EFIMOV’S PROBLEM AND BOOLEAN ALGEBRAS

ALAN DOW AND ROBERTO PICHARDO-MENDOZA

ABSTRACT. We continue the study, started by P. Koszmider, of a class of
Boolean algebras, the so called T -algebras. We prove the following.

(1) All superatomic Boolean algebras belong to this class.

(2) This class is contained properly in Koppelberg’s class of minimally gen-
erated Boolean algebras.

(3) The existence of an Efimov T-algebra (i.e., a T-algebra whose Stone
space is infinite and contains no converging sequence and no copy of Sw)
implies a negative answer to Scarborough-Stone’s problem.

(4) There is an Efimov T-algebra of countable tightness in the generic ex-
tension obtained by a finite support iteration of length w2 of Hechler’s
poset over a model of CH.

1. INTRODUCTION

This paper focuses on the study of T-algebras (a class of Boolean algebras which
was introduced by P. Koszmider in [22]) and specially on their conection with
Efimov’s problem: is there an infinite compact Hausdorff space which contains no
infinite converging sequence and no copy of Sw, the Stone-Cech compactification
of the integers? Such a space will be called an Efimov space. An Efimov space
is clearly not sequential and so one which has countable tightness is an example
of a Moore-Mroéwka space, i.e., a countably tight compact space which fails to be
sequential.

T-algebras were introduced and developed in [22] as a special method of building
minimally generated Boolean algebras [21] with a generating family indexed by a
tree. Koszmider notes that T-algebras have the very special feature of presenting a
natural correspondence between the maximal branches of the underlying tree and
the ultrafilters of the Boolean algebra generated. Minimally generated Boolean al-
gebras have their origins in Fedorchuk’s method of resolutions [12] and have been
utilized many times to solve fundamental problems exploring the connections be-
tween countable tightness, hereditary density, the character, and the abundance or
absence of converging sequences in compact spaces (see [13| [5, [24], 18] for excellent
examples).

All superatomic Boolean algebras are minimal ([2I]) and are also T-algebras
(see Proposition . However we produce the first example of a minimal Boolean
algebra which is not a 7 -algebra in Theorem Minimally generated Boolean
algebras have a special connection to Efimov’s problem since Koppelberg ([21])
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showed that their Stone spaces can not contain Sw. In fact, the algebra has no
uncountable independent family, which is to say the free algebra on w; generators
cannot be embedded as a subalgebra of a minimally generated Boolean algebra.
We establish another omitting subalgebra result by showing that the Stone space
of an Efimov T-algebra will not map onto the product space (w; + 1) X (w+ 1)
(see Theorem [5.4]). This is intended as an illustration of an obstruction in possible
inductive constructions of Efimov T -algebras.

Let us recall that the cardinal s is the least cardinality of a splitting family of
subsets of w and that d (resp., b) is the least cardinality of a dominating (resp.,
unbounded) family of functions from w to w (see [10]).

One of the original motivations for the introduction of 7-algebras is that Fe-
dorchuk’s classical example of a compact S-space from < (see [13]) is a T-algebra.
This space is also an Efimov space of countable tightness. It was, along with
Ostaszewski’s space, the earliest example of the consistency of the existence of a
Moore-Mréwka space. The main result of the paper (in section 6) is to establish
that in the standard Hechler model for b = ¢ = ws, which is obtained by a finite
support iteration of a ccc poset adding a dominating real, there is an Efimov 7-
algebra. There are two additional special properties of this example. In the first
place, its Stone space has countable tightness, and so is also a Moore-Mréwka space.
The proper forcing axiom, PFA, implies that b = ¢ = wy and that Moore-Mréwka
spaces do not exist (see [2]). While it is not known if there is a ZFC example of an
Efimov space, it is evident that PFA implies they do not have countable tightness.

Our space is the first example of an Efimov T-algebra in a model of b > wy. It is
constructed in the same manner as the example in [22) Theorem 4.7] which is done
in the usual Cohen model. The second special property of our example is that the
height of the tree is only w; (as it is in the Cohen model).

The character of an ultrafilter on a T -algebra is bounded by the cardinality of the
associated branch (Corollary . In a topological space, any point with character
less than p which is a limit point of a countable set will have sequences converging
to it (see Proof that p < p, on page 130 of [I0]). Therefore in models of Martin’s
Axiom, for example, the minimum height of an Efimov T-algebra will be ¢. In fact,
if we denote by b the distributivity degree of the Boolean algebra P(w)/ fin (see
1), it can be shown (but this will be material for a subsequent paper) that the
minimum height of an Efimov T-algebra is at least h and so can be greater than
p. Analysis of the minimum height led to the paper [9] where it is shown that the
assumption b = ¢ implies the existence of an Efimov T-algebra (of height ¢ and
uncountable tightness). We expect to explore restrictions on the possible heights
of Efimov T-algebras in a subsequent paper, for example, we have established that
in some models of h = b < s, such as [3], there is no Efimov T-algebra of height b.

In Section 4 we show that the existence of an Efimov T-algebra implies a nega-
tive answer to the celebrated Scarborough-Stone problem. The Scarborough-Stone
problem asks if the product of sequentially compact spaces is necessarily countably
compact. It is interesting that this problem, like the Efimov space problem, is
also open in ZFC. The Scarborough-Stone problem has been resolved under b = ¢
by van Douwen [I0] and in special models of b < 9 by Nyikos and Vaughan [25].
Efimov spaces are known to exist in a variety of models. The hypothesis b = ¢
mentioned above and the hypotheses cf([s]“) = s plus 2% < 2°¢ (see [14], 15 [8, [6])
may cover all known cases. However, the existence of Efimov T-algebras is not
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known in all such models. An interesting plausible conjecture, which would be new
for both problems, is that 9 = w;y (even for specific models) may imply that there
is an Efimov T-algebra of height ws.

The structure of this article is as follows, section 3 presents material on 7T-
algebras that will be used in later sections. Section 4 is dedicated to three examples.
The fifth section deals with two consequences of the existence of an Efimov 7-
algebra (i.e., a T-algebra whose Stone space is an Efimov space): (1) Scarborough-
Stone’s problem would have a negative answer and (2) the Stone space of such an
algebra does not map continuously onto the product (w; + 1) X (w + 1). Finally,
section 6 establishes that it is consistent with —CH that Efimov T-algebras (of
countable tightness) do exist.

2. NOTATION AND DEFINITIONS

For a function f and a set .S, the symbol f | S will denote the restriction of f
to S.

If ¢ is a function whose domain, dom(t), is an ordinal, then we define, for any 4,
t™i:=tU{(dom(t),)}. Equivalently, if « is the domain of ¢, then ¢t~ is the only
function satisfying dom(¢t i) = a+ 1, (t74¢) @ =t and (t74) () = 4.

Given an ordinal e, we will denote by 2<¢ the collection of all functions whose
domain is an ordinal < € and whose image is a subset of {0, 1}. For all s,t € 2<¢ we
define s < t iff ¢ extends s, i.e., s C t. This relation turns out to be a tree ordering
(as defined in [23], Section IIL.5]) for 2<¢. Note that any subset of 2<¢ with the tree
ordering described above is itself a tree. A similar discussion applies to 25¢.

Definition 2.1. If t € 2<¢ and dom(t) = a4+ 1, we let t* := (¢t | a) " (1 — t(a)).

Note that if ¢ and a are as in the previous definition, then ¢ [ a = t* | «, but
t(a) # t* ().

A branch in a tree T is a maximal chain in 7. The height of a node t € T will
be represented by ht(t,T) or by ht(t) when the tree is clear from the context.

To simplify notation, all Boolean algebras discussed in this paper are assumed to
be subalgebras of the power set of some set Z. For similar reasons, —a will denote
the complement of a C Z with respect to Z.

We follow closely the notation and terminology used in [20], except for some
minor details. For example, we use St(A) to denote the Stone space of a Boolean
algebra A. Also, the collection of all clopen subsets of a topological space X will
be denoted by CO(X).

A Boolean space is a compact T» zero-dimensional topological space; equiva-
lently, any space homeomorphic to the Stone space of a Boolean algebra.

All topological notions should be understood as in [I1].

3. 7-ALGEBRAS

Let A be a Boolean subalgebra of B. We say that B is minimal over A (in
symbols, A <,,, B) if no proper subalgebra of B contains A as a proper subset.
This notion was introduced in [2I] by S. Koppelberg, where she also proves that
A <, B iff (i) B is the Boolean algebra generated by A U {z}, for some x € B,
and (ii) at most one ultrafilter of A is contained in two different ultrafilters of B
(see [21, Lemma 1.2]). When = ¢ A, there is exactly one ultrafilter u with this
characteristic and, in this case, we will say that x is minimal for (A, u).
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A Boolean algebra A is minimally generated if there exist an ordinal € and a
family {A, : o < €} of subalgebras of A such that (1) Ay is the two-element
algebra; (2) if o +1 < ¢, then A, <, Aay1; (3) if @ < ¢ is a limit ordinal, then
Ao = Ugcn Ags and (4) U, Ao = A. Informally speaking, a Boolean algebra is
minimally generated if one can construct it by small, indivisible steps.

In order to establish a topological translation of minimality some concepts are
needed. First, given two Boolean spaces, X and Y, we will say that Y is a simple
extension of X if there is a continuous map f : X — Y in such a way that, for some
point y € Y, the fiber f~![y] contains exactly two points while all sets of the form
f7tz], z € Y\ {y}, are singletons. Then A <,, B iff St(B) is a simple extension
of St(A) and, moreover, X is a simple extension of Y iff CO(Y") is minimal over a
subalgebra which is isomorphic to CO(X).

Now the second concept: a simplistic system is an inverse system, (X, fos :
a < B <€), of Boolean spaces where (1) X is a singleton, (2) X,41 is a simple
extension of X, whenever a + 1 < ¢, and (3) if v < ¢ is a limit ordinal, then X,
is homeomorphic to the inverse limit of (X4, fap : @ < 8 < 7). A topological space
will be called simplistic if it is homeomorphic to the inverse limit of a simplistic sys-
tem. Straightforward arguments show that X is simplistic iff CO(X) is minimally
generated and vice versa, a Boolean algebra A is minimally generated iff St(A) is
simplistic.

It is proved in |21, Example 2.4]) and [21I, Corollary 1.7], respectively, that (1)
the free Boolean algebra on w; generators is not minimally generated and (2) every
subalgebra of a minimally generated Boolean algebra is itself minimally generated.
Hence no simplistic space maps onto the topological product 2“* and so we obtain:

Remark 3.1. No simplistic space contains a copy of Sw.
The following notions appeared first in [22] (recall Definition 2.1]).

Definition 3.2. Let ¢ be an ordinal. A set T' C 2<¢ will be called an acceptable
tree if the following holds

(1) The domain of each member of T is a succesor ordinal.
(2) Forallte2<c, teTiff t* € T.

Definition 3.3. Let T be an acceptable tree and let A be a Boolean algebra. A is
a T-algebra if

(1) There is a function a : T'— A whose range, {a(t) : t € T}, generates A (it
will be a common practice to write a; instead of a(t)).

