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Abstract— Coordinating multiple manipulators in a shared
workspace while considering their dynamics is an important
problem. This problem of collision-free coordination arises in
assembly, materials transfer, and welding workcells. Preous
approaches that considered robot dynamics have typically éen
restricted to coordinating just two or three manipulators, even
when their paths are specified. We address the task of coordi-
nating the motions of multiple manipulators when either thedr
trajectories or their paths are given. By exploiting a fundamental
time scaling law for manipulators based on their dynamics, e
identify sufficient conditions for collision-free coordination of the
robots when the velocity profiles can be uniformly time-scad
and the robot start times can be varied. We describe an apprazh
that develops mixed integer programming formulations of trese
problems, where the time scaling factors are linear varial#s, ) o ) . o
to automatically minimize completion time. This method can Fi9. 1. Depiction of an example welding task that requiresrdmation of
potentially coordinate the motions of many manipulators. multiple manipulators.

I. INTRODUCTION

Time-optimal and collision-free coordination of multipleand generalizes our previous work on coordination of migitip
manipulator robots in a shared workspace while considerif@pots with specified trajectories (Akella and Hutchins8}),[
their dynamics is an important open problem. There are savhich did not consider dynamics explicitly.
eral applications that involve this coordination task. €ider The specific problem that we consider in this papeGisen
scheduling the motions of multiple robots in a welding oa set of manipulator robots with specified paths and velocity
assembly workcell to minimize the cycle time (Figure 1).cgin profiles on those paths, find a set of uniform time-scaled
the robots have overlapping workspaces, we must coordina@rameterizations for these paths such that the completion
their motions to avoid collisions between robots. Addititlyy time for the set of robots is minimized, dynamics constsaint
the actuator torque limits restrict how fast or slow a manip@long the paths are satisfied, and no collisions occur.
lator may move along a path. The dynamics constraints makeOur goal is to find near minimum-time collision-free robot
this a challenging problem, and previous work ([1], [2],,[3]coordinations by computing the scaling factors by which the
[4], [5], [6]) has typically been restricted to coordinagijust robot velocity profiles are uniformly time-scaled, as wedl a
two or three robots, even when their paths are specified. the robot start times. We identify sufficient conditions for

