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Linear Discriminant Functions:
Two classes (K = 2)

 Use a linear function of the input vector:
h(x) = wix+w,

A i

weight vector bias = —threshold

 Decision:
X € Cy if h(x) >0, otherwise x € C..
= decision boundary is hyperplane h(x) = 0.

 Properties:
— w is orthogonal to vectors lying within the decision surface.

— W, controls the location of the decision hyperplane.
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Geometric Interpretation

h(X) = WTX + Wo = W1Xq 15 Wy X5 + Wo




Linear Models for Classification

 We want to use a linear function of the feature vector:
h(x) = wix+w,

» How to find w automatically? Use ML!
— Perceptron.
— Logistic Regression.

« What if the data is not linearly separable? Make it!
— Engineer new features (LR) or use kernels (Perceptron).
— Learn new features (Neural Networks).




Linear Discriminant Classification

Xo(1 W, output
function f
Xl Wl - 1 |
W, Y s -@ - |
" awx; 3 5 _T1itw'x =0
3 f(Z):1.L -1 ifz<0 1 -1 otherwise |
T1 ifz30
X3

« Assume classes T = {c,, ¢,} ={1, —1}.

« Training setis (X, Y1), (X5, Vs), ... (X5, Y5)-
bas] I, e
y =sgn(w™) = sgn(wg + Wy X; + ... + W, X,)

\ a linear discriminant function |




Linear Discriminant Classification:
Objective Function

 Learning = finding the “right” parameters w™ = [wy, wy, ..., W, ]

— Find w that minimizes an error function E(w) which measures the
misfit between £(x,) and t,..

 Least Squares error function?

1 ifw'x >0

N
L8 i
W) = V., — 2 5 =1
J(w) ZNn=1 G = ya) Y '1I—1 otherwise
\ Sy

" 4 times # of mistakes




east Squares vs. Perceptron Criterion

« Least Squares => cost Is # of misclassified patterns:
— Piecewise constant function of w with discontinuities.
— Cannot find closed form solution for w that minimizes cost.
— Cannot use gradient methods (gradient zero almost everywhere).

» Perceptron Criterion:

— Set labels to be +1 and — 1. Wantw'x, >0 fory, =1, and w'x, < 0
fory,=—1.

— would like to have w™x.y,, > 0 for all patterns.
— want to minimize —W'X,y, for all missclassified patterns M.

= minimize E,(W) = — Y ey W' XV




Stochastic Gradient Descent

» Perceptron Criterion:

minimize E,(W) = — Yy W' X ¥y

» Update parameters w sequentially after each mistake:
w D =w - ANE, (W', x )

=w® + NXnYn

 |The magnitude of w Is inconsequential |=> can set n = 1.

T+1) _— T "
w(Tth = w® 4 Xy Vive-.._

1 Prove it.




The Perceptron Algorithm: Two Classes

1. initialize parametersw =0

25 TownE" . 8N e

of h,=wTx,

4, ifh,>0andy,=-1 Repeat:

| wewex, " |5 nnumberotepoeiee
6. Ifh,<0andy,=+1

T W=W + X,

What is the impact of the perceptron update on the score
w'x. of the misclassified example x,?




The Perceptron Algorithm: Two Classes

1. initialize parametersw =0
25 TownE" . 8N 3
8. h,=wT'x, Repeat:
- — a) until convergence.
<
“ IThyy, < 0 then b) for a number of epochs E.
S. W =W +YpX;, 2

Loop invariant: w Is a weighted sum of training vectors:

w = z Y, X S Wi Xe= z o, Vo XE X
n

n




The Perceptron Algorithm: Two Classes

sgn(h) = +1 ifh >0,

1. initialize parameters w =0 0ifh=0
2. TORNE"] . 8N S ~1 ifh<0
B. 9, =sgn(w'x,) Repeat:
P — a) until convergence.
y T 9, = Y, tNEN b) for a number of epochs E.
S. W =W+ YyX, 2

Theorem [Rosenblatt, 1962]:
If the training dataset is linearly separable, the perceptron learning
algorithm is guaranteed to find a solution in a finite number of steps.
» see Theorem 1 (Block, Novikoff) in [Freund & Schapire, 1999].




