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Logistic Neuron = Logistic Regression

activation / output
function 1

A

R f -® 3 1+exp(-w'x)

2 1
A (2 g 1+ exp(—2)

* Algebraic interpretation:

— The output of the neuron is a linear combination of inputs from other neurons,
rescaled by the synaptic weights.

« weights w; correspond to the synaptic weights (activating or inhibiting).
* summation corresponds to combination of signals in the soma.

— It 1s often transformed through a monotonic activation function.




Activation Functions

A

: 1
: 088z <0 W
unit ste 7) =
P 1(2) { I 1fz=0
Perceptron
logistic f(z) = : 0 ifz<0
l+e ReLU f(z)={ N
7 1ige="0

Logistic Neuron

Rectified Linear Unit

0 f(z) = ramp(z) = max(0, z)

GELU, SwiGLU, Swish / SiL.U, ...

More activation functions in GLU Variants Improve Transformer, by Noam Shazeer, Google 2020. 3



https://arxiv.org/pdf/2002.05202

Perceptron vs. Logistic Neuron

=

* Logistic neuron = Logistic regression:

— At inference time, same decision function as perceptron, for
binary classification with equal misclassification costs (prove it):

0 otherwise

— Perceptron cannot represent the XOR function:

 Logistic neuron, ReL U, Tanh have the same limitation.

 How can we use (logistic) neurons to achieve better
representational power?




Universal Approximation Theorem
Hornik (1991), Cybenko (1989)

Let o be a nonconstant, bounded, and monotonically-increasing
continuous function;

Let I, denote the m-dimensional unit hypercube [0,1]";

Let C(I,,) denote the space of continuous functions on I,,;

Theorem: Given any function f € C(I,,) and € > 0, there exist an
integer N and real constants a,, b, € R, w; e R™, wherei=1, ..., N,
such that:

IF(x)- f(x)|<e, VxEI,
where

N
F(x)= Eaia(wiTX +b.)
i=1



http://deeplearning.cs.cmu.edu/pdfs/Cybenko.pdf

Universal Approximation Theorem
Hornik (1991), Cybenko (1989)

F(x)

N
F(x)= Eaia(wiTX +b,)
i=1

IF(x)- f(x)|<¢, VXEI,

m=3,N=3
€O [xla x29 X3]
W; = [W;1, Wi, Wis]



http://deeplearning.cs.cmu.edu/pdfs/Cybenko.pdf

Polynomials as Stmple NN
[Lin & Tegmark, 2016]
Continuous multiplication gate: Binary multiplication gate:
)\-2

=50

FIG. 2: Multiplication can be efficiently implemented by sim-
ple neural nets, becoming arbitrarily accurate as A — 0 (left)
and 8 — oo (right). Squares apply the function o, circles
perform summation, and lines multiply by the constants la-
beling them. The “1” input implements the bias term. The
left gate requires o”'(0) # 0, which can always be arranged by
biasing the input to o. The right gate requires the sigmoidal
behavior o(z) — 0 and o(z) —+ 1 as * — —oo and =z — 00, 7




Neural Network Model

\
e Put together many neurons in layers, such that the output of a neuron |
on layer / can be the input of another neuron on layer / + 1: |

hy(X) i

Layer L,

Layer L, Layer L,

input layer |




Feed-Forward Neural Networks

. For each neuron in hidden layer 1, we need 10 + 1 = 11 params. For the 10 neurons

. For the 5 neurons on hidden layer 2, we need 5 * 11 = 55 params.
. For the output neurons, we need 5 + 1 = 6 parames.

input layer

hidden layer 1 hidden layer 2
10 10 5 1

on hidden layer 1, we need in total 10 * 11 = 110 params.

9
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The Importance of Representation

http://www.deeplearningbook.org

Cartesian coordinates Polar coordinates




From Cartesian to Polar Coordinates

 Manually engineered:

r= 2+

gF="tangk H (first quadrant)

e Learned from data: %
Ong IC neuron

U
/
U

@
(O] :Cj—» p(bluelx,y)
)

R
-
-
-

fixed to 1

Jl

Fully connected layers: linear transformation W + element-wise nonlinearity f => f(WX)
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Representation Learning: Images

https://www.datarobot.com/blog/a-primer-on-deep-learning/
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Representation Learning: Images

https://www.datarobot.com/blog/a-primer-on-deep-learning/
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A Rapidly Evolving Field

=

Training deep networks used to require greedy layer-wise pretraining:

— Unsupervised learning of representations with auto-encoders (2012).

Better random weight initialization schemes now allow training deep
networks from scratch.

Batch normalization allows for training even deeper models (2014).

— Replaced in Transformer by the simpler Layer Normalization (2016).
Residual learning allows training arbitrarily deep networks (2015).

Attention-based Transformers replace RNNs and CNNs in NLP (2018):

— BERT: Pre-training of Deep Bidirectional Transformers for Language Understanding (2019).
— RL with verifiable rewards lead to huge leaps in coding and math performance:

* Gemini Deep Think obtains gold medal in IMO (2025).