(2) For each t € T, a; is minimal for (A¢, u;), where A, denotes the Boolean
algebra generated by {as : s < t} in A and wu; is the filter generated by
{as s <t} in Ay

(3) For any ¢t € T we have a(t*) = —a;. Equivalently, s™0 € T implies as~¢ =
—Qs—~1-

Naturally, a collection {a; : t € T'} as the one described in the definition witnesses
that A is a T-algebra.

There are two comments we need to make. First, we are commiting an abuse of
notation: {as : s < t} really means {as : s € T A s < t}. Secondly, it is implicit
in condition (2) that {as : s < t} has the finite intersection property and that u;
turns out to be an ultrafilter in A; because it contains all its generators.
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To simplify things we will adopt the following convention: the phrase “B is a
T-algebra” means that there is an acceptable tree T such that B is a T-algebra.

When we refer to the height of a T-algebra A, we mean the minimum height of
a tree T witnessing that A is a T-algebra.

Any T-algebra is minimally generated as proved in [22] Fact 2.10 on p. 3081].

Lemma 3.4. Let T be an acceptable tree and let {a: : t € T'} be a set of generators

for the Boolean algebra A. Then condition (2) in Deﬁnition holds iff for each
t € T we have that

(2") {as : s <t} has the finite intersection property and
(2") ar —as € Ay for all s < t.

Proof. Assume that condition (2) holds. Only (2”) needs an argument, so let us
start by fixing s < t. Given that a; is minimal for (A, u:), we apply [22, Proposition
2.2] to obtain u; = {x € As : x Nay ¢ A;}. Since uy is an ultrafilter in A; and
as € ug, we get —ag ¢ uy, ie., (—as) Nay € A;.

Suppose now that (2') and (2”) hold and let A; and u; be as defined in condition
(2). Then u; is an ultrafilter in A;. The set I := {x € A; : xNay € A;} is, according
to [2I, Lemma 1.1], an ideal in A;. Since the dual filter of I is F' := {z € A; :
(—x)Na; € Ay} and uy C F (as a consequence of (2”)), we have that u; = F. In
particular, F' is an ultrafilter and therefore, for each x € A;, x € F iff —x ¢ F,
ie,z €y iff zNa; ¢ A;. So we invoke [22] Proposition 2.2] to conclude that a; is
minimal for (A, ug). O

The following was proved in [22] Lemma 2.8].

Proposition 3.5. Let A be a T-algebra as witnessed by {a; :t € T}. Then
(1) For each u € St(A) there is a branch b C T such that u is the ultrafilter
generated by {a; : t € b} in A.
(2) If b is a branch in T, the set {a; : t € b} generates an ultrafilter in A.

To prove the first part of this proposition one constructs, by transfinite induction,
a branch as follows: we start by selecting the only node on level 0 of T, let us say,
to which satisfies a(tg) € u and at stage o we select, if possible, an upper bound for
{t¢ : € < a} on level a, let us say, t, in such a way that a(t,) € u. This argument
and Stone’s representation theorem ([20, Theorem 7.8]) prove the following:

Remark 3.6. Let X be a Boolean space whose clopen algebra is a T-algebra as
witnessed by {a; : t € T} and let b be a branch in T'. If ¢ € T satisfies

ﬂ{as:seb}ﬂﬂ{as:sgt}yéw,
then {seT:s <t} Chbh.
Our next result will be used several times.

Corollary 3.7. Let X be a Boolean space for which CO(X) is a T-algebra as
witnessed by {a, :t € T}. Then:
(1) For each x € X there is a branch b C T such that the following three
equivalent conditions hold.
(a) The ultrafilter {c € CO(X) : x € ¢} is generated by {a, : t € b}.
(b) {Hat:te F}:F e b~ \{0}} is a local base for X at x.

(¢) N{a : t € b} = {z}.
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(2) Ifbis a branch in T, ({a¢ : t € b} is a singleton.
Proof. Since X is a Boolean space, the map f : X — St(CO(X)) given by
f(z) ={ce COX):z€c}

is a homeomorphism.

By Proposition T has a branch b such that f(x) is the ultrafilter generated
by {a; : t € b}. Thus we get condition 1-(c) because () f(x) = {z}.

To prove that all conditions listed in (1) are equivalent notice that (b) is a
consequence of (a) because X is zero-dimensional and that (b) implies (c¢) because
X is Hausdorff. To finish the argument let us assume (c¢) and let « € ¢ € CO(X).
Then ({a¢ : t € b} C ¢ and since X is compact, there is a finite set F' C b so that
{a¢ : t € F'} C c. Therefore we obtain (a).

To prove (2), observe that if we let u be the ultrafilter generated by {a; : t € b},
then there is z € X with f(z) = u and so z is the only element of ({a; : t € b}. O

Lemma 3.8. Let X be a Boolean space for which CO(X) is a T-algebra as wit-
nessed by {ay : t € T'}.
(1) If s,t € T are comparable and W := ({a, : v < s*}, then either a; and W
are disjoint or W C ay.
(2) Assume that (t, : n € w) is an increasing sequence in T and that for each
n € w we have {xn,yn} C {ar : 7 < t:}. Then

{zg:kewrn{ys: kew} #0.

Proof. To prove (1) let us assume that W Na; # (). Fix a branch b in T satisfying
s,t € b. Note that 77 := bU {r* : r € b} is an acceptable tree and B, the
Boolean algebra generated by {a, : 7 € b} in CO(X), is a T"-algebra. Moreover,
d:={reT:r <s*}isabranch in T’ and therefore {a, : r € d} generates an
ultrafilter in B (Proposition which will be denoted by w.

Our assumption implies that {a;} U {a, : r € d} has the finite intersection
property, so a; € u and, in particular, there is a finite set F' C d such that

Wgﬂ{aT:TEF}gat.

Now let us prove the second part of our Lemma. Set S := {x : k¥ € w} and
an = (Has : s < t,} for each integer n. Note that our hypotheses imply that if
m € w, then S\ {zx : k < m} C a,, and therefore {a, NS :n € w} is a decreasing
sequence of nonempty closed subsets of X. Let z € SN({a, : n < w} and let b be
a branch in T such that (\{as : s € b} = {2} (Proposition [3.5).

We will show that z € {y, : n € w} with the aid of Proposition so let F' be
a finite subset of b. Then there is an integer m such that z,, € (({as : s € F'} and,
on the other hand, an straightforward application of Remark produces t,, € b.
Hence ({as : s < 5} C ay, for all t € F (part (1) of the Lemma). Which gives
ym € (Mas : s € F}. O

4. EXAMPLES

It is proved in [21, Example 2.3] that all superatomic Boolean algebras are min-
imally generated. Our next proposition strengthens this result by showing that all
superatomic Boolean algebras are, in fact, 7T-algebras (see [20, Remark 17.2]).

Recall that a topological space is scattered if every subspace of it has an isolated
point.
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Proposition 4.1. If X is a compact Hausdorff scattered space, then there is an
acceptable tree T for which CO(X) is a T-algebra.

Proof. For each ordinal « let X, be the set of isolated points of X \ | J{X¢ : £ < a}.
Since X is compact scattered, there exists ¢ in such a way that X = | J{X, : o < d}
and X; # 0.

Fix a well-ordering < on X for which o < 8 < 4, z € X,, and y € X imply
x < y. Since X is compact, X is finite so let z be the <-last element of X5 (note
that z is actually the <-maximum of X). Denote by € the order type of (X\{z}, <)
and let h: e — X \ {z} be an order isomorphism.

Given a < § and = € X, \ {#} let us fix Wy, a clopen subset of X, such that
Wo \U{Xe : £ < a} = {z}. Observe that W, := X \ | J{W, : z € X5\ {2}} is
clopen in X and W, N X5 = {z}.

Let f : e — 2 be the constant zero function, i.e., f(«) = 0 for all @ < €. Then
T:={(f«)"i:a<ceandi < 2} is an acceptable tree and T C 2<¢. For each
o < € define

a((f 1 a)70) = X\ Wy and a((f [ @) 7 1) := Wi(a)-

Note that if o < &, then {Wya) \ U{Wh(e) : £ € H} : H € [a]<“} is a local base
for X at h(a); therefore CO(X) is generated by {a; : t € T'}.

Let a < & be arbitrary and set ¢ := (f | @)™ 0. To finish the proof we will show
that conditions (2') and (2”) in Lemma hold for ¢. This will suffice because a
simple modification of our argument proves that the same is true for t*.

Notice that if s € T satisfies s < t, then s = (f [ )70 for some § < «. Hence
h(c) € as and therefore {a, : r < ¢} has the finite intersection property. On the
other hand, a; — as is compact open and a; — a5 = W) \ Wj(q) so there are finite
sets I' C 41 and He C &, for each £ € F, satisfying a; —as = (J{Wh(e) \U{Wh) :
n€ He}t: & e F}; thus ap —as € Ay ]

Theorem 4.2. There is a minimally generated Boolean algebra which is not a
T -algebra.

Proof. Our strategy is to construct a simplistic system so that the clopen algebra
of its limit is as required in the statement of the theorem.

Enumerate all rational numbers in the Cantor set, 2 N Q = {g, : n € w},
and define, by induction, a sequence (Z,,, gm : m € w) of topological spaces and
mappings so that

(1) Zy:= 2%,
(2> L1 =Zm ® {(q07m)}7 and
3) gm : Zm+t1 — Zp is continuous, ¢, | Z, is the identity map, and
9gm (g0, m) = qo.
In other words, Z,,11 is obtained from Z,, by splitting gy into two points and
making one of them isolated.

Notice that the sequence we just defined is an inverse system based on simple
extensions. Let Y7 be its limit and let hg : Y7 — 2 be the corresponding projection
map (i.e., ho(x) is the Oth coordinate of x).

Y7 is homeomorphic to the subspace (2 x {w}) U ({go} X w) of the topological
product 2¥ x (w + 1), i.e., Y7 results of adding a converging sequence with limit go
to the space Yy := 2¢.
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The process described in the second and third paragraph of this argument applied
to Y1 and ¢; (instead of 2¢ and qp) produces Y2 and, in general, we obtain an
inverse system (Y, h,, : m € w), where each Y,,, is homeomorphic to the subspace
(2 x {w}HU{g : 1 <m} xw) C 2% x (w+1) and hy, collapses the new converging
sequence to a point: Ay, (¢m,i) = (gm,w) for all i < w. Let Xy be the limit of this
inverse system.

X is homeomorphic to the space obtained by endowing the set 2“U((QN2%) x w)
with the following topology: each (g, m) is isolated and a local base for r € 2¢ is
given by all sets of the form

WU ((WnNQ) xw)\ F),

where W is an arbitrary clopen subset of 2 which contains r and F' is a finite set
(moreover, when r ¢ Q one can take F' = ()). For this reason we will assume, for
the rest of the proof, that X is actually the space we just described.
Let {(ra, Ma) : @ < ¢} be an enumeration of all pairs (r,m) so that

(a) 7:2<Y > QN2¥and m:2<¥ - w.

(b) For all g € 2¥ the sequence (r(g [ n) : n € w) converges.

(c) If f,g € 2¥ satisfy f # g then

lim r(f [ n) # lim r(g [ n).
n—oo

n—roo

For each a < ¢ we will obtain, by transfinite induction, a function g, € 2% so
that

* X 1= nh_)ngC Ta(ga [n) € {ze: E<a}UQ

and a topology 7, for X, := Xo U {(z¢,0) : £ < a} together with mappings fza,
B < a, in such a way that S := (X3, fgy : 8 <y < ¢) ends up being a continuous
inverse system which satisfies

(la) If B < v, then fgo | Xp is the identity map and fga(z¢,0) = ¢ whenever

f<i<a

(2a)) The sequence ey := {(ra(ga [ n),ma(n)) : n € w} converges to o in 74.

