) + 2¢24(av, B),
holds.
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3. AUXILIARY LEMMAS

In this section we collect all the tools, new and old, that will be needed for the forthcoming
computations. Throughout this paper, the notation f(c) will signify [ % The following results

c—1i00 *
were proved in [2].

Lemma 3.1. Let 0, _g(l) =, a b, For L? < |t| < 2T and uniformly for a, 3 < L7!,

. . N Oa—p(l) _
C(%—Fa—kzt)((%—ﬁ—l—zt)zz ll’/2i5t)e UTS—I—O(T 1+€).
=1

Lemma 3.2. Suppose w(t) satisfies (1)-(3), and a and b are positive integers with ab < T17¢.
Then, uniformly for a, B < L™, we have

(3.1) /OO (%)7itw(t)c(§+a+it)q(%+6—z’t)dt: 3 W/_OO Vi(mn)w(t)dt

> am=bn

00 —a—pB
E : 1 t —-1/2

am=bn
1 t \°G(z)
Vi) = o /(1) <2m> . %

(a+5)° - (22)°
(a+ B)?

k is a positive integer, and let F' and H be smooth in

Here Vi(z) is given by

where

G(z) = e p(z) and p(z) =

1
logz’

Lemma 3.3. Suppose that z < z, |s| <
an interval containing [0,1]. Then

de(n)F logx/n I log z/n
nlts log x log z

n<z

og 2)* 1 oo 2
- (/S—gl))'z/o (1-w)''F (1 -(1- u)ioix) H (u)z* du + O((log 32)"1).

Lemma 3.4. Suppose that —1 < o < 0. Then

d
Z di(n) (z)a <4 (log 3z)F L min(|o| 71, log 3x).
=omon
As an extension to the above lemma and following a similar argument to that of [2 Lemma 4.6]
we have following:

Lemma 3.5. Suppose that —1 < o < 0. Then

Z(dk*/\*u-*/\)(n)

n

(%)J <1 (log 3z)F ' min(|o| ™!, log 3x),

n<x

where the convolution of A is taken | times.
We also need the following lemma which is an extension of Lemma [3.3

Lemma 3.6. Under the conditions of Lemma one has
(di* Ax---xA)(n) logx/n logz/n
= F H
Sk Z nlts log x log z

n<z
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(log Z)k+l

1

where the convolution of A is taken | times

log 2z
—u
Proof. For [ =1 we have

log =

) H(u)z"*du + O((log 32)F 1),

G = 3" (2 )

logx/n logz/n
e (St ) (Sl
n<s g g
A(m) di(q) (198 gm
= m1+s Z q1+sF
m<z q<z/m
By Lemma we then have

4
= log am
log log 2z

m<z
X F<(1 —u)<1 _ log=

log £

Zz log £\ (log =2 \*
+u—=2 |H | u—2 ) du
log = log = log z log 2z
+ O((log 32)F1)
(log 2)"
(k— 1)1z

Hence, we have

/01 (1 —u)k_llogz/01F<(1—u)(1 -

x H(ub)b*2"**dbdu + O((log 32)*1)

10 k‘+1
Spy = 8%

i)
el [ [
(3.2)

1
Wk 1R <1 ~ (1 — ub) ng> H (ub) 2" dbdu
log x

+ O((log 32)k1).

We perform three changes of variables. First, u =1 — v so that

log 2k
Skt = — 1)l

(3.3)

k/l / bRk 1F< S (1= b1 — )8
+ O((logSz)

H(b(1 — b(1—v)s
10gx> (b(1—wv))z dbdv
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Second, we set v = ¢ so that

k+1 a
S = G [ [ (1 b - 0125 ) mot - )20 B

-1) (k—1)1z% log x
(3.4) +O((log3z)k h.
Finally, we set b = u + a and we obtain
logz k+1 k1 log 2 k1
F H us 1
Sk1 = i // )loga: (u)z"*dadu + O((log 3z)" ™)
u+a<l
a,u>0
(log 2)"*! /1 k-1 log = k
=0 1-— F(1-(1- H “Sd 1 .
e e (1= )2 ) H(w)z"du + O((log32)")

Hence, by induction on [, we obtain

_ (logz)kH /1 k+1—1 log z us k+1—1
Sk’l_(k‘—l—l—l)!zs ; (1—w) Fl1-(1 u)loga: H(u)z"*du + O((log 3z) ),

as it was to be shown. O

Also we need the following Mellin inversion formula. For n < y one has

a;i! 1 s ds
(3.5) P[n]zzw( g(y/n))' = ;(logy)igm/(l) (%) ST

Note that if n > y, then the right hand side vanishes. From the inverse Mellin transform of the
gamma function we have

(3.6) et = L / T3T ()l *dz.
(1)

21

4. PROOF OF PROPOSITION [2.3]

First we keep in mind that

— ‘ : pa(h
Bl i) =ty i) X 2

hk<y2
as well as

m)d(n
Ys(oo +it) = x*(3 +it) > W%[ nl.
mn<ys

Inserting this in the integral yields

Bn(e,8) = [ wle(h it + 6 - i - it

201 p3(m)d(n)
X Z Bij2— ztkl/Q—i—th[hk]X (3 +it) Z ml/2+it 12— 7 Pa[mn]dt.
hk<ys mn<ys3

Recalling that x(3 + it)x(3 —it) = 1, and pulhng out the sums we obtain

s, f) =Y Y Hz(h JAM) 1 k] Pyfmn) o

hkmn 1/2

hk<y, mn<ys
where

o —1t
h= [ w<t>(’“m) W it)C(h + ot it)C(h + B — it)ds

o hn
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We then use the Stirling formula
1 Nl £\’ -1
X(g+B—it)x(z +it)={ 5| (1+007)),
for t > 0, as well as the functional equation ((3+ 8 —it) = x(5 + 8 —it)((3 — 8+ it), which allows

us to rewrite Jog with the —f inside the ¢ function, i.e.

[e%e) —it
Joz = / w(t) (m) X(5 +it)(5 + a+it)x(3 + B — it)C(5 — B+ it)dt

oo hn

_ /OO w(t) (’Z’Z) N <2t7r)_ﬁ<(; +atit)C(L — B+ it)dt + O(TF).

—00

We use Lemma [B.1] so that

Jos = / T w(t) (2:?) N <2’;> _ﬁ (i "ﬁ’/;ﬁgf)e—lmdt + O(T‘HE)) +O(T)

—© =1

=1

Define
s o —it

+ 1 kml kml
(4.1) wo(t) = w(t)<27T> and  wp <27r10g o ) = /oo wo(t)<hn) dt.
Therefore

MQ ( ) 0 o —5(l) 1T ~ < 1 kml)

I3 Pylhk|Psimn —ie ¢ wo|5-log
( hkz<yz mnz<y3 hkmn 1/2 [ i [ ] ; ll/2 i
+ O(T% (y2y3)?).

We can bound the off diagonal terms i.e. those where kml # hn in a similar fashion as in the proof
of Proposition

4.1. Main term (kml = hn): From and (3.6)

a;ilb ]' .
123 wo 0 J (> / / / T‘SZF z ysyu
Zlog “yaloglys \ 21 ) Joy Jay Jay (2)uzv3

pz(m)oqa,—p(l)d(n) dzdsdu -
X Z h1/2+sk1/2+sm1/2+un1/2+ul1/2+zSz—f—lug—l—l O(T E>'

kmi=hn
Let

B pa(h)ps(m) 7, —(1)d(n)
(4.2) S = . ;h hl/2+sk1/24sm1/24upl/24u]l/2+2

Since the functions in (4.2) are completely multiplicative, a p-adic analysis shows that
Gl+s+u)Pl+a+u+2)(1l—B+u+z)
C(14+28)C51+2u)Pl+a+s+2)?(1—B+s+2)
A detailed argument to obtain (4.3) is given in the proof of (6.3). Here A(s,u,z) is a certain

arithmetical factor that is given by an Euler product that is absolutely and uniformly convergent
in some product of fixed half—planes containing the origin In particular when s = u = z, one has

(4.3) S = A(s,u, z).

Z pa(h m)oa,—p(l Z p2(h)ps(m)oq,—s(l)d(n)

s 1+2s
kml=hn kmlh”)l/2+ kmi=hn (kml)"™

SSS
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m)oq,—a(1
Z T NitZs Z pa(h
— = k: ) y
= = nlj

since 3, ; p2(h)d(n) =1 when j =1 and vanishes when j > 1. Hence,

- a;1lb;j! 3z
123(0675):w0(0)210gy210gy3<2m> / / / TT(2)y5y3

Cl+s+u)Pl+at+u+2)C(1l—B4+u+=z) A ) dzdsdu
CA+29)CA+2u)CA+a+s+2)C2(1—B+s+2) RIS
(4.4) +O(T'9).

