Recall:

Predicate Logic: Predicate logic allows us to describe

properties of (or relations between) things.
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Renaming Bound Variables Substitution

Which of the following are logically The notation [t/x] written after any phrase means

equivalent? to take free occurrences of x and replace them by t.
Jy.x<y (x=0V 3x.(x>y)) [3y] =
37 x<7 x=0V IX.(x>Yy)) [3/X] =

’ We must make sure that free variables in t remain

IX X <X free variables (are not captured).

What 's the problem? o Can always avoid this by renaming bound variables.

(x =0V 3Ix.(x>y)) [(x-1)ly] =



Y Elimination

E.g.,
1. VX (x=x) Assump
2. (2+2)=(2+2) Vxe

VX 0 tisf
— 77— (tis free
O[tx] for xin ¢)

"If ¢ is true for all values, then it must be true
for any specific term t."

(Vx e) (Vx i) Example

Derive (v¥x)(p(x) - q(x)), (¥x) p(x) k- (¥x) a(x) :

1 (VX)(p(x) = q(x)) Premise
2. (Vx) p(x) Premise

Y Introduction

Xo E.g.,
1. (X, Assump
_ 2. [%,=0V =(x, = 0) LEM
. 3. WX (X0 V=X, =0)) Vxi
O[Xo/X]
(o is fresh)
VX.0

"If ¢ is true for a term x, about which we
assume nothing, then it must be true for
every term."

4 Elimination

E.g.

1 ..

2. 3>2

3. X (x>2)

[t/x]
Ix. ¢

(tis free
for x in ¢)

"If ¢ is true for a term t, then we know it is true
for some term."



4 Elimination

E.g.,
Xo 1. 3Ix. (x>2) Assump
O[Xy/X] 2. Xy Xp>2 Assump.
) 3. Xo+l > 2+1 ?7?7?
4. Jy. (y>2+1) Ixi
: 5. Jy. (y>2+1)
Ix. X

(Xo is fresh
x and does not appear in y)

"If we know there is an x satisfying ¢, then we
can temporarily let x, be that value and see
what we can prove."

Equality
Introduction Elimination
t=t t, =t, o[t/X]

O[t,/x]

To show: equality is symmetric and transitive

(Ix 1) (Ix e¢) Example

Derive (VX)(p(x) = a(x)), (3x) p(X) F—(3x) q(x):

L (VX) (p(x) = q(x)) Premise
2. (3x) p(x) Premise
VX0 F IX.—d

Hint: RAA twice



Interpretations Interpretations

s Each predicate logic formula can be viewed as making a statement
Is the pl’OpOSItIOﬂ VX, p(X,X) true? (which could be true or false) about a (mathematical) structure. An

interpretation for a set of formulas consists of:
o A domain: that contains all individuals of interest.

o A set of constants from the domain, one for each constant
symbol in the logical language.

o A set of functions mapping n-tuples of domain elements into
domain elements, one for each function symbol in the logical
language.

o A set of predicates mapping n-tuples of domain elements into {T,
F}, one for each predicate symbol in the logical language.

Example: Peano Axioms An Interpretation intrpretations?
VX, —|(S(X) = 0) The domain is the set {0, 1, 2, 3, ...} of natural
numbers
— — There is one constant symbol: O.
vX. Vy. (S(X) - S(y) — X_y) The associated domain value is the number 0.

Th i f ti bol: S.
(O[0/X] A VN.(G[NX]—[S(N)/X]) ) — Wn. o[n/x] The associated function i Successor (i.c., +1).

for every proposition ¢ . _
. . . There is one predicate symbol: =.
where is n is free for x in ¢. The associated mathematical relation is equality.



