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ABSTRACT. We obtain an independence result connected to the
classic Moore-Mrowka problem. A property known to be interme-
diate between sequential and countable tightness in the class of
compact spaces is the notion of a space being C-closed. A space is
C-closed if every countably compact subset is closed. We prove it is
consistent to have a compact C-closed space that is not sequential.
Our example also answers a question of Arhangelskii by producing
a compactification of the countable discrete space which is not it-
self sequential and yet it has a Fréchet-Urysohn remainder. Ismail
and Nyikos showed that compact C-closed spaces are sequential if
2t > 2¢. We prove that compact C-closed spaces are sequential
also holds in the standard Cohen model.

1. INTRODUCTION

In this note we consider three problems from the open problems book
9, p578]:
(1) [Arhangelskii, 1973] Are o-sequential compact spaces sequen-
tial?
(2) [Ismail and Nyikos, 1980 [2]] If all countably compact subsets of
a compact space are closed, is the space sequential (or, equiva-
lently, sequentially compact)?
(3) [Rancin, 1973 [7]] A reformulation of Arhangelskii’s question:
Let bN be a compact extension of the countable discrete space
N so that BN\ N is sequential. Must then bN also be sequential,
or equivalently, is there a sequence from N converging to a point
in bN \ N7
The background to these problems is the challenge of distinguishing
between three convergence properties in the class of compact spaces.
In this paper all spaces are regular and Hausdorff. A space X is said
to be Fréchet-Urysohn if for any subset A of X, each limit point of A
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is the limit of a converging sequence of points from A. A subset A of a
space X is said to be sequentially closed if every converging sequence
of points from A converges to a point of A. A space is sequential if
every sequentially closed subset is actually closed. Finally, a space X
has countable tightness if the closure of a set is equal to the union of
the closures of its countable subsets. Naturally a space is said to be
o-sequential (respectively, o-Fréchet-Urysohn) if it can be written as a
countable union of such spaces.

The notion of C-closed is much more recent and asserts that every
countably compact subset is actually closed. It is easily seen that a
sequential space (in fact o-sequential space [2, 1.10]) is C-closed and
that [2] countably compact C-closed spaces have countable tightness.
Notice also that every non-isolated point in a compact C-closed space
is the limit of a converging sequence.

The celebrated Moore-Mrowka problem asks if every compact space
of countable tightness is sequential. Naturally each of Problems (1)-(3)
have a positive answer in any model in which the Moore-Mrowka prob-
lem has a positive answer. Moreover, the very method of constructing
the models relies on the fact that C-closed spaces were already known
to be sequential in such models. While it is consistent that the Moore-
Mrowka problem also has a negative answer, the known examples are
not C-closed.

The main result of the paper is a forcing construction in Section
3 establishing the consistency of a negative answer to problems (1)-
(3). In section 2, we first show that many of the standard iterated ccc
forcing models (specifically iterating a single ccc forcing notion) will
be models in which C-closed compact spaces are sequential and, even
in many countable support proper forcing extensions problems (1) and
(3) have positive answer in these models.

2. COMPACT (C-CLOSED SPACES IN THE COHEN MODEL

A space is said to be sequentially compact if every infinite sequence
has a converging subsequence. Evidently, a sequentially compact C-
closed space is sequential. Therefore we are interested in the existence
and structure of compact spaces with a “completely divergent copy of
w”. The well-known cardinal t < ¢ is the minimal cardinal such that
there is a maximal mod finite descending chain of infinite subsets of w
with that cardinality.

Proposition 2.1 ([2]). If a compact space X contains a completely
divergent copy of w, then the closure of w has cardinality at least 2t

Proof. Recursively construct subsets {a, : r € 2<'} C [w]™ so that
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(1) r C s implies a; C* a,
(2) aro and a,1 have disjoint closures.
Conclusion: ([{@; : t C f € 2'} is disjoint from ({a; : t C g € 2'}
when f # g. O

Let us remark that an easy improvement of the previous lemma is
that the cardinality of a compact space containing a completely diver-
gent sequence is at least n (namely, the minimum cardinality of a cover
of N* by nowhere dense sets). The following proposition is an easy
consequence of [4, Lemma 5].

Proposition 2.2. If K C [0,1]" is compact with countable tightness,

then in a Cohen forcing extension, K has a dense set of points of
countable character.

Proof. Put K € M < H(f) with M countable. It will suffice to simply
prove that the set of points in K with countable character is not empty,
and so we may also assume that K has no isolated points.

Since K has countable tightness, every point of K has countable -
character. It follows then that RO(K) N M is a local m-base for each
point of K N M. In addition, it RO(K) N M is a local m-base for each
limit point of K N M (even in the forcing extension).