The next step is to deform the s- and u- contours to Re(s) = Re(u) = §, and then deform the
z-contour to —2§/3, where § > 0 is some fixed constant such that the arithmetical factor converges
absolutely. This implies that we pick up a pole at z = 0 coming from I'(z). The bound for the
integral on the new lines of integration is

— Y2y3\° 1-

Consequently, we are left with
_ a;ilb
(4.5) Is(a, B) = W5(0) Z _GEOT g O(11),
log'yalog’ys

where

o Cl+s+u)1+a+u)*(1—5+u)
Koz = <2m> / / y3Y 3C2(1+25)C(1+2u)2(1+ a4 s)C2(1— B +5)

dsdu
X A(S, u, 0) W
Let K4 be the same integral as Ka3 but with A(s,u,0) replaced by A(0,0,0). Since A(s,u,0) =
1+0(|s]) +O(|u|), then Koz = Kb +O(LI1). The variables s and u are coupled together in the
term ¢®(1 4 s+ u), so let us replace this by its Dirichlet series and reverse the order of summation
and integration. Hence, we get

K3 = Z dgq(ln) K3Ks3,
n<min(y2,y3)
where
Ky — - / (2) ! ds
21 Jisy \n/ 21+ 28)C2(1 + a4 8)¢2(1 — B +5) st
and

K3 =

2mi ¢O(1 4+ 2u) wtl’

The truncation of n is at min(ya,y3) = y3 since A3 < 03 and this is accomplished by moving the
u-integral to the far right. Let us now compute each integral separately.

1 (yg>u§2(1+oz+u)g“2(1—6+u) du
(9)

Lemma 4.1. Suppose i > 3 and j > 7. Then

4 d*
(i — 2)! da2dy?

i—2
(4.6) Ky = e =Py (ac +y + log %)
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as well as

64(logys/n)’~ 6, (Y3 aatbs i3
@n K= SR //)<a+b<1 —a—bp~an( L) dads + 015,

Proof. First we examine K. An argument along the lines of the prime number theorem indicates
that the integral Ks is captured by the residue at s = 0, with an error of size (logys/n)~4 for
arbitrarily large A. But since n < y3 we have that log(yz/n) > log(ya2/ys) = (f2 — 03)L and hence
this error is as desired. Using

(4.8) C()*—+7+Z ) (s — 1),
where 7, are the Stieltjes’ constants, indicates that
K=o § (L) (@l (a4 25 + 0,
where the contour is a small circle enclosing 0. Hence
Ky — 4dxc214dy2 eax—ﬁy;m]{ (%eﬁy)s;% . +o(L T
= (z—42)' d:n62l4dy2 e =Py (x +y + log %)iﬁ o +O(LT).

Let us now move on to K3. As we reasoned previously, the prime number theorem shows that we
can replace the contour by a small circle around the origin with radius < L~!, with error O(1). On
this contour and by the use of | we obtain

Y3\ U 1 du i3
Ky = 64— (—) =5 + O™
8= %00 n (a+u)2(—ﬁ+u)2 ui—> ( )
Note the identity
1 _1)7'7_! g o
4.9 / retullogTrdr = ( - P(u, a,logq
(4.9) 1/q (a+uw)™  (a+u)™ ( :

where P is a polynomial in log ¢ of degree 7—1. Set ¢ = y3/n. Only the first term of the right-hand
side above contributes when we insert this expression into K3. This is because the contribution

from the second term is

1 1+ (u+«)
64qg “logq—
C9ni | (a+u)2(—B + u)?

which vanishes by taking the contour to be arbitrary large. Then K3 becomes

du,

Lot 1 du ,
K; = 64 a=14=B-11og 1] t}[ t)" ——=dtd i3
3==06 //q/ qr)r ogrlogto— (grt) - r 4+ O( )

64 1 1 0 Y j—6 )
_ a—1,—p-1 3 j—3
G—on //q/ ” r¢T (logrlogt) (log o rt) dtdr + O(L’ ™).

b

Finally, make the change of variables r = ¢ and t = ¢~ so that after simplifications, we get

64 logyg/n ji—6 Y3 —ao+b3 -3
Ky = =2 /%<a+b<1 —a—1b) ab(;) dadb + O(L7~3).

This proves both statements of the lemma. 0
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The sum over ¢ becomes

a;i! 4 d* _ . x+y logya/n -2
v — az—f3 i
2 ( - Ko = (logy2)2 d$2dy2€ Y E a;ii(i 1)( +

log y2) logyz ~ logys r=y=0
+O(L™")
= 4 d4 eazfﬁyp " <:E ty + 1Og(y2/n)) + O(Li'?)
(log y2)* dwdy? logyz ~ logyz /|,y
It is more convenient to write this as
a;i! 4 d* _ log(y2/n) _
Ky = {ym By py <a¢+y+>] +O(L77).
Z (log y2)" (log y2)6 dx2dy? |7? log y2 2=y=0 ( )
For the sum over j we get
Z le _ Z 64b]]' log yg/n) // (1 o b)j76ab (]()g %) —aa—i—bﬁdadb
(log ys)’ (logys)’ (1 —6)! 0o bt n

+ O( )
64 logys/n )
((logy; Zbﬂ J—=D0G-2)G -3 -4 —5)

3 .
1 i=6 —aa+bs
// < ( —a—b) Ogy3/n> ab(@) dadb
Oiualj;bo ' log s n

+O(L™

_ Gllog y3/ ! / / () T bp® (( _ pylosus/ n) dadb
(log y3)° Oj“g’fl log y3
+ O(L_ ).

Next, we recall that
@o(0) = T~ (0)(1 + O(L™),

and therefore

T=y=

n<ae (log yg)6 dx2dy? log y2
 64(log ys/ n y3 —aa+bB ) log y3/n
(o83 / % <a+b<1 abP{¥ (1 —a—b) . dadb
3
+O(T/L)
26T P@(0)  d* (ym By / / 3 ds(n) (log ys/n)*
(log y2)° (log ys)” dady® \ ™ i, o logyy)’
2\ —aa+bfB 1
X <%> abPQII <£L’+ y+ Og(yQ/n)>
n log yo
x Py (( o p)lBls/n) > dadb)
IOg Y3 z=y=0

O(T/L).
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The last step is to apply Lemma We choose k = 8, & = yo, 2 = y3, F(u) = B (x +y + u),
H(u) = u4P§6)((1 —a — b)u). These substitutions give

S _ds()_(loslun/n)" (444 ) i (1 pylosin/)

nl=aatbl  (jog4q)t log = log y3

~ (log ys)S(ys) /1 T log y3
= 71 A (1 u) P2 x+y+1 (1 u) 1ng

n<ys3

u4P§6)((1 —a-— b)u)(yg)“(_ao‘erﬂ)du + O(log7y3).

Inserting yo» = 7% and y3 = T% we obtain that

28 Ca —ubrn—B
023(0475) 7' < 2) dl‘zdy [/A<a+b<1/ 1 _u y2 ) (ygyfi bT)

03
x Py <~’U +y+1-(1- “)9 > abPy” (1 - a — byu)dudadb
2 r=y=0

which is precisely the term appearing in Proposition

5. PROOF OF PROPOSITION [2.4]
One has

_ . . p3(ha)d(ky
Us(oo +it) = X35 —it) Y. % Ps[hiki],
h1k1<ys hl k
as well as

ds(oo +it) = x*(5+it) Y MP:&[’W@]-

1/2+it, 1/2—it
haka<ys 1! ks

Inserting these in the integral and pulling out the sums, we obtain
o
Fs(0,8) = [ w00 +a-+ (3 + 5 - i’ — it

ps(ha)d (k1) : p3(ha)d(ky)
% Z h1/2 ztk1/2+ztp3[h hi]x*(5 + it) Z Wps[hﬂ@]dt
2

h1k1<y3 hako<ys
h ho)d(k)d(k
=y el ) b 2k
hikihoke 1 K1 Thy TRy

S k1h —it
g /oo (hiki) w(t)¢(z +a+it)((5 + B —it)dt

We now apply Lemma Thus Is3(«, ) = Iis3(a, B) + I5(cr, B), where If; can be obtained from
I’ by switching o by —/ and multiplying by

N s .
2m N ’

for t <T. From we have
S h.alal
i) = [ wlo) > o bt 5~ _palh)ua(ha)d(kr)d(k)

logys)™ S (hkihoks)'/Pmi/2on /248

*(ys \" t \°G(z), ds du
<2m> / / / <h1k1> <h2k2> <27rmn> . dzs”luj-i-ldt'
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Let

p3(ha) pz(ha)d(k1)d(k2)

S = 1/2+s(h2k2)1/2+um1/2+a+zn1/2+5+2

hy kamekyhgn (P1K1)
(5.1)
Evaluating this p-adically (for details see the argument of the proof of ) one gets
MBA+s+u)PA+B8+u+2)Cl+a+s+2)C(1+a+B8+22)
(1 +2u)5(1+25)B3(A + B+ 5+ 2)C3(1 + a+u+ 2)

Again B(s,u, z) is an arithmetical factor converging absolutely and uniformly in a product of half-
planes containing the origin. As in the proof of Proposition one can show that B(s,s,s) = 1.
This leaves us with

b;bjilj! 1\3
t0.8) = [ wit) Ge) [
s Z (logys)™ \2mi /) JuyJay Jy

413(1+s+u><2( +B8+u+2)CA+a+s+2)((1+a+p+22)
CO(142u)(O(1+25)3(1+B+s+2)P(1+a+u+2)

x B(s,u, z)y§+“< ! ) G(Z>dz ds du dt.

