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Abstract— This paper presents a novel constraint-based six
degree-of-freedom (6-DoF) haptic rendering algorithm for simu-
lating both contact forces and torques between interacting rigid
bodies. We represent an object using a hierarchy of spheres,
i.e., a sphere-tree. Such a representation allows fast detection
of multiple contacts/collisions among objects and facilitates
contact constraint formulation. Given a moving graphic tool
as the avatar of the haptic tool in the virtual environment, we
constrain its position and orientation, i.e., its six dimensional
configuration, by solving a constrained optimization problem.
The constraints in the 6-D configuration space (C-space) of
the graphic tool is obtained and updated through on-line
mapping of the non-penetration constraint between the spheres
of the graphic tool and those of the other objects in the three
dimensional physical space, based on the result of collision
detection. The problem is further modeled as a quadratic
programming problem and solved by classic active-set methods.
Our algorithm has been implemented and interfaced with a 6-
DoF Phantom Premium 3.0. We demonstrate its performance
in dental surgery simulations involving complex, multi-contact
virtual environments. Our method enables stable operations
and realistic feel of haptic sensation.

I. INTRODUCTION

Haptic rendering has important potential applications in
surgery simulations and training [1], [2], [3], [4], [5]. Fig.
1 shows a periodontal operation in dental surgery, which
is quite common. A good haptic simulation of such an
operation can be used to train dentists. However, haptic
rendering based on 3-DoF algorithms for a single point-
object interaction cannot simulate multiple contact scenarios
that often occur in surgery operations. Moreover, no torque
feedback can be provided. Thus, 6-DoF haptic rendering is
needed.

Fig. 1. Periodontal operation: Multiple contacts (between the probe and the
tooth/gingival) occur when the dentist examines the depth of the periodontal
pocket.
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In 6-DoF rendering, the graphic tool is treated as a rigid
object rather than a point, and both contact force and torque
are simulated and rendered.

Several 6-DoF approaches have been proposed in recent
years, and we can group them according to the differences
of collision response methods they used as: penalty-based,
impulse-based, and constraint-based approaches.

In penalty-based approaches, the dynamic model is a
dynamic equation based on Newtonian principle. McNeely
et al. proposed a VPS model which models a dynamic
rigid object as a point-shell and a static rigid object as
a voxel-map [6], [7]. Barbic and James [8] extended the
VPS model into a point-shell model with a signed-distance
field. They solved a quasi-static equation with numerical
integration to get the position and orientation of the graphic
tool. Weller [9] proposed a novel data structure, called inner
sphere-tree, based on which a novel penalty-based collision
response scheme is defined for providing continuous forces
and torques. Johnson et al. [10] described a 6-DoF haptic
rendering algorithm for arbitrary polygonal models. Local
extrema in distance between the haptic tool and the obstacle
was computed. The haptic rendering algorithm computed
forces and torques on the moving model based on these local
extrema. Otaduy and Lin presented a modular haptic render-
ing algorithm for stable and transparent 6-DoF manipulation,
solving the governing equation of the graphic tool using
an implicit integration [11]. Penalty-based algorithms may
allow interpenetration between the graphic tool and virtual
environments or introduce some forms of virtual coupling
[12] to maintain the device’s stability, which may introduce
haptic artifacts by changing the orientation of forces [13].

In impulse-based approaches, contact states between a
moving object and a static object are classified as separation
and impulse contacts, and a continuous contact state is
regarded as a series of micro-impulses [14], [15]. It is
applicable to real-time simulations of collisions, but the
forces may not be valid for bodies in resting contact.

In contrast to the penalty-based and impulse-based ap-
proaches, constraint-based approaches are analytical and
global methods for collision response. Constraint-based
methods can prevent interpenetration by constraining the
graphic tool in the free space or contact space whether the
haptic tool interpenetrates the virtual environments or not.
In other words, the graphic tool will remain on the surface
of an object when contact occurs. Furthermore, the direction
of the force is never ambiguous (orthogonal to surface of
contact), which allows a more realistic generation of the
forces arising from touching an object [16]. A classic 3-DoF
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god-object approach was proposed by Zilles and Salisbury
in 1995 [16], which appeared to be the first constraint-
based approach for generic polygonal models. Ortega et al.
[13] extended this approach to 6-DoF, using acceleration as
variables and simulating the motion of the god-object by
solving the Gauss’ projection problem. It is a high quality
algorithm, but the use of continuous collision detection [17]
is time consuming for complex scenarios involving multiple
contacts. Furthermore, explicit Euler integration is utilized
to compute the target configuration of the god-object. This
integration can cause enough inaccuracy in the configuration
of the god-object to make it penetrate the surface of a
cavity or even vibrate between two surfaces in a cluttered
environment.