(Ba) To U{ea U{(24,0)}, Xo \ €} is a subbase for 7441.

Observe that, according to this prescription, the inverse system is based on
simple extensions. More precisely, at stage o + 1 the point x, is doubled and e,
becomes a converging sequence to the ‘twin’ of z,, namely, (x,,0).

We only have to explain how to get 7,41 from 7,. Condition (c) above implies

that [{z¢ : { < a}| < ¢ = H li_)m ro(gln):ge€ 2“’}‘ and therefore we can find

Jo € 2¢ satisfying (*). As one can verify, a local base at any given point z € X, in
To 18 given by all sets of the form

WA Ulee: € € FHU(W N {ze: € € a\ F}) x {0}),

where W is a clopen set in Xy containing z and F' is an arbitrary finite subset of
a. Therefore, our choice of z,, is in complete agreement with (2a). This completes
the induction.

Let X be the limit of S. To prove that X is simplistic we only need to concatenate
all inverse systems involved in the construction of this space. Hence A := CO(X)
is minimally generated.
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X will be identified with Xy U {(24,0) : @ < ¢} in such a way that X, is a
subspace of X and if @ < ¢, then {{(x4,0)} U(eq \ F) : F € [eq]<*} is a local base
of clopen sets at (z4,0).

Seeking a contradiction let us assume that {a; : ¢t € T} witnesses that A is a
T-algebra for some acceptable tree T. For each t € 2<% \ {#} we will inductively
define f(t) € T, q(t) € Q, £(t) € w, and W(t) € CO(2¥) in such a way that the
following is true for all ¢t and all ¢ < 2.

(1t) f is increasing: f(s) < f(t) whenever s < t.

(2t) f(tr)=f(t)".

(3t) W(t) has diameter < 1/2/.

(4t) q(t) € W(t) C a(f(t*)).

(5t) If s € T and s < f(t74), then W(t™4) C W(t) C as.
(5t) a(f(t™4) NW(t) # 0.

(6t) (q(t),£(t)) € a(f(t")).

For the base of the induction: let u € T be so that a(u) N2¥ # ) # 2%\ a(u) but
2% C a for all s < u. Define f(0™0) =w and f(0™1) = u*. Givent € {#70,071},
let ¢(t) € a(f(t*)) N Q and £(t) € w be such that (¢(¢),£(t)) € a(f(¢*)). Finally,
let W(t) be a clopen subset of the Cantor set whose diameter is less than 1/2 and
such that ¢(t) € W(t) C a(f(t*)).

Assume that for some n € w and for all t € 25" we have defined f(t), q(t),
£(t), and W(t) as required. Fix t € 2" and let ug € T be so that f(t) < wo,
W(t) Na(ug) # 0 # W(t)\ alug), and W (t) C as for all s < ug. Set f(t70) = ug
and f(t™1) = uf. As before, for each i < 2 we can find q(t %), £(t4), and W(t™1)
satisfying all the requirements and this completes the induction.

Consider the functions g : 2<% — 2 NQ and £ : 2<% — w given by ¢ — ¢(¢) and
t — £(t), respectively. Properties (1), (2t), and (4¢) imply that, for some o < ¢, we
obtain (q,£) = (ra,Ma). Let t, := gq [ n for all n € w. Thus H := {q(¢,) : n € w}
and e, have disjoint closures in X. Also note that conditions (4¢) and (6t) give

{Q(tn)’ (Q(tn)vg(tn))} - ﬂ{as A f(tn)} - a(f(tn))

and since {f(t,) : » € w} is an increasing sequence in T', Lemma guarantees
that H Neq # 0. A contradiction. O

Recall that Alexandroff’s double arrow space is the subspace [0,1] x {0,1} of
the square [0, 1] x [0, 1] endowed with the topology given by the lexicographic order
(alternatively, split each point z of [0,1] into two points, 27 and x~, and define a
total order by declaring = < 21 and using the induced order of [0, 1] otherwise).
By identifying 2 with the Cantor Middle Third Set, we can consider 2¥ x {0,1}
as a subspace of Alexandroff’s double arrow; this space will be called Alexandroff’s
double arrow on 2¢.

In [19, Example 1], Koppelberg proves that the topological product of 2¢ with
Alexandroft’s double arrow on 2¢ is not simplistic (she actually uses Alexandroff’s
double arrow, but the same argument works). Since both spaces are simplistic (see
[2T, Example 2.1]), this shows that the class of simplistic spaces is not closed under
products. Equivalently, the class of minimally generated Boolean algebras is not
closed under free products.
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Proposition 4.3. There are two acceptable trees, T and T', together with two
Boolean algebras, B and B’, such that B is a T-algebra, B’ is a T'-algebra, and the
free product B ® B’ fails to be a T -algebra.

Proof. Let B’ := CO(2¥) and T" := 2<%\ {0}. For each t € T" define
a(t™0):={fe2Y:tC f} and a(t"1) := 2%\ a(t0).

According to [22 Example 2.9], {a; : t € T'} witnesses that B’ is a T’-algebra.

Claim. If X denotes Alexandroff’s double arrow on 2% and T := T U 2«1
then CO(X) is a T-algebra.

In order to prove the Claim let us define, for each t € T, ¢; := a; x {0,1}. Thus
B’ is isomorphic to the Boolean algebra generated by {c; : t € T'} in P(2¥ x {0,1}).

Observe that if one identifies 2 with Cantor’s Middle Third Set in the canonical
way, then each x € 2% represents a real number in [0, 1] so one can consider the
closed interval [0,z] and, moreover, the intersection 2* N [0,z]. Keeping this in
mind, define

c(z70) == (22N [0,2]) x {0}) U ((2¥ N[0, 2)) x {1})
and c¢(z 1) := (2¥ x {0,1}) \ e(z™0).
It is straightforward to verify the following.
(1) {ct : t € T} generates CO(X).
(2) For each x € 2¢: if S := {c(z | n) : 0 < n < w}, then ¢(z™0) is minimal
for (B, u;), where B, is the Boolean algebra generated by S and u, is the
filter generated by S in B,.

Therefore CO(X) is a T-algebra and the Claim is proved.

As we mentioned in the paragraph preceding Proposition B @ B’ is not
minimally generated. On the other hand, [22] Fact 2.10 on p. 3081] guarantees
that if S is an acceptable tree, then all S-algebras are minimally generated and so
the proof of the proposition is complete. O

5. EFIMOV T-ALGEBRAS

Let T be an acceptable tree. A T-algebra whose Stone space is an Efimov space
will be called an Efimov T-algebra.
The following is a consequence of Stone’s representation theorem.

Remark 5.1. The existence of an Efimov T-algebra is equivalent to the existence
of a zero-dimensional Efimov space X for which CO(X) is a T-algebra.

As we did before, the phrase “B is an Efimov 7T -algebra” means that B is an
Efimov T-algebra for some acceptable tree T

Note that, according to Remark a T-algebra is Efimov iff its Stone space
contains no copy of w + 1.

One of the long-standing problems in Set-Theoretic Topology (it was posed by
C.T. Scarborough and A.H. Stone in 1966) is Scarborough-Stone’s question: Must
every product of sequentially compact spaces be countably compact? As one may
expect, the literature related to this question is vast so we refer the reader interested
in the topic to [27].

The first part of this section will be dedicated to this problem.

First of all we establish some definitions. As usual, w* will denote the collection
of all nonprincipal ultrafilters in w.
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Now assume that s : w — X is a sequence in a topological space X and r € w*.
A point z € X is an r-limit of s if for each neighborhood U of = we obtain that
{n € w:s(n) € U} €r. X will be called r-compact if every sequence in X has
an r-limit. Notice that {{s(n) : n € a} : @ € r} has the finite intersection property
and therefore when X is compact, all sequences in X have an r-limit. Moreover, if
X is Ty, this r-limit is unique.

A straightforward argument shows that r-limits are preserved by continuous
functions, i.e., that if f : X — Y is continuous and s is a sequence in X which has
x as an 7-limit, then f(z) is an r-limit of the sequence f o s.

Theorem 5.2. The ezistence of an Efimov T -algebra implies a negative answer to
Scarborough-Stone’s question.

Proof. We only need to exhibit a family {X, : r € w*} of sequentially compact
spaces such that each X, is not r-compact because, according to [27, Lemma 2.1],
the topological product of such a family is not countably compact.

Let X be a zero-dimensional Efimov space such that, for some acceptable tree
T, CO(X) is a T-algebra as witnessed by {a; : t € T} (Remark [5.1). X possesses
an accumulation point p so we can apply Corollary to obtain a branch b C T
satisfying ({a: : t € b} = {p}. Notice that if b were finite, p would be an isolated
point so b is infinite. Using this fact let us fix an increasing sequence of nodes
{tn :m <w} Cbh.

For each integer n there is a branch b, C T satisfying {tx : k <n}U{t;} C b,.
According to Corollary [3.7H(2), N{as : s € b,} contains a single point we will call
W,

Set W := {wy, : k € w} and note that the equality WN({as : s < tp} —a(t,) =
{wy} holds for all n < w. In particular, W is infinite discrete.

For the rest of the proof we will fix r € w*.

Let w, be the unique r-limit of the sequence (w, : n < w) in X and let b, be
a branch in T which satisfies (\{a; : t € b,} = {w,} (we are using Corollary [3.7).
Denote by B, the Boolean algebra generated by {a; : t € b} in CO(X).

The map f : X — St(B,) given by f(z) := {¢ € B, : © € ¢} is onto and
continuous. Note that if © € X satisfies f(z) = f(w,), then {a; : t € b} C f(x)
and therefore x € ({a; : t € b}, which gives # = w,. On the other hand, the fact
that W is infinite discrete, implies that w, ¢ W. These two remarks show that the
sequence (f(wy) : n < w) has no r-limit in the subspace X, := St(B,) \ {f(w;)}.

It remains to show that X, is sequentially compact. According to [26, Theorem
5.7] we only need to prove that X, is scattered and countably compact (notice that
XT is Tg)

Let {z,, : n € w} be an infinite subset of X,.. For each n € w there is y, € X
so that f(yn,) = x,. Since X is Efimov, {y, : n € w} possesses more than one
accumulation point. In particular, {y, : n € w} accumulates to some y € X \ {w; }
and thus f(y) is an accumulation point of {z, : n € w} in X,. Hence X, is
countably compact. It is worth mentioning that this is the only part of the proof
where being Efimov is used.

One can prove that 7" := b, U {t* : t € b} is an acceptable tree and that B,
is a T"'-algebra as witnessed by {a; : t € T'}. Notice that if b’ is a branch in 77,
then b’ =b, or v/ = {s € T : s <t} U {t*} for some t € b,. Therefore (Proposition
, for each y € X, there exists t, € b, so that y is the ultrafilter generated
by {as : s < t,} U{—a(ty)}. We are ready to show that X, is scattered: let E
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be a nonempty subset of X,; since b, is well-ordered, there exists z € F so that
t. = min{t, : y € E}. By definition, U := {u € St(B,) : —a(t,) € u} is a clopen
subset of St(B,) and our choice of ¢, guarantees that U N E = {z} so E has an
isolated point. [

Since CO(2“1) is not minimally generated, it cannot be embedded as a subalge-
bra of any minimally generated Boolean algebra. Our next theorem shows that no
Efimov T-algebra contains a copy of the clopen algebra of (wy; + 1) X (w+ 1), even
though this Boolean algebra is a T-algebra (Proposition .

