PSEUDO P-POINTS AND SPLITTING NUMBER

ALAN DOW AND SAHARON SHELAH

ABSTRACT. We construct a model in which the splitting number is large and
every ultrafilter has a small subset with no pseudo-intersection.

A set b C N is a pseudo-intersection of a family A of subsets of N, if b is infinite
and b\ a is finite for all @ € A. The pseudo-intersection number of a free ultrafilter
U on N, denoted mp(U) is the smallest cardinal p such that there is a subset A C U
of cardinality p with no pseudo-intersection. The splitting number, s, is very well
known. It can be defined as the minimum cardinal such that for every family
A C [N]¥ of smaller cardinality, there is a maximal free filter on the Boolean
algebra generated by A U [N]<®0 that has a pseudo-intersection.

It was shown in [7] that it is consistent to have mp(U)™ < s for all free ultrafilters
U on N. We construct a model by ccc forcing in which s = A = ¢ and mp(Uf) < k
for all ultrafilters & on N. In fact we construct two models, one in which b = X\ and
the second in which b = k. The posets are constructed using a modification of the
matrix-iteration method (see [3,5]). The modification requires extra set-theoretic
hypotheses introduced in the next paragraph which is the key to obtaining that
mp(U) is made small for all ultrafilters ¢. The first construction uses the Mathias-
style poset used in [5], also often called a Laver-style poset as in [6,10], to raise
the splitting number. This poset adds dominating reals. The second construction
utilizes the ccc posets from [11] to raise the splitting number while preserving the
bounding number. We define a special collection of such posets that we call Ppoyuiq
in recognition of the fact that these are all extracted from the poset introduced
by the second author in [13]. In Section 2 we introduce the modified matrix-
iteration methodology for constructing our iterations. In section 3 we establish
the combinatorial properties of the Laver-style poset that we will need, and we
construct the iteration of the first type in section 4. In section 5, we establish more
combinatorial properties of the posets in Ppouiq that we will need, and then finish
the construction of the second iteration in section 6.

Throughout the paper, Hyp(x, A) will denote the assumptions detailed in this
paragraph. Each of x and ) is a regular cardinal and X; < & < A\, AS* = \. The
set E is a stationary subset of S2 where S2 C X is the set of ordinals of cofinality
k. There is a O-sequence {C, : @ € A} such that for limit ordinals o < 5 € A

(1) Cy is a closed unbounded subset of «,

(2) if @ € ace(Cp), then C,, = Cg N,

(3) Co N E is empty.
Naturally F is a non-reflecting stationary set. We also assume there is a $(F)-
sequence {X, : o € E}, where X, C o and for all X C ), there is a stationary set
FEx C E such that X, = X Na for all o« € Ex.
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1. PRELIMINARIES

For a poset (P, <p), aset D C P is dense if for each p € P, there is a d € D with
p < d. Similarly, a set G C P is a filter (using the Jerusalem convention) if it is
closed downwards and finitely directed upwards. Therefore in the forcing language
if p < g are in P, ¢ is a stronger condition and a subset A of P is an antichain if
no pair of elements of A have a common upper bound. For convenience, we assume
each forcing poset has a minimum element 1p.

A P-name @ of a subset of w (respectively N) is canonical if for each n € w
(respectively n € N), there is a (possibly empty) antichain A, of P such that
a = UJ{{n} x A, : n € w}. There should be no risk of confusion if we abuse
notation and let each n € w also denote a P-name for itself.

For an infinite set I, the poset Fn(Z,2) is the standard Cohen poset consisting
of finite partial functions from I into 2 ordered by extension. When considering
Fn(I xN,2), we let the sequence {&; : ¢ € I'} denote the canonical names for Cohen
reals where &; = {(n,{((i,n),1)) : n € N}. We will refer to this sequence as the
canonical generic sequence we get from Fn(7 x N, 2). This family is forced to have
the finite intersection property, moreover, it is forced to be an independent family.
Additionally, rather than design a new poset, we can use such sequences to define
uncountable families of pairwise almost disjoint subsets that are each Cohen over
the ground model. Fix a sequence {e, : @« € w1} (in the ground model) so that for
each w < a € wy, e, is a bijection from w onto «.