Notice that Cohen forcing will add a generic g for the countable
poset RO(K) N M. Since g is a neighborhood base for the closed set
Ng={W :W € g}, we will prove that this set is a singleton.

Suppose that 21, 2o are distinct points of K. Choose disjoint regular
open sets Uy, Uy containing 21, 25 respectively. Let Us be a third regular
open set containing neither of 2z, zo in its closure and chosen so that
{Uy,Us,Us} is a cover of K.

Let D denote the set of W € RO(K)N M satisfying that there is an
1 < ¢ <3sothat W C U;. We check that D is a dense subset of the
poset RO(K)N M. Choose any W € RO(K)NM and any x € WN M.
Select 1 < i < 3 so that x € U;. Since RO(K)N M is a local w-base for
x, there is a W’ € RO(K) N M such that W/ C W NU;. Therefore W’
is an element of D that is below W and this proves that D is dense.
Choose W € DN g. It follows that at least one of z1, 25 is not in W.
This completes the proof that () g is a singleton. 0

Our interest in this model comes from the connection mentioned
above between C-closed spaces and sequentially compact spaces.

Corollary 2.3. If K C [0,1]' (for any index set I) is compact and
has countable tightness, then in the extension by adding more than |/|
many Cohen reals, the closure K, in [0, 1], is sequentially compact.
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Proof. Suppose that x > |I| and {&,, : n € w} is a sequence of F'n(k,2)-
names of points of K. We may assume that each &, is a canonical or
nice name and thereby assume that there is a set J C « of cardinality |I|
so that each &, is a F'n(.J,2)-name. Let G C Fn(k,2) and define G; =
G N Fn(J,2), which is a generic filter for F'n(J,2). If we prove that,
in V[G,], K has countable tightness, then we can invoke Proposition
2.2 to conclude that, in V|G|, {valg,(&,) : n € w} has a converging
sequence in K.

Assume that {g, : @ € w;} are Fn(J,2)-names of members of K and
assume that p € F'n(J,2) forces that {7, : @ € wy} is a free sequence.
For each v € wy, choose a p, < p (in F'n(J,2)) and a pair, {W,, U, },
of basic open subsets of [0, 1]’ satisfying that W, C U,, and that p,
forces that {yg : 8 < a} C W, and, for each v > «, y, ¢ U,. Choose
an uncountable S C wy so that {p, : @ € S} is centered. For each
a € 9, the family F, ={KNW,:a<yeS}U{K\Usz: € SNa}
has the finite intersection property. It is easily checked that if z, is
chosen from () F, for each o € S, then the sequence {z, : @ € S} is
an uncountable free sequence from K. O

We do not know if Corollary 2.3 can be strengthened to holding if
we only assume that uncountably many Cohen reals are added. See
Question 3 at the end.

Theorem 2.4 (CH). For any index set I and forcing extension by
the standard poset Fn(1,2), compact C-closed spaces are sequentially
compact, hence sequential.

Proof. Since the conclusion of the Theorem holds in any model of CH,
we may assume that [/| > ;. Let G C Fn(/,2) be a generic filter
and let A be any infinite cardinal. Also let K and {a, : n € w} be
Fn([,2)-names such that some condition p € G forces that K [0, 1]*
is a compact subset with countable tightness and that {a, : n € w} is
a completely divergent subset of K. We will prove that K is forced to
not be C-closed. .

Let @ be a large enough regular cardinal so that K, 2/l and X are in
H(#). Choose M < H(#) so that {a, : n € w} € M with M¥ C M
and |[M| = w;y. Let J =M NI and let 7y, denote the projection map,
in V[G], from [0,1]* onto [0, 1]M"A,

By basic elementarity we have that, for each n, z, = a, N M is
a Fn(J,2)-name of a member of [0, 1], Furthermore, since M* C
M, {&, : n € w} is forced, with respect to the poset Fn(J,2), to be
completely divergent.
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Let Gy = GNM and let us note that V[G] models that my (valg(ay,))
is equal to z,, = valg,,(&,). Moreover, in V|G|, we have from Corollary
2.3 that the sequential closure, Y, of {z, : n € w} is countably compact.
It follows then that valg(K) N7 ![Y] is countably compact. To finish
the proof, we show that Y itself is not compact.

Working in V[Gy], we have by Proposition 2.1, that the closure
of {z,, : n € w} has cardinality greater than X;. Let L,; denote the
points in V|G ] that are limit points of {x,, : n € w}. We also note that
V[Garog, ] is amodel of CH. If we let Y, denote the sequential closure of
{z,, : n € w} in the model V[G sy, ], then Y, has cardinality (at most)
N;. It follows that Ly, \ Y}, is not empty and that, by compactness of
K in V[G], the closure of Y is compact and maps onto Ly;. We will
show that, in V|G|, Y N Ly C Yy,.