* Claude 4.5 Opus, Gemini 3 Pro, GPT-5.2 performance in software engineering tasks.

| 4
e



https://karpathy.bearblog.dev/verifiability/
https://www.swebench.com/

Neural Network Model

(=

* Put together many neurons 1n layers, such that the output
of a neuron can be the input of another:

Layer L, Layer L,

input layer




input features x
A

bias units

Layer L, Layer L,

o n;=3 is the number of layers.
= L, is the input layer, L; is the output layer
o (W, b)= (WD, bh), W@ b?) are the parameters:

= W0, is the weight of the connection between unit j in layer / and
unit 7 in layer / + 1.

= b, is the bias associated unit unit i in layer [ + 1.
o a; is the activation of unit i in layer /, e.g. all); = x; and a®; = hy;(x).

16
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Inference: Forward Propagation

The activations in the hidden layer are:
a? = f(WY 21 + Wz + Wiy + b1))
‘2) = f(WyPzy + Wiz + Wiy s + b))

a.&” = f(Wap ey + Wy oo + Wag)ws + )

The activations in the output layer are:
hwp(x) = a1 = (Wff)a?) + ‘fV(Q)agQ) + W'(nf)a(f) -+ bm‘

Compressed notation:

al) = f (zfl)) where 2 = i1 "‘/.ig'l)xj + oM




Forward Propagation

« Forward propagation (unrolled):
al? = fWP 2+ Wz + W2y + 61V
“’) = f(Warzy + Wiz + W,,‘Pa:,, + b5
(") — fWP 2 + W2y + W2y + b))
hvo(z) = a = FIVPa® 4 WDe® 1 W@a® 4 p?)

* Forward propagation (compressed):

2@ =Wz 4 pM) : g
* Element-wise application:
a® — f(2®)

3 _ W @a@ 4 @ Az) =[(2)), (2,), (z5)]

hwas(z) = a® = f (3(3))

18




Forward Propagation

» Forward propagation (compressed):
2D =Wz 4 pV
a? = f(2?)
L3 _ @40 4 p®@
hws(z) = a® = f(29)
* Composed of two forward propagation steps:

1) — 70 40 + pb)
a(H-l) _ f(z(H-l))




Forward Propagation for FCNs: Regression

1. Input activations are[ al) = x]

g Horcachlage®l= 1,2, 1., n; =4 compute

7D — WD O £ pD  masrix multiply and add

a(”l) = f(z (l"'l)) apply element-wise non-linear function f

3. For last layer n; + 1 compute regression output [a("l“)]

zutD) — () () 4 )

autD) = Zutl) oumut (regression)




Backpropagation for FCNs for Regression:
1 example

» Feedforward to compute activations alV= f(z(l)) at layers [

1. For output layer, compute:
(10 1) R -+ 1)
o (At true label

2. B n; n=2 3, ".., 2«£0mpute:

NO ((W<z>)T5<z+1>) ¢ f'(20)

3. Compute the partial derivatives of the cost J(W,b,x,y)

T
Vyw) = 84D (a®) V,wf = 64+




Backpropagation for FCNs for Regression:
m examples

» Feedforward to compute activations a(V= f(z(l)) at layers /

1. For output layer, compute:
(n+1) — (q(n+1) _
0 (a ------- true label vector

2. B n; n=2 3, ".., 2«£0mpute:

NO ((W<z>)T5<z+1>) ¢ f'(20)

3. Compute the partial derivatives of the cost J(W,b,x,y)

i
Vol =90 (Hl)(a(l)) /m Voo =0 (l+1.2:01_avg()




Multinomial Softmax

Consider layer n; to be the input to the softmax layer 1.e.
softmax output layer 1s n;+1.

Softmax weights stored in matrix W ),

K classes => W) =|_wI —




Multinomial Softmax

X

Softmax output is a™ = softmax(z(™+D)
a(nl)

Softmax logits
Softmax input / &

Softmax weights W (")

N
\ . Cross-entropy
\




Forward Propagation for FCNs: Classification

1. Input activations are[ al) = x]

g Horcachlage®l= 1,2, 1., n; =4 compute

7D — WD O £ pD  masrix multiply and add

a(”l) = f(z (l+1)) apply element-wise non-linear function f

3. For last layer n; + 1 compute probability output[a(”l“)]

zutD) — () () 4 )

(G = softmax(z (nl+1)) softmax output (classification)




Backpropagation Algorithm: Softmax (1)

. Feedforward pass on x to compute activations al¥) for layers
I'=sl, 20..., 0

. Compute softmax outputs a™*+D and objective J (@D, y).

. Lety = [6:(¥), 65(y), ..., 6k (¥)]T be the one-hot vector
representation for label y.