Recall that a continuous mapping between topological spaces is called perfect if
it is closed and all its fibers are compact. Also, a continuous mapping f from X
onto Y is called irreducible if no proper closed subset of X is mapped by f onto Y.

Remark 5.3. Assume that f: X — Y is a continuous closed map.

(1) If f is irreducible and H is a regular closed subset of X, then f[H] is a
regular closed subset of Y.
(2) If fis perfect, S C Y, and p € cly S, then f~1[p] Neclx f~1[S] # 0.

To prove (1): observe that if U is an open subset of X, then F' := X \ (U N
f7intf[X \U]]) is closed and f[F] =Y, which implies that f[U]Nintf[X \U] = 0.
Therefore

YASIXA\UIC U S Y\ FIX\U]L
Hence, since f is a closed mapping, f[U] is a regular closed subset of Y.

The proof of (2) can be done by contradiction and it is a routine argument so

we omit it.

Theorem 5.4. If X is the Stone space of an Efimov T-algebra, for some acceptable
tree T, then X does not map continuously onto Y := (w1 + 1) X (w+1).

Proof. Stone’s representation theorem guarantees that CO(X) is a T-algebra so let
{a¢ : t € T'} be a witness to this fact.

Seeking a contradiction, assume that f: X — Y is continuous and onto.

Let K be a closed subset of X such that f[K] =Y and f | K is irreducible

1T, Exercise 3.1.C-(a)]). Since f | K is a perfect mapping, we apply Remark

to obtain a point ¢ € K N f~1[{wi} x w] such that f(¢) = (w1,w). Notice
that our choice of ¢ guarantees that if U is a neighborhood of ¢ in X, then the
set {n < w: (wi,n) € fI[UN K]} is infinite. Fix a branch b C T for which
Mas = s € b} = {q}.

We claim that there are two sequences, {ny : k < w} Cw and {t,, : k <w} C b,
such that if & < w, then ¢,, , is the least node in b (recall that b is a well-ordered
subset of T') for which there is an integer ny11 > ny satisfying

(wi,me41) € f [alts, ) N alta,) 11 <k} N K]

and ng1 is the smallest integer having these properties.

To prove the claim we will use induction. For each x € KN f~1[{w;} x w] let b,
be a branch in T with ({as : s € by} = {z}. Clearly b # b, so, for some s, € b,
we obtain s* € b,. Let 2 € KN f~[{w1} x w] be such that s, is the first element
of {s; 12 € KN f~[{wi} x w]}. Thus (w1,m) € fla(s*) N K], for some integer m,
so we let ng be the least integer satisfying this property and ¢,, := s, (notice that
this choice of t,, works because, according to Corollary (1), each t € b is of the
form s, for some z € X \ {q}).
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Now assume that {t,, : ¢ <k} and {n; : i < k} have been defined. The fact that
U := Y a(ty,) : i <k} is an open set in X which contains ¢ implies, as we noticed
before, that there are infinitely many integers ¢ such that (wq,£) € f[U N K]. An
immediate consequence of this observation is that the set

(%) {sz:erﬂKﬁfﬁl[{wl}x(w\(nk—i—l))]}

is non-empty so there exist w € U N K and ¢ > n; such that s,, is the first element
of (x) and f(w) = (w1, £). Finally, let ngy1 be the least integer such that ngy1 > ng
and (w1, k1) € fla(sy,) NU N K] and define t,,,,, := Su.

We are going to establish some notation which will be used throughout the rest
of the proof: denote by I the set {ny : k < w} and for each n € I define
(i) cn = a(ty) N Ha(ty) : k € I Nn} (of course, ¢y, := a(t};,)),
(il) W= 1nty (Ukelf[ck NK]N (w1 x {k})),

(iii) Vo, := (f T K)7YW N (wy x {n})] = KN fH{W N (w1 x {n})], and

(IV) Ko = CIK (Uke[ Vk)
Also, for each t € T set A(t) :=({as : s < t}.

Let us show that (¢, : n € I) is an increasing sequence. Assume that m,n € I
are such that n < m. Then ¢, C a(t}) N({a(tx) : K € I Nn} and therefore

(w1, )ef[cmmK]Cf[ yn(altr) : k€ Inny N K|,

which, together with t,’s minimality, gives t, < t,,. On the other hand, if t,, = t,,,
then ¢, C a(t:) Na(t,) =0, a contradiction to (w1, m) € flem N K]; so we obtain
tn < tm,. Observe that an immediate consequence of this result is that A(¢}) C ¢
forall k e I.

We claim that V,, NA(¢:) N f~ (w1, n)] # 0 for all n € I. Tt suffices to show that
{VoNasN f~Y(w1,n)] : s < ¢} has the finite intersection property, so let F be a
finite nonempty subset of {s € T': s < ¢} and define d := K Nep, N[ {as 1 s € F}.
Since g := f | K is irreducible and d is a clopen subset of K, g[d] is a regular
closed subset of Y which contains (wq,n) (because K N A(th) C d). Set U :=
int(g[d] N (w1 x {n})). Then U C W N (w; x {n}) and (w1,n) € U; an application
of Remark [5.3] gives

0 # g (wi,n)] Nelgg™ U] C F~ (w1, )] N V.

On the other hand, g~'[U] € g~ '[int g[d]] € d € {as : s € F} because H :=
K\ (g~ [int g[d]] \ d) is a closed subset of K such that g[H] =Y. Thus we obtain

fH(w,n)] NV, ﬁ(]{aé seF}#£0,

as we wanted.

For each n € I, let us fix a point =, € V, N A(t:) C Ko N A(t}) satisfying
f(xy) = (w1,n). Since (ty : k € I) is increasing, we get

Claim 1. If n € I, then {z : k€ I\ (n+ 1)} C (as : s < tn}.

Now we will construct two functions, e : 2<% — T and H : 2<% — [I]*, so that
the following conditions hold for each t € 2<¢.

(1) For all n € I, t, < e(D).

2) If s < e(0), then {n € I : z,, € a(s*)} is finite.
) HO) :={n€I:x, cale))}.
) INH®) ={nel:x, < ale(®)*)} is infinite.
) e(r) < e(t) whenever r < t.
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(6) e(t™) = e(t)".
(7) Ht™i)={ne€ H(t) : x,, € ale(t™1))} for each i < 2.
(8) If i < 2 and e(t) < s < e(t™4), then {n € H(t) : x, € a(s*)} is finite.

Before we embark on the construction let us prove that if {¢, : n € I'} is cofinal
with b, then (ax,, : n € I) converges to q. We will use Corollary to prove it: let
F' be a finite nonempty subset of b. There exists n € I satisfying ¢,, > max F' and
hence (Claim 1) zj, € ({as : s € F}, for all k > n.

Since X is an Efimov space, {t, : n € I} has an upper bound in b and therefore
it has one with minimum height, let us say t,, € b.

Given s € T and F € [I|¥, we will say that s splits E if {n € E : 2, € a,} is
infinite for all r € {s, s*}.

e and H will be built recursively. If ¢,, does not split I, let 7o € {t., 5} be such
that {n € I : z,, € a(r})} is finite. In general, assume that for some ordinal v we
have {r¢ : £ <} C T so that the following holds for all £ < ~.

(a) m, < re whenever n < &.
(b) ht(re¢) = ht(t,) + &.
(c) {n€l:x, €alrf)} is finite.

If {r¢ : £ < v} has an upper bound u € T such that ht(u) = ht(t,,)+7 and u does not
split I, then we define 7, € {u,u"} as the only one for which {n € I : z,, € a(r})}
is finite.

Clearly, the process described above has to stop. Let § be such that {r¢ : £ < d}
cannot be extended. Seeking a contradiction let us assume that the process stopped
because {r¢ : & < §} does not have an upper bound on level ht(t,) + J. Set
b :={seT:3¢ < (s <re)}. Condition (a) guarantees that b’ is a chain in T
Moreover, if ¥’ U {s} is a chain for some s € T'\ ¥/, then it must be the case that
re < s, for all § < 6. Therefore ht(s) > ht(t.,) + d, but this gives the existence of an
upper bound for b’ on level ht(t,) + 4. In other words, ¢’ is a branch in T. We will
prove that (z,, : n € I) converges to the only element of (({as : s € b’} by showing
that

(1) {nel:x, €a(s*)} is finite

for all s € b’ (Corollary [3.7). If s < t,, then s < t,, for some m € I and therefore
{nel:z, €a(s*)} Cm+1(Claim 1). When ¢, < s, we have that s = r¢ for
some & < ¢ and thus condition (c¢) implies (1).

Hence {r¢ : £ < 8} has an upper bound ¢ € T such that ht(t) = ht(t.,) + 0. Since
the process did stop, ¢ splits I so we define e(@) := ¢ and H (@) as in condition (3).

Now assume that for some ¢t € 2<¢ we have constructed {e(r) : r < t} and
{H(r) : r <t}. Let us start by proving the following.

Claim 2. If s < e(t), then

(1) {n€ H(t): z, € a(s*)} is finite.

When s < e(@), condition (2) guarantees that () holds. If e(f) < s and
s ¢ {e(r) : r < t}, we invoke condition (8) to obtain (). So the case s = e(r),
for some r < t, is the only one which needs an argument: an straightforward
consequence of condition (7) is that H(¢) C H(r), which together with conditions
(3) and (6) implies that H(r) and the set given in ({1) are disjoint. Therefore this
set is empty.
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In view of Claim 2, we proceed as we did in the construction of e(f), replacing I
with H(t), to obtain a node v € T such that the following holds: e(t) < v, v splits
H(t), and condition (8) holds when one sets e(t™0) := v and e(t™1) := v*. To
complete the recursion we only need to define H(t77), i < 2, as prescribed in (7).

To simplify notation we will use e; and H; to denote e(t) and H (t), respectively.

For each function r € 2¥ define 7 := {s € T : In < w(s < ey1y)} and [r] :=
(Was : s € T}. Equivalently (see condition (5)), [r] =, c, A(€rn)-

We claim that {asNclg ({zy : n € I}) : s € 7} has the finite intersection property
for each r € 2. If F is a finite nonempty subset of 7, there is an integer m such
that e, > max F and therefore {x,, : n € Hy;n} \ a5 is finite for all s € F (Claim
2). Hence {x,, : n € Hypp}N[({as : s € F} # 0. An immediate consequence of this
result is

Claim 3. For all r € 2¥: {z,:n eI} N[r] #0.