We focus on coordinating the motions of multiple manipeollision-free coordination of multiple robots and forrate
ulators, while considering dynamics, when their trajeetor the task as an optimization problem using a mixed integer
or paths are provided. By trajectory, we mean the geoméittear programming (MILP) formulation. The uniform time
ric specification of the path along with the timing of thescaling law for manipulators identified by Hollerbach [7&ds
robot’s motion along the path (that is, path and velocityjo a formulation where the time scaling factors are linear
Hollerbach [7] identified a fundamental time-scaling law fovariables. The primary advantage of this approach is itétyabi
manipulator dynamics that can be used to determine the ratgepotentially handle many robots, each with several degree
of feasible trajectory speedups and slowdowns, withoutlheef freedom, while considering their dynamics.
ing to recompute the dynamics. We exploit this time-scaling The paper is organized as follows. Section Il briefly dis-
law, which decouples the path and timing along the patbusses related work. Section Il describes our previougwor
to generate time-warped trajectories to coordinate maltipcoordinating multiple robots with specified trajectoriekem
manipulators. We assume that the velocity profile of themjivenly their start times could be changed. Section IV outlines
trajectory of each individual robot may be uniformly timeHollerbach’s time scaling law. Section V presents the main
scaled so its velocity profile shape is maintained, and thesults of this paper. Using the time scaling law and sufiicie
robot start times can be changed. As such, this paper buildsamnditions for collision-free time-scaled motion, we mesa
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mixed integer programming formulation for time-scaled rrooJohanni [22], Slotine and Yang ([23]), and Shiller and Lu][24
dination of multiple robots with input trajectories. SectiVl refined these algorithms.
describes preliminary results from our implementationhef t  Trajectory planning directly in the 12dimensional state
approach. Section VIl outlines directions for future work. space that considers both kinematic and dynamic constraint
is called kinodynamic planning. Sahar and Hollerbach [25]
Il. RELATED WORK and later Shiller and Dubowsky [26] developed algorithms
) ) ] for global near minimum-time trajectory generation for a
There are two main bodies of related work, with somg,aninylator with dynamics and actuator constraints usiidy g
overlap. One focuses on the coordination of multiple robot§ased search spaces. Donald et al. [27] developed a polghomi
typically without considering robot dynamics. The other fojme approximation algorithm to generate near time-optima
cuses on trajectory optimization for a single robot whilgajectories for a robot that satisfy kinematic and dynasoic-
considering robot dynamics. straints. Donald and Xavier [28] extended this work to robot
Multiple robot coordination: Motion planning for multiple manipulators. Fraichard [29] described a trajectory piarar
robots is a broad research area (see [9] for an overview). Th&:ar-like robot with dynamics constraints moving along a
most general problem is to have each robot move from {&/en path among moving obstacles. Recent work has focused
initial to its goal configuration, while avoiding collisiswith g randomized kinodynamic planning, including the use of
static obstacles or with other robots. Hopcroft, Schwaatd rapidly exploring random trees (Lavalle and Kuffner [30f)da
Sharir [10] showed that even a simplified two-dimension@lrobm-,i|istiC roadmaps (Hsu et al. [31]).
case of the problem is PSPACE-hard. Svestka and OvVgfyitiple robot coordination with dynamics: Work on tra-
mars [11] developed a probabilistic roadmap (PRM) planngictory coordination with dynamics has focused almostiexcl
for path coordination of multiple car-like robots. Recgntl sively on dual robot systems (Shin and Bien [2], Chang, Chung
Sanchez and .Latombe [12] .used a single-qugry, bidiredti.ona,,d Bien [3], Bien and Lee [4], Chang, Chung and Lee [6]).
lazy PRM variant for coordinated path planning of multiplg ee and Lee [1] considered the effects of delays and velocity
robot arms, without considering dynamics. changes on motion time. Shin and Zheng [5] showed that for
A slightly more constrained version of the problem ig two-robot system, generating time-optimal trajectofi@s
obtained when all but one of the robots have specified trigach robot independently and then delaying the start time of
jectories. This is essentially the problem of planning ehpapne of the robots leads to a minimal finish time under certain
for a single robot among moving obstacles, which has beggsumptions. Moon and Ahmad [32] studied the time scaling
treated by Reif and Sharir [13] and Kant and Zucker [14hf cooperative multi-robot trajectories with force intetians
One can generalize this problem to obtain a heuristic smutipetween the manipulators. They use linear programming to
to the problem of planning the motions of multiple robotging the scaling constant range and quadratic programming to
Erdmann and Lozano-Perez [15] assign priorities to robuds afing the minimum energy coordination. However, they did not
sequentially search for collision-free paths for the rebit 5ddress collision avoidance of the manipulators.
order of priority, in the configuration-time space. Fiorand  peng and Akella [33] developed an MILP formulation to co-
Shiller [16] developed a velocity space method for avoidingrdinate the motions of many robots with specified pathsavhil
moving obstacles. considering dynamics constraints; however the robots have
If the problem is further constrained so that the paths @fmple double integrator dynamics. The RRT approach [30]
the robots are specified, one obtains a path coordinatidmprgs capable of generating collision-free trajectories fartiple

lem, where the robot dynamics are neglected. O’Donnell apghots. However it does not explicitly provide a method to
Lozano-Perez [17] developed a method for path coordinatigptimize the coordination of the robots.

of two robots. LaValle and Hutchinson also addressed a&imil

problem in [18], where each robot was constrained to remain |||. BACKGROUND: COORDINATION OF MULTIPLE

on a specified configuration space roadmap during its motion. ROBOTS WITH SPECIFIED TRAJECTORIES

Simeon, Leroy, and Laumond [19] perform path coordination i i ) )

for a very large number of car-like robots (over a hundred !N this section, we summarize our previous work (Akella
robots in some examples), where robots with intersectitiggpa@"d Hutchinson [8]) on coordinating multiple robots with
can be partitioned into smaller sets (of about ten robotSpecified trajectories. That work considered thajectory
Akella and Hutchinson [8] recently developed an MILP forcoordination problem:Given a set of robots with specified

mulation for the trajectory coordination of large numbefs draectories, find the starting times for the robots such the
robots by only changing robot start times. completion time for the set of robots is minimized and no

collisions occur. It permitted only the robot start timesbi®

Trajectory planning for a single robot: There is a large
J y P g g g modified, and did not consider robot dynamics explicitly.