. Compute gradient with respect to softmax weights:

d]
ow ()

= (a(nl'l'l) el © y)a(nl)T




Backpropagation Algorithm: Softmax (2)

=

5. Compute gradient with respect to softmax inputs:

(T A (Wmo)T(a(nm) —y) o f'(zW)

\

I
aJ
da(m)

6. For I'sn—lg—2, n=8" ..., 2 computes

5O = ((Wa))T 5<l+1>) . £1(z")

7. Compute the partial derivatives of the cost J(W, b, x, y)
T
Vel =08 ila ) N VIl S

w®

27
R ———— e




Backpropagation Algorithm: Softmax for
1 Example

——

» Feedforward to compute activations alV= f(z(l)) at all layers

1. For softmax layer, compute:
RN (6| R

S one-hot label vector

2. Forl=n, n=1, %2, ..., 2 compute:
5O = ((W(l>)T 6(’”)) . £(z")
3. Compute the partial derivatives of the cost J(W,b,x,y)

i O R e T 5

w®




Backpropagation Algorithm: Softmax for
Dataset of m Examples

=

» Feedforward to compute activations alV= f(z(l)) at all layers

1. For softmax layer, compute:
QL) e R+ 1)
0 (A ). ground-truth label matrix

2. Folt="n; n=l%g—2,...,'2 compuie:

59 = ((Wm)T 5(l+1>) e f'(z)

3. Compute the partial derivatives of the cost J(W,b, x,y)

w®

Vs =3 () fm

mef = 5(l+l).col_avg()

+a W0

if using L, regularization

29



Backpropagation Algorithm: Softmax for
Dataset of m Examples

* Feedforward to compute activations aD= f(z(l)) at all layers
1. For softmax layer, compute:

K X M, where K is the # of classes
2. Forlg=n;, n=1%4—2,:...,'2 comipuie:

S1 X M, where s, is the # neurons on layer /

3. Compute the partial derivatives of the cost J(W,b,x,y)

avg()

np.mean(axis=1)

V4W(”J = O (a(l))T/m Bb<z>] =30""col_

Si+1Xm S;xm
+ a WO

S1+1 X S}, where s, is the # neurons on layer /

Si+1 X 1, where s,,, is the # neurons on layer +1 30




Softmax Regression Cost:
From 1 to m examples

Ground truth vector y is a one-hot vector where:
=y, = 1 if the true class label y is &, otherwise y;, = 0.

The negative log-likelihood (NLL) part of the cost is:
g ](W, b, X, y) =4 lnp(ylwr b: x) = ZII§=1 5k(y)lnp(ck|x)

Using our NN notation, y, = &, (y) and a,((nlﬂ) = p(€alx)

= Therefore, we can write the NLL part of the cost as a dot-product between
the one-hot ground truth vector y and the log of a(utl)

" J(W,b,x,y) =J(at*V,y) = —y" Ina™*V) = —sum(y o In a™* D)

When vectorized for m examples + regularization, when y is the ground-truth
matrix and a 1s the matrix of softmax probabilities of all m examples:

= J(W,b) = J(a®™*V,y) = ——sum(y o Ina®™*D) + Z||w||2




Multiple Hidden Units, Multiple Outputs

=

* Write down the forward propagation steps for:




Start Supplemental Material

Derivation of Backpropagation




Backpropagation for FCNs for Regression:
1 example

» Feedforward to compute activations alV= f(z(l)) at layers [

1. For softmax layer, compute:

(+1) 5 +1) &
o (At true label
2. Eowt= n; n=l 2., 2«ompute:

NO ((W<z>)T5<z+1>) ¢ f'(20)

3. Compute the partial derivatives of the cost J(W,b,x,y)

T
Vyw) = 84D (a®) V,wf = 64+




Learning: Regression vs. Classification

=

* Regression => [oss = squared error:

J(W.b,x,y)= %th,b(x)—ynz +%||W||2

e Classification => Joss = negative log-likelihood:
A
JW,b,x,y) = —Inp(y|W, b, x) +§||W||2

* Need to compute the gradient of the loss with respect to
parameters W, b:

oF TR oJ

i
oW, ab"

l

=7

35
R ———— e




Learning: Backpropagation for Regresion

=

* Regularized sum of squares error:
Squared Frobenius norm of W

J(W,b,x,y)= ||hW J(x) = y” 0

nl ~I; Si+1 5]
J(W, b)——EJ(W bx™,y* )+ = EEE(W”))
e (Gradient:
oJ(W,b) 1
)

avvij m-z
OJW,b) 1 <xxdJ(W,b,x" y")

ob;"” mE ab"




Backpropagation for Regression

e Need to compute the gradient of the squared error with
respect to a single training example (x, y):

IO,b5.3)= 2 s 03[ = 3o -

o) W5 oJ

0 s
IW; ob"




Univariate Chain Rule for Differentiation

* Univariate Chain Rule:
J s fogoh= f(g(h(x)))

of df dg oh
0x dg dh 0x

 Example:

f(g(x))=2g(x)" —=3g(x)+1
g(x)= X0 +2x




Multivariate Chain Rule for Differentiation

=

e Multivariate Chain Rule:

f = f(gl(x),gz(x),...,gn(x))

E of 98
ax 70g;, 0x

 Example:

f(gl(x),gz (x)) = 281 (x)z = 3gl(x)gz (x)+1
g, (x)=3x
g, (x)=x"+2x




Backpropagation: W( )

 Jdepends on W,-j(l) only through a*1, which depends on Wl-j(l)
only through z,/*D).