We will prove by contradiction that the set

{re2”:3a<wi(KoN[r]Nf(a+1) x (w+1)] #0)}

is finite. So assume that it is infinite. In this case, the set contains an infinite
sequence S which converges to some p € 2¢ (we are using the product topology
here). For each r € S fix a point y, € [r] N Ky and an ordinal a, < w; such that
f(yr) € (- +1) X (w+1). Since S is countable, there exists @ < w; for which
{f(yr) :7 € S} C (a+1)x (w+1). In particular, {z,, : n € I} and {y, : r € S} have
disjoint closures in X. On the other hand, the fact that S is infinite and converges
to p implies the existence of two sequences, {ry : k € w} C S and {ny : k € w} C w,
such that my # my whenever k # ¢ and (p | (my +1))* =7, | (mg + 1) for all
k € w (i.e., my is the first integer where r(myg) # p(my)). For each k € w define
sk :=e(ry | (mg+1)) and fix a point 2z € {z,, : n € I} N[rg] (Claim 3). Note that
condition (6) above gives sj = e(ry | (mg + 1)) and therefore

{26, yr} C [re] € Ale(re [ (mi +1))) = A(sy)
so we apply Lemma [3.8}(2) to obtain
0#£A{yr, :kewtn{zr:kew} C{y,:reStN{z,:nel},

a contradiction.
For the rest of the proof let us fix g € 2 such that

() F ' (a+1) x (w+1)]NAlegpn) N Ko =0,

for all @ < w;. Condition (5) gives A(egi(n+1)) € A(egin) and therefore, using Ko’s
compactness, we obtain, for each a < wy, an integer m, such that

FHea+1) x (w+1D)]N A(egim,, ) N Ko = 0.

Let n € w be so that {{ < wy : m¢ = n} is uncountable and set r := g [ n. Observe
that f[KoNA(er)] C{wi} X (w+1).

Claim 4. There is a countable ordinal « such that for any integer ¢, for any
increasing sequence {sy : k < £} C 2<% and for each m € H(s,) the set

FVin N[ fales,) - k < 1N ((v+1) x {m})

is infinite.
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Let {sj : k < £} be as in the Claim. We will show that if d := ({a(es,) : k < ¢}
and m € H(sg), then f[V,, Nd] N (w1 x {m}) is uncountable. This suffices because
there are only countably many sequences as the one described in Claim 4.

For each k < ¢ condition (7) gives H(sg) C H(sy) and therefore z,, € a(es,).
Hence we get x,, € dNV,, N K. Since d is a clopen subset of X, dNV,, =dNV,,
and 8o T, € clg(dNV,,). Then (w1, m) belongs to the closure of intf[K N V;, N
d] (Remark applied to f [ K) and, in particular, f[V;, Nd] N (w1 x {m}) is
uncountable as we needed.

Define Ky := J{Vin:m € H,.} N f~(y + 1) x (w + 1)] and observe that if
x € K; N A(e,), then our choice for n gives f(z) € {w1} X (w+ 1) (because
K, C Kj); a contradiction to x € Kj.

For each x € K; let t, be the least element of {s € T : s < e, Ax € a(s*)}
(the argument given above proves that this sest is nonempty) and for each C' C K,
define C* := {t, : x € C}.

We affirm that if C' is a closed nonempty subset of K, then C* has a maximum
element. Indeed, by definition, {a(t%) : z € C} covers C so there exists a finite
nonempty set F' C C* satisfying C C J{a(t%) : + € F}. Let 2 € F be so that
t. = max F'. Note that if z € C, then z € a(t;) for some y € I and therefore, given
t,’s minimality, we obtain ¢, <t, <t..

Let yo € K; be such that t,, = max K% . Fix s, an immediate successor of
r (i.e., s = r7i for some ¢ < 2), such that yo ¢ a(es,). Now, if K1 Na(es,) is
non-empty, let y; be an element of this set satisfying t,, = max(K; Na(es,))* and
let s; be an immediate successor of sy so that y; ¢ a(es,). And so forth: yo will
be an element of K1 Na(es,) Na(es,) (assuming this set is not empty) such that
ty, is the maximum of (K Na(es,) Na(es,))f. Given that t,, > t, >t,, > ...,
there must be an integer ¢ for which K3 N({a(es,) : k < €} = 0, giving us the
contradiction to Claim 4 that finishes the proof. O

6. CONSISTENCY RESULTS

In this section: for unexplained notation, definitions and results on Forcing cf.
[23, Chapters IV and V]; also, space will mean Hausdorff space.
Let us start by recalling that

Definition 6.1. Hechler forcing is the set w<* x w* ordered by (s, f) < (¢, g) iff

(1) tCs,
(2) g(n) < f(n) for all n € w, and
(3) g(i) < s(i) whenever ¢ € dom s \ dom¢.

This notion of forcing was introduced in [I6] and, as one easily verifies, it is ccc
S0, in particular, it preserves wi. Moreover, it adds a dominating real: if G is a
generic filter, then g := (J{s : 3f[(s, f) € G]} is a member of w* N V[G] satisfying
f <* g, for all f € w NV. For this reason, Hechler’s poset is also called the
dominating forcing or forcing adding a dominating real.

The main result of this section is the following.

Theorem 6.2. There is an Efimov T -algebra of countable tightness in the generic
extension yield by the finite support iteration of length wo of Hechler forcing over a

model of CH.



EFIMOV’S PROBLEM AND BOOLEAN ALGEBRAS 17

Let us note that in the model described above, b, s, and t are all equal to w;
and b =0 = ¢ = w;y (see []).

A standard feature of such iterated forcing constructions is the need for preser-
vation results. In our case, we need to insure that further forcing will not introduce
undesired converging sequences. For this purpose we introduce the following new
notion.

Definition 6.3. Let X be a topological space. We say that X has the stationary
set property (X has the SSP, for short) if it possesses a cover of compact open
subsets, {cq : @ < w1}, so that

(1) each ¢, is countable,
(2) for any stationary set S C wi, X \ U{ce : £ € S} is a compact subspace of
X.

Lemma 6.4. Any space having the SSP is countably compact.

Proof. Assume that X has the SSP and let Y be an infinite countable subset of X.
If Y N cp were infinite for some 3 < wy, ¥ would have an accumulation point in X.
So let us assume that Y N ¢, is finite for each o < wy. Since Y is countable, there
is a finite set F' C Y for which the set S := {a < w1 : Y N¢, = F} is stationary.
Thus Y\ F' is an infinite subset of the compact subspace X \ |J,¢ g ca and therefore
Y has an accumulation point in X. |

Definition 6.5. Let P be a notion of forcing which preserves w;. We say that
P preserves the SSP if whenever a family {c, : @ < wi} witnesses the SSP for a
topological space X in the ground model, the same family witnesses the SSP for X
after forcing with P.

The following result seems to be a well-known theorem of K. Kunen, but since
we could not find a reference for it, we are including a proof here.

Lemma 6.6. Let P be a notion of forcing. If X is a compact scattered topological
space in the ground model, then P |~ “X is compact.”

Proof. Working in V| the ground model, set B := CO(X). Denote by X, the ath
scattered level, i.e., X, is the set of isolated points of X \ U5<a Xg. Also, for each
z € Xq, let us fix W, € B satisfying W, \ U, Xoa = {2} and let us denote by ¢
the only ordinal for which X = {J. ;5 X¢ and X5 # 0.

Observe that X is covered by a finite subset of {W, : x € X} and therefore we
only need to show that each W, is compact in the generic extension yield by P. We
will do this by transfinite induction. More accurately, given G, a P-generic filter
over V, we claim that for each a < §: if x € X, then W, is compact in V[G].

When a = 0, each W, is a singleton so let us assume that for some 0 < a < 6,
W, is compact in V[G] whenever 8 < o and « € Xg. Let z € X, be arbitrary and
let U C B be a cover for W, in V[G] (recall that B is a base for X in V[G]). Thus
there exists U € U with z € U and so W, \ U is a compact subset of |J,_, X3 in
V. Hence there is a finite set F' C Uﬂ<a X for which K := {J,cp Wo 2 W, \U
and therefore, our inductive hypothesis implies that W, \ U is compact in V[G]. To
finish our argument, note that if Uy € [U]< covers W, \ U, then Uy U {U} covers
W, O
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As a consequence, if {c, : @ < wy} is as in Definition [6.3] and S is a stationary
subset of wy, then X \ [J{cq : @ € S} is contained in | J{c, : & € F'}, for some finite
set F' C w;. Since each ¢, is compact scattered, we get the following.

Remark 6.7. If {c, : @ < w1} witnesses that X has the SSP and S is a stationary
subset of wy, then the subspace X \ |J{cn : a € S} is compact scattered in any
generic extension.

Lemma 6.8. Hechler forcing preserves the SSP.

Proof. Assume that X is a locally countable locally compact topological space in
the ground model which has the SSP as witnessed by {c, : @ < w1}.

For each set A C wy, define A% :=J{c, : v € A}.

Let P be Hechler’s poset and let S be a P-name for a stationary subset of w;.
Set F:={a <w; : I P (p|-acS)} and for each a € E fix a condition (s, fo)
which forces & € S. Since P is ccc, E is stationary ([I7, Lemma 22.5]) and so there
is s € w<¥ for which Sy := {« € E : s, = s} is stationary.

Our assumptions on X imply that this space is zero-dimensional and locally
compact so there exists K, a compact clopen subset of X, satisfying X \ (Sy)* C K.

For each t € w<¥ let S; := {a € Sy : Vi € domt (fo (i) < t(2))}.

Claim. If t € w<¥ satisfies X \ K C (5;)f, then X \ K C (S;~,,)? for some
integer m.

In order to prove the Claim let us set Uy := (J{ca : @ € Si A fo(|t]) < k}, for
each k € w. Then {Uy : k € w} is an increasing sequence of open sets in X which
covers X \ K. According to Lemma there exists m € w such that X \ K C U,,
and therefore t~m is as required.

Since Sy = Sy, we use the Claim to inductively construct a function h: w — w
so that X \ K C (Shpn)? for all n € w.

We will prove that (s,h) |~ X \ K € [J{ca : @ € §} by showing that for each
ye€ X\ K theset D, :={peP:3a<w(yccqaApl-d&cS)}is dense below
(s,h). Let y € X \ K and (t,g) < (s,h) be arbitrary. Our choice for h guarantees
that y € cq, for some a € Sy, Thus p := (t, fo + g) satisfies p € D, (because
p<(s,fa)) and p < (t,9). .

The previous paragraph shows that X \ (J{c, : @ € S} is forced by (s,h) to be
contained in K and since K is compact in the generic extension (Lemma this
finishes the proof. O

Notice that if P is a notion of forcing which preserves the SSP and Q completely
embedds into P, then Q also preserves the SSP. In particular, since w<% is com-
pletely embedded into Hechler’s poset, we obtain that the notion of forcing which
adjoins one Cohen real also preserves the SSP.

Lemma 6.9. Let P be a ccc poset and let E be a stationary subset of wy. If p € P
and {po : @ € E} C P satisfy p: < p, for all £ € E, then there is p’ < p such that
P |FH{a € E :p, € G} is stationary.

Proof. Seeking a contradiction, let us assume that there is no such condition p’.
Define D C P by ¢ € D iff there is a club C, C w; such that ¢ |- po ¢ G, whenever
o € Cy4. Our assumption and the fact that P is ccc, imply that D is dense below p
(see [I7, Lemma 22.5]).

Let A be a maximal antichain in D. Then C := ({C, : a € A} is a club and so
there is § € C'N E. Our choice for A guarantees the existence of ¢ € A and r € P
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satisfying r < q and r < pg. Clearly, r |- ps € G. On the other hand, 3 € C C C,
and r < ¢ imply 7 |- pg ¢ G, which is the contradiction we were looking for. O

For our next two results we assume the reader is familiar with elementary sub-
models (cf. [23, Section II1.8]).