S =

B(s,u,z).

21 z Sz-‘rl u]—i—l

As in the previous computation, the next step is to move contours around carefully and wisely. We
take the s-, u- and z- contours of integration to § > 0 small and then deform z to —§ + € crossing
the simple pole of 1/z at z = 0 only. Recall that G(z) vanishes at the pole of {(1 + a + 8 + 2z).
The new path of integration gives a contribution of

i3\’
T1+E 73 Tl*E'
(7) <
We end up with

I3/ (o, B) = Iss0/(av, B) + O(T'79),
where I330/(v, B) corresponds to the residue at z = 0, i.e.

I /a7 :'&30 1 «
330’ (@, ) (0)¢(1 + +6)2.2,].:(10gys)

bib;ily!
LAl

where

< ) / / PA+s+uw)Gl+B+u)(l+ats)
T3 =\ 2mi CO(1 4 2u)C5(1 + 25)3(1+ B+ )3 (1 + a +u)
ds du

x Y5t B(s,u,0)—— S

Since we want to decouple the function where s and u are present, we use Dirichlet series for
¢13)(1 4+ s+ u) and then reverse order of integration and summation to obtain

= 3 () [ f st (2)

m<ys

" Cl+a+s)C2(1+ B+ ds du
CO(L+2u)C5(1 + 25) 3 (1 + B+ 5)B3(1 + a + u) s w1
Let us now take 6 < L~!. We can trivially bound the integrals to show that

d n 1 2 idi— i4j—
J33 = Z Brf) (27”> L1Ly + O(log"™ 2T « log" T

n<ys
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In particular, this means that we can use a Taylor series so that B(s,u,0) = B(0,0,0)+O([s|+ |u)
and this allows us to write J3 = J3' + O(L*7=2), say. This process decouples the variables s and
u so that

diz(m
(5.2) Js' = Z 1377(1 )L1L2,
m<y3
where
1 Y3\ * Cl+a+s) ds
. Li=— = :
(5:3) ' o /(5) <m> (14 25)3(1+ B+ s) sitl’
and

1 Y3\ v C(1+B+u) du
L2 = zm'/(é) (E) CO(1 +2u)3(1 + a + u) wtl’

We observe that Lo is the same as L but with ¢ replaced by j and « and 8 switched. The result
we will need is encapsulated below, its proof follows the proof of Lemma 6.1 of [2].

Lemma 5.1. With Ly defined as in (5.3)) and for some v =< (loglogys)~! we have
1 s > d . v
Ly = 64— (yi) (B+s)° 3)2 2oL + O<<y3> LE>,
211 m/ (a+s)°s m
1

where the contour is a circle of radius < L™ around the origin.
Let us now compute this integral. The result appears below.

Lemma 5.2. For i > 6 we have
(5.4)

s 3 3 i—4 1 —ac
1 (yﬁ’) (B+s)" ds = — 1 d (x + log y3> e / c(1—c)8 <y3> e ““dc
m 0 m

2i m/ (a+s)?s5  (i—06)! da3
Proof. Using simple derivatives one can write
o b f(m\ (Bts)P ds :cﬁeﬁx},{ a3\ 1 ds
© 2w m) (a+s)2s=5  dad m) (a+s)? s>

Let us set ¢ = e*y3/m, so that

d3 1 1 ds
5.5 I=_——"_¢P* a-l] — s_7_\d
(5.5) dz3© /1/qr Ogr<2m'f (ra) 81‘5> " 2=0

The second term of (4.9) yields an error which vanishes by taking the contour to be arbitrarily
large. Then, by Cauchy’s integral formula one has

x=0

d3 ﬁ 1 1 1 6
I =—=e* o] 1 Pd
73¢ /l/qr ogr(i_6!(ogrq) r

=0
1 & ys\' ! ys\
5.6 = log £2 Bz 1— 6 Jo —acz ]
>0 (e teety) o [ea-or () eea
by the change of variable r = ¢~¢. O
Applying Lemmas and to equation ([5.2)) yields
d
Jé _ Z 13(m) L1L2
m<ys m
212 db di3(m) i—4 j—4
= zfB+ay L 1 % 1 @
(i — 6)!(j — 6)l dz3di3* 2 T (5” Ogm) <y+ Ogm>

m<ys3
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/ / Op(1 — v)I~Oemmau-—yv (%) _au_ﬁvdudv

—I—O LH—] 2)

z=y=0

where we used Lemma (3.4 E to obtain the error term. Hence, telescoping all the way back to I4; and
using the Dirichlet series for (1 + a + ) gives us

b b; Z'] 212 d13
I zf+ay
3 a—i—ﬁz (logys)™ (i — 6)!(j — 6)! Z m dx3dy c

i—4 j—4 . .
X <m + log %> (y + log % / / u(l —u) " Cu(1 =)0
m m 0 0

—au—pBv
x e~ Tau—ypBu (yg) dudv —I— oL
= 2% / / a(f—au)+y(a—pu) Z dig(m) (= + log y3)2(y+10g w)
a+ B dx3dy s, M (log ys)™
1 Y3 1 Y3 —ou— ﬁ’U
<P (- ) P (-t ) () | oz
log y3 log ys r=y=0

A more convenient way to write this is as:

2124(0) (8- di (m) —au—pv
/ _ au)+y(a—pv)) Y3
33(0475) (a+ﬁ)logl4y3 dm3dy </ / Z <m>
log & |
x(m—i— 8 m ) (y—i— Og’”)
log ys log ys
log £ 6 log £
><P(6)<1—u (m—i— m))P”(l—v ( + m))dudv)
O (= (24 2 ) ) P (=0 (3 +

+O(TLE™h).

r=y=0

Using Lemma@with k=13, s=—au—fv,z =z=ys, F(r)=(z+ T)2P3(6)((1 —u)(z+7r)) as
well as H(r) = (y + r)2P§6)((1 —v)(y +r)), we then obtain

d log 8\ ?
Z 1_3(7?) " 08 m
ml—ou—pBv logy3

m<ys3
2 Y3
x P. 1—u) x4+ + P 1—wv +
3 <( ) < log y3 Y logys ) 3 (1=v){y log y3

13 1
B éﬁgii)_m | =0+ )+ PO = o) )
73

Putting this into I5(«, 3) we obtain

2"20(0) - (log y3)"”
I : / / / z(B—au)+y(a— ,Bv) au Bv 1— 12
33(Oé ﬁ) (Oé + ﬁ)logMyg dedy < (12) Y3 —ou— ﬁv( T)

X (z + T‘)QP:,fﬁ)((l —u)(z+7))(y+ T')2P3(6)((1 —v)(y+ T))yg(_au_ﬁv)drduch))

r=y=0

2124 (0) (z—v(r+y))+aly—u(z+r)) 12 2 2
1 —
12'(04—1—6) log y3 dx3dy </ / / ( @)+
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x PO = w)(@ + )PSO (1 —v)(y + r))drdudv)

z=y=0

To form the full I33(c, 3), recall that, as we discussed earlier, we need to add I}, and If;, where
I, is formed by taking I}5, switching a and —3, and multiplying by 7-*7. Letting
ygﬁ(w—v(y+7“))+a(y—U(x+r)) _ Tfafﬂy;oc(w—v(y+r))—/3(y—U(x+T’))

a+p

U(Oé, 6) =

we then have

12
Iss(a, B) = 2 (/ / / (z—v(r+y))+a(y— u(err))(l—T)12($+T)2(y+7“)2

12! log Y3 d:v3dy

x U(a, )P, ”((1—u><m+r>>P<><<1—v><y+r>>drdudv> L OTL),

z=y=0

Now write 5
ct+y—v(y+r)—u(z+r)\ ¥
(0. §) = P vat-ur) L= (T )
3 o+ ﬁ

)

and use the integral formula
11—z F

1
e — | —t(a+B) gt
P ogz/o z ,

as well as y3 = T% so that

2
faalen ) = 12' dx3dy </ / / / )

<93 (x+y—ov(y+ )—u(a:+r))> (z+7)%(y+71)?

x P (1= u)(a + 1) PO (1 - 0)(y + r>><Ty§+y‘”<y+”‘“<“”>—t<a+ﬂ>dtdrdudv)

r=y=0
Hence this proves Lemma [2.4]

6. PROOF OF PROPOSITION

Inserting the relevant definitions of the mollifiers in the mean value integral yields

(i, B) = / wt)((5 +a+it)((5+ B—it)x(5 +it)
logps - - -log pi.
x Z 1/2+ztb1/2 gl 2lab Z cl/2— nz Z 10—P klcldt
ab<y2 c<ya k=2 py1-prlc g Y4
M2 logps ---log p 5
= Z > Z pab] ) ok Py[c]Jaz,
k=2 ab<ys c<ya p1-prlc 0g Y4

where

Jyo = /°° w(t)C(% +a+it)§(% + _it)X(% +it)(%>_itdt.