(l+l) f(Z(l+1))

Li oy P
J(W,b,x,y) = EHG —}’H (1+1) EW(Z)a(l) + b(l)




Backpropagation: bl.(l ,
& o
Q pO_ /‘<
0 NG Va\

* Jdepends on b; D only through a (*)
gh a!""), which d [0
through z.*D. ch depends on b; " only

g f( 204)

18 ¢
J(W,b,x,y)=§Ha( )—yH2 (1+1) EW(Z)au) +b(1)




Backpropagation: W,-;l)and o

o0J oJ O Zi(m)

= St AP = gP§HD
aWing) aai(m) azi(zn) GWZ.;” i 9
\ T )
! v
[+1 (1) z
S 7, How to compute 8
for all layers [ ?
(I+1) (I+1)
oJ . oJ g da, £ 0z, _ 5D
(1) (I+1) (1+1) O
ob;”  da, 7] db

\ Ju |
! Y

5i(l+1) _|_1




Backpropagation: (5,-(1)

()
SO = 9J xaai % £'(z")
e D) B0 %
da;’ 0z
?

« Jdepends on a” only through a,¢*V, @,V ...

A
y




Backpropagation: 5(1)

()

« Jdepends on a; "’ only through a,*), a,(*D .

(9] 141 aJ aJ 3 aa§l+l) 3 aZ§l+1)
aai(l) ._1 aa(.l+1) - aa(.l+1) aZ(-l+1) aa.(l)
- il r (i LA -
Y Y
(1+1) (1)
W s

o " Thencfore 51.” ) can be computed as:

G
61'

> (l) Xf(Z(l)) » E“/j(il)éj('lm Xf'(Zl-(l))




Backpropagation: 5,-(1)

(=

« Start computing o’s for the output layer:

5(”1) il oJ Gai(n’) 8] 1o (ny)
j _E) ) xa () =(9 & X8 (2.55)
d; <i d;

1) J n
1= e —of > (=)

(Si(nl) e (ai(n,) § yl) 5 f’(Zi(nz))




Backpropagation Algorithm

Feedforward pass on x to compute activations a."’

i

For each output unit i compute:

6" = (™ -y,)x £z

Bor,/'= ni—1, n—=2, n/—3, ...; 2 compute:

Si41
(1) () (I+1) re ()
5 =(EW,-,- J )Xf(z,-)
j=1

Compute the partial derivatives of the cost J(W,b, x,y)

0J g0 an P
aVVU( ) abi( )

46
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Backpropagation Algorithm: Vectorization for
1 Example

1. Feedforward pass on x to compute activations a'"”

i

2. For last layer compute:

5(11;) fuy (a(nl) & }7) ° f’(Z(nl))

3. HOBI™= =l 2n=3, .. &2 Comppic:
50 = ((W(l))T 5(l+1)) .f’(Z(l))
4. Compute the partial derivatives of the cost J(W,b, x, y)

w®

N od =0 e SR, 756"

X0




Backpropagation Algorithm: Vectorization for
Dataset of m Examples

1. Feedforward pass on X to compute activations @

2. For last layer compute:

5(11;) fuy (a(nl) & }7) ° f’(Z(nl))

3. HOBI™= =l 2n=3, .. &2 Comppic:
50 = ((W(l))T 5(l+1)) .f’(Z(l))
4. Compute the partial derivatives of the cost J(W,b, x, y)

R 5(l+1)(a(l))T - mej P (5(l+1).col_avg()

w®




End Supplemental Material

Derivation of Backpropagation




Important Architectural Techniques for NN,
¢.g., Transformer

« Activation functions.
— ReLU, SiLU, Swish, GELU, GLU, SwiGLU.
« Normalization of logits / activations:
— Batch normalization.
— Layer normalization.
e Residual connections.
— Deep residual networks.
* Deep architectures.

— Compact representation of highly-varying functions.




Piecewise Linear Activation Functions

« ReLU: the rectifier activation g(z) = max{0, z}.
e Absolute value ReLU: g(z) = |z|.

* Leaky ReLU: g(a) = max {0, a}+ o min(0, a).

 Maxout: g(a, ..., a;) = max{a, ..., a;}.

— needs k weight vectors instead of 1.

—> the network computes a piecewise linear function.




ReLU vs. Sigmoid and Tanh

Sigmoid and Tanh saturate for values not close to 0:

— “kill” gradients, bad behavior for gradient-based learning.

RelLU does not saturate for values > O:

— greatly accelerates learning, fast implementation.