As is standard, in V[G], Y is equal to the union of the increasing
chain {Y(® : o € w;} where, Y(© = {z, : n € w}, and for each o < wy,
Y@ = [ J{YP) : 8 < a} if ais a limit and Y = YO U {y : 3{y, :
necwlcY®) (y,), = y}ifa=p+1. Infact, if z € Y N Ly then
there is a well-founded tree 7' C w<* and a function py : T'— Y such
that

(1) for each maximal t € T, pr(t) € {x, : n € w},

(2) for each non-maximal t € T, t"n € T for all n € w,

(3) for each non-maximal ¢ € T', the sequence {pr(t"n) : n € w}

converges to pr(t),

(4) pr(0) = =.
Now choose a pair of countable Fn(I\ M,2)-names T, p coding T and
pr as follows. Simply 7" is a name for T, and p is a name for a function
from w<* into w so that it is forced that for each maximal element ¢
of T, p(t) = n if pr(t) = z,. Fix any condition ¢ € Fn(I'\ M,2) that
forces that p(0) = 2.

Let ¢ be any injection of J; into I \ M chosen so that each of T
and p are Fn(¢|w], 2)-names and ¢ € Fn(¢[w],2). This function ¢ will
lift to a bijection between Fn(Jy,2) and Fn(y[w],2) and further, to an
isomorphism of names. Thus, there are isomorphic Fn(.J;, 2)-names, T¢
and p, which are members of V[Gy]. These names naturally induce
Fn(Ji,2)-names {g : t € T,} defined canonically as follows. If some
condition r forces that ¢ is a maximal element of T, and forces that
py(t) = n, then r forces that g is equal to x,. If r forces that t is
a non-maximal member of Ty, then r forces that g¥ is the limit (if it
is forced to exist) of the sequence {-, : n € w}. By induction on
countable ordinals g, if r forces that {s € T¢ :t C s} has rank f3, the
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limit yf’ is forced to exist. Notice that this is simply a restatement of
the fact that, for each v € A N M, the sequence {g-,(7) : n € w} is
forced to be Cauchy. This is going to hold because of the assumption
that {pr(t7n)(y) : n € w} is forced to be Cauchy. In addition, since g
forces pr(0) = z € V[Gu], the condition ¢, also forces that the value
of yg’ is equal to z. This proves that z € Y, as required. U

Remark 2.5. This result generalizes immediately to show that compact
C-closed spaces will be sequential in many of the standard finite sup-
port iterated ccc forcing models. The key property needed, besides
adding Cohen reals, is that there are, up to isomorphism, only ¢ many
nice names of reals. We do not know if it is necessary to assume that
Cohen reals are added (i.e. finite support iteration) to make this claim.
However, affirmative answers to questions (1) and (3) of the introduc-
tion do hold in such forcing models over a model of CH. To sketch the
proof of (3), let us note that if we have a P-name of a compact exten-
sion bN C [0,1]“? of an embedded completely divergent copy of N as
in (3) for such a poset P, then reflecting to a model M as in Theorem
2.4 will yield a countable subset of the image Y of M[G] N (bN\ N) in
[0, 1]M7«2 that has closure of cardinality greater than N;. The reason
is simply that the image of the copy of N is completely divergent and,
in V[Gy], its remainder will have cardinality greater than W;. This
remainder has countable tightness and Y has cardinality Ny, so some
countable subset of Y has large closure. Since bN \ N is assumed to be
sequential, the proof proceeds as in Theorem 2.4.

3. A T-ALGEBRA COUNTEREXAMPLE

In this section we prove that it is consistent to have a non-sequential
compactification X = w U K of w such that K is Fréchet-Urysohn.

Theorem 3.1. There is a ccc FS-iteration Py, forcing that there is a
compact Fréchet-Urysohn K as a remainder of w so that w is completely
divergent. Thus X = w U K is C-closed but not sequential.

Before starting the proof we review Koszmider’s notion of a T-algebra
[5] (see also [1]). T-algebras are special kinds of the minimally gener-
ated Boolean algebras first studied by Koppelberg [3]. They have a
generating family indexed by a binary tree and satisfying correspond-
ing combinatorial properties. We construct a T-algebra with indexing
tree 2<“* and we make a small generalization by stating the properties
in terms of mod finite containment as subsets of w.