We introduce a configuration-based optimization model to
optimize the configuration of the graphic tool directly rather
than optimizing its acceleration or velocity [18] to avoid the
computation cost [13] and inaccuracies in the tool configura-
tion due to numerical integration. Such inaccuracies lead to
penetration between the graphic tool and object features. Our
approach assumes quasi-static motion of the tool, which is
realistic in dental operations, where the velocity of the dental
tool is relatively low. For a tool and objects in polygonal
meshes, this approach produces high-fidelity rendering [19],
but efficient operations are limited to small-region contacts
and a simple-shape tool. In order to treat more complex
contact scenarios efficiently, in this paper, we consider this
approach of configuration-based optimization for the tool
and objects modeled in sphere-trees. Sphere-trees facilitate
a uniform expression of constraints for complex contacts
involving both convex and concave geometric features, which
simplifies configuration-based optimization.

The rest of the paper is organized as follows: Section II
briefly shows the haptic rendering process of our algorithm.
The construction of a sphere-tree is described in Section
III. Section IV presents the process of collision detection.
Section V describes how the configuration of the graphic
tool is obtained as the solution of the constraint optimization
problem and how the contact force and torque are computed.
Section VI presents the results of applying our approach to
dental surgery simulations. Finally, Section VII concludes
the paper.

II. OVERVIEW OF OUR HAPTIC RENDERING METHOD

Our method first obtains the haptic tool’s configuration
from the device, and then performs collision detection which
uses the hierarchies of the sphere-trees to find the intersected
leaf spheres and map this information to the C-space of
the graphic tool to obtain contact constraints for optimizing
the tool’s configuration in each iteration of haptic render-
ing. In order to accelerate the process of optimization, we
linearize the constraints using first-order Taylor expansion.
We solve for the configuration of the graphic tool by using
classic active-set methods. Finally, our methods computes the
force/torque by a spring force model and renders the result
to the human operator.

Fig. 2. The blue tool represents the haptic tool and the white tool represents
the graphic tool.

In Fig. 2, the haptic tool was coincident with the graphic
tool in the previous loop since no contact occurred. During
the current loop, the haptic tool has contacted with the tooth
and penetrated into it. However, the graphic tool remains on
the surface. Imagining that there is a spring between the
haptic tool and graphic tool, the latter one always has a
trend to approximate the former one but is subject to the
constraints.

III. CONSTRUCTION OF SPHERE-TREES

We approximate an object using spheres. As far as we
know, the sphere-tree algorithm, which is based on Hub-
bard’s medial-axis theory [20] is one of the best approaches
to approximate an object with spheres. The key element of
this algorithm is to find the skeleton of an object using
a Voronoi diagram and create spheres from the skeleton
to give a tight fit to objects. Bradshaw and O’Sullivan
[21] have proposed several other algorithms (Merge, Burst,
Expand, Spawn) based on Hubbard’s and have extended all
these algorithms in an adaptive manner. We use Bradshaw’s
Sphere Tree Construction Tool-kit [22], which contains a
number of different algorithms to construct sphere-trees of
3D objects. In particular, we use a combined algorithm to
generate sphere-trees with, at most, eight children per node.
The combined algorithm allows the use of different sphere
reduction algorithms in conjunction and chooses the one that
results in the best fit. The sphere-trees of the probe and one
of the teeth we will use in Section VI are shown in Fig . 3.

Fig. 3. Sphere-trees generated for a probe and a tooth using the combined
algorithm. (a) and (b) are models of the probe and tooth. The left most
figures show the polygonal models, and the rest of the figures show the
sphere-trees varying from level 0 to level 3.

From Fig. 3 we can see level 3 fits the objects as well as
the polygonal model does. We adopt level 3 as the sphere
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approximation to the objects in implementation, and the
collision detection is efficient with such trees of only four
total levels. As shown in the attached video, our sphere-
tree model of an object appears to provide as good an
approximation as the polygonal mesh model of the object.

IV. SPHERE-TREE BASED COLLISION DETECTION

Algorithm 1 outlines the collision detection process be-
tween two sphere trees: one for the haptic tool and the other
for an object. First, intersection is checked between the two
root spheres. If the root spheres intersect, intersections check
is conducted at the next lower level and so on until either no
intersection is found or all leaf level intersections are found.
The output is a set of intersected pairs of leaf spheres, which
can be empty if no intersection is detected. Fig. 4 shows
an example, where each sphere tree has only two levels for
simplicity.