body of work on the time optimal control of a single ma
nipulator with dynamics constraints. Bobrow, Dubowskyd an . . . o

Gibson [20], and Shin and McKay [21] developed algorithm'g" Trajectories and Their Parameterizations

to generate the time-optimal velocity profile of a manipotat We first briefly review paths and their parameterizations.
moving along a specified path. Subsequently Pfeiffer aivile denote theé!” robot by A;, a configuration space bg,
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Initial g

and a configuration by € C. By pathwe mean the geometric
specification of a curve in configuration space

v:¢€0,1]—~()=qeC

A differentiable functionr given by

T:t€[0,T]— 7(t) =¢ €[0,1]

with 7(0) = 0 and7(T') = 1 is a reparameterization of the
path~. Heret is a time variable, and’ is some constant such
that all robots will have completed their tasks by tiffie A
path together with a time parameterization defingsjactory.
To simplify notation, we often denote a trajectory ). Fig. 2. Two single-link manipulators, with paths and cadiis zone (in bold)

For this problem, robot velocities are specified a priori b&')d'cated'
specifying an original parameterization for, say =, such
that the time derivatives of provide the desired velocity  conceptually, intersection regions of the swept volumes of
profile. Thus, any reparameterizatiohthat gives the desired pairs of robots give the collision zones. Figure 2 is an examp

velocity profile will be such that, for any value along qf o single-link manipulators with paths that overlap in a
the path, the time derivatives af and 7 agree. All such .q)iision zone. Her®Ba = {[a1, az]} andPBay ={[b1, bs]}.

reparameterizations are obtained by merely changing #1€ siq)jisions can occur only wheqy € |ai, as] andCs € [by, bs).

O Initial

time of task execution. That is, Thus, PZ12 = {< [a1,as], [b1, bs] >}
2 t— t§tart -t > t§tart
Ti(t) = { il 0 ) L < gstart (1) cC. Collision Zones: Timing

The collision zones describe the geometry of possible
collisions, but for scheduling the robots, we must describe
the timing of the collisions. For a specified parameteraati
B. Collision Zones: Geometry 7;, the set of times at which it is possible that robbt could

We now describe a geometric characterization for collisior(1:0”"Jle with robotA; is given by:

that can occur between robots, and identify sufficient condi TBij(m) = {t|Ai(y(n®)NA;i(y(¢)) #0,
tions for collision-free coordination. Consider the sepofnts

at which thei” robot, A;, could possibly collide with the
4" robot, A;. For a specific value of;, the subset of the

workspace that |s occupied by th& robot is denoted by As with PB;;, the setT B;;(r;) can be represented by a set of
Ai(7i(Gi))- A collision between two robots corresponds';[}cl) Nfrtervals, indexed by superscript the endpoints of which are
situation in which.A; (vi(G:)) N A;(7;(¢;)) # 0. For thei™  gpiained by applying the inverse parameterization (i:g,
robot, we denote b B;; the set of values of; such thatwhen 1 he endpoints of the intervals 6%83;; given in (2):

robot.4; is at configurationy; ({;) there exists a configuration ‘

of another robot4;, such that the two robots collide: TBij(ri) = {[r7 " (¢E), i (&} (4)

i

in which ¢$te"t > ( is the time at which robo#; begins its
motion, andr; is the originally specified parameterization.

for some¢; € [0,1],i # 5}
= Tiil(PBij).

PBi; ={¢ 3¢ €10,1] s.t. Ai(7i(&)) NA;(v4(¢)) # 0} We refer to each interval as eollision-time interval For

. . . notational convenience, we introduce the varialilgs and
PB;; is the set of all points on the path of rohdt at which Tk given byTi’Z _ Tz‘_l((iks) andTl.’} _ Ti_l(Cff), WhereTi’g

. i i . !
iﬁ;e(;\c/)gllg collide with.4;, and can be represented as a set ?ﬁespectivelyfi’}) denotes the time at whicll; starts (resp.