An indexed list {ag : B < 0} (§ < wq) is an mgen-list (minimally
generating list) if, for each £ < 8 < 0, ag is not in I({ae : £ < S}), the
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ideal generated by [w]<™ U {a¢ : £ < 8}, while, for such £ < 3, one of
ag Nag or ag \ ag is in I({ac : ¢ < &}). Let us note that, by induction
on A > &, it follows that if a¢ N ag is not in the ideal I({a¢ : ¢ < £}),
then a¢ \ ag is not only in the ideal, it is also in the Boolean algebra
generated by [w]<™ U {a; : ¢ < &}. Similarly, if a¢ N ag is in the
ideal I({a¢ : ¢ < &}), then it is in the Boolean algebra generated by
[w]<Mo U {a¢ : ¢ < &

It will be convenient to have our mgen-lists enumerated only by
successor ordinals. An mgen-list A = {agy1 : B < 0} contained in
[w]™ can be used to define a locally compact scattered topology on the
ordinal 0 + 1. Given such an mgen-list we define a[A, 3] = {{ < B :
agr1 Nager & I({acer - ¢ < &})}. This is explained in [3]. With these
definitions in hand, we can better describe the required properties for
the generator of a T-algebra.

Definition 3.2. The family A = {a; : t € 2<“*} C P(w) is a T-algebra
generating family providing:

(1) for o(t) not a successor a; is empty,

(2) for any t, a;p U ay = w,

(3) for any ¢, the family {aser1: €+ 1 € dom(?)} is an mgen-list.

When we have such a list A = {a; : t € 2<“'} (even a partial
downwards closed list) then for any p € 2“1 we will let A, = {a,¢11 :
¢+ 1 € dom(p)}, and I, will denote I({ayeq1 : €+ 1 € dom(p)}).
Similarly, alp, o] will be alternate notation for a[A,, a]. As mentioned
above (also see [3]), there is a unique locally compact scattered topology
on the set {p [ o : a € w;} generated by declaring to be clopen each
member of the family {a[A,,a] : @ € w}. We let 7, denote this
topology on the predecessors of p, and let le denote the one-point
compactification topology with p denoting the added point.

Proposition 3.3. Let A = {a; : t € 2<“'} be a T-algebra generating
family and let B(A) denote the boolean subalgebra of P(w) generated
by [w]<M U A. The Stone space, or space of ultrafilters, on B(A) can
described as {U, : n € w} U{U, : p € 2} where U,, is the fized
ultrafilter generated by the singleton n, and U, is the filter generated by
the family of all complements from the set [w]<™ U {a,ie1 : € € wi}.

Proof. We first prove that each such U, is an ultrafilter, which is the
same thing as proving that /, is a maximal ideal. We must prove that
for each ¢ € 2“1 one of a; or a; is in I,. Of course if ¢t C p, then this
is immediate. Let £ € w; be chosen minimal so that p [ £ + 1 is not
below t. By the definition of a T-algebra generating family, we have
that one of ayeq1 M a or ayeqr Nay is in the ideal Iye. Suppose, by
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symmetry, that a;ep1 N aw € Iye. Since aper1 = w \ ageyq, this is the
same as ay \ Apjer1 and is in Iye. Since e U {apjes1} C 1,, this shows
that a0 € 1,.

Now suppose that U is a free ultrafilter on B(.A). It will be easier
to work with the dual non-principle maximal ideal Z. By recursion on
¢ € wy we identify t; € 2¢7! so that I;, C Z. Since U is an ultrafilter,
there is a ¢y € 2! so that a;, € Z. Assume that (¢, : n < &) have been
chosen, and by induction, assume that this is an increasing sequence.
If £ is a successor, £ = 3+ 1, then let t = tg, otherwise, let ¢ = ({3 :
B < &}. Again, just as in the base case, there is a unique immediate
successor t¢ of ¢ such that a;, € Z. Clearly the completed induction
shows that U is equal to U, where p = | J{t¢ : £ € wy}. O

By identifying each U, with p itself, for p € 21, we have that our 7-
algebra generating family indexed by 2<“* induces a topology, denoted
T4, on 2. The next result explains the connection between the topol-
ogy 74 on 2 and the family of topologies {7," : p € 2“1} described
above. Given distinct p, 1 € 2“1 let p A 1 denote the largest common
predecessor and let o(p A ¢) denote the order type of its domain.

Proposition 3.4. If {p} U{p, : n € w} is a subset of 2“1, then p €
{ontn iff w1 € c +({olpn A p) : n € w}). More generally, if Y C
241\ {p}, then p € Y, if and only if, w; € c+({olynp):y eY}).