Definition 1.1. For any sequence ¥ = {x, : « € w1} of subsets of N, define, for
o € wy, (@, o) and a(Z, o) where

(1) for a <w, (%, ) = o \ Upcq Tk,
(2) forw < a, ¢(Z,a) = {min (2o \ U{ze,v) : k <n}) :n € w},
(3) a(Z,a) = N\ ¢(Z, ).

Definition 1.2. For any set I, we have the canonical generic sequence {i; o :
i € I,a € wy} for the poset Fu(I x wy x N,2). For each i € I, we will let &;
denote the subsequence {&;o : o € wi}. We then similarly have the sequences
{e(Zi,a) : a € wi} and {a(Z;, @) : « € wy} defined as in Definition 1.1.

Let us recall that a poset (P, <p) is a complete suborder of a poset (Q,<q)
providing P C @, <p C <, and each maximal antichain of (P, <p) is also a
maximal antichain of (@, <g). Note that it follows that incomparable members of
(P, <p) are still incomparable in (@, <g), i.e. p1 Lp pe implies p1 Lg p2. We
will say that a chain {P; : ¢ < k} of posets is a <--chain of posets if P; <- P; for
all i < j < k. We will say such a chain is a continuous <--chain if P; = Uiq P;
whenever j has uncountable cofinality. We will use the term strongly continuous

for a chain {F, : o < v} of posets if Pg = J, 45 Pa for all limits 3 <.

Proposition 1.3. If P<-Q and q € Q, then there is a p € P (a projection) with
the property that for all r € P with p <p r (v is stronger than p), there is a g, € Q
that is stronger than each of q¢ and r.

When we say that V or V' is a model, we will mean a transitive set that is a
model of a sufficiently large fragment of ZFC. We introduce the notion of families
of sets being thin and very thin as these are the key combinatorial properties of the
factor posets in our iteration.
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Definition 1.4. Let V and V' be models with V C V.

(1) If P eV and Q € V' are posets, we write P <y Q if P C Q, <pC<gq, and
each mazimal antichain A C P in 'V is also a mazimal antichain of Q. Of
course P <y: @Q is the same as V' |= P <- Q.

(2) A family A C [N]®0 is thin over V if for each { € w and each infinite
sequence {H, :n € w}y C [N|JS* NV of pairwise disjoint sets, there is, for
each a in the ideal generated by A, an n such that H, Na is empty.

(3) A family A C [N]® is very thin over V if for each a in the ideal generated
by A and each g € NN NV, there is an n € N such that a N [n,g(n)] is
empty.

We also will need the next result taken from [5, Lemma 13].

Lemma 1.5. Let P,Q be partial orders such that P<-Q. Recall that the name
idp = {(p,p) : p € P} is the P-name for the generic filter on P. Let A be a

P-name for a forcing notion and let B be a Q-name for a forcing notion such that
Ik A <v[idp) B, then PxA<-QxB

It is immediate that the conclusion of Lemma 1.5 holds if P forces that either
A=Borif A=Fn(l,2) C Fu(J,2) =B.

Proposition 1.6. If V C V' are models and A is thin (very thin) over V, then for
each a € wy, AU {a(Z,«)} is thin (respectively very thin) over V. where & = {4 :
o € wy} is the canonical generic sequence we get from forcing with Fn(w; x N, 2)
over V.

Proof. Fix any a in the ideal generated by A and let {H,, : n € w} C [N]<¥ be any
pairwise disjoint family in V. Let p € Fn(w x N, 2) be any condition and assume
that {n € w: aN H,} is infinite. It suffices to prove that there is a ¢ extending
p and an n such that a N H, = 0 and ¢ I H, N a(Z,a) = . We will skip the
case when a < w since it is easier. Choose a finite set F' C w; and an integer
m € N such that dom(p) C F x {1,...,m}. By extending F' but not m, we can
assume that {e,(k) : ¥ < m} C F and dom(p) = F x {1,...,m}. Choose n so
that m < min(H,,) and H, Na = (. We define an extension q of p that forces that
H, C ¢(Z,a). Let £ = max(Hy,)+m and F' = FU{e, (k) : k < {}. Define ¢ D p so
that for all (8,j) € F' x {1,...,£} \ dom(p), q(3,7) =1 if and only if 3 = . It is
immediate that ¢ I [m+1, N, ) = 0 for all k < £. Similarly, ¢ I- [m+1,£] C &4.
It follows that there is a jo < m such that m + 1 is forced by ¢ to be the minimum
element of &4 \ U{c, &) : ¥ < jo}. Then, by induction on 1 < j < max(H,), m+j
is forced by ¢ to be the minimum element of o \ U{@c, @) : k¥ < jo + 7}