— fragile during training and can “die”, due to 0 gradient:

« 1nitialize all »’s to a small, positive value, e.g. 0.1.

10 |
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ReLU vs. Softplus

» Softplus g(z) = In(1+e?) 1s a smooth version of the rectifier.
— Saturates less than ReLU, yet ReLU still does better [Glorot, 2011].

Nonlinearities
| [ 1 1 1 1

—  Softplus
4 - — Redtifier




RelLU and Generalizations

« Leaky ReLU attempts to fix the “dying” ReLU problem.

« Maxout subsumes (leaky) ReLU, but needs more params.

A
Region 1 y

Region 2

Region 1 Region 2

RelLU

LRelLU and PRelU Maxout (k=4)




Maxout Networks

[Goodfellow et al., ICML’13]

 Maxout units can learn the activation function.

Rectifier Absolute value Quadratic

Figure 1. Graphical depiction of how the maxout activa-
tion function can implement the rectified linear, absolute
value rectifier, and approximate the quadratic activation
function. This diagram is 2D and only shows how max-
out behaves with a 1D input, but in multiple dimensions a

maxout unit can approximate arbitrary convex functions.
55




More Activation Functions

ReLU: the rectifier activation g(z) = max{0, z}.
Absolute value ReLU: g(z) = |z|.
Leaky ReLU: g(a) = max{0, a}+ a min(0, a).

= the network computes a piecewise linear function.

SiLU

SwiGLU

f(x)

GELU /4

eLU —

f

Sigmoid

Sigmoid Linear Unit: SiLU(x) = xo(x) i =2

Swish: Swishg(x) = xo(Bx)

Gaussian Error Linear Units: GELU(x) = xP(z < x), where z~N(0,1)

_ 0.5z(1 + tanh[\/2/7 (z + 0.044715z3)]) =~ x0(1.702x)
« Widely used in Transformer models.
Gated Linear Unit: GLU(x) = (xXV + v) ® a(xW + b)

Swish-gated Linear Unit: SwiGLU(x) = (xV + v) ® Swishg(xW + b)

— Frequently used, e.g. Llama 3, Qwen 3, ...




More Activation Functions

GLU Variants Improve Transformer, by Noam Shazeer, 2020

SiLU

SwiGLU

f Sx)

2+

ﬁ

HeLU

Sigmoid
i ,

» X

2



https://arxiv.org/pdf/2002.05202
https://arxiv.org/pdf/2002.05202
https://arxiv.org/pdf/2002.05202

Important Architectural Techniques for NN,
¢.g., Transformer

Activation functions.

— RelU, SiLU, Swish, , GLU,

Normalization of logits / activations:
— Batch normalization.

— Layer normalization.

Residual connections.
— Deep
Deep architectures.

— representation of functions.

58

T



Batch Normalization:
Reducing Internal Covariate Shift

[loffe & Szegedy, ICML’15]

* Internal Covariate Shift:
— The distribution of each layer’s inputs changes during training:
 because the parameters of the previous layers change.
— This slows down the training;:
 requires lower learning rates and careful param initialization.

 notoriously hard to train models with saturating nonlinearities.

* Batch Normalization:
— Normalize the input for each layer, for each training minibatch:
* Allows for much higher learning rates, init. less important.

 Acts as a regularizer, eliminating the need for Dropout.



http://proceedings.mlr.press/v37/ioffe15.pdf

Batch Normalization
[loffe & Szegedy, ICML’ 15]]

(s

1. Normalize each logit x using minibatch x and o.
k k
w _ 2® —E®)]
v/ Var[z(F)]

2. Train parameters that scale (y) and shift (f) the
normalized value:

y®) = (B)3R) 4 (k)

—  Thus allow the overall transformation to represent the identity
transform.



http://proceedings.mlr.press/v37/ioffe15.pdf

Batch Normalization: Inference (@ Training
[loffe & Szegedy, ICML’15]

Input: Values of x over a mini-batch: B = {z1. ., };
Parameters to be learned: v, 3
Output: {y, = BN, s(z;)}
— ! f: X // mini-batch mean
B m g 7
0 L f:(x — 1g)? // mini-batch variance
B m s 7 B
ZT; Ti BB // normalize
\/0223 + €
Y; < 7T; + 8 = BN, g(z;) // scale and shift

Algorithm 1: Batch Normalizing Transform, applied to
activation x over a mini-batch. 61



http://proceedings.mlr.press/v37/ioffe15.pdf

Batch Normalization: Computation Graph
[Toffe & Szegedy, ICML’15]

NN without BN NN with BN

Output

Hidden
Layer

Input



http://proceedings.mlr.press/v37/ioffe15.pdf

Batch Normalization: Gradients (@ Training
[Toffe & Szegedy, ICML’15]

Apply the chain rule to compute gradient of loss [ w.r.t. new parameters
yand p via gradients of loss [ w.r.t. the new logit value y.

oL __ 0L
9z  oyi |

oy = S - i ) S of )7

oL __ Zm ot -1
o¢ _ ot 1 ot 2zi—ps) , o0 1
ox; ozx; /02B+€ 8UB m 3/,1,3 m

o0 _ M 90 |

oL __
oB — Zz_l a'yz
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Batch Normalization: Inference @ Test

[loffe & Szegedy, ICML’15]

At test time, use the trained y and B to scale the logits scores, but instead of

minibatch mean and variance use the population statistics:

* Moving averages for the mean E[x], over all training minibatches.