Proof. Let p € 2 and let Y C 2“1 \ {p}. It will be simpler to prove
the contrapositive implications. First assume that p ¢ Y. Since we
are working in the Stone space, there is a finite H C w; such that the
element (J{a,p+1 : f € H} is a member of the ultrafilter U, for all
y €Y. Fixy € Y and choose minimal 8, = 8 € H so that a,z11 € U,.
Now let &, be the domain of y A p and note that §, < 3, since, otherwise
app,+1 € I, Furthermore, a, ¢, 11 € U, since its complement is in Z,.
Since appe,+1 N appp,+1 18 in Uy, it follows that it is not in I,1¢,. This is
the same as saying that &, € a[p, 8,]. Now it follows that {§, : y € Y}
is contained in (J{a[p, 8] : 6 € H}. This completes the verification
that wy is not in the closure of {o(y A p) : y € Y}.

The converse proceeds completely analogously and we refer the reader
to [5] for the verification. O

Corollary 3.5. The topology induced on 2“* is Fréchet-Urysohn if and
only if 77 is Fréchet-Urysohn for each p € 21.

Finally, we identify the condition that guarantees that the set w of
fixed ultrafilters of S(B(.A)) is a completely divergent sequence. The
proof is just a restatement of the fact that a set Y C w will converge to
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p in the Stone space providing Y is almost disjoint from each member
of I,.

Proposition 3.6. If A= {a; : t € 2<%1} C [w]*° is a T-algebra gener-
ating sequence, then the set of fixed ultrafilters is completely divergent
in the Stone space providing, for each infinite Y C w and each p € 21,
there is an o € wy such that Y N apja41 18 infinite.

Definition 3.7. For an indexed list A = {ag : f < ¢}, of infinite
subsets of w, we define a poset Q[A] according to the rule that ¢ =
(bg, ¢q) € Q[A] if and only if there is a finite H, C § such that

(1) by, ¢, are disjoint subsets of w,

(2) by U ¢, is almost contained in (J{a¢ : £ € H,}, and

(3) for each 5 € Hy, ag\|U{ae : £ € H,N [} is mod finite contained
in one of b, or ¢,.

We order Q[A] as a forcing poset by (b,, ¢,) < (by, ¢,) providing b, C b,
and ¢, C ¢,.

Note that if, in Definition 3.7, A is an mgen-list and if 6 € wy, then
Q[A] is actually countable. This is because, for ¢ = (b, ¢,) € Q[A],
each of b, and ¢, are members of the Boolean algebra generated by
[wl<M U {ag: B € H,}.

Definition 3.8. We define the FS-iteration (P, Qu : & < ws), together
with P, -names fq, fa, {40, G151 : B < a} and Y,, according to the
following rules:

(1) if a is a successor, then a P,-name £, has been selected with
1I- £, is minimal in 2<“1 \ {{z: 8 < a}, and Q, = Q[{diar§+1 :
€41 € dom(t,)}]. Each of o and d,,, are added canonically
by the generic for Qq, in the sense that (b, ¢) IF b C a0 C w\ ¢

(2) if @ is a limit and @ = p + § for some § € w; and cf(p) =
wy, then p, = p, € 2“' is a branch of {{5 : B < u}, and
Qo = [0]< x [w1]<¥ ordered so that the generic filter canonically
defines a subset Y, of & such that (h,H) IF Y, N alA., &) C h
for all £ € H, where A, is the mgen-list {a,, 311 : f € wi}. For
convenience, we also use a[p,, £] to denote alA,,&].

We use the representation of FS-iterations that members of P, are
functions with domain a finite subset of . In this way, {P, : @ < ws}
is a continuous increasing chain of ccc posets. We arrange that for each
P_,-name p of a member of 2" | it is forced that there are cofinally many
[t € wy such that p, is equal to p. Similarly, we may assume that it is
forced that {f, : @ € wy} is equal to 2<¢1.
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We begin with a very routine lemma.

Lemma 3.9. Let o € wy be a successor, let Y be a P,-name. Let A,
denote the mgen-list {a; ¢y, - €+1 € dom(ia)}, and let Aq denote the
mgen-list A, extended by a; o, and similarly for A1. Finally suppose
that p € P, forces that Y C dom(ty) and is not in the ideal generated
by the family {a[A,, 8] : B < dom(,)}.

Then p also forces that Y is not in either of the ideals similarly
generated by Ay and Aq1.