Algorithm 1 Collision Detection between Two Sphere Trees
input: sphere-trees of two objects, with root spheres

s1 and s2
stack S ← /0
Slea f ← /0
if (s1 intersects s2)

push (s1,s2) to S
while (S is not empty)

pop (s1,s2) from S
S1 ← children of s1
S2 ← children of s2
for each pair (s′1,s

′
2), s′1 ∈ S1,s′2 ∈ S2

if (s′1 intersects s′2)
if (s′1 and s′2 are leaf-nodes)
then add (s′1,s

′
2) to Slea f

else push (s′1,s
′
2) to S

output: Slea f

The set Slea f includes all the pairs of intersected spheres
of the sphere-trees’ leaf-nodes. The next section will show
how to map these intersected spheres to constraints in the
configuration space (C-space) of the graphic tool.

Fig. 4. The schematic of collision detection.

V. CONSTRAINT-BASED COLLISION RESPONSE

The collision response consists of two different parts. We
first construct an optimization model and solve it. Then we
model the force/torque applied to the human operator.

A. Configuration-based optimization problem
As we know, an optimization problem consists of an

objective, variables, and constraints. These are described
below for our problem.

1) Variables: A 6 dimensional vector

qt
g = (xt

g,y
t
g,z

t
g,γ

t
g,β

t
g,α

t
g)

T (1)

is introduced to define the configuration of the graphic tool
1, where t represents the current simulation loop and g
represents the graphic tool.

2) Objective: The objective of our optimization can be
defined as minimizing a least-square difference:

Minimize :
1
2
(qt

g−qt
h)

T G(qt
g−qt

h) (2)

where qt
h is the configuration of the haptic tool in the current

simulation loop, and G is a diagonal stiffness matrix with
{kt ,kt ,kt ,kr,kr,kr} in the diagonal 2. The objective is based
on the principle of minimum total potential energy. When the
haptic tool intersects objects in the virtual environment, the
graphic tool, which is considered connected to the haptic tool
by a translational spring and a torsional spring, should stay in
contact with the objects in a configuration that minimizes the
total potential energy of the springs, as expressed in equation
2.

3) Constraints: We construct a mapping from the contact
information in terms of intersecting sphere pairs to the
constraints on the graphic tool’s configuration in its C-space
in the following way.

We choose a pair of intersected spheres sT =
(xT ,yT ,zT ,rT ), sO = (xO,yO,zO,rO), where (x,y,z,r)
represents the center and radius of a sphere in global
coordinates, and the subscript T and O represent spheres
from the tool and the object respectively. Then the constraint
can be written as:

(xT − xO)2 +(yT − yO)2 +(zT − zO)2 ≥ (rT + rO)2 (3)

Since sO is fixed in the virtual environment, and only
sT moves as the graphic tool moves, we can write (3) in
a function form below:

C(xT ,yT ,zT )≥ 0 (4)

The variables in (4) are also the functions of qt
g, and we

can establish their mapping using the coordinate transforma-
tion (cf. equation (7) in Appendix.). Then the constraints in
C-space can be expressed as:

C(xT (qt
g),yT (qt

g),zT (qt
g))≥ 0 (5)

In order to speed up the convergence of our optimization,
we linearize every constraint using Taylor expansion. (cf.
equation (8) in Appendix)

1(xt
g,y

t
g,z

t
g) represents the graphic tool’s centroid, and (γ t

g,β
t
g,α

t
g) repre-

sents the orientation of the graphic tool respect to the global coordinate
system

2We choose stiffness kt = 1N/mm and kr = 1000mN ·m/rad in imple-
mentation to fully exploit the ability of our device.
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B. Solver of the optimization problem

The objective of the optimization model is quadratic, and
the constraints are linear. So this is a typical quadratic
programming (QP) problem. Classic active-set methods,
which are generally the most effective methods for small- to
medium-scale QP problems, perform well in our algorithm.

We can always get the optimal solution in a finite number
of iterations, but a good start can shorten this process greatly.
The variation of the graphic tool’s configuration from one
rendering cycle to the next is small due to the high update
rates of rendering. In other words, the two optimal points
(in C-space) are near each other, so the optimal point in the
previous loop can be a good initial point for iteration in the
current loop. We choose qt−1

g as the iteration point q0, then
the active-set methods find a step from one iteration to the
next by solving a quadratic subproblem in which a subset of
the constraints in (5) are imposed as equalities. Our algorithm
continues to iterate in this manner until it reaches q∗ that
minimizes the quadratic objective function.