Theories and Models Elementary Number Theory

A Theory is a set of formulas called theorems o (VX) —(S(x) =0)
derived from a basis set of axioms. (V%) (%) (S0 = S¥)) > (x = y)

Recall: we write T - y to mean that y can be
derived from the set of sentences (axioms) in T (vx) (x +0) =x
I" could be infinite.

o In any specific proof, only a finite subset of the
axioms could actually be used.

o Usually the set of axioms is recursive

o

o

(v%) (vy) (x + S(y)) = S(x+y)

(Vx) (x*0)=0

o

o

(%) (vy) (v2) (<*S(y)) = ((x*y) + X)

o

The function symbols are {S} (1-ary) and {+, *} (2-ary).
A model is an interpretation that makes the The predicate symbol is =.
. Note that there is no induction.
axioms true.

The book uses the word model to mean any interpretation.
This is non-standard.

Non-Uniqueness of Models Linear Order Theory

Note that while some theories, such as (VX) =(x <x)
number theory, may have a standard

intended model, there is no guarantee that
the model is unique. (vX) (vY) (V2) (x<y) A (y < 2)) > (X< 2))

(vX) (vy) (x<y) v (x=Yy) v (y <X)

. - . There are many possible linear orders, with different
Many theories will intentionally have a range numbers of elements

of models rather than a single model.



Dense Linear Order Theory

(V%) =(x < x)

(@)Ey) (x<y)

(vX) (vy) (x<y) v (x=Yy) v (y <X)

(vX) (vy) (v2) (x<y) A (y < 2)) > (X< 2))

(vX) (vV2) (x <2) > @3y) (x<y) A (y < 2))

Monoid Theory

5 (VX)(VY(VZ) (X + (Y +2)) = (X +Y) +2)

= (VX) ((x+0)=Xx)

Semi-Group Theory

= (VX)(VY)(VZ) (X + (Y +2)) = (x +Y) + 2)

Group Theory

= (VX)(VY)(VZ) (X + (Y +2)) = (x +Y) + 2)

= (VX) ((x+0)=x)

= (YX)@3y) (x +y) =0)



Ex: Proving a Theorem in Group Theory I Abelian Group Theory

Show I' |— (vVX)(vY)(¥2) (y +X) = (2 + X)) > (Y = 2))

Vo (V)(VY)(VZ) (x + (y +2)) = ((x +Y) + 2)
Zy
Vo * Xo) = (Zo * Xo) Assumption (Vx) ((x + 0) = x)
(VX)@3y) ((x +y) = 0) Group Axiom
@y) (% +y)=0) vxe5 _
Wy (% *(rJ wp) =0 Assumption (vx)@3y) (x+y) =0)
(Yo + Xg) + Wy = (Zg + Xg) + Wy Equality Rule
Yo + (Xo + Wp) = 2o+ (Xo + Wo ) Group Axiom & Eq. (twice) (YX)(VY) (x +y) = (y + X))
Yo+t0=2,+0 Equality Rule
Yo =2 Group Axiom (twice)
Yo =20 Jye7-11
Mo+ %) =(Zo* %) 2> Y¥o=2 —i4-12
(VZ) (Yot Xg) =(Z+ X)) D V=2 Vvzi3-13
(YY) (V2) (Y + X)) = (Z + X)) > y=2 vyi2-14

(V(YY)(V2) ((y+x) =(z+Xx) > (y=2) Vxil-15

Ring Theory Field Theory
(VX)(vy)(V2) (x + (y +2)) = (x +y) + 2) (VX)(vy)(V2) (x + (y +2)) = ((x + ) + 2)
(v%) (x +0) =) (%) (x + 0) =)
(V¥)@y) (x+y) =0) (VX)@y) (x+y) =0)
(Vx)(vy) ((x +y) = (y + X)) (VX)(vy) ((x +y) = (y + X))
(V) (7Y)(v2) (x* (y * 2)) = (x * y) * 2)) (")(¥Y)(v2) (x* (y * 2)) = (X *y) * 2))
(VX)(vY)(v2) (x* (y + 2)) = (x*y) + (x* 2))) (V)(vY)(v2) (x* (y + 2)) = (x*y) + (x* 2)))

("X)(vy) (x*y) = (y * X))

(v¥) (x* 1) =x)

(vX) (=(x=0) — (@y) (x*y) = 1))
—-(1=0)