Proof. Let p € G, for any generic filter G, C P,. Let Y = valg,_(Y)
and let (b, ¢) be any member of @, = Q[A,]. Let § = dom(t,). Recall
that there is a finite H C ¢ such that bUc is almost equal to | J{as, je+1 :
¢ € H}. By extending (b,c) we can assume that H contains any
potential witness to contradicting the conclusion of the lemma.
Evidently Y\ U{a[Aq, ] : £ € H} is infinite. Choose any pair yo, 41
from Y \ U{a[A., €] : € € H} with yo < y;. Since alAq, o] C [0, yol,
we have that y; ¢ alAa,yo]. Set by = bU (at, 41 \ ¢) and ¢ =
cU (at, 41 \ b1). It is routine decoding to show that (b1, c;) forces
that yo is not in a[ A1, 0] U U{a[Ax1, €] - € € H} and that y; is not
in alAq,0] U U{a[Aux1,&] : £ € H}. This proves that p does not force
that H is a witness to the failure of the lemma. Since p and H were
arbitrary, the lemma is proven. O

Although the forcing iteration is not the same, the first and main
part of this next result is essentially proven in [5].

Lemma 3.10. Let G C P, be a generic filter, and for each A < w,,
let Gy = GNPy. For each p € 2“, there is minimal A, that will have
uncountable cofinality, so that 7,7 € V[G,]. For this A, V[G] models
that 7';_ has countable tightness.

Proof. We begin by choosing, in V', a P, -name, p, of a member of 2¢'.
Let py € G be an arbitrary member of P,,. Choose minimal py < wo
so that there is a p; < pg, also in G, forcing that p is equal to some
some PP, -name.

Let us briefly work in the forcing extension V[G]. For each v € wy, let
o, be identified so that (the valuation of) . is equal to (the valuation
of) p [ 7. Fix names {c.,, : v € wy} for this strictly increasing sequence
of ordinals. Choose an extension ps € G of p; so as to force a value A
on the supremum of this sequence.

Now let Y be the Py-name of an uncountable subset of w;. Choose
any countable elementary submodel M < H(ws) such that py, the
recursive construction of P, and the set of name {Y, p}U{cv, : v € w; }
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are all in M. Let § = MNw; and let = sup(MNN). Fixany ¢ < ps [ A
(¢ € P)) and finite H € [w;]<* such that g forces a value on &, for each
¢ € H. We prove that thereisanr < ganday € d such thatr IFy € Y
and r IFy ¢ alp, €] for each £ € H. In fact, this follows from applying
Lemma 3.9 finitely many times to the set Y N d. This proves that T:
has countable tightness. U

Since our poset is a finite support iteration of o-centered posets, the
iteration will preserve countable tightness of compact scattered spaces.

Corollary 3.11. If G is P,,-generic, then V[G] models that 7,7 has
countable tightness for all p € 2¢1.

Proof. Choose A\ < wy so that 77 is in the model V[G'y] and has count-
able tightness. The quotient forcing Q = P,,/G, has property K.
Suppose that {§, : @ € w;} is a sequence of Q-names of distinct or-
dinals in w;. Let ¢ € Q be arbitrary. We show by contradiction that
q € Q forces that some initial segment of {p [ (¥4) : @ € wy} has p as
an accumulation point. Otherwise, we may choose, for each o € wy, a
q > qo € Q and a finite H, C w; such that ¢, forces a value v, on 4,,
and also forces that p [ 45 is in (J{a[p,&] : € € H,} for all § < a. But
now, apply that @Q has property K, there is an uncountable L C w;
such that gs is compatible with g, for all 5,a € L. It follows that, for
all o € L, {p [ 75 : B € LNa} is contained in (J{a[p,&] : £ € H,}.
This contradicts that T;_ has countable tightness before forcing with

Q. O

When we combine countable tightness of 7';“ with the forcings utilized
at limit steps, we obtain that 7';“ is Fréchet-Urysohn.

Lemma 3.12. IfG isP,,-generic, then V[G] models that 7, is Fréchet-
Urysohn for all p € 2*1.

Proof. 1t Yisa P,,-name of a countable subset of wy, there is a p < ws
with cofinality w; such that Y is equal to a P,-name and such that p, is
forced to equal Y. Working in V[G,], there is a limit § € w; such that
Y C §. It should be apparent that if Y is not in the ideal generated by
{a[p,€] : € € w1}, then the poset Q45 will force an infinite subset of
Y which is almost disjoint from each member of {a[p,{] : £ € wi}. Tt
follows that Y contains a sequence converging to w. 0

Now we introduce notions to facilitate the proof that w will be com-
pletely divergent in the Stone space.

Definition 3.13. For each successor a € ws and finite H C wq, let
m(a, H) be a P,-name such that 1 forces that m(«, H) is the minimal
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integer m such that every finite set in the Boolean algebra generated
by {@;,1e41: & € HNdom(t,)} is contained in m.

