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FOREWORD

This book is devoted to a specific problem in the general theory of
optimal control—sequential control under conditions of incomplete in-
formation. The main results concern the case in which at each moment
of (continuous or discrete) time only a finite number of controls are
admissible and the results of control action conducted in a Bayesian
framework are represented by realizations of random variables whose
distributions for a given control correspond to one of several alterna-
tive hypotheses.

This situation is related to problems in the sequential distribution
of resources with incomplete information, problems in the sequential
setting of prices in the face of random demand, search problems, etc.
Similar problems are found in the general theory of statistical decisions
and in the theory of planning experiments—under the name of multi-
armed bandit problems—and in the theory of automatic control-—as
problems of dual control.

The book is suitable for specialists in applied mathematics, prob-
ability theory, statistics, mathematical economics and control theory.

Editors of Nauka, Moscow, 1982 edition:
V. L. Arkin, Yu. M. Kabanov.



Preface to the English Edition

The Russian edition of this book was published in 1982, but its ti-
tle does not contain the words “multi-armed bandit” simply because
there were at that time no one-armed bandit machines in our country.
Nevertheless, we use this term in our earlier papers.

With the publication of the English edition of our book (PS), there
exist three books devoted lo sequential allocation of resources which
contain in their titles the term “bandit”. The two others are: D.A.
Berry &)/),. Fristedt (1985), Bandit Problems: Sequential Allocation of
Ezperiments (BF) and J.C. Gittins (1989), Multi-armed Bandit Allo-
cation Indices (Q).

Let us try to explain briefly the fact—at first glance peculiar—that
while all three books have equal right to use the term “bandit”, the
intersection of the contents of (PS) and (G) is almost empty and the
intersection of (PS) and (BF) is rather small, as by the way is the
intersection of (BF) and (G).

According to the introduction to (BF), “A bandit problemin statis-
tical decision theory involves sequential selections from k& > 2 stochas-
tic processes (or ‘arms’, machines, treatments, etc.). Time may be
discrete or continuous and the processes themselves may be discrete
or continuous. The processes are characterized by parameters which
are typically unknown. The process selected for observation at any
time depends on the previous selections and results...” (p. 1).

This quotation sets the general framework for all three books. The
approaches to these problemsin (PS) and (BF) have much in common
in that they both use mainly the Bayesian approach and for the dis-
crete time case consider Bernoulli processes (principally in (BF), and
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xii Preface to the English Edition

almost exclusively, in (PS)). Both books also consider the continuous
time case, but in different ways. Wiener and Lévy processes are con-
sidered, following Chernoff, in one chapter of (BF). In (PS), sequences
of Bernoulli trials in discrete time are replaced by Poisson processes
and a substantial part of this book is devoted to the continuous time
case. Much attention is paid in (BF) to different ways of discounting
and their approach to this subject is more general than that of other
works.

Now let us turn to the main differences between the three books
without detailing the contents of (BF) and (G).

According to (BF), “Most of [their] monograph treats independent
arms” (p. 6). For our purposes here, independent arms can be taken to
mean simply that at any time information is obtained only about the
parameters of the arm in use. Quite the opposite situation is treated
in (PS). Most of the concrete results (e.g. finding optimal strategies)
in the present book deal with dependent arms, when this dependence
is essential. The most typical case of dependent arms is the symmetric
“Feldman case” in which there are two Bernoulli arms with parameters
(6,,6;) equal to either (a,b) or (b,a).

More generally, this book considers the case when the distribution
on the space of parameters is concentrated on a finite number of points,
termed hypotheses, so that the whole situation may be described by
a matrix (Af), where Af is the probability of a success on the j'" arm
when hypothesis 7 is true. One of the main problems investigated is the
problem of the asymptotic behaviour of the (optimal) value function
for different matrices. It is worth mentioning here that in the Feldman
case “losses” (the difference between ideal and achieved results) are
finite. By contrast, in the situation first considered by Bellman (1956),
in which the parameters of one arm are known, losses are infinite. The
notion of loss allows the treatment of the undiscounted infinite horizon
problem which, unlike (BF) and (G), is one of central interest in (PS).
Much attention is also paid to finding explicitly optimal strategies
and value functions and to the asymptotic behaviour of e posterior:
probabilities.