This integral was evaluated in [2, eq. (5.7)] and once we apply Lemma 4.1 of [2] it is given by

x e -B —
Oa,—pn) _, t an\ ~it c

n=1
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Therefore, when we insert (4.1)) in I4o we have

Lo, 8) = 330 3 3 100 s0) gy 5 Tomp - dogni g

k=2n=1ab<ys c<ya (leTL 1Pk |C 10g Ya

—~ (L, an (62+64)/2+¢
X Wo <27r log bc> +0(T ).

6.1. Off diagonal terms (an # bc): Since ¢ < y4, then the sum satisfied

Z logpy - - logka ] < d(c).

p1prle log*ys

The off-diagonal terms are given by

Caa2(a Z Z Z 2l (be flgla/;ﬁ(l)el/ﬁPz[bc]

I1=1 be<y1 f<ya

biZcf
X logp; ... logpr ~ oo b\ Y
S0y oy gy [ (M)
k=2 p1--pi|f 08 Y4 e
In [2] it is shown that
. T
(6.1) Wo (5= logz) <p L

(1+ 27r T Log :L')
for any B > 0. Let us split the above into

Cip = Oy +C"y, where C)y = Z and C")y = Z .
1<I<T4 I>T4
We have the following bound for C”/j,
Oy < Z Z Z |p2(b H/ib j!;olz/zﬂ( )d (f)e—l/T3/ wo(t)dt

I>T4 be<ys f<ya

bl#£cf
ZE —1 T3 € 1 ].
e Z 5176 T <Z (b )1/2)<Z f1/2>
>7 be<ys \U€ I<ya
1 _
<. T(02+04)/242¢ Z ll/?—ge /T3
I>T4

3,1
<<8 T§+§(02+94)+566_T.

We now assume that 0 + 6, < 1. Fix &g such that 0 < 69 < 1 — 60y — 6. For any 1 <1 < T?,
1< f<T* 1< f<uysandanyb,c>1such that be > 1y, for which ¢l # bf we have

bl 1 1 > 1 - 1
of "N Z o e T T TS
Therefore, we can write
1 l S 1
0g —| > ——.
&cf| = o5
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Then by (6.1)) with B = 2014 we have, uniformly for all b,c,l and f in the above ranges, that

" wo(t) (2 _itdt<< L CAT: €y b
A 60(1+ LT yog ) 0M4/% %0 R014/6 Yo 0i2”

We now use this to bound C, as follows
|2(b HM |Uoz —s(DA(f) _i/rs /°° ( bl )it '

< e wo(t)| — dt
T2€+2+%(02+94) 1

1<I<T4 be<yz f<y4
bl#cf
< Z Z Z 1/2 T2012 < T2012 < T2009'
1<I<T4 be< b fl
<y2 f<y4

biZcf
This shows that the off-diagonal terms get absorbed in the error term and do not contribute to our
final answer.

6.2. Main term (an = bc)° From ( and (3.6) we have

azak ]7"]' ( > / / / 3z 21,22
1 = wp E E T°*T (=
(e, 00 log'yolog? Ty, \ 27i (1) J(1) J(1) i

—00

k=2 1,5
MZ( ):UJ( C)0aq, ,8 dzdz1dzy
X 2 logpi--logpi—y 5oy
an—be (ab)1/2+ZlCl/Q-i-zzrbl/?-&-zP1 e l+1 %

+O(T'79).

(6.2)

Let us define

Sk = Skap(z,21,22) = Y tal)u(c) 0w, -p(n > logps---logpy.

(ab)/*H21 Cl/2+22n1/2+z

an=bc p1--prlc

We begin by swapping the order of the sum so that

. p2(b)p(f)oa,—p(l) 1
2_ logprlogp D (be) 2511/ 21 /242 (py | py)/2H2

Di#DPj cl=bp;...ppd
i<y (dp1...px)=1

DY logps ... log pg > p2(0)pu(f) ‘
ol (p1...pp) /2™ b (be)V/2H21 q1/2422 4.1 /24 0k 21 /2 B2
i<j (dp1..pr)=1

As usual, let vp(n) denote the number of different prime factors of n. To simplify the expressions
that will take place shortly, we simplify this notation to v,(n) = n’. With this in mind, the above
becomes

1 ]
Sk _ (_1)k og p1 Og Pk

)1/2+22

pi;épj (pl . pk}
1<j

p2(p”) )
X
H ( Z pb/pcl)l/Q—‘,—zl (px/)1/2+a+z (py/)l/Q—ﬁ—i—z

pe{p1,.pr} YV +x'+y'=c'+1 (

pa (") p(p”)
(6'3) X H < Z (pb/pcr>1/2+z1 (pd/)1/2+22 (px )1/2+a+z (py/)l/Q—ﬁ-i-z )

p¢{p1,.px} U +a 4y =c+d
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ESS log ps ...logp; I (k,a, B)
DiFEDj (pl . ‘Pk)1/2+z2 HQ(ka «, B)
1<j

1 1 1 1 1
X H + p1+a+21+z + pl—,3+z1+z o p1+a+zz+z - pl—,3+z2+z
p

2 2 _2
T plem + plraita +0(p )>’

where
1 1 2 _9
(k@ ) = H < I4+a+tz+z2 + 1—B+z+z2  pltzitz + O(p )>’
p p p
pE{p1, pr}
and
1 1 1
H2(k7avﬁ) = H (1 + 1+a+z1+2 + 1—B4+z1+=2 - 14+a+z2+2
p b p
pe{p1,,pr}

1 2 2

—2
N p1*5+22+z n p1+221 + p1+z1+22 + O(p )) ’

This reduces the expression for S to the more tractable

_ Cl+a+z+2)C(1—B+21+2) (14 21+ 22)
= i atnt (0= B+t C(+2s) OfHmm)

x (—1)* Z logp .. .log pk

DiF#Dj
1<j

1 + p1+a-1-zl+z + p1—ﬁ-1-z2+z - p1+22z1 - E(p) + O(p_Q)

pe{p1, ok}

B — L 1 2
(p) - p1+a+z+22 + p17ﬁ+z+22 B p1+z1+22'

By comparing (6.3)) and (6.4) we see that

CAt+a+z+2)C0(1—B+2+2)C0 + 21+ 29)
Cl+a+z242) (1 =B+ 20+ 2)%(1 +221)

12 ) u(p?)
(65) = H( Z ;o z / z ’ atz / —B+z |
o Ny ey (B p ) PR ()RR ey LR (L2

A(avﬂa Zy %1, 22)

Reverting the p-adic analysis on the right-hand side of (6.5 one arrives at

CA+a+z4+2)C(1 =B+ 21+ 2)C(1 + 21 + 22)
C(L+a+ 2+ 2)C(1 = B+ 22 + 2)C3(1 + 221)
1 pa(b)u(d)

(bc)1/2+21 (d)1/2+22 (x)1/2+oc+z (y)1/27,5+z

A(OZ)ﬁv 2y %1, 22)

bry=cd

(6.6) - 1I pi2(b)p(d)oa,—5(1)

’ (bc)1/2+z1 dl/2+z2]1/2+2’

bl=c

21
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where in the ultimate step, we have used the definition of o, (). Using [2, §5.6], we can conclude
that A(a, 8, 2,2,2) =1 for all z. Let us denote the last line of (6.4)) by Hy. Then

"SI (ogp)(Em) +0(p™?)

Pi7#P; PE{P1, Pk}
1<J

1 1 2 _9
X (1 + E(p) - p1+a+z1+z B pl—,3+z2+z + p1+2z1 + O(p )>

ST (E()logp—l—O(l(;gp)).

Pi#P; PE{P1, Pk}
1<)

Next, we use the principle of inclusion-exclusion to write

= 4)’6(25’( logp+0< 5]3)) +ZB
P
where )
B(p) <<Oé7,372721,22 ?