PBij = {[¢&. ¢} (2) finishes) traversing it collision segment ift;'"* = 0.
* is25if Although the notatioril. is ambiguous about the particular

where each interval is eollision segmentand the subscripts other robot that is involved in the collision, the contextlwi

s and f refer to the start and finish of théth collision make clear which other robot is involved. See Figure 3 for a

segment. For each collision segment/;; there is at least graphical illustration of these quantities.

one collision segment i®;; that could result in collision of ~ As with collision zones, there is a natural correspondence

the two robots. We will refer to these corresponding pairs detween collision-time intervals if B;; and 7 3;;, and we

collision segments asollision zonesdenoted byPZ,;. The refer to these pairs asollision-time interval pairs For the

set of collision zones can be represented as a set of ordeiwa robots.A; and.A;, we denote the set of all collision-time

pairs of intervals: interval pairs byCZ;;. The interval pairs irCZ;;(r;, 7;) can
be determined by applying the appropriate inverse paraimete
k sk k k
PLij = {< 6o, Gisl [Gs, Gy >3- (3)  zation to the endpoints of the collision zone interval$if;; .
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follow-the-leader situation where the robots move in thesa

A direction along their paths in the collision zone, the foko
robot is delayed unduly as it waits for the leader to exit the
Ay collision zone before it enters the collision zone. For now,

we note that the sufficient conditions provide a consereativ
T T T - : T strategy that guarantees that no collision occurs between t
1s '2s 2t T1¢ time T 2 two robots. See [8] for the necessary conditions that peovid

) o ) the minimum time collision-free schedule.
Fig. 3. Timelines for robots4d; and.43. The bold lines correspond to the

collision-time intervals for the robots.

E. Coordination of Multiple Robots with Specified Traje@sr
We represen€Z;; as a set of ordered pairs of intervals

CIij(Ti,Tj) = {< [Tk

187

T']H [Tfs,Tff] >} (5) We developed a mixed integer linear programming (MILP)
formulation for coordinating the motions of multiple robot

where the first intervalT};, T;] of the kth pair corresponds with specified trajectories, where only the start times can b
to robot .4, and the second interva{T]i,Tff] corresponds modified (Akella and Hutchinson [8]). The start time for robo
to robot.4;. During the time interval T}, T}%], A; is in a A; is t5*e"t, which is to be computed, arffi; is the motion
specific collision zone angl; is in this collision zone during time required for robo#4; to traverse its entire trajectory when
time interval [T}, TF]. If [T, TF] and [T}, TF] do not starting at timets*e = 0. The maximum time for robat;
overlap, then the two robots cannot be in th&¢ collision to complete its motionts'et 4 T;, is its completion timeThe
zone simultaneously, and therefore no collision will ocour completion time for the set of robots. . picte, is the time
this collision zone. This observation forms the basis fa thwhen the last robot completes its task. TherefQrg,picte >
sufficient conditions given in Section 1lI-D. tstert 1T, for all robots.

When the parameterizations are restricted to those thst onl Consider trajectory coordination of a pair of robots and

delay the robot start times, we have parameterizationsef t; with specified trajectories. For each robot, identify/ith

form collision zone and compute the time interval during which it
7' (t 4+ 5197 = ¢ = 7(2), (6) is in its collision zone. The collision-time intervél’, ;]

of robot A;, where subscripts and f indicate start and finish
times respectively, indicates when robéf can collide with it.
The collision-time interva[T7,, T¥] of robot 4; is similarly
77 = e et (7) computed. Ensuring the robots are not in their collisionezon
at the same time yields a disjunctive “or” constraint that be

converted to an equivalent pair of constraints using argate

for each value of € [0, 1]. Inverting the parameterization$
andT we obtain

Using this notation, we can writ€Z,;(7/, ;) as

CLi(rl, 7)) ={ < [Tk + tft“’“ﬂTi’} + gotart] zero-one variablé;;;, and M, a large positive number ([34]).
k start ik start Here M can be chosen greater th@{\f“b”“ T;. When robot
[TJS H T+ 8 I >} . . =1 ;
A; enters the collision zone first, the constratfit’* + T/ <
D. Sufficient Conditions for Collision-free Scheduling tstrt 1 T% holds andsi;x = 0, and when robot4; enters the