* Unbiased estimate for the variance Var[x], over all training minibatches.

(Duchi et al., 2011). The normalization of activations that
depends on the mini-batch allows efficient training, but is
neither necessary nor desirable during inference; we want
the output to depend only on the input, deterministically.
For this, once the network has been trained, we use the
normalization

x — E[z]

\/ Var[z] + €

using the population, rather than mini-batch, statistics. Ne-
glecting €, these normalized activations have the same
mean 0 and variance 1 as during training. We use the unbi-
ased variance estimate Var[z] = 2+ - Eg[o3], where the
expectation is over training mini-batches of size m and 0%
are their sample variances. Using moving averages instead.

we can track the accuracy of a model as it trains.

T =

8: fork=1... K do
9:  //For clarity, z = %),y = v(#), up = ug“)
10:

, etc.

size m, and average over them:
E[z] < Eg[us]
Var[z] < —Z-Eg[oZ]

Process multiple training mini-batches B, each of

11:  In N2, replace the transform y = BN, g(x) with
=4 . _ _7YEfz]
Y v/ Var[z]+e€ Tt (B \/Var[m]—}—e)
12: end for

o4
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Batch Normalization:

Remove Dropout, Reduce L2 weight regularization,
Allow higher learning rates, Accelerates learning rate decay

[Toffe & Szegedy, ICML’15]

» —xK means K times original learning rate.

0.8

— = =Inception
----- BN-Baseline
------- BN-x5
BN-x30
-+ BN-x5-Sigmoid
¢ Steps to match Inception

20M 25M 30M 65
T
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Layer Normalization
[Ba, Kiros & Hinton, 2016]

=

* Batch Normalization:
— The effect is dependent on the mini-batch size.

— Not obvious how to apply it to recurrent neural networks.

* Layer Normalization: Fix the mean and the variance of the
summed inputs within each layer:
— Compute the mean and variance used for normalization from all of the
summed inputs to the neurons in a layer on a single training example.

— [Like BN] Give each neuron its own adaptive bias and gain which are
applied after the normalization but before the non-linearity.

— [Unlike BN] Layer normalization performs exactly the same
computation at training and test times.




Layer Normalization

[Ba, Kiros & Hinton, 2016]

Compute layer normalization statistics over all hidden
units in the same layer:

1 l |1 - Y
W= 0 0—\52(%—#)

1=1

Learn an adaptive bias b and gain g for each neuron after
the normalization:

hi = f(i—i (a; — ps) + by)

BN better than LN for CNNs, LN works well for RNNSs.




Important Architectural Techniques for NN,
¢.g., Transformer

Activation functions.

— ReLU, SiLU, Swish, GELU, GLU, SwiGLU.

Normalization of logits / activations:

— Batch normalization.

— Layer normalization.

Residual connections.

— Deep residual networks.

Deep architectures.

— Compact representation of highly-varying functions.




Training/Testing Error Increases with Very
Large Depth

[He at al, CVPR 2016]
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Figure 1. Training error (left) and test error (right) on CIFAR-10
with 20-layer and 56-layer “plain” networks. The deeper network
has higher training error, and thus test error. Similar phenomena
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Residual Connections
[He at al, CVPR 2016]

(s

e Make it easier for the network to learn 1dentity mappings.

* Shortcut connections:
— Make identity mappings trivial (all weights 0).
— Addition operation distributes the gradient.

X
weight layer
]—"(x) l relu <
weight layer identity

Figure 2. Residual learning: a building block.
70
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Residual Connections: Microsoft ResNet
[He at al, CVPR 2016]] |

e The winner in ImageNet 2015:
— Ultra-deep: from 34 to 152 layers.
— Batch normalization after each convolution, before activation. |
— First layer 1s (7x7 conv, 64 kernels, S=2), and (3x3 pool, S=2).
— A shortcut connection is added for every block of:
* Two (3x3,64;relu) layers (34 deep).
e Three (1x1,64;relu, 3x3,64;relu, 1x1,256;relu) layers (152 deep).

256-d

y

, 64

I relu

| 3x3, 64 |
l relu

| 1x1, 256

Y
| 1x1
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[ ™7comw,64,/2 |

Microsoft ResNet

SGD with minibatch of 256, momentum of 0.9, decay of 0.0001.
Learning rate = 0.1 divided by 10 when error plateaus, 6x10° epochs.
Depth vs. error rate on validation:

— 34 depth: top5 = 7.4%, topl = 24.2%.