The final step is to identify sums over p containing log p with their analytic counterparts in terms
of logarithmic derivatives of the zeta function by the use of

SR S L SE I (EEV I

n:1 5 pS pS
to see that
C/ C/ C/ k
H, = <—<(1+a+z+22)—C(1—ﬂ+z2+z)+2C(1+z+z2)+0(a,ﬁ,z,z1,zQ)>
+D(Oé,ﬂ,z,zl,22)

k-1
6.7) =U"+> U"Bn(e, B,z 2,2),

m=0
where

¢ ¢’ ¢

U= 22(14‘21+Z2)—Z(1+04+Z+Z2)—E(1—5+Z+22)

and

log p
Bm(av B, z, 21, 22) La,B,2,21,22 Z pQ :
p
All of these terms are analytic in a larger region, thus we need only be concerned with U*. Next,
we move the lines of integration to Re(z) = —d + ¢ and Re(z1) = Re(z2) = ¢. By deforming the

contours like this, we cross the simple pole at z = 0 of I'(z). The integral on Re(z1) = Re(z2) = 6,
and Re(z) = —d + € can be bounded by

Yooy
‘@\0(0) %35;* T3 < T'7=.
Hence
a;ay 1! _
o) =0 Y3 B, o,

s 7 log' 'yolog?
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where

SIP +a+zl><(1—ﬁ+Z1)42<1+z1+zz)
e <27”> /6>/6> (ot 2)C—f+2)ci+2s) (P 0m2)

k
CI C/ CI dzleQ
X +21+2m)—=1+a+z2)—=1—-F+2)) —]/—-
< ¢ ¢4 ) ¢ ( ) ¢ ( ) zi“zé“
Let K}, be the same integral as Kyo but with A(a, B, 2,21, z2) replaced by A(a, 3,0,0,0) = (—1)*.
Then, just as before, K}, = Ko + O(L*7~1). We wish to separate the variables z; and zo by the
use of a suitable Dirichlet series. Let us define the term involving (’s in the integrand of Ko by
II45. Using the multinomial theorem we have
(A +a+21)¢(1 = B+ 20 (1 + 21 + 22)
C+a+22)0(1 = B+ 22)¢3(1 + 221)

/ / ! g
x (2 (1+21—|—z2)—i(1+04+22) - 2(1_54'22))

(dx A1) (n) C(1+ a4+ 21)¢(1 — B+ z1)

= (DY zlvzg'lg' Z M e

1 C’ l2 CI I3
XC(1+Oé+22)é(1—ﬁ+22)(C(1+O‘+22)) (C(1—5+22)> ;

where we have used the Dirichlet convolution of

=3 M g~ =Y
n=1

1 ns ns
n=

Iy =

Y T

li+lo+H3=k

for Re(s) > 1 and where A*' stands for convolving A # - -- x A exactly [; times. Hence, we get the
splitting

k! 2h d* A (n il
Kp=—— Y. 5 2, (n)()KlKQ(ZQJS)‘i‘O(LI_H Y,

k 11115113!
log Ya li+la+13=k 1:2:43 n<min(y2,y4)

h

o K _1/ (@)21<(1+0‘+21)C(1—5+21) dz
2mi Jig) A ¢(1+22) Ci
and
_ b Y4 1
Ks(l2,13) = 9 /(5) <n) At at )0 -Ftn)
/ / I3
©8) (Carvara) (Ya-srm) 2
2

From [2], eq. (5.41)] we have

] —aa+bp .
K = Og 4(log(yz/m))" // 1-a-b(2) dadb+ O(L'™Y).

(i —2)! a+b<1
By the Laurent series expansion around s = 1 of the logarithmic derivative of {(s) we have
CI
¢

Now we will compute the following contour integrations for different choices of I and I3.

(6.9) (5) = —— +7+0(ls — 1))
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(1) Ifly = I3 =0,

dZQ d2 _ 1 d22
q22(a+Z2)(_/B+Z2)? = ez ﬂyi%(q :Jc+y)z2 ]+1

2mi dxdy 27
1 d
1 = _— " |eor—By ( 1 7>
(6.10) j!dmdy[e r+y+ g }
(2) If l, =1 and I3 =0,
1 dzo d _g, 1 4 d22
- ( 8+ 22) = ——ce *By—, (qey) 2 —
2mi %“‘1 dy 2mi z%“ =0
1d] j
(6.11) =i ey (y +log 324)]}
(3) By symmetry, if lo = 0 and I3 = 1, then
dZQ 1d] Y4 J
. —— g L2 S ey 41 7>
(6.12) omi J 4 ot Z2)z%+1 Jldy _e (y +log n :|y:0
(4) Iflp =13 =1,
()0 g
27i n Z%'*l ! n’
(5) If lg =1 and l3 Z 2,
(—1)1+1317{(?/4)Z2 ! dz
271 n <—ﬁ+22)l3_1 Z%-‘rl
1 ! 1 dzo
- =1 ’3—2tj§ ) — = dt
s — 2)! /1 e og” Tt f (at) I+
1 ! i (Y4
- - —B-1 j (74 I3—2
= .|<13_2)'/n/y4t log (nt) log™~“tdt
(—1)" " (log(ya/m)) /1 2
6.13 _— -0y (2 ) b3~2db.
(6.13) Jl(ls —2)! 0 ( Y n
(6) Again, by symmetry, if ls > 2 and I3 = 1, then
(—1)1+1217{ (%)” 1 dz
2711 n (a + 22)l271 Z%Jrl
l2 2 Jt+la—1 1 ) —b
(ZQ - 2) 0 n
(7) If l2 =0 and l3 > 2,
1 Ya\ 22 o+ 29 dzy
1)l — e :
(=1) 271 f{ ( n) (-8 + Zz)lsfl Z%+1
(1) d v\ [ op (2 * 5
1 = log 22 ax 37201 _ oV 24 cz g
(6.15) g3 — 2)! dx Tlog m ¢ 0 ¢ (l=¢) m) ¢ %

(8) If l2 > 2 and l3 = 0,
1 Ya\2 —B+z dz e
HV“% () i g o
2

21 n a+ 2o

(=P d ya ) 8 /1 l—2 (ya\ "
. — 1 x 2 1 J acx
(6.16) s~ ) do x+ 0g e ; c?*(1—-c¢) - e ““dc

r=y=0
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(9) Finally, if I > 2 and I3 > 2,

(_1)l2+l31.%(y4>Z2 1 1 d‘z2
2mi [ \n (a—l—zz)l2_1 (=B + 29)a7 1 24!

l l
:(_1)l2+l3( 1 2 (- 2 3/ / ro— 1t B— 1logl2 27,10gl3 2t
(I — 2)! 13 2! )y, -

X 7{ (grt ZQ—dtdr

1 a—1,—B—1y lp—2 1 l3-2 Y4\
= t log2™“rlog™™“t1 t=— | dtd
.'(12_2)'(l3_2!//q//(qr7“ og rlog Og(r n) r
(1 1)"2%15 (log(ya /n)) T2t 2 G(Ya\TaetvB o
6.17) = A — s = T 0<a+b<1 —a—b) (H) al2=2p's=2 gadb.

In the last step we used the substltutlons r=q¢ %and t=q°.

Going back to I2(, 3), we now have to perform the sums over i and j and then insert them back
into

K
k! 2h (d* A*1)(n)
Lo, B) = w0 (0 Z z > 151! > n
=2

lo 08 Y4 li+la+l3=k n<min(yz,y4)
il = G o,
(618) X K; ; o Kg(lg,l:),) +O(TL 8).
Z log'ya Z log’y4

Since 04 < 02, we will now use min(ysz, y4) = y4. From [2 §5.5] we find
4 +bf
Z az? K, lOg Z/Q/” // yQ —aa P2// <(1 —a— b) log(yg/n)> dadb + O(L—l)
- ]ngyz IOg y2 0<a+b<1 log Y

For the j-sum, we need to consider each case separately.

6.2.1. The case ly = I3 = 0. In this case, from (4.8)), , (6.10), and a similar argument to that
of of Lemma [4.1] we have

(0,0) ajkg! k] T by N~ <95 +y  log(ya/n) >j -3
0, A + + O(L
Z Z log’ y4 0= dudy” ; “k\ log ya log y4 r=y=0 7
1 A gy log(y4/n) 3
—_— Py —_— O(L™).
(log ya)? dmdyy THYt log y4 r=y=0 +OL™)

Inserting this expression in (6.18]) yields

LEQ) «, —MOOZ Z?I d*All ZZOO) 1+€)

" n<min(y2,y4)

Z (d+ A** ZZ(OO) L1+

k, Il
k: 2 log Ya k n<y4
_ 4'11}0 Z ! d? [ ax—LPy // d*A*k)(n) y—aa-l—bﬂ
_ 2
 (logya)® &= loghy ’f' dxdy Oiazfi’cf 1n<y4 ni=eattd

log 2 log yo log y4 w=y=0
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+O0(TL™ )
K a2 5 94 2 1+k
_ oar—py _ — —
4w°(0>z (1 +k>'dxdy[ /ﬁ%"&l/ ( - 92> —
1—nu~ aa—bp 0 .
« <y4 ) By’ ((1 Ca—b) (1— <1—u>4>) Pk<x+y+u>dudadb]
Y9 ‘92 r=y=0
+ O(TL™1+9),

where we have applied Lemmam 3.6l with k =2, 1l =k, s = —aa+ b0, 2z = ys, © = y2, F(u) =
u?PJ((1 —a —b)u) and H(u) = Py(z +y + u).