Definition 3.14. A condition p € P, is determined if for each a €
dom(p) there are finite sets hj, H C w; and integer mj such that
p | a forces as follows:

(1) if o is a successor and p(a) = (bg‘, ¢), then
(a) the value of dom({,) is decided and he C HS C dom(i,),
(b) m(a, Hy) is forced to be less or equal to m,
(c) for each & € H, there is a f € dom(p) N« such that
tg = 1o | € and £,(€) is decided,
(d) by U ¢y is equal to my U Uldi, 1 0 € € Hy' Y,
(e) values are forced on b5 Nmy and é N my,
(f) for each £ € by, dj,jeqr \ (mE Ui, 1541 - 6 € HENEY) Is
contained in 0,
(g) for each & € Hy\hy, g, e 1 \(mEUU{ s, 1541+ B € HENEY)
is contained in ¢,
(2) if o is a limit, then p(a) = (hy, Hy), and, fqr each £ € hy UH,,
there is a § € dom(p) such that p, [ & = 5, and the value of
Pa (&) is decided.

For successor v we may think of 02 and ¢? as being determined by

hy, Hy and the pair b’; N my, éb N my partitioning mb.
The following lemma is a standard fact about finite support iterations

and we feel the proof can be omitted.

Lemma 3.15. For each N < ws, the set of determined conditions is
dense in Py.

Definition 3.16. Let a € wy be a successor, and let p € P,,q be
determined. Also let p I dom(¢,) = . Then for any h C H €
[0\ Hy]<™ and k € w, let q(o, H, h, Bg,é;,k) denote the pair (b, ¢)
where b is the P,-name for

b; U (‘Uf} U U dfaf£+1 \ U diamH) \é;'f

£eh neHNE

and ¢ is the P,-name for

SUl U e\ B Uy |\ B

¢€H\h neHNE
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Similarly, let ¢(«, H, h, bz‘, ¢3) be defined by omitting any mention of
k.

Lemma 3.17. With p and H, h,k as in Definition 3.16, p | a forces
that q(a, H, h,bg‘, &) and q(o, H, h,b;“,ép,k;) are members of Qa, and
p forces that each of them are extensions of p(«).
Lemma 3.18. Suppose that p € Py is a determined condition and
that o is a limit in dom(p), ¢ € Hy, and 3 € dom(p) is such that
plFis = pa | ¢. Then p forces that & & a[pa, (] if and only if one of
the following:

(1) £ehf andplF- p(¢) =1, or

(2) €€ HI\ b and p - p(¢) = 0.

Proof. If € ¢ HY, then use q(B, {&}, {&}, 15, &) or q(8,{€}, 0,8, é5) to

force the wrong decision on & € a[pa, (] O

Lemma 3.19. IfY is a P,,-name of an infinite subset of w, and if p
15 a Py,-name of an element of 2*', then for each p € P,,, there is a
qg<pandad € wy such that q IF Y Nay is infinite, wheret = p [ 6 + 1.

Proof. We may assume that p is determined, 0 € dom(p), and that p
forces that p equals p) for some limit A € wy. We also assume that p
forces that Y is almost disjoint from a; for allt € {p [ € +1:€ € wi}.
We work towards a contradiction.

Choose any countable elementary submodel M with each of the
above in M. Let 0 = M Nw; and, by strengthening p, assume that p
forces that £,, = p | § (with 5 a successor in dom(p) N A), that (wlog)
p(8) = 0, and that there is an integer m such that p I- Y Nays1 C m.
By a finite descending induction, we can arrange that p also satisfies
that for each a € dom(p), either 6 € H or p I+ & ¢ dom(t,).

Of course s ¢ M, but for each € € Hg, thereis a 8 € dom(p)NM N~
such that p forces that 4 is equal to p | €. Similarly, for each limit
a € dom(p) N M and each § € hy U HyY there is a 3 € dom(p) N M such
that p forces that 53 = p, | € and p decides the value of p,(€).

Since p forces Y is almost disjoint from a, for all ¢ € {i% [E4+1: €€
Hg } and H[‘f C M, we can choose, in M, a determined condition p; so
that p; is compatible with p and there is an integer k& > max(m,mf,)

so that p; IF k € YV and p; -k ¢ a; for all t € {f,, [f—i—l:ﬁEHg}.
We may assume that dom(p) N M C dom(p;) and that, for each a €
dom(p) "M, HY N M C Hj and hy N M C h, .

Let ¢ be any common extension of p and p;. We construct another
condition g below each of p; and p so that g IF k& € a,541. The main
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difficulty in ensuring that ¢ is below each of p; and p is that for each
limit o € dom(p) N M, ¢ | o must force that Ay is disjoint from
alpa, ] for each ¢ € HY \ M. We can use ¢ to help with this. We
may view this as a demand on the construction of a,,0 = a[pa,(] or
G151 = a[pa, C], where p forces that ts = pa | ¢. Let us again note that
this 3 is in dom(p). In particular, by Lemma 3.18, for each such ¢ with
p Ik pa(C) = 1 we will have that ¢ N hg \ by C hg . Similarly, for each
¢ € H such that p I- po(¢) = 0 we will have that (NhS \he C HJ\RY.