The Perceptron Algorithm: Two Classes

sgn(h) = +1 ifh >0,

Initialize parameters w = 0 0 ifh=0.
forepoche=1 ... E -1 ifh<0
mistakes = 0

forexamplen=1 ... N
Vn= Sgn(WTXn)

If 9, =Yy, then - 1 epoch = one pass over all
training examples.

W =W + YyX,
mistakes = mistakes + 1 _
If mistakes =0
break  Converged!




Linear vs. Non-linear Decision Boundaries
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X =, X7
W = [Wo’W1’W2]T

} => WX = wix; + wyx, + wy

Vv




How to Find Non-linear Decision Boundaries

1) Perceptron with manually engineered features:
— Quadratic features.

2) Kernel methods with non-linear kernels:
— Quadratic kernels, Gaussian kernels.

Deep Learning

3) Self-supervised feature learning (e.g. auto-encoders):
—  Plug learned features in any linear classifier.

4) Neural Networks with one or more hidden layers:
— Automatically learned features.




Non-Linear Classification: XOR Dataset

X = [Xq, X)]




1) Manually Engineered Features: Add x,X,

X = [Xq, X9, X1Xo]




Logistic Regression with Manually
Engineered Features

X = [Xq, X9, X1Xo]




Perceptron with Manually Engineered Features

Project x = [Xy, X5, X;X,] and decision hyperplane back to X = [X;, X,]




Classifiers & Margin

« Which classifier has the smallest generalization error?
— The one that maximizes the margin [Computational Learning Theory]

« margin = the distance between the decision boundary and the
closest sample.




Averaged Perceptron: Two Classes

sgn(z) =+1 ifz> 0,

1. initialize parametersw=0, z=1, w =0 0ifz=0

2. ToRnE"1 .. 8N i —11fz<0
3 ¥, =sgn(w'x,) Repeat:

g, -y, then i
<Y W=W +YX,

6 W=W-+WwW

% z="5k"T 3

8. returnw/t

During testing: ¥ = sgn(w’x)




2) Kernel Methods with Non-Linear Kernels

» Perceptrons, SVMs can be ‘kernelized’:

1. Re-write the algorithm such that during training and testing
feature vectors x, y appear only in dot-products xTy.

2. Replace dot-products x™y with non-linear kernels K(x, y):
« Kisa kernel if and only if 3¢ such that K(x, y) = @(X)T ¢(y)
— ¢ can be in a much higher dimensional space.
» e.¢g. combinations of up to k original features

— @(X)" (y) can be computed efficiently without
enumerating ¢(X) or ¢(y).




The Perceptron Representer Theorem

1. initialize parametersw =0
2.4 TOWRNE"] . BN ]
B. ¥, =sgn(w'x,) Repeat:
£ A — a) until convergence.
. ITYn # Yn then b) for a number of epochs E.
5y W =W + VX, ]

Loop invariant: w Is a weighted sum of training vectors:

W = Z A Y X=> WIX= Z a, VXt x

n=1..N n=1..N




Kernel Perceptron: Two Classes

S z Xy

n=1.N

1. initialize dual parameters «, =0
2. JOIF="1 . 4N 5
3. Vo =5Qn (WTXn) Repeat:
4 if .=y then — a) until convergence.
L=t b) for a number of epochs E.
9t 07 —op ] 1

Inference: 9 = sgn (w'x)

where WTX: Z ajijfX: Z C(]y]K(X],X)




Kernel Perceptron: Two Classes

define h(x) = wix = 2 yiX; X = 2 a;yiK (X}, X)

j=1.N j=1.N
1. initialize dual parameters ¢, =0 K(X,y) = o) T oY)
2. JdBigiF="1 . 29N
J Repeat:
3. Y =15sgn f(x,) —~ a) until convergence.
4. if . =y, then b) for a number of epochs E.
) 97 — o - |1 E

Let S = {j|a; # 0} be the set of support vectors. Then h(x) = Zajyjl( (X;,X)
jES

During testing: = sgn h(x) uY = z yj9(X;)
Jjes

24 |




Kernel Perceptron: Complete Pseudocode

Initialize dual parameters a =0
forepoche=1 ... E
mistakes = 0
forexamplen=1 ... N
9 = sgn h(xy)
If 9, #Yy, then

o, =ao,+1

sgn(h) =+1 ifh >0,
0 ifh=0,
—1 ifh<0

1 epoch = one pass over all
training examples.

mistakes = mistakes + 1

If mistakes =0

break h(x) =wlx = z ajijij = Eajyjl((xj,x)

J J

return a

25 |




Kernel Perceptron: Alternative Formulation

define h(x) = wlix = z Q;

' J
Initialize dual parameters ¢, =0 \

forn=1...N

yn =3gn h(xn)
Ify. =y, then

U g B DO

J
J

o = &, Ty,

XX Zajl((xj,x)

no y; anymore

Repeat:
— a) until convergence.
b) for a number of epochs E.