6.2.2. The case Iy = 1, I3 = 0. In this case, from (4.8)), (6.9), (6.11), and a similar argument to
that of Lemma [£.1] we have

Z 0 Z Gkl g 1,0y = —76 5?/2 4 loglus/m)Y’ Lo
log?y4 ik log ?/4 log y4 y=0
1 d _g,= 1
- _ —y ﬁyPk <y + Og(y4/n)> + O(Lfll)
log ys dy logys ) |,—0

By an analogue argument as in the previous case

K 1
R o S I PP MR
k=

ly!
2 10g y4[ +1=k 1 n<min(y2,y4)

K
= —4m0) Y 5y S C )
- 0 (k; | dy Ya O<a+b<1 log Y2

1—u

X <y4)‘m bﬂPQ” <(1 —a—b) ( —(1—u) Zz>) Pi(y + u)dudadb} +O(TL™ 1),

y2 y:O

where we have used k = 2, l =k — 1, s = —aa + b8, 2 = y4, * = y2, F(u) = v*PY((1 — a — b)u)
and H(u) = Py(y 4+ u) in Lemma

6.2.3. The case Iy = 0, l3 = 1. In this case, from ([4.8)), (6.9), (6.12), and a similar argument to
that of Lemma (.1l we have

(0,1) a;wj d .. - x log(ya/n) 7
Zj: Z S E(0,1) = — e ;aw( +

log?y4 log ya log y4

1 d ~ 1
- 7yz?xpk I+ Og(y4/n)
log ys dx log 4

x=0

+O(L™).

z=0

Similarly

K
IAEOD o, B) = @(0 Z kk' Z ?ll‘ Z (d* A*h)( ZZOU L1y
k=2

log"ya I +1=k 1 n<min(y2,y4)

K k—1
o 9 - logy4 k
= —4w0(0)z (k- 1)l dx [ /A<a+b<1/ (1 S logyz (1 )

a,b>0

<y4 )aa bﬁp " <(1_a_b) (1_(1_ )ZQ>>pk(x+u)dudadb] +O(TL™1+9),

Y2 =0
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by setting k = 2, l = k—1, s = —aa + b8, z = y4, * = yo, F(u) = v?PJ((1 — a — b)u) and
H(u) = Py(r +u) in Lemma

6.2.4. The case ls =1, I3 = 1. In this case, from (4.8)), , and Cauchy’s theorem we have

2(1,1 Z a],k] Gd e q.1) = Zajyk<log(y4/m>j +O(L %) =P, (k)g(y4/n)) +O(L™).
i

log y4 log y4

Hence

K
Wep =m0y o ¥ Y RO s oms)
k=

5 loghya 50, n<min(y2,y4)

K

22k 04 k—1
= 4wy(0) kZQ //)<a+b<1/ (1— (1—u) 92> (1 —u)

<y4 )aa bﬁP " <(1 —a—0D) <1 -(1- u)g4>> Py(u)dudadb + O(TL™'**),

Y2 2
by setting k = 2, l = k—2, s = —aa + b8, 2 = y4, * = yo, F(u) = u?Py((1 — a — b)u) and

H(u) = Py(u) in Lemma

6.2.5. The case Iy = 1, l3 > 2. In this case, from ([4.8)), (6.9), (6.13), and a similar argument to
that of Lemma (.1l we have

les) Z (Ijkj Ka(1,1s)

log?y4

( 1) (log(ya/n))" ! / ) 108 Us/m) 34\ 1,

= - S b5 —2db
(I3 —2)! Z @ik log y4 ( n )
+O(L~ 4
_ (=" (log(ya/n))" /lﬁ (1 - o lo8wa/n) <y74>cﬁclg_2dc
(I3 —2)! o " log y4 n
+O(L47h),
Therefore
K l *[
(1 22, k! 2" (d* A*)(n) (Lds) —1+te
I Oy o > AN > - Y T oL
k=2 li+1+i3=k n<min(y2,y4) 7 J
K I3—2
__ 2l (—1)"
= —4wy(0 k!
ol )z:: ll+§ W31+ ) (I3 — 2)!
—u~ aa—bp

Mg [ (0o (25)

<alj—>bo<1 logyg Y2

log yo

by setting k = 2, [ =11, 2 = Y4, T = 9o, § = —aa + bB + B, F(u) = v?P"((1 — a — b)u) and
H(u) = uB~'P((1 - c)u) in Lemma

x yif py" ((1 —a—1b) (1 (1) y4>> Pu((1 - ¢)u)dudedadb + O(TL™+),
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6.2.6. The case Iy > 2, I3 = 1. In this case, from (4.8)), , (6.14), and a similar argument to
that of Lemma [4.1] we have

Z(l"” - Z Gt e, 1) + O(L™* ")

r log?y4
__( 1) (log(ya/n))"* ™" [ 5 log(ya/n)\ (ya) = 1,
B (I —2)! /0 Pk<(1_6) log y4 >(”) o e
+O(L4"),

Similarly one has

U l dx A* ,
O o S M D I

[11ls!
k=2 log™y4 li+lo+1=k 12 n<min(y2,y4) i J

B STD SR L
N wo ' llllz'(l—{-ll)'(lQ—Q)'

k=2 lLi+l+1=k

o8 s 2 yi
// / / 11— 1 o (1 o u)l-‘rhulQ—lClQ—Q 4
0<a+b<1 log ) Y2

a,b>0

1

Xy Py ((1 —a—b) (1 (- )1O§ y4>> Pu((1 — e)u)dudedadb + O(TL™F),
08 Y2

by setting k = 2, I = l1, 2 = ya, © = Yo, s = —aa + b — ca, F(u) = v’P,"((1 — a — b)u) and

H(u) = u271P,((1 - c)u) in Lemma

6.2.7. The casely = 0, I3 > 2. By a similar argument to that of Lemmas|[5.1] and using Lemma

[3.5] together with equation (6.15]) we have

(0,
Y-y sl e 0,15) + 0(5)

log”y4
3 _1\!3 d Is+ji—1 1 cB .
_ Z ij] ) 7(33 +1o og y4) 3717 eax/ (%) (1 . C)]Cl3—26cﬁxdc O(L_3 13)
logy, J! l3 —2)ldx n 0o \m 2=0

I3—1
(—1)13 l5—2 d log 24\
— 71 3 . azr n
=21 %% Y | " 1oy

b log ¥4 cf
% / B, (1 Y 0og * (%) A3—2chrlogya g .. + O<L_3_l3>7
0 log y4 n

=0

after the change y = x/logys. As done previously
K

1 __ k! 2h (d % A*)( (0,13)
1@ B) =@O) Y —— > T ZZ‘“’ L1

—2 log Y4 1 +ls=k hlls n<min(y2,y4)

:4’[1)0 ZK: k! Z 2h ( )ldlog Z/4 d |: ox // /
— logky4l b Jhllst (s = 2)! <a+b<1

g Z (d = A*ll (IOg(m/n)) P, ((1 Ca—b) 10g(y2/n)>

1— +b5+ B8
oy e log s log y2

log I3—1 B lo g Y4 B(1+a) 1y—2
x + P, (1—-¢) (a: + )) Yy c? dadbdc]
log y4 log ya 2=0
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+O(TL™1+9)

= 4w(0) f: k! Z_ 11”3!(2[1_(;)11)(? +1) dx { i //]<a+b<1 / /

k=2 l1+i3=k a,b>0

aa—bf
X (1 —w) (x4 u)b? Cﬂ(u+$)< ) <1 —(1- )64> =2
Y2 02

« P ((1 —a—b) ( (- i)) P((1—c)(z+ u))dadbdcdu}
+O(TL 1),

=0

by setting k = 2, I =11, 2 = ya, * = y2, s = —aa + bf + ¢B, F(u) = u?P'L((1 — a — b)u) and
H(u) = (z +u)» 1 P,((1 — ¢)(x +u)) in Lemma

6.2.8. The case ly > 2, I3 = 0. Again, by a similar argument to that of Lemmas [5.1], [5.2] and using
Lemma ﬁ 3.5 together with equation (6.16]) we have

(12, <
)3 o 3 Ui 1 (15,0) + O(L )

log?y4
12 , 1
agjj! (= d < y4>3+l2_1 —m/ <y4>_ac J la—2 —acw —3—1
= z + log = e = 1—c)c? % de|y—o + O(L 2
Z]ogy4] 2—2)d gn 0 n ( ) ‘xO ( )
lo—1
(-2 o d[ g log &
- log'2 2, — n
Uo—2)1 %% Vg% (" T 1oy,
1 1 Ya
X / Py ((1 —c) <x + log >> <y4) 0122y4_acxdc] +O(L737h),
0 08 Y4 n z=0

after the change y = x/logys. Likewise, one has

t dAl ,
s w0y A S By e IS o

IOg Y4 1 Sk n<min(yz2,y4)

K !
25 (—1)"log"?y, d y
= 4wy
w0 Z Ingy4l Z l1!l2. (Ia —2)! /A<a+b<1/

k=2 +lo= a,b>0

P Z (d * A*ll <10g(y2/n)> P, <(1 Ca—b) 10%(3/2/”))

" “‘”bﬁ 2\ logys log yo

log Pt log wu —ac(1+x)
<x + ) P ((1 —¢) <m + )) i cl2_2dadbdc}
log 4 log y4 2=0

O(TL 14y

= 4wy (0 Zkl Z lllll; (lz—(2_)1()1l:‘ Al [ /A<a+b<1/ /

k=2 li+l=

aa—bp
x(1—u)1+h(x+u)l21y4“<“”)(y4 ) (1—(1— )Z‘é) 22

Y2

< P} ((1 —a—b) ( (1-w) 22» Pl(1—c)(a+ u))dadbdcdu}

=0
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+O(TL™1+9),

by the use of k =2, Il =11, 2 = ya, =y, s = —aa + b — ac, F(u) = u?P'h((1 — a — b)u) and
H(u) = (z +u)3 1 Py((1 - ¢)(x + u)) in Lemma [3.6]

6.2.9. The case la > 2, I3 > 2. Lastly, from (4.8)), , and a similar argument to that of Lemma
[41] we have

la,l
> —z DT g (1, 1) + O(L=1271)
; log”y4

( )25 (log (yy /m)) 2+~
(o — 2)I(I5 — 2)!