Lemma 6.10. Let E be a stationary subset of wi. If {F, : « € E} is a family
of finite subsets of wy, there exist a stationary set B/ C E and p < wy for which
{Fo\ v : « € E'} is pairwise disjoint.

Proof. We divide the proof into two cases. First, if By :={a € E: F,Na # 0} is
stationary, then the map f : Ey — wq given by f(a) := max(F, N «) is regressive
and so there is 8 < wy for which E’ := {& € Ey : f(a) = 8} is stationary. To finish
this case, set p:= 8+ 1.

Now assume that E; := {a € E: F, N« = (0} is stationary. Let 6 be a cardinal
such that Hy has a continuous €-chain, (M, : a < wi), of countable elementary
submodels with {F,, : « € E1} € My. Define C := {a < wy : M, Nwy = a}. Then
C'is a club and so E' := C'N E; is stationary. Moreover, if a, 8 € Ey satisfy a < 3,
then Fi, € Mg anngﬂMB:FgﬂB:Q); thus F,, N F = 0.

Finally, observe that the equality £ = Ey U E; implies that E; is stationary for
some ¢ < 2 and therefore the argument given in the two previous paragraphs proves
our lemma. (]

Theorem 6.11. Let (POHQQ s a <€) be a finite support iteration of ccc posets
and let P be its limit. If, for each a < €, Py |F “Qn preserves the SSP”, then P
preserves the SSP.

Proof. The result will be proved by induction on €. Let us fix, in V, a space X
which has the SSP as witnessed by {cq : @ < w;} and let S be a P-name which is
forced by p € P to be a stationary subset of w.

Define Sy := {o < w; : 3¢ < p (¢ | & € )} and for each a € S fix a condition
Pa < p in such a way that p, |- & € S. Notice that p|~S C Sy and therefore Sy
is stationary (w; is not collapsed because PP is ccc). The proof will be divided into
three cases.

Case 1. ¢ has countable cofinality.

Since p and each condition p, (o € Sp) have finite support, there is u < wy
for which p € P, and S; := {a € Sy : po € P,} is stationary. Lemma 6.9 -
provides us with a P,-name, E, and a condition p’ € P, such that p’ < p and
PIFE ={a €8 :pa€ G#} is stationary,” where G, is a name for the P,-
generic filter. Observe that p’ forces in P that E C S.

Our inductive hypothesis guarantees that P, preserves the SSP so thereis ¢ € P,
such that ¢ < p’ and ¢ |- “X \ U{ca : @ € E} is compact.” Thus (see Remark
X\ U{ca : @ € S} is forced by ¢ to be compact.

Case 2. cf(e) = w;.

For each condition r € P, s(r) will denote its support. Apply Lemma to
{8(pa) : @ € Sp} to obtain a stationary set S, C Sy and an ordinal i < ¢ in such a
Way that {s(pa)\p : p € Sy} is pairwise disjoint. Then (see Lemma[6.9) there exist
p' € P, and S, a P,-name, in such a way that p |-“S; = {a € S} : pa | p € G}
is stationary.”
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Fix a P,-name, B, satisfying p/ |- B = {z € X : {6 € S; : © € ¢¢}| < w} and
define p:=p' Up | (¢\ p) € P. We will show that

(%) ]3||—X\B§U{ca:oz65}.

Let ¢ <P be an arbitrary condition in P and let G, be a P,-generic filter over V/
with ¢ [ 4 € G,,. Denote by S; and B the valuations of Sy and B with respect to
G, respectively, and let € X \ B be arbitrary. Working in V[G,,], since s(q) is
finite and S, is stationary, there is « € Sy so that x € ¢, and s(q) is disjoint from
5(pa) \ . Hence there exists r € G, satistying r < p, [ p and r < g | p. Therefore
T :=1rUps | (¢\ ) is a condition in P which extends ¢ and p,; in particular,
Fl-aes.

Fix G, a P-generic filter over V, with p € G and define G, :={q [ p: g € G} to
obtain a P,-generic filter over V.

The discussion in this paragraph takes place in V[G,]. Let 6 be a cardinal
for which Hy has a continuous €-chain, (M, : a < wy), of countable elementary
submodels satisfying {c, : @« < w1}, 51 € My. Then Sy :={a € 51 : My Nw; = a}
is stationary.

Now we will show that {B Nc¢, : @ € S2} is pairwise disjoint. Given a € Sy
and x € BNcy, set f:=min{ € Sy : « € cc}. Assume, seeking a contradiction,
that 8 < a. Then 8 € M, and therefore cg € M,; since cg is countable, x € M,.
The fact © € B implies that {£ € S : @ € ¢¢} C M, and, in particular, z ¢ c,.
This contradiction proves that 8 = « and hence the collection is indeed pairwise
disjoint.

Our inductive hypothesis applied to p guarantees that X \ (J{ca : a € Sy} is
compact and so there is F' € [w1]<* in such a way that the set U := J{co : @ € F}
satisfies X = U U J{ca : @ € S2}. Then {BNcy \U : o € Sy} is a discrete
family in X. According to Lemma there is a finite set Fy C Sy such that
U{BNcy : a € S\ Fo} C U. Thus B is a subset of the compact scattered
subspace U UJ{ca : a € Fy} and so we get that X \ J{ca : @ € Sg} is compact
(see the paragraph preceeding Remark and (x)).

Case 3. cf(e) > w;.

Here we can assume, without loss of generality, that S is a nice name for a
subset of @; (see [23, Definition IV.3.8]) and therefore, for some p < ¢, S is a
P,-name and p € P,. Hence the inductive hypothesis applied to p takes care of
the conclusion. O

We will need two lemmas concerning countable tightness.

Lemma 6.12. If A is a T-algebra, then St(A) has countable tightness provided
St(Ap) has countable tightness for each mazimal branch b C T.

Proof. Let v € St(B) be any point and ¥ C St(B) be any set such that u is a
limit point of Y. According to Corollary [3.5 there is a unique maximal branch
b such that the ultrafilter u is generated {a; : ¢ € b}. Assuming that St(A4;) has
countable tightness, we may choose a countable family {y, : n € w} C Y, so that
the ultrafilter v N A, € St(Ap) is a limit of the family {y, N A : n € w}. We finish
by showing that u is a limit of {y, : n € w}. Choose any a € u, we must show
there is an n such that a € y,. Since u N Ay is a base for u € A we may assume
that a € uN A,. Therefore there is an n € w such that a € y, N A,. Of course this
means that a € y,. [
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Lemma 6.13. If B is a Boolean algebra whose Stone space has countable tightness,
then any finite support iteration of o-centered posets will preserve that St(B) has
countable tightness.

Proof. Assume that the Stone space of B has countable tightness. Recall that
{bg : £ € w1} C B is an algebraic free sequence if for each o € wy, the family
{be oo <EFU{L —be : € < a} generates a filter. It suffices to show B contains no
algebraic free sequences in the forcing extension ([20]). Suppose that @ is a finite
support iteration of o-centered posets. Let us note that each uncountable subset
of @ will have an uncountable centered subset. We show that no uncountable free
sequence is added. For each o € w; suppose that bo is a @-name of a member
of B and that some ¢ € Q forces that {by : & € w;} is a free sequence. For
each «, choose g, < ¢ so that there is a b, € B such that g, |- bo = by. Let
I C wy be an uncountable set such that {q, : @ € I} is a centered subset of Q. Tt
follows easily that {b, : @ € I'} must be an uncountable free sequence — which is a
contradiction. O

Using a similar proof, the following result is well-known.

Proposition 6.14. If Q is a finite support iteration of o-centered posets, then
forcing with Q adds no new cofinal branches to the tree 2<“1.

The proof of Theorem [6.2] will be split into a series of lemmas so, for simplicity,
we will establish notation that will be followed for the rest of the section: (P, Qa :
a < wsy) denotes a finite support iteration of Hechler forcing whose limit is P and
V is a model of CH. Also, let us define E := {0} U {a < wy : cf(a) = w}.

Given two ordinals, o and (3, their product will be denoted by a- 5. In particular,
if v is an ordinal, v2 =~ - 7.

Lemma 6.15. There are {t, : « € E} and § : E — w; such that the following
conditions hold, for each a € E,
(1) {te: €€ ENA?} ={5:5€ 27NV}, whenever v € {w, w1},
(2) tq is a Py-name,
(3) Polta € 2°@\ {{: £ € ENal,
(4) Po|H{ta 1 B:B<d(a)} C{te: £ € ENnal, and
(5) Pl-2<*1 = {{: £ € E}.

Proof. Let Ey be the set of all limit ordinals in F; in other words, a € Ey iff « €
and f+w<aforall g€ ENa.

Since CH holds in the ground model, a lexicographical ordering of the limit levels
of the tree 2<“1 NV provides us with an enumeration {s, : & < w?} of 2<“1 NV in
such a way that for all @ < w?: {sq [ B: 8 <dom s,} C {s¢:{<a}landifaisa
limit ordinal, then {s, "7 : 7 € 2<“} = {544 : 7 € w}. Note that these conditions
imply {s, :n € w} =2<% and sp = 0.

Let us denote by S the set consisting of all triples (p, 7, 3), where p € P, 8 < wy,
and 7 is a nice P-name for a subset of 8 x 2 with p |7 € 25.

Given that P is ccc, we have that for each (p, 7, 8) € S there is v < ws satisfying

(%) 7 is a P,-name and p € P,.
On the other hand, the fact that V' models CH implies that for any fixed v < ws

there are at most wy triples (p,7,8) € S for which (x) holds. As a consequence
of these remarks, we get that there is an enumeration {(pu,7a,fa) @ @ < wa} of



22 ALAN DOW AND ROBERTO PICHARDO-MENDOZA

S in such a way that, for each a < ws, p, € P, and 7, is a P,-name. Moreover,
T'a = $a, Whenever a < w%.

We will obtain {f, : « € E} and § by transfinite induction on E. Let us start
by setting, for each a < w% two == 3o and d(w - a) := dom s,. This produces
{te: €€ ENw?} and § | (ENw?) as required in conditions (1)—(4).

Now assume that for some o € E \ w? we have defined {f¢ : £ € ENa} and
J | (E N a) satisfying conditions (1)—(4) and in such a way that for any £ €
EyNa and n < w, we obtain the following: £ +w - n < «a; §(§) is a limit ordinal;
§(E+w-n) =0(€) +|snl; and Peywp |F tetwn = te3,. Notice that a consequence
of these hypotheses is a € FEy.

Let {7, : » € w} be an strictly increasing sequence whose supremum is « and
let G, be a P,-generic filter over V. For each integer n, set G, := G, N P, and
note that the quotient forcing P, ., /G, adds a new real to V|G, ] because each

Q'% is forced by 1 to be Hechler’s poset. This proves the following claim.
Claim 1. 2 N V[G,]\ U, VIG,,] # 0.
Claim 2. There is < wo with p, € P, and

P lin ¢ {ic: €€ ENa} A({ry [ B:8 < By} C{ic: €€ ENna}).

