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First appeaved wn e thesis of Bhupatiraju "9
and on tw arxiv in Budingki, Curien, Petri 25 ('22)

Then construcked in Fra,a\jk Melicke, W. 20 ('23) and
D'Achile, Curien, E\nnaluei Lyons, Unel 20 ('23)




Boun darg Space construction

X=H?*, G =SL R, NAX
X has a G -invariant volume measure
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The Ponsson powﬁ Process

IDu:L\l wmpack Second couwtuble. space
Uoot.\r\ Hao m.o.cLSure. vol

Tne PFP with m’re,mmiy A>0 on X Tr 1S a
random variable ‘l‘akmg va lues on

IM(X) = { locally finile 2 S ) [ x; GX}

tEN

characterized by :

1) V measurable ASX, T (A) is a Poitsen
roandom variable with mean ) - vol (A)

2) V measurable, dispint A B <X, T (A) and T(B)
ave mdepemdw-t

=7 ponis in A are Mﬂifbvmhj distributed n A



. as a dtjnamical chl-em

GV IMX) : gTr(AY = T (47" A)
v/ 9 € G, measurabie A SX

W'23: Any two PoissSon point processes on a
lcse ﬁrbu—P are 1Somorphic al Mmeasure 'P\"I;Servinﬂ
c‘\jnamtcal &y stemce.

(in contrast o Bernowlli swfﬂ)

Extend! reSults {romi  Drastein, Weiss 1987 and
Soo, W. 2019



Dd'ec.ting geometry

The IPYT i IR® behaves fundamentally
differently than the IPVT o W".

vonl 1
4

BEven wore Surpﬁs\\r\ﬂ\:s,—w\n IPVT on  W"
behowes fundomewt ally Aif &\rm’r\ﬁ Than W
VT on MO X MY or 4ne PVE on te
sxlmmefmc‘\sFa& for Sn R, nza.

\ higher rank (z2)

rank n: contaws ISomavic opy of ™ bour not 1R



Fra,cayk, Mellide, W. '20: Let & be StnlR, nz3,
of SLalRxSLnlR, nz2. Evey pair of cells in e
IPVT on & ShaveS an unbownded border

almolt &ureig.

Falce for SLaR!




Proof Sketch 0f unbounded borders
X=H*x H"z , boundanj D = oX x IR

X = (,&n«‘z,%)

S = s4abip] N stab{ ¥} is non- compact.
X € X ezu,idisfamf {mm P.¥. Ax={0\€D lo((x)cgcxﬂ
nas finite measure m D, S [P(T(Ax) =0) = "™ >0.

Apply Borel- Cantelli.



Obgervation

In higher rank, 3ra.P\ns can be
conShructed from dne IPVT which
ore HIGHLW connected across cells.

This is the key idea behind the main
cesults m FwWwwW and DGKRW.

Alodre, Mellick '22: The Pop on & og mox etk
owk of al & ) bé‘ss”‘)

mpef

T ot (Bp) =L for &, tnen G has
fixed price L.



Po'\ gSon - Voronol Percola‘ﬁon

X = H* or any nencompact metric cpace
equs pped with a Radon measure

1) Place a Poisson point process with 'm'l'eh&itg
r20 on X, a.(ovnﬂ with s Voronoi
tesse llation.

2) Fix pe(o,1] and Clor each cell black
with ?mbabilira P and white with

prob abikity 1-p.
The wnion of black cels is denoted w(A,p).



Uni cLueness threshold

A path connected Component of LA, p) s
called a cluster

crifical Fvobabih'bj

P = Wi % w,p) has an infinite cluster with {.
P 'Po&d'we 'F\obodoclihj

uniquenats “reshold

PulA) = inf{w()\:P) nas a unigue mfinite cluster
P with pesitive probabiliy }

. P‘l(m P\:v(?s\
) ] i '
0 "'ﬁ‘h—’ %—-?——; ~ R 1
no Whnite  infiniely - ° L
clusters mivire Y nfinite cluster
Clustews




\/anish'mﬁ uniqueness Hiveshold

Benjamini, Schramm 2000:  Fov  Poisson - Voronoi
pereolation on  H%,

Jim Pu()\) =1.
A>0

Grebik, Redke 25: TFor P-V percolation on SLn iR,
lim Pud) = 0. he3,
A0

DAchille, Grebik, Khezeli, Recke, W. ‘25 :
Fov P-V per colation on HtZ x H*,

hm (N =0.
A0 Pu

We also prove the Same for Bermoulli - Vorono
percolation v Td xTd, dz 3.



\]amsh'mg ran k. qmdient
FMW ‘200 G =8nIR, nz3, or SLniRxSLnlR, n=2
wit\n S\'mmd‘ric Space X.

ir{hew sequence of “orsion- free lattices m G

such  fnat TAX =23 X,

Then 1 Lm‘m #* of QCMY‘WWS of T ) = -
lim TN O
N~ i fold s fundone wtod

“Yonk o)rad’\ent"
oo

This follows as a wvollany o fixed puce 1

due o Abert, Mellitk 22 and Carderi ‘22, and
waes  Conjectured N Abért, Gelander, Nikolov 3.



Mod-p homologtj Corollarg
MW 20 G =SlnR,nz3, or SlniRxSLnlR, n=2
wit\n Sqmme{—ric Space X.

irihew Sequence of ‘\DVS‘an-‘f‘ree, lattices m G
swuch tnat T\ ¥ %%i X.

fiesk |
? ?r'um& Miﬁﬁ&r £ ‘fNS‘ W\OA'P v:\:vg\o\oax‘
. W e _
Tren lm = T O.

The case p=2 i pwved M Frgezyk '22 via
different mesnods.