" 1 —aa+bp
X // P, {(1—a—0b) log(ya/n) (%) a2~2p3 2 dadb
0<a+b<1 log y4 n

a,b>0
+O(L3 ),
Finally,
K
lo,l k! ol d x A*1))(n (I2,l3) _
Een=mOoX ks ¥ g X SR S o
log Ya 11115113! “ n - -
li+la+I3=k n<min(y2,y4) ) j

_1)l2+l3

K
__ 201 (
= 4wy (0 k!
’IU()( )Z Z 11'12'13'(14‘11)'(12—2)'(l3—2)'

k=2 l1+1la+13=

a1 (v aats logys\?
Mg o) (-eooig)
0<g+h<1 Y2 0g Y2
a,b,g,h>0
logys\\ 3
P (1—a-b)(1-(1- P((1—g—h
«r (=a=) (1= =02 ) ) B - g - )
X yy T INUEOIUER =2 gl =2 =2 gy da dbdgdh + O(TL™'),

by setting k =2, l =li, 2 = ya, * = yo, s = —aa + b3 — ga + hp, F(u) = u?Py)"((1 — a — b)u) and
H(u) = u2tB72P((1 — g — h)u) in Lemma

7. PROOF OF PROPOSITION

We will first focus on the error terms. From [5 p. 11, Proposition] we can obtain the right order
of magnitude of the error term for I;;(a, B, w) when 6; < 4/7 —e. To see the error terms for
Lo, B,w) and Lu(a, B, w), we will proceed as follows. First we set ¢1(s) =>_, ., b(n)n™* and
Ya(s) = 3 m<y, c(n)n™°. We state our result following a similar style to that of Proposition of [5].

Proposition 7.1. Let 6, <4/7—¢, 04 <3/7—¢, and T/2 <w <T. Then we have

o _e—(a ) —. —
(7.1) La(a, B,w) = > (8, a) aiﬁﬂLZ( ,—B) +O(L—1+5)’

where

Z(/Baa) — Z M(n’ m)1+a+5'

n<y1
m<yq
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Proof. For the sake of brevity, we will follow the proof of Proposition of [5]. More precisely we will
follow the steps starting from equation (50) and ending in equation (69). The only modification we
need is that b(h, P1) = b(h) and b(k, P») = ¢(k). By doing so, we arrive to the following step:

a+5— S8 (h)C(k) mnH
(7‘2) M(a Zm Z hl—s+tB8[1— s-i-ae K ’
m,n h<y1
k<ys

=k/
step in [5] is that ¢(k) # u(k)F(k), for some smooth function F. We estimate ([7.2)) trivially. Using
the fact b(h) < h® and ¢(k) < k¢ we have

M(a, B, s) <y
for s =1+ n+it and n < 1/L. This gives us the required error term. ([l

where H = h/(h, k), K (h,k) and e(x) = e*™®. The fact that stops us from following the next
<

l+e+n, l1+e+n
Yy

Following the same ideas, we also have
Proposition 7.2. Let 04 < 1/2—¢ and T/2 <w < T. Then we have

2,(67a) — ¢~ (@+B)L Z/(_Oz, —5) n O(L_H_a),
a+p

(7.3) I44(04,ﬂ,w) =

where
! _ ¢(n)c(m) 1+a+p3
(7.4) Z (B,a) = Z W(nv m) :
n,m<ys
Combining the main term of I1;(«, 8, w), I14(c, B,w), and I44(a, B, w) yields the main term of
Lemma 2 of [9] provided that 6; < 4/7—¢ and 64 < 3/7—e¢. This completes the proof of Proposition
8. PROOF OF PROPOSITION
When we insert the definitions of the mollifiers
p(a)
hi(s) = Y —Es Pl
a<y;

and

¢3(S) — X2(5 + % o UO) Z H3(b)d(c) Pg[bc],

ps—oo0—1/2,1/2—s+00
be<ys

in the mean-value integral we have

(8.1) Lis3(a,B) = /OO w(t)C(3 + a+it)((5 + B — it)1ys(og + it)dt
Ma)ps0)d(e) b 11 b 7
C;yl b§3 (abc 1/2 [CL] 3[ C] 135
where

i = /Oo wB)C(E + at+ i) (L + B — it 3L + i) (i) dt.

—00
Using the same procedure as in the previous section (i.e. approximation of X( + B —it)x (% +it),
followed by the functional equation of ((5 + 3 — it)), we obtain

Jiz = /Oo w(t) <t> ’ (b> _itg(é +a+it) (L = B+it)x(3 +it)dt + O(T*).

—o 27 ac
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From the Stirling formula we have
X(3 +it) = F(t) + E(t),

where

: t " 1
_ im/af -
F(t)=e <27re> and E(t) < -

Note that

/Oo w(t)( ! )_B( b >_it<(§ Fa+it)(h — B+ i) E(t)dt

. o ac
1 2T 1 ) " ) 1
< = IC(5 +a+it)|[((5 — B +it)|dt < —~logT.
T Jr)a T
Thus, we are left with
o0 t —6 b —it
Ji3 = / w(t) (27r> (ac) C(% +a+ it){(% — B +iat)F(t)dt + O (T7).
Now we use Lemma [3.1] to see that

Jis = / © ) <;ﬂ> - <;C) - <§: (’l‘;’/ﬁgf)e—’/ﬂ + O(T—1+€)>F(t)dt + 0.(T")

o =1

= /OO w(t) (;;) 75 (i) N <§: Ul(’{’/;igf) el/T3> F(t)dt + O-(T*)

- =1

> -8B —it
o Tasl) s [ t bl ]
= Z [L/2+it e _Oow(t) P P F(t)dt + O (T*).
=1
Forall1<a<y;, 1<b<ys 1<c<ys;andany!>1 we have
tbl T 1 T
> — =
2meac — 4 2meyrys  Smel01t0s

provided 6 < 4/7 — ¢ and 63 < 3/7 — . We also recall the fact w(")(t) < (L/T)". Therefore from
(8.2) and by the aid of integration by parts we have

oo -B —it
t tbl 1
/_OO w(t) <27r> <2weac> @t <reo Tr

for any fixed integer r. This leaves us with

(8.2) > T,

1 o= 0a0_3() _ s
J13 <<7~’50 F Z ;7/2?—7(;15)6 l/T + Og(TE) <<€0,6 TS.
=1

Putting this back into I13(«, 8) we see that
a)ps(b)d(c 1
Ny <epe T Muﬂl [a] P3[be]| <epe T2 )

1/2 1/2°
a§y1 (abc) / aSyl (abc) /
be<ys bc<ys

since P; and P35 are real polynomials in logarithms. Finally, we have

e 1 d(m) e 1/2 1/2 .
Il3 Leg e T2 <Z \/a> ( Z \/m ) <<€O75 T3 yl/ y3/ <<6076 T3 +(01+63)/2

a<yi
(83) — T%+3€_260_
This completes the proof the proposition.

m<ys3
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9. PROOF OF PROPOSITION 2.8

First we note that the extra term of the logarithms satisfies

log p1 - - - log pi;

B < 1.
log™y4

Moreover, their sum is

1 . -
3y 08PL T OBPk B ) < d(e) < ¢

k
p1--Pile 10g7ya

Hence, this proof follows the exact same procedure as when we dealt with the cross term I13(c, 3)
in Section Bl

10. APPLICATION

Let N(T) denote the number of zeros p = 8 + iy of {(s) with 0 <y < T and 0 < § < 1. Let
No(T) denote the number of such zeros with § = %, and let Nj(T') denote the number of such zeros
and which are simple as well. We define x and k* by

. No(T) i NO(T)
r = limint N " TS NI

In 1942 Selberg [12] proved that x > 0; in other words, a positive proportion of the zeros of the
1

Riemann zeta-function lies on the critical line ¢ = 5. Since then there have been improvements
on the actual value of k. Of these results we note Levinson’s 1974 [10] result that « > .3474.
In 1985, Conrey and Ghosh [6] simplified Levinson’s method and later in 2010, Young [13] gave
a much shorter proof of Levinson’s result. In 1989, Conrey [5] used deep arithmetical results on
Kloosterman sums due to Deshouillers and Iwaniec [7], [§] and his own analytic devices [I}, 3, 4] to set
the record at k > .4088. In the early 2010’s Bui, Conrey and Young [2], and slightly afterward Feng
[9], improved this to k > .4105 and k > .4128, respectively. However, as mentioned in introduction

the result k > .4128 is not clear. In this section we provide the following application of Theorem

imi
Theorem 10.1. We have

Kk >.410725 and K* > .405824.