Let us start the proof by noticing that Claim 1 implies the existence of 7, a
nice P,-name for a subset of w x 2, with P, |7 € 29\ {t; : £ € ENa}. Hence
we obtain (1,7, w) = (py, 7y, By), for some n < wy. Finally, note that the equality
{sn : n < w} = 2<% and our definition of twm, N € w, guarantee that 7 is as needed.

Let 1 be the least ordinal satisfying all conditions in Claim 2.

Let us show that 3, is a limit ordinal. Indeed, given v < f3,, our choice for n
gives ¢ < p, and £ € E N« such that q|-7, [ v = . Thus, according to the
inductive hypothesis,

Q|F7;n [(7*1):(7.'71 [’Y)A’;n(’Y) E{fg:fGEﬁa},

which implies v+ 1 # 3,,.
Define é(a) := 3, and fix W, a maximal antichain in P, with p,, € W. We will
obtain, for each ¢ € W, a P,-name fq such that

qlF(tg € 22N\ {ig: £ € Ena}) A({fy [ B: B < 6(a)} C{te: £ € Ena}).

Notice that once this is done, we would be able to use [23] Lemma IV.7.2] to get
a P,-name which is forced by each ¢ € W to be equal to its corresponding iq. By
letting f,, be this name, the induction will be complete except for the verification
of condition (5).

Let ¢ € W be arbitrary. When ¢ = p,, it suffices to set iq = t},, SO assume
g # pn and fix an strictly increasing sequence (o, : n < w) whose supremum is
§(ar). Working in V', let {e, : 7 € 2<¢} C 29(®) be such that for all r, s € 2<¥: r < s
implies e, < e, and dom(e,) = o, i.e., a cofinal copy of the Cantor tree.

The discussion in this paragraph takes place in V[G,]. As usual, we drop the dots
to indicate the valuation of the corresponding name with respect to G,,. According
to Claim 1, there is f € 2\ U, V[G,,]| and hence t, := |J,, €fn is an element of
22\ {t¢ : £ € ENa}. On the other hand, if 8 < §(a), then 8 < ay, for some
n € w, and therefore ¢ty [ S =esn [ B € {te : £ € ENa}. This proves the existence
of fq as discussed above.
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Before we embark on the proof of (5), notice that at stage a € E \ w? of the
induction we selected an ordinal n = n(«) as the least one satisfying the conditions
of Claim 2. This gives a map « — 7n(a) which is strictly increasing: o < f
implies n(a) < n(B8). Also, our definition of f, was done in such a way that
Pr(a) IF-ta = Ta)-

To verify (5) let us suppose, seeking a contradiction, that there is a P-name $
and a condition p € P such that p|$ € 2<%\ {f¢ : £ € E}. There is no loss of
generality in assuming that, for some v < wy, we get

pl-se2A({318:8 <7} C{ic: €€ E}).
Hence (p, $,7v) = (pv, 7, 8,), for some v < we. Since B, is countable and P, is ccc,
there exists a € E for which p, € P, and p, |-{r, [ B: B< B,} C {tc: £ € ENa}.
Note that condition (1) gives o > w?.

From the two previous paragraphs we obtain n(a) < v; moreover, the equality
n(a) = v would imply p, |- t4 = 7, i.e., p |- to = $. Hence n(a) < v and therefore,
by letting @ € E\ w? be so that v < n(a), we get o < @. This, in turn, implies that
if one replaces n and a with v and @, respectively, in Claim 2, then all conditions
are fulfilled and so n(@) < v, contradicting our choice for @. O

To simplify notation we will set d, := (), for each a € E.

The argument given in [22] Example 2.9] shows that there is a collection ¥ =
{a(s7k) : s € 2<“ ANk < 2} C P(w) NV in such a way that the Boolean algebra
generated by Y in P(w) is (a) isomorphic to CO(2¢) and (b) a (2<¢\ {(})-algebra
as witnessed by Y.

On the other hand, condition (1) in our previous lemma gives {3 : s € 2<%} =
{t¢ : € € ENw?}; therefore, by letting a(§k) be the canonical name for a(s™k) we
get a family {a(f¢ k) : € € ENw? Ak < 2} in such a way that for each o € ENw?:

(1a) a(ta"k), k < 2, is a P,y,-name for a subset of w and
Poyo|Fa(ta™1) =w\ a(te"0).

We plan to obtain, by transfinite induction on E, a collection of names {a(t,) :
a € E ANk < 2} satisfying (la) together with conditions (2a))—(4a’) below. In
order to understand the meaning of these last four conditions, some remarks and
definitions are needed.

First, observe that at stage @ € E of our induction we will be assuming that
{a(te) : € € ENa Ak < 2} is given. By noticing that £ +w < a, for all £ € ENa,
we obtain {a(t¢) : £ € ENa Ak <2} C V[G,], whenever G, is a P,-generic filter
over V. Hence Y, :={a(ta | (B+1)): B+ 1 < d,} turns out to be an element of
V|G4] and so are A,, the Boolean algebra generated by Y, in P(w), and u,, the
ultrafilter generated by Y, in A,.

Working in V[G,], define R, as follows, p € R, iff there exist pg,p1 € Ra \ Ua
with p = (pg,p1) and po Np; = 0. We order R, by p < q iff ¢q9 C po and ¢; C p;.
This poset was introduced by Koszmider in [22] to force a minimal element, i.e.,
whenever H, is an R,-generic filter over V[G,], U{po : p € Ho} is minimal for
(Aw, uq). The following relations between R, and A, will be of use.

Lemma 6.16. When A, is an atomless Boolean algebra, the following holds.

(1) Ry is an atomless poset.
(2) If H, is Ry-generic over V[G,] and x := |J{po : p € Ha}, then the Boolean
algebra generated by A, U {x} is atomless.
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Proof. Let p € R, be arbitrary, Then —(po U p1) € uq and thus —(po Upy) # 0; so
there are qo,q1 € Ay \ {0} such that ggNg1 = 0 and o Uqr = —(po U p1) € uq.
Hence we can assume, without loss of generality, that ¢y € u, and ¢1 ¢ u,. Once
again, the fact that ¢; is not an atom implies the existence of 7,71 € A, \ {0} with
q1 =roUry and roNry = 0. In particular, ro, 71 € u, and therefore (pgUrg, p1 Ury)
and (po Ury,p1 Urg) are two incompatible extensions of p in R,,. This proves (1).

For (2), let b # (0 be an element of A,(x), the Boolean algebra generated by
Aq U{z}. Then there are by, bs € A, with b= (bg Nx) U (by — x). Thus bg N #
or by —x # (0. In the first case, pg Nbg # (), for some pg € Ry, and so pg N by is not
an atom in A,, which implies that b is not an atom in A,(x). A similar argument
can be used when by — z # 0. O

Observe that A,z is atomless because 2* has no isolated points. We want to
keep this property in our induction:

(2a) P, |“The Boolean algebra generated by {a(fo [ (3+1)): B+ 1< 64}, is
atomless.”

Note that, as a consequence of (2a), R, is a countable atomless poset and so (see
[23, Exercise I11.3.70]) the poset (w<*,D) embedds densely into R,. On the other
hand, the quotient forcing P, 1. /Gs adjoins a Cohen real to V[G,], i.e., V[Gqtw]
always contains an R,-generic filter over V[G,]. Therefore, by letting a(f, ~0) be
a P,y,-name for the generic object added by R, to V[G,], conditions (1la)) and
(2a +w) hold. Moreover, if A, and 1, are Py-names for the corresponding objects
discussed above, then

(3a) For each k < 2, Py, |-“a(io k) is minimal for (Aa, @a).”
Up to this point our induction is guaranteed to produce a 7T-algebra, but since
we are interested in getting an Efimov T-algebra, our next result is needed.

Lemma 6.17. Assume that, in V[G,], us is an accumulation point of a countable
set S C St(Ay). If k < 2, then x U {a(to"k)} has the finite intersection property
for infinitely many x € S.

Proof. We will discuss only the case k = 0 because the same argument, mutatis
mutandis, works for k = 1. Start by enumerating S\ {us} as {z, : n € w} in such
a way that x,, # z,, whenever m # n.

Now, for each integer m, define D,, := {p € Ry : In > m (po € z,)}. We claim
that D,, is dense in R,: given p € R,, we get po U p1 ¢ u, and therefore, our
assumption on u, implies that po Upy ¢ x,, for some n > m. Since x, # uq, there
is ¢ € Ty \ uq With ¢N (poUp1) = 0. Finally, (pgUgq,p1) is an element of D,,, which
extends p.

To conclude the proof: if m < w, there is p € H, N D,, and so py € x, and
po C a(t,"0), for some n > m. Hence x,, U {a(t,"0)} has the finite intersection
property. [l

A set S satisfying the hypothesis of the Lemma will be called unbounded in
VIGal.

As discussed at the beginning of Section [3| u,, is the only ultrafilter in A, that
can be extended to more than one ultrafilter in the Boolean algebra generated by
Aq U{a(t,"0)}. Thus, for any x € St(Ay) \ {ua}, U {a(ta"k)} has the finite
intersection property for exactly one k € {0,1}. Keeping this in mind, one may
paraphrase the lemma as a(t,0) splits any unbounded subset of St(A,) from
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V[G.], i-e., a(t,"0) “grabs” infinitely many elements of S and “leaves” infinitely
many. This will be our official statement for the last condition in our induction:

(4a) P.i. |“a(to,0) splits all unbounded subsets of S't(Aa) in V[Ga].”
(4a’) Pyyw || “each unbounded subset of St(A,) from V[G,,] remains unbounded.”

Thus the induction can be carried through, giving us the following (recall Lemma
6.15)):

Lemma 6.18. Let G be a P-generic filter over V and, in V[G], let B be the Boolean
algebra generated by {a(ta"k) : « € ENk < 2}. Then B is a T-algebra, where

T:={s"k:s€2" Nk <2}.

The only thing left now is to verify that B is, indeed, Efimov and has countable
tightness. For Efimov, by Remark it suffices to show that St(B) has no con-
verging sequences. To do this we will prove that no point in St(B) is the limit of
an infinite sequence in the Stone space of B. So let z € St(B) be arbitrary.

According to Proposition there is f € 2“1 N V]G] in such a way that z is the
ultrafilter generated by {a(f | (¢ + 1)) : @« < wy} in B. Define

Tr={(fla) k:a<w Ak <2},

denote by By the Boolean algebra generated by {a(s) : s € T¢}, and let uy be the
ultrafilter generated by {a(s) : s € T} in By. Also, set Xy := St(By) \ {uys}.

For each @ < wo, define G, := GN P,. Since P is ccc and the iteration has
length wa, f € VI[G,], for some A < wa.

Condition (5) in Lemma implies that for each 8 < w; there is a € E
with t, = f | 8. Moreover, if @ € E \ (o + 1) satisfies tg = f [ B, then tz =
ta € {te : £ € ENa}, contradicting Lemma [6.15}(3). This remark proves that
p=sup{a € E: 3B < wi(ta = f | B)} < wa. It follows from Lemma [6.14] that
A < p. In summary, we have that f € V[G,] and for each § < wy, thereisay < pu
such that {a(f [ (@ +1)):a < B} € V[G,].

From the last paragraph we deduce that Ty, By, us, and the topological space
Xy are all elements of V[G,]. More can be proved:

Lemma 6.19. X has countable tightness.