To prevent collisions between two robats and.A;, it is  collision zone first, the constraimg'"* + T, < t3**"* + T}
sufficient to ensure that the times at whigh could collide holds andd;;;, = 1.
with 4; do not coincide with the times at whicd; could Let N,on0ts be the number of robots. LeV;; denote the
collide with A;. This can be assured if the two robots are netumber of collision-time interval pairs for roba; and A,
simultaneously in any collision zone belonging/d;;. This i.e., N;; = |CZ,;|. We wish to minimize the completion time
amounts to ensuring that there is no overlap between the twhile ensuring the robots are not in their shared collisiones
intervals of any collision-time interval pair for the twolots.  at the same time. The MILP formulation that gives a collision
If [T] + 5ot T + 527 OV [TF, + 597, T, + 15'""] = free solution for this coordination task is:
() for every collision-time interval pair ir€Z;;(r;,7;), then
no collision can occur. This sufficient condition leads to aMinimize teompiete
optimization problem: subject to
Given a set of robots with specified trajectories, find thecomplete — 17" = T; 2 0, 1 < < Nyobots
starting times for the robots such that the completion times™""* + Tiy — 5" — T}, — Mdiji < 0,
for the set of robots is minimized and no two intervals of any;' " + Tj; — 5" — T — M(1 — d;5,) <0,
collision-time interval pair overlap. for all < [T, T}, [T}, Tj;] >€ CZLy,

In Section III-E, we outline a mixed integer linear program  for 1 <4 <j < Nyopots
that solves this optimization problem. The sufficient cendi 9ijk € {0, 1}, 1 <7 <Jj < Nropors, 1<k < Ny
tion is clearly not a necessary condition. For example, in &~ =0, 1<i < Nyobots-
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IV. DYNAMIC TIME-SCALING LAW FOR A MANIPULATOR  Given a set of manipulator robots with input paths and vejoci

To incorporate dynamics into the coordination approach Bfofiles on those paths, find a set of uniform time-scaled
the previous section, we use Hollerbach’s result on uniforRffameterizations for these paths such that the completion
time scaling of a manipulator trajectory [7]. This resulables time for the set of robots is minimized, dynamics constsaint
a decoupling of the manipulator path and its timing |av\;a}long the paths are satisfied, and no collisions occur.
without recomputing dynamics. Assume a manipulator arf) assimptions

with n joints whose dynamics is described by: ) ) o
We make the following assumptions to generate a collision-

u(t) = M(q(t))q(t) + Clq(t), 4(t))d(t) + G(q(t)) free time-scaled coordination of the robot trajectories:
wherew is then x 1 vector of input joint torquesy is the 1. Trajectories for the manipulators are initially provide
n X 1 vector of joint generalized coordinates/(q) is the 2. The only moving obstacles in the workspace are the
n X n inertia matrix,C(q, ¢) is the n x n Coriolis matrix, robots.

andG(q) is then x 1 gravitational torque vector. The actuator
torques must lie between their maximum and minimum values
Umaz aNdumin, Which are assumed constant. These actuator
torque limits restrict how fast or slow a manipulator may
move along a trajectory. The time-scaling law identifiesdsal

3. Each robot does not collide with any other robot when
it is at its start or goal configurations.

4. Each robot moves monotonically along its path, that is,
the robot does not back up along its path.

trajectory modifications that utilize the available torqaege 5. The robot motions are sampled at sufficient resolution
and avoid actuator torque limit violations, without reduiy so that no collisions occur during the motion between
inverse dynamics recomputation. successive collision-free configurations.

Consider the acceleration and velocity dependent torque g, The dynamics of each robot is known accurately.
componentu, that remains after removing the position de-
pendent gravitational torque vector: B. Time-Scaled Coordination of Multiple Single-Link Rabot