The whole book (G) is in some sense the generalization of indepen-
dent Bernoulli processes to much more general objects—semi-Markov
decision processes. But, as in the main part of (BI'), according to
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the introduction of (G), “problems are characterized by alternative
independent ways in which time or effort may be consumed.” For this
case, by the efforts of Gittins and others, the wonderful result is proved
that for every arm there exists an index depending on its past history,
but not on that of any other project, and at each decision time it is
optimal to allocate effort only to the project with the highest current
index value. The characterization of these indices (Gittins’ indices —
dynamic allocation indices) is also given.

We could conclude our brief overview of the contents of the three
books here if it were not for the following quotation from Professor

Whittle’s foreword to (G).

The multi-armed bandit is a prototype of [ a ] class of problems propounded during
the Second World War and soon recognized as so difficult that it quickly became a
classic, and a byword for intransigence. In fact, John Gittins had solved the problem
by the late sixties, although the fact that he had done so was not generally recognized
until the early eighties. I can illustrate the mode of propagation of this news, when
it began to propagate, by telling of an American friend of mine, a colleague of high
repute, who asked an equally well-known colleague, “What would you say if you
were told that the multi-armed bandit problem had been solved?” The reply was:
somewhat in the Johnsonian form: “Sir, the multi-armed bandit problem is not of
such a nature that it can be solved.” My friend then undertook to convince the
doubter in a quarter of an hour. This is indeed a feature of John’s solution: that,
once explained, it carries conviction even before it is proved.

We find it difficult to completely agree with this citation. The
case of two symmetric arms, solved in the profound paper of Feldman
(1962), is a classical problem of the bandit type—as it was called for
instance in the pioneering paper of Brandt, Johnson & Karlin (1956)—
involving dependent processes. The solution, though simple, is not
in any way trivial. Moreover, the statement seems obvious only at
first glance, when one is not acquainted with results concerning the
best discrimination of hypotheses for this case. The Feldman case is
referred to as the “two-armed bandit” problem in numerous papers,
but it does not belong to the case which Whittle calls the “many-armed
bandit”.

So in accordance with the above remark, but with due regard for
the brilliant results of Gittins and other scientists working in this area,
we would like to suggest that—at least for us—the initial position of
the second well-known American colleague is the more appropriate.
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Indeed, we consider our book, and the whole area, far from complete-
ness, for there are many open problems and new formulations and
applications.

In the English edition of this book we have taken the opportunity
to eliminate some misprints, improve some proofs, and delete some
material we felt inappropriate to the present edition. We retain, of
course, responsibility for any remaining errors.

The reference list has also been marginally revised, but it is still far
from complete. Many references may be found in (G) and especially
in (BF), which contains a very comprehensive annotated bibliography
with more than 200 entries and thorough comments.

Finally, we would like to note that by our reasoning the translation
of our book into English was not an easy task. We take this opportu-
nity to express our appreciation to the translators for their painstaking

work.
Moscow E.L.P.
August 1989 I.M.S.

Translators’ Preface

The English edition of this book has been prepared from the Russian
edition (published by Nauka, Moscow, 1982) in collaboration with the
authors. Some deletions and many corrections, alterations and addi-
tions have been made to the Russian text. In particular, recent work
on the discounted case is described in Chapter 7 and the references
are augmented accordingly. No attempt has been made to translate
the Russian text literally, but on the other hand, no serious attempt
has been made to change or standardize the notation. Nevertheless,
it is hoped that the result will be a monograph useful to graduate
students and researchers in a number of fields. Notionally, the prereq-
uisite to reading this book is basic probability theory (e.g. Shiryaev,
1984), but there is little doubt that familiarity with modern stochastic
process theory (to which references are given in the Appendix) will aid
the reader’s comprehension. However, “the extensive literature show-
ing that the multi-armed bandit and its variants can be used to model
the decision problems in job scheduling, resource allocation, sequential
random sampling, clinical trials, investment in new products, random
search, etc.” (Varaiya et al. 1985) indicates that careful study of this
work might be expected to repay the effort.

By agreement with the authors it has been left to us to provide
a collection of further references—mainly appearing in the literature
since the publication of the Russian edition—which relate to exten-
sions of multi-armed bandit problems, the wider literature on stochas-
tic control with complete and incomplete information, and applica-
tions. Briefly, these may be classified as follows.

Following the seminal work of Gittins & Jones (1974) on multi-
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