Proof. Let Ey = {a € E : to, C f}. Choose any o € Ey and any unbounded
S C St(Ay) in V[G,] as described above. We show that it follows from induction
condition (4a’) and induction on § € E \ «, we have that if ¢, C tg C f, then S
can be regarded as a subset of St(Ag), and that S remains unbounded in St(Ag).
If 3 € E\ Ey, then the introduction of a(tg) has no effect on the unboundedness
of S, while for § € E¢ \ a, the fact that S remains unbounded is assumption (4a).
Therefore, for each o € E¢ and S € V[G,] which is unbounded in St(A,), we have
that z is a limit point of S.

By Lemma it suffices to show that for each uncountable S C St(A;) which
is a member of V[G,], there is an a € Ey such that S N St(A,) is unbounded in
St(A,) and is a member of V[G,]. For each s € S, there is a minimal &, € p such
that s € St(A¢,4+1). The special nature of T-algebras also ensures that for each
¢ < wi, there is a unique s € St(Ay) such that & = {. By the definition of g,
the set {& : s € S} is cofinal in pu. Fix a P,-name Y for the set {¢, : s € S}.
It will be most convenient to use a countable elementary submodel argument. Fix
any countable elementary submodel M < H(N3) such that Y, P, {is : 8 € u} are
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all in M. Let v = sup(M N ) and let Sy, be the name S N M. It follows easily
that Sy is a Py-name, and that |- P, “S D Sp”. An easy elementary argument

shows that valg, (Sar) = Sy is cofinal in . In addition, if & = min(E; \ 7), then
{s:& € Sy} is unbounded in St(A,). O

By an argument very much the same as in Lemma [6.19] one can show the fol-
lowing.

Lemma 6.20. In V[G,], X is sequentially compact.

Unfortunately we need to prove something stronger because we need this to hold
in V[G] and it is not true that Hechler forcing preserves the sequential compactness
of general spaces. This is the reason we needed to introduce the SSP property and
to finish the paper by proving the following.

Lemma 6.21. In V[G,], X; has the SSP property.

Proof. For each £ € wy, let z¢ be the point in X; with filter base equal to {a(t) :
t<fl&U{w\a(f&+1)} For each £ € wq, let ¢ € p be the unique value
so that f [ { = ta.. Also, let ce =w \ a(f [ §{+1). To show that Xy has the SSP
property, we must show that for each stationary set S C wi, there is a b € By \ uy
such that Xy \ U{ce : £ € S} is contained in the compact open set corresponding
to b. We may assume that we have a F,-name f for f.

To do so, let S be a P,-name and assume there is a p € P, forcing that S is
stationary. Let S denote the set of { € wy such that there is some ps < p in P,
with pe |- € € S. Tt follows immediately that S is stationary. Naturally, we select
such a pe < p for each £ € S;. We may suppose additionally, that p¢ forces a value
on ag so that pe |- t'aé = f 1€+ 1. For cach € € S, ¢e will denote the canonical
P, y-name for c¢, which is simply the complement of d(t'aé). By passing to a
stationary subset of S1, and by symmetry, we may suppose that pg |- f(f) =1 for
each £ € Si. There is no loss of generality to assume that o € dom(pe) for all
£e .

For each £ € S, we have that pe | ag forces that pe [ [, e +w) corresponds
to a certain pair (bg7 b?) in the poset R,,. Let us understand this better. In the
extension V[Gq] (with p [ ag € G, ), we have that (65,85) is a disjoint pair in
Aae \ uq, and that, for any extension (c5,¢5) < (b§,b%) in Rq,, we can find an
extension of pe [ [ae, ¢ +w) which forces that a(ta, 1) contains ¢§ and is disjoint
from cf In particular, if there is some ¢ < £ such that bg ¢ x¢, then we can extend
Pe | ae, ag +w) to force that z¢ € ¢ (where ¢¢ is defined as above).

For each £ € 51, choose a finite L¢ C £ such that pe | a¢ forces that bg and b5 are
in the Boolean algebra generated by {a(f [ v+ 1) : v € L¢}. By the pressing down
lemma, we may choose a stationary set So C Si such that for £,& € Ss, Le = Lgs
and (b5,05) = (bg/, b%l). Let (bo, b1) denote this common pair.

For each £ € Sy \ min(Ss), let g(§) € Sz N & be chosen so that dom(pg) N
max(dom(pg)) C dom(pe) N max(dom(pye)) for all 3 € Sy N & In words, just
pick a witness to the largest intersection of max(dom(pg)) with dom(p¢). By the
pressing down lemma, there is a § € wy and a stationary S3 C S such that g(§) < ¢
for all £ € S5. We may also assume that L C 6 for all £ € S5. Let us < p be such
that dom(pg) C ps for all § < 6. Using that P, is ccc, there is a generic filter
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G, for P, such that Sy = {{ € S5 : pe [ s € G} is stationary (in the model
VIG)-

Now we prove that if G, is P,-generic, and G,NP,; = G,,;, then X¢\U{ce : { €
S} is contained in the clopen set given by b;. Choose any condition ¢ € P, such that
q | ps € G,y Assume that g ||-b ¢ z¢. Choose any § € S3 so that dom(q) C ag.
Then choose any £ € S4\ 8. Therefore we have that dom(pe) Nmax(dom(pg)) C ps,
which implies that ¢ and p¢ | a¢ are compatible conditions in P, . By the discussion

above, there is a common extension of ¢ and p, which forces that c¢ € x¢. (]
REFERENCES
[1] Bohuslav Balcar, Jan Pelant, and Petr Simon, The space of ultrafilters on N covered by

2]

3

[4

(7]
(8]

(10]

(11]
(12]
(13]

(14]

(15]
(16]
(17]

(18]

nowhere dense sets, Fund. Math. 110 (1980), no. 1, 11-24. MR 600576 (82¢:54003)

Z. Balogh, On compact Hausdorff spaces of countable tightness, Proc. Amer. Math. Soc.,
105, 755-764.

Andreas Blass and Saharon Shelah, There may be simple Py, and Py, -points and the Rudin-
Keisler ordering may be downward directed, Annals of Pure and Applied Logic, 33 (1987),
no. 3, 213-243. MR 879489 (88e:03073)

Baumgartner, James E. and Dordal, Peter, Adjoining dominating functions, J. Symbolic
Logic Volume 50, Issue 1 (1985), pp. 94-101.

Christina Brech and Piotr Koszmider, Thin-very tall compact scattered spaces which are
hereditarily separable, Trans. Amer. Math. Soc. 363 (2011), no. 1, 501-519. MR 2719691
(2012a:54027)

Alan Dow, Efimov spaces and the splitting number, Topology Proc. 29 (2005), no. 1, 105-113,
Spring Topology and Dynamical Systems Conference. MR 2182920 (2007¢:54005)

A. Dow and D. Fremlin, Compact sets without converging sequences in the random real model,
Acta Math. Univ. Comenianae, Vol. LXXVI, 2 (2007), pp. 161-171.

A. Dow and R. Pichardo-Mendoza, Efimov Spaces, CH, and Simple Extensions, Topology
Proc. 33 (2009), 277-283.

A. Dow and S. Shelah, An Efimov space from Martin’s Aziom, Houston Journal of Mathe-
matics, to appear.

Eric K. van Douwen, The integers and topology in: Handbook of Set-Theoretic Topology, (K.
Kunen and J.E. Vaughan, eds.), North-Holland, Amsterdam, 1984, pp. 111-167. MR 776622
(87£:54008)

R. Engelking, General topology, second ed., Sigma Series in Pure Mathematics, vol. 6, Hel-
dermann Verlag, Berlin, 1989, Translated from the Polish by the author. MR 91c¢:54001

V. Fedorcuk, Bicompacta with noncoinciding dimensionalities, Dokl. Akad. Nauk SSSR 182
(1968), 275-277. MR 0234432 (38 #2749)

V.V. Fedorcuk, Fully closed mappings and consistency of some theorems of general topology
with the azioms of set theory, Math. USSR Sbornik, 28 (1976), 1-26.

V. Fedor¢uk, A compact space having the cardinality of the continuum with no convergent
sequences, Math. Proc. Cambridge Philos. Soc. 81 (1977), no. 2, 177-181. MR 0425877 (54
#13827)

K.P. Hart, Efimov’s problem, Open Problems in Topology II, (E. Pearl, ed.), Elsevier Science,
2007, pp. 171-177.

S. H. Hechler, On the existence of certain cofinal subsets of “w, Axiomatic set theory (Thomas
Jech, editor), American Mathematical Society, 1974, pp. 155173.

T. Jech, Set Theory. The Third Milleniun Edition, revised and expanded, Springer Mono-
graphs in Mathematics, 3rd rev. ed. Corr. 4th printing, 2003, XIV, 772 p.

Istvdn Juhész, Piotr Koszmider, and Lajos Soukup, A first countable, initially wy-compact
but non-compact space, Topology Appl. 156 (2009), no. 10, 1863-1879. MR 2519221
(2010h:54011)



28

ALAN DOW AND ROBERTO PICHARDO-MENDOZA

[19] S. Koppelberg, Counterexamples in minimally generated Boolean algebras, Proceedings of

the 16th Winter School on Abstract Analysis. Charles University, Praha, 1988. pp. 27-36.

[20] S. Koppelberg, General theory of Boolean algebras, in Handbook of Boolean algebras (ed.

J.D. Monk), North-Holland, Amsterdam, 1989.

[21] S. Koppelberg, Minimally generated Boolean algebras, Order 5 (1989), no. 4, 393-406. MR

90g:06022

[22] P. Koszmider, Forcing minimal extensions of Boolean algebras, Trans. Amer. Math. Soc. 351

(8) (1999), pp. 3073-3117.

[23] K. Kunen, Set theory, Studies in Logic (London), vol. 34, College Publications, London, 2011.

ISBN 978-1-84890-050-9

[24] Mariusz Rabus, An wa-minimal Boolean algebra, Trans. Amer. Math. Soc. 348 (1996), no.

8, 3235-3244. MR 1357881 (96j:03070)

[25] P. J. Nyikos and J. E. Vaughan, Sequentially compact, Franklin-Rajagopalan spaces, Proc.

Amer. Math. Soc. 101 (1987), no. 1, 149-155. MR 897087 (88g:54046)

[26] J.E. Vaughan, Countably Compact and Sequentially Compact Spaces, Handbook of Set-

Theoretic Topology, (K. Kunen and J.E. Vaughan, eds.), North-Holland, Amsterdam, 1984,
pp. 569-602.

[27] J.E. Vaughan, The Scarborough-Stone problem, Open problems in topology II (E. Pearl, ed.),

Elsevier Science, 2007, pp. 249-256

DEPARTMENT OF MATHEMATICS, UNC-CHARLOTTE, 9201 UNIVERSITY CIiTY BLVD., CHAR-

LOTTE, NC 28223-0001

E-mail address: adow@uncc.edu

DEPARTAMENTO DE MATEMATICAS, FACULTAD DE CIENCIAS, CIRCUITO EXTERIOR S/N, CIUDAD

UNIVERSITARIA, CP 04510, MExico D. F., MEXICO

E-mail address: pmr@matematicas.unam.mx



	1. Introduction
	2. Notation and Definitions
	3. T-Algebras
	4. Examples
	5. Efimov T-Algebras
	6. Consistency Results
	References