. - Consider time-scaled coordination of multiple manipulato
ua(t) = ult) = Gla) = M{@)i + Cla. ) given their trajectories. For clarity, we first disguss osiiypgle-
Let ug(t) be the scaled acceleration and velocity dependdintk robots. From the actuator torque limits and input tcaje
torque component required after time scaling. The simplasty, we can compute an interval of allowed time scaling galu
case of time scaling is the case of constant time scalingravhé™", c**| for each manipulatotd;. When the trajectory
the time scaling function is(t) = ct for ¢ > 0. The time of robot .A; is uniformly time scaled by a value;, a travel
scalingc assumes the values> ¢ > 0 for slower motions time T!"**! in the input trajectory is scaled by a factarto
andoco > ¢ > 1 for faster motions. Hollerbach showed thabecomesiTi”“”el, wheres; = 1/¢;. Whens; > 1, the motion
if the trajectory is uniformly time scaled by a constant timef robot.A; is slowed down (time dilation), and when < 1,
scaling value:, the acceleration and velocity dependent torque motion of robot4; is sped up (time contraction). Clearly
u, is scaled by a value of?>. That is, when the travel time s7*" = 1/c%® and s7*%® = 1/c/".
Ttravel glong a path is uniformly scaled by a valueto Now multiple robots, pairs of which may have multiple
becomeT ¢! /¢, the torque required for executing the newveollision zones, must be coordinated. As before, the binary
trajectory is scaled by a value of, up to the gravitational variable 6;;; is defined to be 0 if robot4; enters itsk*?
torque contribution. The scaled torqué(t) is given by collision zone with robotA; before robot4; and to be 1
if robot A; enters its corresponding” collision zone before
robot A4;. A valid value forM is M > Zf&f"”“ s ;. The
and the total torque after scaling(¢) is given by MILP formulation to coordinate the time scaled motions of

) the single-link robots is therefore:
u®(t) = c“ugq(ct) + G(q(ct)). o
Minimize tcompiete

For a given input trajectory, we can compute the interval @{pject to
gllowed time sca_lllng vglues for each jomt_and mtelrsecseehe teomplete — E5970 — 5Ty > 0, 1< i < Nyopots
intervals to obtain an interval of allowed time scaling \edu start | o 7k _ gstart _ ;T — Mdij, <0
[cmin, ¢maee] for the manipulator based on the torque limits ystart S]Tllf _ jstart _ sﬂ’]’f — M(1=8,) <0
K3 18 = Y

ud (t) = ug(ct)

; ; ; ; J f
of its actuators, as described in [7]. We_ can th(_erefore |f;_ent for all < [Tfs’aﬂf], [T?"S,T?“f} >e CTy,
allowable speeds of movement for a given trajectory without I8

d . tati f0r1§i<j§Nrobots
ynamics recomputation. 5ijk c {0’1}’ 1< <j < Nrobotsa 1< k < Nij

start .
V. TIME-SCALED COORDINATION OF MULTIPLE 77" 20, 1< < Nyobots
MANIPULATORS 571" = si 2 87", 1 <1 < Nyopots-

We now combine the results described in the previousSolving this MILP gives the time scaling factofsand start
two sections to tackle th&@me-Scaled Coordination Problem:times ¢5'"* for the individual robots. The resulting solution
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is guaranteed to be a collision-free time-scaled trajgctos” " and s7® for each robot are determined as described
coordination strategy for all the robots. Figure 4 shows thweviously, ands; lies in the ranggs", s, Let Nynks
timelines for two robots with multiple collision intervaland be the total number of robot links. Then the MILP formulation
Figure 5 shows the collision-free time-scaled coordimatdd for time-scaled coordination of a set of articulated rokists
the timelines of the robots. The completion time constgint
and disjunctive collision-time interval constraints aezessary MiNMIZe teompicte
for only those robots that may collide. Note that the MILPSUbject to
always has a feasible solution; just move the robots in secomplete — et = 5Ty — 5Ty 2 0, 1 <i < Nignks
quence with only one robot in motion at any given instant?y"" + siTi + siTlf — 517" — s;T5,, — s;T}"
Also, the above formulation is not guaranteed to give the tru —Md.7; <0,
global optimum since it uses sufficient conditions for @ 5" + 55T, + s;T)7" — 65" — 5,15 — s, T}
avoidance; this is a conservative strategy that does natiper ——M (1 —d,7;) <0,
follow-the-leader motions in a collision zone. for all < [TF, T}, [T, TH" >e CZyy,