For each successor 3 € dom(p) and p Il {5 € 2%, define H? to be the
union of HY together with all (sNhZ \hS (a a limit) such that (3 € HS.
Also let h” be the union of hY plus the union of those (g N AZ, \ h for
which (g € HyY and p I po(Cs) = 1.

Claim 1. If ¢ € h? and € € hy \ by for some limit o and ¢ € H with
plEis = pa | ¢ then plk po(¢) = 1.
This holds by Lemma 3.18 because ¢ forces that £ ¢ apa, ¢].
Claim 2. For each successor 3 € dom(p1), H® € HY and h? C hf .
This follows because p; £ p and so if there is an a € dom(p;) and
a ¢ € Hy withp Ik p, [ ¢ =tg, then ¢ € HYN M C H, . Since
prIF he \ kY is disjoint from a[pq, ¢] we have that b2 \ h% C HP and
hy, \ by intersected with hg . is the appropriate value.

Now we define ¢ with dom(g) = dom(p;) U dom(p) by induction on
a € dom(q). To start, g(0) = p1(0). For « a successor in dom(p;)
we set (o) = pi(a). For v a limit in dom(p;), we set g(«) equal to
(hs,, Hy U HY).

We make note of a trivial claim:
Claim 3. For a € dom(py), p1 IF q(a) < p1(a).

For o a limit in dom(p) \ M, g(a) = p(a). Let L be the set of
successors « in dom(p) \ M such that p I ¢, C .. Note that that for
each a € dom(p), p has decided if iw C t, since p is determined and
6 € HY if p Ik § € dom({f,). Notice that 75 is the minimum element of
L.

For «v a successor in dom(p) \ M that is not in L, then

q(a) isset equal to  q(a, H*\ H;,h* \ HJ, Bg‘, &)

and by Lemma 3.16

Claim 4. For each successor o € dom(p) \ (M UL), p [ o forces g(a) €
Qo and g(a) < p(a).
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Now we consider « € L.
If a = 75, then q(@) = q(o, H*\ HS, b\ HZ, b2, ¢, k). Tt is still

p>Tp)Tp?

clear that p [ 75 forces that G(vs) < p(7s), but also since p; forces that
k ¢ c5, we have

Claim 5. For any condition r € P, such that r < p; [aandr <p | «
we have that r forces that k € a,541.

If 95 < a € L then we again define g(a) to simply be q(fo, H* \
H e\ H;j‘,b;‘, ;“) but we note in passing that p | o + 1 does not
determine if k € a;_.

Similar to Claim 4
Claim 6. For each o € L, p forces g(a) < p(«).
It remains to prove (by induction)
Claim 7. For each limit o € dom(p) \ M, q | a IF g(a) < p(«).

Proof of Claim 7: By induction we have that ¢ [ a is below p; [ o and
p [ . To prove that q(a) = (ks , HY U H} ) is below p(a) it suffices
to prove that ¢ | « forces that & ¢ [pa, ] for each § € hy \ hy and
¢ € Hy. Choose 3 € dom(p) so that p | « |- {5 = po | ¢. For
(e Ha N M, € ¢ al[pa, (] follows from the fact that p; L p. For ( <¢,
this is vacuous in the sense that a[p,,(] C ¢ but also since we then
have that ¢ < & € M. Therefore we may assume that ¢ < (, and so
we have that ¢ € HP. Again, since p is determined, p forces a value
on po(C). By symmetry, assume that p I- p,(¢) = 1. Assume first that
¢ e Hﬁ. It then follows from Lemma 3.18 that p decides the statement
€ € a[pa, ¢]. Since p; is compatible with p, we have that £ ¢ a[p,, (] as

required. Now suppose that & € H?\ HY. Since p IF po(€) = 1, we have
that £ € hB\Hf. By the definition of (), it is apparent that ¢ [ S+ 1

forces that & ¢ a[ts1,(] and so q | « forces that & € a[pa, (). O
This completes the proof of Lemma 3.19 U

Question 1. Does p > w; imply that compact C-closed spaces are
sequential?

Question 2. Is there a weak <{-principle from [6] that implies that C-
closed compact spaces are sequential?

Question 3. If K C [0,1]** has countable tightness, is K sequentially
compact in the forcing extension by adding uncountably many Cohen
reals?
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