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EFIMOV SPACES, CH, AND SIMPLE EXTENSIONS

ALAN DOW AND ROBERTO PICHARDO-MENDOZA

ABSTRACT. We give a construction under CH of an inverse
system of simple extensions so that its limit is an Efimov
space. This example shows that CH alone implies that a
conjecture of Mercourakis about measures [8] is false.

1. INTRODUCTION

An Efimov space is an infinite compact Hausdorff space with no
non-trivial converging sequences and no copies of Sw, the Stone-
Cech compactification of the integers.

One of the well-known examples of this kind of space was con-
structed by Fedorcuk [5] with the aid of <). His space is the limit of
a special class of inverse system: continuous and based on simple
extensions. The construction we present here is an improvement in
the sense that we are just assuming CH.

Dzamonja and Plebanek [3] show that any Efimov space con-
structed from the the Cantor space in an inverse limit of length
w1 using simple extensions refutes a conjecture of Mercourakis con-
cerning measures on compact spaces. Thus Fedorcéuk’s example
does the job under . It is asked in [3] if CH sufficies to refute
Mercourakis’ conjecture, and our construction answers this affir-
matively.
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Efimov spaces have been constructed from CH before (see, for
example, [3] and [6]) but ours is the first example which is an inverse
limit of simple extensions.

2. THE CONSTRUCTION

Recall that (fog, Xo : @ < < €) is an inverse system if fu3
is a map from Xjg to X, whenever a < 3 < ¢ and the equation
fay = fap o fay holds for all o < 3 < < e. The inverse limit of
the system is the appropriate subspace of the topological product
of the family {X, : o < ¢} as described in [4].

Definition 2.1. An inverse system (fo3, X : a0 < 8 <e¢) is

(1) continuous if X, is the inverse limit of the system (fg,, X3 :
B <7 < a), for any limit ordinal o < e.

(2) based on simple extensions if X,41 is always a simple ex-
tension of X, i.e. there exists a single point z, € X, so
that f, ! +1[%a] contains exactly two points and f, ! L1lx] s

a singleton for all z € X, \ {z4}

These kinds of inverse systems are known as minimal in the
Boolean algebra setting.

The following result, in Boolean algebraic form, is due to Kop-
pelberg [7]; a topological proof can be found in [1].

Proposition 2.2. If X is the limit of the inverse system of simple
extensions (fap, Xo : a0 < [ < €), then X does not map onto
[0,1]“1, unless Xo does.

Observe that in this case, X does not map onto [0, 1]° either and
therefore Sw cannot be embedded in X.

Theorem 2.3. Under CH, there exists an Efimov space that can
be obtained as the limit of an inverse system of simple extensions
of length w.

Proof. The plan is to use induction over § to get the desired inverse
system (fog, Xo:a < <wi).

From now on, sequence means infinite sequence. Recall that a
countable set E converges to a point a if E'\ U is finite whenever
U is a neighborhood of a.



EFIMOV SPACES, CH, AND SIMPLE EXTENSIONS 3

Assume that we have constructed X, and Xz for some a < 3
and let x € X, be arbitrary. To simplify our notation we will write
[z] to denote f 1{z}).

Fix a partition (Pa a < wi) of wy so that P, is an uncountable
subset of w; \ a for each o < wy.

We need some terminology. Let v < w1 and 3 € P, be arbitrary.
If X, and X3 have been constructed, then use CH to fix an enu-
meration (D¢ : £ € P,) of all converging sequences D in X, so that
fey[D] is finite for each £ < . Observe that Dg is a convergent
sequence in X,. A selector from Dg is a set E C Xg so that FN[d]s
is a singleton for each d € Dg. Use CH again to get (F¢ : & € Pg),
an enumeration of all converging selectors from Dg.

Let B < a < ¢ and = € X, be arbitrary. Fix v < w; so that
B € P,. We define

Ds(z) :={d € Dg: z ¢ [dlo}-

In other words, d € Dg(x) if and only if d € Dg and fyo(x) # d.

Assume that for some ¢ < w; we have defined a continuous in-
verse system of simple extensions (f,3, X, : 7 < 3 < ¢) so that the
following holds for each 8 < e.

(1) Xo = 2%, the Cantor set. ‘

(2) If 6+ 1 < e and i < 2, then there exist A%, a closed subset
of Xz, and Hg, an infinite subset of Ejg, so that
(a) A% AL = {a5},

(b) Xg = AO U Al
(c) Xpp1 =A@ A1 (the topological sum), and
( ) fﬂ B+1 is the pI‘OJeCtIOH map.

(e) [e]lg C Az for all e € HZ

3)IfxeUe ’]}3, where 73 is the topology of Xg, then for
each finite set ' C 3 there exists W, a clopen subset of Xg,
such that z € W C U and W takes care of (z,F), i.e

[d] 0 frsW] N frp[Xs \ W] =0,
for all v € F and d € D, (x).

Condition (3) is equivalent to saying that W N[d]g is a preimage
of a clopen subset of [d],.
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Observe that (1) guarantees, according to Proposition 2.2, that
the limit will not contain a copy of Sw. Hence our main concern is
to get rid of all converging sequences.