— 152 depth: top5 = 5.7%, topl = 21.4%

[He at al, CVPR 2016]
§~‘h gl [alfls| [altlel [2llie] o g (alllal alFlS| (xlile] |2
ar RIS RE R R LR R
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http://image-net.org/challenges/talks/ilsvrc2015_deep residual learning kaiminghe.pdf

Microsoft

Research

Revolution of Depth 282
‘ 152 Iayers} '

\ 16.4

\ 11.7
[ 22 layers H 19 Iayers ’

\67

357

8 Iayers 8 layers ’

- - - -
.

ILSVRC'15  ILSVRC'14  ILSVRC'14  ILSVRC'13  ILSVRC'12  ILSVRC'11  ILSVRC'10
ResNet GoogleNet VGG AlexNet

ImageNet Classification top-5 error (%)

Kaiming He, Xiangyu Zhang, Shaoging Ren, & Jian Sun. “Deep Residual Learning for Image Recognition”. arXiv 2015.
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Important Architectural Techniques for NN,
¢.g., Transformer

Activation functions.

— ReLU, SiLU, Swish, GELU, GLU, SwiGLU.

Normalization of logits / activations:
— Batch normalization.

— Layer normalization.

Residual connections.

— Deep residual networks.

Deep architectures.

— Compact representation of highly-varying functions.




Shallow vs. Deep Networks

=

* A 1-hidden layer network 1s a fairly shallow network.
— Effective for MNIST, but limited by simplicity of features.

* A deep network 1s a k-layer network, k> 1.
— Computes more complex features of the input, as k gets larger.

— Each hidden layer computes a non-linear transformation of the
previous layer.

Conjecture

A deep network has significantly greater representational
power than a shallow one.




Number of Linear Regions of Shallow vs.
Deep NetWOI'kS [Montufar et a., NIPS’14]

Conjecture

A deep network has significantly greater representational
power than a shallow one.

Figure 1: Binary classification using a shallow model with 20 hidden units (solid line) and a deep model
with two layers of 10 units each (dashed line). The right panel shows a close-up of the left panel. Filled
markers indicate errors made by the shallow model.




Deep vs. Shallow Architectures

A function 1s highly varying when a piecewise (linear)
approximation would require a large number of pieces.

Depth of an architecture refers to the number of levels of
composition of non-linear operations in the function
computed by the architecture.

Conjecture: Deep architectures can compactly represent
highly-varying functions:

— The expression of a function is compact when it has few
computational elements.

— Same highly-varying functions would require very large shallow
networks.




Graphs of Computations

=

* A function can be expressed by the composition of
computational elements from a given set:
— logic operators.
— logistic operators.
— multiplication and additions.

e The function 1s defined by a graph of computations:
— A directed acyclic graph, with one node per computational element.

— Depth of architecture = depth of the graph = longest path from an
input node to an output node.




Functions as Graphs of Computations
[Bengio, FTML’09]

element
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S1
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Polynomials as Graphs of Computations
[Bengio, FTML’09]
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Sum-Product Networks (SPNs)

[Poon & Domingos, UAI’11]

* Rooted, weighted DAG.

e Nodes:

Sum, Product, (Input) Indicators.

* Weights on edges from sums to children.

S
X:X;=1,X,=0 @ !

0.42

|
0
0
|




ML Models as Graphs of Computations

[Bengio, FTML’09]

If we include affine operations and their possible composition with sigmoids in the set of computa-
tional elements.|linear regression and logistic regression/have depth 1. 1.e.. have a single level.

When we put a fixed kernel computation K (u, v) in the set of allowed operations, along with affine
operations,|kernel machines|(Scholkopf, Burges, & Smola, 1999a) with a fixed kernel can be consid-
ered to have two levels. The first level has one element computing K (X, x; ) for each prototype x; (a
selected representative training example) and matches the input vector x with the prototypes x;. The
second level performs an affine combination b+ ) . a; K (x, X;) to associate the matching prototypes
x; with the expected response.

When we put artificial neurons (affine transformation followed by a non-linearity) in our set of el-
ements, we obtain ordinary multi-layer neural networks |[(Rumelhart et al., 1986b). With the most
common choice of one hidden layer, they also have depth two (the hidden layer and the output layer).

Boosting |[(Freund & Schapire, 1996) usually adds one level to its base learners: that level computes a
vote or linear combination of the outputs of the base learners.

Stacking|(Wolpert, 1992) is another meta-learning algorithm that adds one level.

Based on current knowledge of brain anatomy (Serre et al., 2007), it appears that|the cortex|can be
seen as a deep architecture, with 5 to 10 levels just for the visual system.
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Deep vs. Shallow Architectures

Deep architectures were shown to be more compact for:
— Boolean circuits [Hastad, 1986].
— Monotone weighted threshold circuits [Hastad and Goldman, 1993].

Same holds for networks with continuous-valued activations
[Maass, 1992].