C. Force and Torque Computation

After the configuration of the graphic tool is obtained, the
6-DoF feedback (i.e. force and torque) can be derived using
the following model:

F = G(qt
g−qt

h) (6)

VI. EXPERIMENTS AND DISCUSSION

A Phantom Premium 3.0 6DOF is utilized as the haptic
device to provide 6 dimensional forces and torques. The
specifications of the computer are: Intel(R) Core(TM) 2
2.20GHz, 2GB memory, X1550 Series Radeon graphical
card.

A. Periodontal Operation

One important procedure of periodontal operation is peri-
odontal pocket probing examination. Periodontal tissue con-
sists of gingiva, periodontal ligament, alveolar bone and root
cementum. Fig. 5 shows the comparison between healthy
periodontium and periodontium involved in inflammation. As
shown in Fig. 5 c), a periodontal pocket is pathologically
deepened gingival sulcus (the shallow crevice between free
gingiva and tooth surface). Therefore, periodontal pocket
probing is an important operation for periodontal diagnosis.
During the examination, a dentist uses a periodontal probe
to check the depth value of the pocket, and thus to determine
the degree of the periodontal inflammation.

Fig. 5. Periodontal pocket

It is quite challenging to simulate this operation as multiple
contacts happen frequently. We checked the stability of our
method in this experiment. As shown in Fig. 6, first, the user
contacts the front side of the gingival (step 1) and then slides
the tool to the front side of the tooth (step 2). When the user
slides the the tool from the surface of the tooth to its top
side, the change of contact force direction is felt (step 1∼
step 3). And that is why the force changes suddenly in y
direction around 9 seconds. Then the user manipulates the
tool into the sulcus between the tooth and gingiva at around
20-22 seconds (step 4). During this period of time, contact
switches occur frequently; we can see that the force and
torque fluctuate. However, the user cannot feel any vibration
of the haptic device. A video is provided in the attachment
of this paper.

B. Oral Cavity Inspection

In oral cavity inspection, a dentist uses a dental probe to
examine possible diseases such as angular stomatitis, glos-
sitis, swollen or bleeding gums, and decayed teeth. In order
to simulate this task, a complete oral virtual environment is
necessary to simulate the movement of the probe within the
oral cavity, which includes all teeth, lower jaw, upper jaw,
tongue and cheek. Because the tongue will occlude the teeth
during visual inspection of some specific teeth, the dentist
has to make sure that no other tissue is damaged when the
target tooth is inspected.

From TABLE I, we can see the number of triangles of
each object mesh is rather large in this experiment:

TABLE I
NUMBER OF POLYGONS AND LEAF-NODE SPHERES FOR DIFFERENT

OBJECTS

Polygons Leaf-node spheres
Probe 1088 512
Face 3138 512

Upper jaw 2280 512
Lower jaw 2280 512

Tongue 1045 512
Teeth 28×4000 28×512

It is challenging to simulate this operation at haptic rate
(i.e. kHz) in this complex virtual environment. Again, our
method is efficient and provides stable interaction. The
attached video also demonstrates that. Fig. 7 shows our
dental surgery simulator (in the right part of Fig. 7). First,
we construct one sphere-tree for each object. Then, we
simulate this operation in the following steps: 1) examine
every single tooth to see if there is any decayed tissue on
the tooth surface; 2) examine the gingiva to see if it is
inflamed. In Fig. 7, we can tell that the collision detection
time and optimization time are related to the number of
intersecting pairs of spheres. The time cost of optimization
can be maintained at 0.2ms-0.4ms because of the good initial
point we choose for iteration (as explained in Section V-B).
Collision detection is the major bottleneck for time cost in
our computation pipeline. It can be kept within 1ms when
the number of intersecting pairs of spheres is 100-200.
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Fig. 6. Haptic simulation of dental examination and the corresponding force/torque applied to the tool as time changes during a period of 32 seconds.
The graphic tool (the white one) remains just in contact even though the haptic tool (the blue one) sometimes penetrated into the tooth/gingival. During
most of the time, the force and torque change smoothly. Abrupt force occurs in y direction when the tool slides from the front side of the tooth to the top
of the tooth at around 9 seconds. Major force and torque occur when contact switches between the tool and tooth/gingival in the sulcus at 20-22 seconds.
During the simulation time, the interaction is stable, and the human operator cannot feel any vibration of the haptic device.

Fig. 7. The right figures show the dental simulation environment with zoomed-in details. The above charts show the computation costs recorded during a
haptic interaction period of 25 seconds. The total computation time for one iteration of updates is usually within 1ms even when over 100 pairs of spheres
intersect.