If € is a limit ordinal, then X. is the limit of this inverse system.
To verify (3) let x € Uy € 7 be arbitrary. Fix a finite set F' C «.
Since {fé_gl [V]:€ <e, V €T} is a base for 7z, there exists o < ¢
and U € T, so that F C o and x# € f![U] C Uy. Apply the
inductive hypothesis to a, foe(x), U, and F to get a clopen set W
in X, which takes care of (f,c(x), F') and satisfies foc(x) € W C U.
For each v € F we have D, (z) = Dy (fac()), so fo [W] is a clopen
subset of X, which takes care of (z, F).

Now assume that ¢ = a + 1. Let 8 < wy be such that o € Pg.
Hence 3 < o and therefore F, and Dg have been defined. Since X
is compact metrizable and o < wy, X, is compact metrizable too.
In particular the family {[e], : € € E,} must have an accumulation
point, i.e. there exists a point z, in X, so that the set {e € E, :
[e]a NV # (0} is infinite for each neighborhood V' of .

The next step is to find an infinite set H, C E, so that ([e], :
e € H,) converges to x,, i.e. for each neighborhood U of z,, all but
finitely many e € H,, satisfy [e], C U. Let’s start by fixing a local
decreasing base {B), : n € w} for z,.

We face two cases. When (3 < acapply (3) to construct a sequence
(W, : n € w) of clopen subsets of X, which satisfies

(i) xo € Wy C By,
(il) 2o € Wpy1 € W, N By, and
(iii) W, takes care of (z4,{5}),

for each n € w.

Define Ef} := {e € E, : [e]a N W, # 0}. We claim that for all
but possibly one e € E we get [e]o € W,,. To prove this assertion
let e € E7 and d € Dg(z,) be so that e € [d]z. Now note that
if [e]o \ Wy, # 0, then e € fgo[Wn] N fga[Xa \ Wi] N [d]g, a clear
contradiction to (iii). Find an infinite set H, C E, so that H,\ E"
is finite for all n € w and observe that this H, works.

For the case o = § we have E, C X, and [e], = {e}, for each
e € E,. Clearly any subsequence of F, which converges to x, will
work as H,.
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Let a = {0Br : kK < w} be an enumeration of a. Use (3) to
construct {e, :n € w} C Hy, g: w — w, and {U, : n € w} so that
for each n € w

(I) Uy = X,

I) U, is clopen in X, and takes care of (xn, {0 : k <n}),

IT) g is an increasing function,

V)

)

(I
(I
(I xaEUnHCB()CU \[en]a,and

(V) lenla €

We are going to partition X, \ {z,}. Let n be an arbitrary
integer. Observe that the set V,, := U, \ Up+1 is clopen and takes
care of (zq,{fk : k <n}). Now, given i < 2, define

b, = {za} U | Vorrs-

k=n
The following holds for each i < 2.

(a) b, is closed for all n < w. .
(b) If U a neighborhood of z,, then b, C U, for some m < w.

We claim that b}, takes care of (74,{8 : k < n}). Let k < n
and d € Dg, (zo) be arbitrary. If y € f5,4[b5] N fo.a[Xa \ 03], then
we have two possibilities: y € fg,q[Var+i], for some £ > n, or y =
f8.a(xa). In the first case we get y € f3,0[Varti] N foralXa \ Varti)
and k <n <0 <2041, s0y ¢ [d]s,

Now assume that y = fg,(2a). Since d € Dg, (zo), we get
Zo € [d]o and therefore y & [d]g,

For each i < 2, set A% := b} and H! = {ea,1i : n € w}. Let
Xor1 = (A% x {0}) U (AL x {1}) and declare open all the sets of
the form (U° x {0}) U (U! x {1}), where U is open in the subspace
topology of Al C X,. The map fa,a+1 : Xag1 — X is defined by
faat1(x,7) = .

To complete the induction we check that property (3) holds.
Assume that (z,i) € U € 7,41 are arbitrary and fix a finite set
FCa+1. If x # x4, find Uy € 7, so that (z,i) € Uy x {i} CU
and x, ¢ Up. Let Wy be a clopen subset of X, which takes care
of (z,F \ {a}) and satisfies x € Wy C Up. Set W := Wy x {i}
and note that for all 8 € F' we have fgo11[W] = fg3a[Wo] and
f3.a+1[Xat1 \ W] = fga[Xa \ Wo] (recall that foq is the identity
map). Since Dg((z,4)) = Dg(x) we conclude that W takes care of

((x,1), F).
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Assume now that z = z,. Find n € w, so that bl x {i} C U and
F\{a} C{Bk:k <n}. Define W := bl x {i}. For each § € F and
d € Dg((xa,%)) we have that fg.(za) ¢ [d]g and

fﬁ,aH[W]mfﬁ,aJrl[Xa-I—l\W] - {fﬂa(xa)}u(fﬂa[b;] N fﬁa[Xa \ b;z]) :

Therefore W takes care of ((zq,1), F).

Let X be the limit of our inverse system and let 7, : X — X,
be the bonding map for each @ < wi. In order to check that X
is an Efimov space, assume that S is a converging sequence in X.
Let v < wp be the least ordinal so that m,[S] is infinite. Since
my[S] is a convergent sequence in X, there exists 5 € P, so that
7y[S] = Dg. Since f,30m3 = 7, we can find an infinite set So C S
so that 73 is one-to-one on Sy and 75[Sp] is a selector from Dg, i.e.
there exists a € Pg so that m3[Sy] = E,. Property (2) provides two
infinite subsets of Sp, namely S and S}, so that m,[S§] C A% for
each i < 2. Therefore mo11[S)] and 7a4+1[SE] cannot converge to
the same point. This contradiction ends the proof. O
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