B

add y, instead of 1

During testing: ¥ = sgn h(x)




The Perceptron vs. Boolean Functions

@)

And

X =, X7
W = [Wo’W1’W2]T

° ° ) O
\\ "
—ﬁ) { ) > —ﬁ) ® >
Or 3 Xor

} => WX = wix; + wyx, + wy




Perceptron with Quadratic Kernel

e Discriminant function:

T
h(x) = z ajngo(xj) p(x) = 2 ajyjK(Xj,x)
j=1.N j=1.N
e Quadratic kernel:

K(X’ y) X (XTy)2 E (X1y1 ar X2y2)2

—> corresponding feature space ¢(x) = ?

conjunctions of two atomic features




Perceptron with Quadratic Kernel

Linear kernel K(X,y)=x"y

: X 85 lo0d
q e CO E
; V2
1 i
), o— i
N ;




Quadratic Kernels

 Circles, hyperbolas, and ellipses as separating surfaces:
K(X,y)=(1+x"y)* = p(x)" o(y)
o(x) =[1, \/EXP \/§X2’ X; \/§X1X2’ X;1'

/\X2
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Quadratic Kernels

K(x,y)=(x"y)" =p(X)" o(y)
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Explicit Features vs. Kernels

 Explicitly enumerating features can be prohibitive:

— 1,000 basic features for x'y => 500,500 quadratic features for (x"y)?
— Much worse for higher order features.

e Solution:

— Do not compute the feature vectors, compute kernels instead (i.e.
compute dot products between implicit feature vectors).

« (xTy)? takes 1001 multiplications.
« o(X)T p(y) in feature space takes 500,500 multiplications.




Kernel Functions

e Definition:
A function k : X x X = R 1s a kernel function if there
exists a feature mapping ¢ : X — R" such that:

k(x,y) = o(x)"ely)

e Theorem:

k: X x X — Risavalid kernel < the Gram matrix K
whose elements are given by k(x,,X.) Is positive
semidefinite for all possible choices of the set {x,}.




Kernel Examples

o Linear kernel: K(x,y) =x"y

e Quadratic kernel: K(x,y) =(c+x'y)*
— contains constant, linear terms and terms of order two (c > 0).

« Polynomial kernel: K(x,y)=(c+Xx"y)"
— contains all terms up to degree M (c > 0).

5 2
« Gaussian kernel: K(x,y) =exp(—|x —y]| @
— Corresponding feature space has infinite dimensionality.
— Prove using Taylor expansion of exponential.

o(x) = e 7*° [1, \/Z_yx V2yx?, ]

also called r or y




Techniques for Constructing Kernels

Given valid kernels kq(x,x”) and ko(x,x"), the following new kernels will also
be valid:

k(x,x") cky(x,x") (6.13)
k(x,x") = [f(x)k(x,x")f(x") (6.14)
k(x,x") = q(ki(x,x")) (6.15)
k(x,x") = exp(ki(x,x)) (6.16)
k(x,x") = ki(x,x")+ ka(x,x’) (6.17)
k(x,x") = ki(x,x")kao(x,x) (6.18)
k(x,x") = ky(o(x),o(x)) (6.19)
E(x,x') = xTAX (6.20)
k(x,x") = ko(xq,%x)) + kp(xp,x3) (6.21)
k(x,x") = kq(xa,x))kp(xp,x3) (6.22)

where ¢ > 0is a constant, f(-) is any function, ¢(-) is a polynomial with nonneg-
ative coefficients, ¢(x) is a function from x to RM k3(-,-) is a valid kernel in
RM Aisa symmetric positive semidefinite matrix, x, and x; are variables (not
necessarily disjoint) with x = (x,, x3), and k, and k; are valid kernel functions