C. Discussion

From the above two dental simulation experiments, we
can see that our method can provide stable haptic rendering
for multi-contact tasks. It should be noted that the time cost
of sphere-tree based collision detection will increase when
the tool deeply interpenetrates into the virtual objects. We
may need to introduce a multi-rate rendering architecture
and decouple the collision response loop from the collision
detection loop, in order to maintain 1KHz update rate of
force/torque computation.

Some limitations in our current method should be ad-
dressed in the future. First, the sphere-tree model cannot
provide a very accurate fit to an object with sharp features.
Also, like the polygonal mesh model, some discontinuity can
be felt by tracing a planar surface of an object represented by

the sphere-tree model. Thus, as part of our future work, we
plan to consider implicit objects to reduce the discontinuity.
In addition, though the feel of the force feedback is smooth
in most case (as validated in Fig. 6), we do not ensure the
continuity of the force in every case, especially when the
haptic tool deeply penetrates into the objects. We need to
analyze it theoretically and provide a continuous force model.

Second, we need to study how to extend this method
to deal with thin or small-sized objects. Although use of
discrete collision detection greatly improves the real-time
performance of our algorithm, it may lead to “pop through”
when the user pushes the tool hard into the objects. Third,
simulation of friction and dynamic effects may be another
future topic to study. We will consider the method in Ortega’s
work [13], which produces a convincing effect of high-
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frequency textures to perturb the force computed. We will
also adapt our previous work to simulate friction and other
various dynamic effects [23].

VII. CONCLUSIONS AND FUTURE WORK

In this paper, we have presented a constraint-based 6-DoF
haptic rendering algorithm using sphere-trees. Our approach
treats the simulation of the interaction between a rigid
graphic tool and objects in the environments as a constrained
optimization problem in the graphic tool’s 6-D configuration
space. Key to the approach is the mapping of constraints in
the physical space to those in the configuration space. The
small but effective hierarchical sphere-trees enable efficient
collision detection. This approach has been applied to our
dental surgery simulator, and the stability and real-time per-
formance meet the requirements of dental surgery training.

In the future, we will improve our method to deal with the
limitations discussed in the previous section. We also plan
to extend this approach to deformable objects.
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APPENDIX

First, we use L to represent the local coordinate system
of the graphic tool. The vector qt

g defined in (1) denotes
the position and orientation of graphic tool in the world
coordinate system W .

If we transform qt
g into matrix form:

T =

[
cαcβ cαsβ sγ− sαcγ cαsβcγ + sαsγ x
sαcβ sαsβ sγ + cαcγ sαsβcγ− cαsγ y
−sβ cβ sγ cβcγ z

1 1 1 1

]
We can construct the relationship between L and W as:

xW = T ·xL (7)

where xW and xL represent the homogeneous coordinates of
a point in W and L, and this point can be any sphere center
of the graphic tool.

Linearizing the constraint conditions in inequality (5) will
greatly speed up the iterative process of optimization. So we
do it using a first-order Taylor expansion:

C(xi(qt
g),yi(qt

g),zi(qt
g))

= C(xi(qt−1
g ),yi(qt−1

g ),zi(qt−1
g ))

+(
∂C
∂xi

∂xi

∂xt
g

+
∂C
∂yi

∂yi

∂xt
g

+
∂C
∂ zi

∂ zi

∂xt
g
)(xt

g− xt−1
g )

+(
∂C
∂xi

∂xi

∂yt
g

+
∂C
∂yi

∂yi

∂yt
g

+
∂C
∂ zi

∂ zi

∂yt
g
)(yt

g− yt−1
g )

+(
∂C
∂xi

∂xi

∂ zt
g

+
∂C
∂yi

∂yi

∂ zt
g

+
∂C
∂ zi

∂ zi

∂ zt
g
)(zt

g− zt−1
g )

+(
∂C
∂xi

∂xi

∂γ t
g

+
∂C
∂yi

∂yi

∂γ t
g

+
∂C
∂ zi

∂ zi

∂γ t
g
)(γ t

g− γ
t−1
g )

+(
∂C
∂xi

∂xi

∂β t
g

+
∂C
∂yi

∂yi

∂β t
g

+
∂C
∂ zi

∂ zi

∂β t
g
)(β t

g−β
t−1
g )

+(
∂C
∂xi

∂xi

∂α t
g

+
∂C
∂yi

∂yi

∂α t
g

+
∂C
∂ zi

∂ zi

∂α t
g
)(α t

g−α
t−1
g )

(8)
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