The time-scaled coordination of multiple manipulators is for 1 <i < j < Npopots andi # j,
NP-hard, and follows directly from the complexity of coordi 65}’,@ €{0,1}, 1<i<j < Nyopots, 1 <k <Ny
nating multiple robots with specified trajectories ([8]). 59t >0, 1 <i < Nyobotss

Sznaw Z Si 2 S;min’ 1 S 1 S Nr‘obots-

The completion time constraints are necessary for all links
A of a robot that can potentially have a collision. The callisi

, time interval constraints are necessary for only those teobo
that have one or more links involved in a potential collision

time i T2 D. Specifying Sequencing Constraints

Fig. 4. Timelines for robots4; and.42 with multiple collision intervals. In certain tasks, it may be necessary for one robot to
complete a particular operation or reach a certain poingrgef
another robot performs a subsequent operation. This cair occ
in sequenced assembly tasks, or in welding workcells where
A the primary welds must be completed before secondary welds.
Consider the constraint thad; has to reachy; before A;

A reachesy;. For the unmodified trajectories, let the time taken
for A; to reachq; be T, and for A; to reachq; be T,,.

The time-scaled sequencing constraint can then be writen a
51t 5Ty, < 3197 + s5;T,;. Such constraints for multiple
robots can be easily added to the formulation.

'start -
ty time

Fig. 5. Collision-free time-scaled timelines for robods and.As, with A,
being delayed at its start andz having its timeline shrunk.

E. Time-Scaled Coordination Given Input Paths

C. Time-Scaled Coordination of Multi-Link Robots Consider the time-scaled coordination task when only the
To coordinate manipulator robots with multiple links, wepaths for the individual robots are specified. The time+opti
consider motions of the individual links. An articulatecbod coordination of multiple manipulator robots when only the
A; consists of a set of link§.4;;}, where link.4;, belongs paths are specified is an open problem. We outline a method

to robot A;. For a specified trajectory, the motions of linkdo provide feasible and potentially near-optimal coortida
of an articulated robot are separated by constant timeteffseschedules that respect the dynamics constraints. Firgrgen
Let A; begin moving timeT; after the first moving link of the time-optimal trajectory for each individual robot ajon
A; starts moving. That isgfe" = t5te* + T9 wherets/*"* its path, following the methods of Bobrow, Dubowsky, and
is the start time of link4;;. The completion time fot4;; is Gibson [20] and Shin and McKay [21]. Now the problem can
tstart £ 794+ Ty, whereT;; is the motion time of4;;. Note that be transformed to the problem of time-scaling the individua
the start time and motion time of a link may depend on th@me-optimal trajectories. This will result in a feasiblegtion
start and motion times of links that precede it in the kinématthat respects the dynamics constraints. Further, it pesvah
chain. upper bound on the time-optimal schedule for the robotsmgive

When an articulated robot’s trajectory is time scaled, yvetheir paths. Note that since at least one of the joint actaato
link A; of robot A; has the same time scaling factey. is always saturated along the time-optimal velocity profile
Thereforetsf* = 519 + s, T9 where ¢5'"* is the start each robot's motion may only be slowed down or remain
time of robot.4;. The minimum and maximum scaling factorainchanged.
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Fig. 6. Snapshots of time-scaled coordination of two mdaipus, each with two revolute joints. (View from left to hig top row first.)

VI. IMPLEMENTATION when the scaling range only permits robots to slow down, the

We have implemented time-scaled coordination of m&9mpletion time is sometimes an improvement over the case

nipulators with input trajectories, and demonstrated the aWith no scaling.
proach on up to 6 manipulators (Figures 1 and 6). We

- . L VIl. CONCLUSION
compute the collision zones using the PQP collision detec- h | it lati |
tion package (Larsen et al. [35]). We generate the MILP We have developed an optimization formulation to enable

formulation from the collision-time interval pairs, andhs® the uniform time-scaled coordination of multiple manifiaks

it using the CPLEX [36] optimization package. We curWith input trajectories or input paths. The principal aczae

rently select the permitted ranges for the time scaling fae'f our MILP formqlatlpn is that it potentially perrr_uts the
tors. Valid ranges may also be computed directly from ﬂ{é)l!lsmn-fre_e cc_)ordlnayon ofa I_arge number of manipatat )
robots’ dynamics and trajectories. As Table | shows, sglvirYVh'Ie cons@erlng their dynamics. The p_rc_)blem complexity
time-scaled coordination problems takes the same orderd§Pends primarily on the number of collision zones, and to
magnitude of time as solving trajectory coordination pro@ lesser extent on the number of robots and their number