over their respective spaces. 35




Linear Kernel x'y, C = 100

s://www.csie.ntu.edu.tw/~cjlin/libsvm/



https://www.csie.ntu.edu.tw/~cjlin/libsvm/

Quadratic kernel (1 + x'y)?,C = 500

s://www.csie.ntu.edu.tw/~cjlin/libsvm/



https://www.csie.ntu.edu.tw/~cjlin/libsvm/

Gaussian kernel with % — 250, C = 100



https://www.csie.ntu.edu.tw/~cjlin/libsvm/

Kernels over Discrete Structures

« Subsequence Kernels [Lodhi et al., IMLR 2002]:
— X is a finite alphabet (set of symbols).
— X,yeX* are two sequences of symbols with lengths |x| and |y|
— k(x,y) is defined as the number of common substrings of length n.
— k(x,y) can be computed in O(n|x|ly[) time complexity.

e Tree Kernels [Collins and Duffy, NIPS 2001]:
— T, and T, are two trees with N; and N, nodes respectively.
— Kk(T4, T,) is defined as the number of common subtrees.
— k(T,, T,) can be computed in O(N;N,) time complexity.
— In practice, time is linear in the size of the trees.

39 |




Readings

1. [Required] Peter Flach’s ML textbook, chapter 7:
— Section 7.1 on the Least-squares method.

— Section 7.2 on the Perceptron.
— Section 7.5 on Kernels and the Kernel Perceptron.

2. [Optional] Bishop, chapter 6:
— Section 6.1 on dual representations for linear regression models.
— Section 6.2 on techniques for constructing new kernels.







Linear Discriminant Functions:
Multiple Classes (K > 2)

1) Train K or K-1 one-versus-the-rest binary classifiers.
2) Train K(K—-1)/2 one-versus-one binary classifiers.

3) Train K linear functions:
Vi (X) = W, 0(X) + Wy,

 Decision:
X € Cy If y(x) > yj(x), for all j = k.
—> decision boundary between classes C, and C; is hyperplane defined
by yi(X) = yj(X) €. (W, — Wj)T @(X) + (Wko i Wjo) =0
—> same geometrical properties as in binary case.




Linear Discriminant Functions:
Multiple Classes (K > 2)

4) More general ranking approach:

y(x) =arg max w' o(x,t) where T ={c,,C,...,C,}

tel

» |t subsumes the approach with K separate linear functions.

« Useful when T is very large (e.g. exponential in the size
of input x), assuming inference can be done efficiently.




The Perceptron Algorithm: K classes

1. initialize parametersw =0
25" 100l =1 .. ¥ 7
8. Y; = arg max w' o(X;,t) Repeat:
. i — @) until convergence.
4. Ity; # ; then b) for a number of epochs E.
S. W =W + (X, 1) — ¢X.Y;)

During testing:
t =arg max w' f(x,?)
t




Averaged Perceptron: K classes

1. initialize parametersw=0,t=1, W=0

24" TORLET] .. X0 A

8. Y; = arg max w' o(X;,t) Repeat:

i ity ey then | e
S. W =W + (X, t;) — ¢(X.Y;)

0. W=W+W

% T = "1 o

8. return W/r

During testing: t =arg Mex W' o(X,t)
te




The Perceptron Algorithm: K classes

1. initialize parametersw =0
24" TORLET] .. X0 A
8. C;j = arg max w' o(X;,t) Repeat:
, s ~ a) until convergence.
“ Ifc; = t; then b) for a number of epochs E.
5. W =W + o(X;t) — @(X;, C;L

Loop invariant: w Is a weighted sum of training vectors:

w=aa,(flx, 1)- fix, )
> W) =88, (Alx, 1) x) - Ax,6 ) f(x0)




Kernel Perceptron: K classes

1. define f(x, t):é_ay(f(xl, 1) Ax,t) - f(x,¢,) Ax.1))

2. Initialize dual parameters ;=0
Pl o] ¥ — 3
4. c; = arg ntwaTx f(x;,t) Repeat:
| if y. = t. then — a) until convergence.
2 Y b) for a number of epochs E.
6. o7 =07 ! L

During testing:

i = arg max f(x,1)

47‘
e




Kernel Perceptron: K classes

e Discriminant function:

fx=aa,(flx, 1) fix.)- fix,c,) Ax0)

= é’[ay (K(x, t,x,t) - K(x,, grx, 1))

1]

where:
K(X;,t,%1) =o' (X, t)e(X,1)

K(x,y,x,0)=F (x,y,)f(x,1)
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