Many modern neural networks use rectified linear units:
1. ReLU networks are universal approximators [Leshno et al., 1993].

2. Are deep ReLU networks more compact than shallow ones?
 YES! [Montufar et al., NIPS’14]




Number of Linear Regions of Shallow vs.
Deep NetWOI'kS [Montufar et al., NIPS’14]

Theorem

A deep network has significantly greater representational
power than a shallow one.

Figure 1: Binary classification using a shallow model with 20 hidden units (solid line) and a deep model
with two layers of 10 units each (dashed line). The right panel shows a close-up of the left panel. Filled
markers indicate errors made by the shallow model.




Deep vs. Shallow Rectifier Networks

[Montufar et al., NIPS’14]

=

* A linear region of a piecewise linear function F: R4 —> Rm™
is a maximal connected subset of the input-space RY, on
which F'is linear.

— The number of linear regions carved out by a deep rectifier
network with d inputs, depth /, and » units per hidden layer, i1s:

\ d(l-1)
O ( ( n,) nd)
d

— In the case of maxout networks with k filters per unit, the number
of linear regions is:

O (k(l—1)+d)




Space Foldings

» Each hidden layer of a deep neural network can be
associated with a folding operator.

1. Fold along the 2. Fold along the

vertical axis horizontal axis
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Space foldings

« Each hidden layer of a deep neural network can be
associated with a folding operator.

Input Space
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Space Foldings

[Montufar et al., NIPS’14]

Each hidden layer of a deep neural network can be associated
with a folding operator:
— Each hidden layer folds the space of activations of the previous layer.

— In turn, a deep neural network effectively folds its input-space
recursively, starting with the first layer.

Any function computed on the final folded space will apply to
all the collapsed subsets 1dentified by the map corresponding
to the succession of foldings.

In a deep model, any partitioning of the last layer’s image-
space 1s replicated in all input-space regions which are
identified by the succession of foldings.
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Space Foldings

[Montufar et al., NIPS’14]

Space foldings are not restricted to foldings along coordinate
axes and they do not have to preserve lengths:
— The space is folded depending on the orientations and shifts encoded in:
* The input weights W and biases b.
* The nonlinear activation function used at each hidden layer.

— The sizes and orientations of identified input-space regions may differ
from each other.

— For activation functions which are not piece-wise linear, the folding
operations may be even more complex.




Space Foldings

[Montufar et al., NIPS’14]




Space Foldings

[Montufar et al., NIPS’14]

« Space folding of 2-D space in a non-trivial way:

— The folding can potentially identify symmetries in the boundary
that it needs to learn.
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Readings

e (Chapter 6 on Neural Netwoks in the NLP textbook.



https://web.stanford.edu/~jurafsky/slp3/6.pdf
https://web.stanford.edu/~jurafsky/slp3/6.pdf

Deep vs. Shallow Architectures
[Bengio, FTML’09]

 When a function can be compactly represented by a deep
architecture, 1t might need a very large architecture to be
represented by an insufficiently deep one.

A two-layer circuit of logic gates can represent any Boolean function (Mendelson, 1997). Any Boolean
function can be written as a sum of products (disjunctive normal form: AND gates on the first layer with
optional negation of inputs, and OR gate on the second layer) or a product of sums (conjunctive normal
form: OR gates on the first layer with optional negation of inputs, and AND gate on the second layer).
To understand the limitations of shallow architectures, the first result to consider is that with depth-two
logical circuits, most Boolean functions require an exponential (with respect to input size) number of logic
gates (Wegener, 1987) to be represented.

More interestingly. there are functions computable with a polynomial-size logic gates circuit of depth k
that require exponential size when restricted to depth k£ — 1 (Hastad, 1986). The proof of this theorem relies
on earlier results (Yao, 1985) showing that d-bir parity circuits of depth 2 have exponential size. The d-bit
parity function 1s defined as usual:

1if Ele b; is even
0 otherwise.

parity : (b1,...,bdq) € {0,1}d+—> {
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Deep vs. Shallow Architectures
[Bengio, FTML’09]

e Many of the results for Boolean circuits can be generalized
to architectures whose computational elements are /inear
threshold units 1.e. Mc-Cullogh & Pitts neurons:

f(x)=1[w!x+b > 0]

* Monotone weighted threshold circuits = multi-layer neural
networks with linear threshold units and positive weights.

Theorem 2.1. A monotone weighted threshold circuit of depth k — 1 computing a function fi. € Fr N has
size at least 2°N for some constant ¢ > 0 and N > Ny (Héstad & Goldmann, 1991).

The class of functions Fj. n 1s defined as follows. It contains functions with N2k=2 inputs, defined by a
depth k circuit that is a tree. At the leaves of the tree there are unnegated input variables, and the function
value is at the root. The i-th level from the bottom consists of AND gates when i 1s even and OR gates when
i is odd. The fan-in at the top and bottom level is N and at all other levels it is N 2.
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