Let Q(x) be a real polynomial satisfying Q(0) = 1 as well as Q(x) + Q(1 — ) = constant, and
define

Ve =Q(-7 1) o
Since
(10.1) a() < VE(F) L2 and (o) < 1(5) L

then log(s) is analytic. Hence #(s) is a valid mollifier in Levinson’s method (see [10]) and it
satisfies the inequality

1 1 [T
>1-—log| = it) |2 1
K> 7 108 <T/1 |Vp(og + it)] dt) + o(1),

where 09 = 1/2 — R/L, and where R is a bounded positive real number of our choice. Choosing
Q(x) to be a linear polynomial yields a lower bound on the percent of simple zeros x*. Let us
denote the integral in (1.9)) by I(«, 3). Then we have

(10.2) / Voo + i)t = Q (i) e(Fay) 1@

a:ﬁsz/L.



34 NICOLAS ROBLES, ARINDAM ROY, AND ALEXANDRU ZAHARESCU
Also one has
-1 d log X
10.3 — | X = X«
(10-3) Q(logTda) Q(logT)
Combining ((10.2)) and (10.3) we have

Theorem 10.2. Suppose that 61 =4/7—¢c, 02 =1/2—¢, 03 =3/7T—¢c and 04 =3/7 —¢ fore >0
small. Then

T
/ \Vip(og + it)[2dt = T + O (TL+),
1

where ¢ is an explicit constant that depends on Q, Py, Py, Ps, R, 01, 64,603,604 and Py, fork =2.3,... K.

The constant c¢ is given by ¢ = ¢11 + 2¢12 + co9 + 2¢o3 + ¢33 + 2¢14 + 2¢24 + ¢44. The value of
c11 + 2c¢14 4 c44 was given in the main term of [9, Eq. (5.3)]. The expressions of ¢12 and ¢y were
given in [2| Eq. (3.4) and Eq. (3.6)]. The remaining values, i.e. ca3, ¢33, €13, 24 and c34 are now
given below. Applying on Propositions E 2.3 and 2.4} m and setting « = = —R/L, we get

8 6 6
gy = 2 (BY) r / / / _ )T RO 005D Oy + qufly)
RN dx3dy? 0<a+b<1

0
(10.4) X Q(1 + yba — bubs) " <af +y+1—(1- u)93>
2

x abP%((1 - a — b)u)dudadb} ,

z=y=0
and

g / [ (Gresv-vwrn-uasn
3= 191 d:c?»dy g, Tlety—vly+r)—ule
) 12 703R(a:+y v(y+r)— u(err)) 2Rt(14-03(z+y—v(y+r)—u(z+r)))

X Q(Gg(—x +oy+r)+t(l+6s5(z+y—v(y+r)—ulx+r))))
XQOs(—y+ulx+r)+t(1+03(x+y—v(y+r)—ulz+r))))

x (z+71)*(y + 7“)213356)((1 —u)(z + r))P3(6)((1 —v)(y+ r))dtdrdudv)

rz=y=0
Finally, from using 1} on Proposition and setting « = f = —R/L, we obtain

Co1 = cag = del? Z GO (k) + 50 (k) + 50 (k) + 5V (k) + 572 (k) + 57 ()
k=2

0,>2 >2,0 >2,>2
+ 57 k) + 520 () + 577 (k)),

/ / / )tk
(k +1)! d:ndy O<a+b<1

R[Og(a x)+0sa(u— 1)]+R[02 y—b)+04b(—u+1)]

X <1—(1—u)22> Pi(z +y+u)P" <(1—a—b) <1—(1—u)§2>>

X Q(f2(a — ) + Oga(u — 1))Q(O2(y — b) + O4b(—u + 1) + l)dudadb] ,

r=y=0

where

ey (k) =
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10 () = [/ﬁ<a+b<1/ ) e R1=0a(1—w)atBaal- RIfa (b(1—)-+y)~02t]
(1—(1—u)94) Xt ((l—a—b)< (1—u)0 ))Pk(y—l—u)
92 02

X Q(—04(1 — u)a + 02a)Q(04(b(1 — u) +y) — O2b + 1)dudadb] ,
y=0

SO0 () = — Qk ! ) RI=0s(1—w)a+o)-+B2a]  RIOsb(1—u)—02t]
42 ldx 0<a+b<1

x(l (1-@22‘)13 ((l—a—b)( (1—u)zz))Pk(x+u)

X Q(—04((1 —u)a + x) + 62a)Q(04b(1 — u) — O2b + 1)dudadb} ,

=0
A (1) = 2’c 2k // / )P BIOs(~(1=w)a)-+02a] L RI0rb(1—0)—021)
Caz <a+b<1

(10011008 A

X Q(04(—(1 — u)a) + 02a)Q(Opb(1 — u) — O2b + 1)dudadb,

15 l3_2
(1,>2) 2'1(-1)
c k) = —k!
2 (k) HE I M31(1 +11)!(13 — 2)!
‘94 2 1+
/// / (1‘ - 02> (=)

a,b>0
eR[94a(u 1)+92a]eR[94( (1—u)—uc)—02b]

% Py <(1 —a—b) < (1 —wu) 22>> Po((1 = c)u)uls— 132
X Q(Osa(u — 1) + 02a)Q(04(b(1 — u) — uc) — O2b + 1)dudcdadb,

with lg > 2,
l1 12—2
S22 g Z 21 (-1)
Ca2 - : 1151 | — 2!
Lo l— kl1l2(1—|—l1)(l2 2)
2
1— _ 074 (1 _ u)1+lleR[94(a(u—1)+uc)+92a]eR[94b(1—u)—92b}
0<a-+b<1 94
a,b>0
x Py ((1 —a—0b) < —(1- u)z >> Pe((1 = o)u)ulz~ 122
4
X Q(04(a(u — 1) + uc) + 02a)Q(04b(1 — u) — O2b + 1)dudcdadb,
with 12 > 2,

P S o e |
2 o ll'lQ (l2—2' —|—l1 0<al;i->bo<1

l1+1ls=
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X (1 —w)th (x4 w2t (1 (1 —u) 94) 22

2
a)+02a]+ R[04 (z+(1—u)b)—02b]

X Q(Os(c(u+z)— (1 —

% 6R[€4(c(u+x) (1—u)

)a) + 020)Q(04(z + (1 — u)b) — b + 1)
x P} ( (1—a—b) (1 (1—u) )) Pr((1 = ¢)(z + u))dadbdcdu}

with lz > 2,

Z l1 3
e k‘l Tty B! (I3 —2) ' (1+0)! 0<atbs
1

x (1 —u) ™ (y )t (1 —(1—-w) Z4> =2
2
% ell0a(—y—a(l—u))+02a]+ R[04 (—c(uty)+b(1—u))—020]

=0

X Q(0a(—y — a(l —u)) + 02a)Q(L — O2b + b4(—c(u + y) + b(1 — u)))

< P/, ((1 Ca—b) <1 - 22>> Pe((1— o)y + u))dadbdcdu]

y=0
with l3 > 2,

(>2,>2)

211(_1)l2+l3
5= (k) = k!
e (F) Z , lilis! (1 + 1)1 — 2)1(1ls — 2)!
li+la+l3=k

< henzs [ a=wt(a- a-g)

D)
a,b,g,h>0

> eR[04 (au+gu—a)+62al eR[94 (b—bu—hu)—020b]

x Py <(1 —a—0) <1 —(1- u)g;)) Pu((1—g—h)u)
X Q(O4(au + gu — a) + 02a)Q(04(b — bu — hu)

— b+ 1)
« ulz+l3*zgl2*2h13*Qdudadbdgdh,

with o > 2 and I3 > 2.

Finally, we use Mathematica to numerically evaluate ¢ with the following particular choices of
parameters. With R =1.295, 61 =4/7,0,=1/2,03=3/7,0,=3/7 and K =3
Q(x) = 0.492203 + 0.621972(1 — 2z) — 0.148163(1 — 2z)3 4 0.033988(1 — 2z)°
Pi(z) = z + 0.2291172(1 — x) — 2.932318z(1 — 2?) + 4.856163z(1 — 2°) — 2.309993z(1 — z*)
Py(z) = —0.072644x + 1.5594402:2,
) =

Ps(z) = 0.701568z — 0.55440322,

and all the other polynomials have their coefficients temporarily set to zero, we then have x >
.410725.

Moreover, by setting R = 1.1195, 6, = 4/7, 62 = 1/2, 63 = 3/7, 6, = 3/7 and taking,
Q* () = 483872 + 516128(1 — 2z),

Py () = .827329z 4 .0108498z% + 081575823 + .181027z* — .100781z5,

Py (x) = .03263492> — .0056269x* + .007836461°,
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and all the other polynomials have their coefficients temporarily set to zero, we get k* > .405824.
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