lems with no scaling. Example animations may be seen cgt_degrees of f:_eedqm. A}Ithoulg_hlthe pl)jroble_m Efptlrr?e;jscarlled
www.cs.rpi.edu/"sakella/timescale/ trajectory coordination of multiple robots is -hard, the

availability of efficient integer programming solvers malkkis

TABLE | approach practical for industrial automation problemsicivh
SAMPLE RUN TIMES ON AN IBM RS6000FOR THEMILP FOrRMULATION,  typically involve less than twenty manipulators.
COMPUTED FOR THREE TIME SCALING FACTOR RANGESRANGE | HAS NO This work represents a step towards time-optimal coordi-
SCALING, RANGE |1= [1.001, 1.1], AND RANGE Il = [0.9, 1.1]. nation of multiple manipulators. There are several dieti
for future work. The uniform time-scaling formulation pro-
Num. | Num. | Num. of [ MILP | MILP [ MILP vides an upper bound on the true optimal coordination of a
roﬁfots Iir?lis C‘Z"(')'ﬁg)sn (sécs) (SL'CS) (s'é'cs) set of manipulators with specified paths. Incorporating les
> 3 3 004 T 0033 1 00367 conservative conditions for collision avoidance will impe
2 ) 14 0.06 | 0.07 | 0.0567 solution quality. Analyzing the gap between the time-sdale
6 18 24 0.177] 0.28 | 0.3467 coordination described here and the true time optimal deord

nation is important, as is developing techniques for geimera
We have also experimented with time-scaled coordinatidime time-optimal coordinated trajectories subject to dyica
of up to 12 polyhedral robots modeled as double integratazenstraints. Extending the time-scaled coordination aggin
(since their dynamics are similar to single-link manipatat to manipulators with elastic joints, based on recent work by
and Cartesian manipulators). Sometimes the best soluionsDe Luca and Farina [37], and exploring extensions to other
not always have all scaling factors at their minimum valugsbot systems would broaden the scope of this approach.
(i.e., not all robots move as fast as they can). Further, evERamining alternative solutions generated by the MILP can
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help optimize different actuator performance requirers@mid [19] T. Simeon, S. Leroy, and J.-P. Laumond, “Path coorébnafor multiple

improve robot and workcell design. Finally, extensions e o mobile robots: A resolution-complete algorithni2EE Transactions on
' Robotics and Automatiorvol. 18, no. 1, pp. 42-49, Feb. 2002.

line coordination of robots (as in [38]) that involve timing20; 3. E. Bobrow, S. Dubowsky, and J. S. Gibson, “Time-opfiraontrol
uncertainties would be useful. of robotic manipulators along specified pathisiternational Journal of
Robotics Researclvol. 4, no. 3, pp. 3-17, Fall 1985.
[21] K. G. Shin and N. D. McKay, “Minimum-time control of rotio
manipulators with geometric path constraint#EE Transactions on
. . Automatic Contrglvol. AC-30, no. 6, pp. 531-541, June 1985.
This work was supported In part by RPI and by NSF undﬁb] F. Pfeiffer and R. Johanni, “A concept for manipulataogjéctory

CAREER Award No. 11S-0093233. Mark Moll's question planning,” IEEE Journal of Robotics and Automatiomol. 3, no. 2,
sparked this paper. Thanks to Seth Hutchinson for earlier  pp. 115-123, Apr. 1987.

: ] J.-J. Slotine and H. S. Yang, “Improving the efficiendytime-optimal
collaboration, and Prasad Akella and Charles Wampler f@? path-following algorithms,IEEE Transactions on Robotics and Automa-

helpful discussions. Andrew Andkjar implemented animatio  tion, vol. 5, pp. 118-124, Feb. 1989.

software that interfaced with PQP. [24] z. shiller and H. H. Lu, “Computation of path constraindime
optimal motions with dynamic singularitiesfSME Journal of Dynamic
Systems, Measurement, and Contkall. 114, pp. 34-40, Mar. 1992.
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