MATH 6118-090 NON-EUCLIDEAN GEOMETRY Spring 2014

Assignment 3

Oral questions

1. Using Hilbert’s betweenness axioms, it is possible to show the following statement: If A; * Ay x Az and
Aok Azx Ay then A;xAzx Ay and AyxAgxAy. Define the line segment AB as the set {P : AxPxB}U{A, B}.
Using the above cited statement, prove that A * B x C' implies that AB is a subset of AC.

2. Represent points in the plane using their Cartesian coordinates. Explain how Pythagoras’ theorem implies
the distance formula stating that the distance between the points A = (a1,a2) and B = (by,bs) is
|AB| = /(a1 — b1)? + (a2 — bs)2. Use this formula to verify that the midpoint of the line segment AB is
M = (fbr a24b2) - (Don’t forget to check that M is on the line AB.)

3. Use the midpoint formula shown in the previous exercise to prove the existence of the centroid as follows.
Consider the triangle ABCa where A = (a1, a2), B = (b1,b2) and C = (c1, ¢2). Prove that the point
G = (“1+%1+61, “2+b32+c2) belongs to all three medians. Thus not only all three medians intersect in a

common point but we have a formula to express this point in terms of the coordinates of the vertices.
Introducing A; for the midpoint of the line segment BC, prove that the distance |A; G| is the half of the
distance |G A|.

Questions to be answered in writing

1. Consider a triangle ABCa and choose a Cartesian coordinate system that has its origin at the circumcenter
O of ABCx. Using the notation a := Oj, b= O.B>7 c = O?, and inner products, show that the point
H defined by O—ﬁ = a+ b+ ¢ has the following property: the line AH is orthogonal to the line BC' (and,
similarly BH 1 AC and CH L AB). Thus the orthocenter must exist. Using the formulas from the oral
exercises, explain how this formula also implies the theorem about the Euler line (not only its existence,

but also the stated distance proportions!)

2. Provide an example showing that (SSA) does not set up a congruence of triangles. Define a smaller class
of triangles for which (SSA) does imply congruence. (Make a restriction on the angles considered, you do
not need to formally prove your statement.)
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