([l

Definition 1.7. For a poset P and infinite set X, let p(X, P) denote the set of
canonical names of infinite subsets of X (meaning 1p forces that each a € p(X, P)
is infinite). When & is a subset of p(X, P) we will use it in forcing statements to
mean the P-name {(a,1p) : a € £}.

Proposition 1.8. If {P; : i < k} is a continuous <--chain of ccc posets and if Q; is
the P;-name for the poset Fn(i+1x 0 x N, 2) for any ordinal 0, then (P; %«Q; i < K)
is a continuous <--chain. If, in addition, {A; : i < Kk} is a sequence such that, for
each i < kK,

(1) A; C p(N, Pii1),
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(2) A; is forced (by Piy1) to be thin (respectively very thin) over the forcing
extension by P;,

then, for each i < k, A; is forced to be thin (respectively very thin) over the forcing
extension by P; * Fn(i+1 x 6 x N, 2).

2. THE TOOLS

In this section we introduce the modified matrix-iteration technique that will be
employed to construct our final posets.

Definition 2.1. AP is the set of all structures a € H(X), where
a=({P?:i<k},{A2:i<k}) and for each i < K
(1) the sequence {P? : i < k} is a continuous <--chain of ccc posets,
(2) "4? C p(vaia+1)7
8) P2, | forces that the ideal generated by A? is thin over the forcing extension
1+1 1
by P?.
Definition 2.2. APv is the set of all structures a € H(\), where
a=({P?:i<k},{A2:i<k}) and for each i < K
(1) the sequence {P? :i < k} is a continuous <--chain of ccc posets,
(2) A? - p(N7Pz?+1)7
8) P2, . forces that the ideal generated by A2 is very thin over the forcing
1+1 7
extension by P7.

Definition 2.3. For i < r, we let <4p be the following two place relation on AP:
a<ip b iff forall j € [i,r): a,b € AP, P < ij , and A5 C A?.
Similarly we let <pp= ;. <ap- i-e. a <ip b if a <jp b for some i < k.

For each a € AP, we may let P2 = [ J{P? : i < s} and note that P? <- P? for all
i < k. Similarly, it follows immediately that P? <- P® whenever a <ip b.

Lemma 2.4. Each of <4p and <jp are transitive and reflexive orders on AP. If
i < j, then <3pC<ip. Ifa <jp b and b <)y a, then P? = P} and A3 = A for all
JjE i, k).

Since APv C AP, we do not need new relation symbols to denote the same binary
relations on APv.

Lemma 2.5. If a <ip by for some i < k, then there is a by € AP such that
a <%p be and b <ip by. Similarly, if by € APv, then a € APv and we can choose
by, € APv.

Definition 2.6. For any i < r and ordinal 6, a sequence (ay : o < &) is a <hp-
increasing continuous chain if for alla < B < § and j € [i,K):

(1) aa <jp ag,

(2) the chain {P{* : av < &} is strongly continuous, and,

(3) if a is a limit, then A3 = U{A;E (€< al.
Lemma 2.7. Suppose that {a, : a < 0} is a <pp-chain for some limit ordinal
0 < A and that there is a cub C C 6 and an i < k such that {an : o € C} is a
<hp-increasing continuous chain. Then there is an as € AP so that

(1) {aq : @ € CU{d}} is also a <4p-increasing continuous chain,

(2) amin(c) §gp as, and
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(3) aq <ip as for alla < 4.
If i = 0, then {a, : a € C} uniquely determines as.

Lemma 2.8. If {a, : a < A} is a <jp-increasing chain from APv and if A3 # ()
for all i < k, then the ccc forcing extension by P = |J{P2> : a < A} satisfies that
b <k.

Proof. For each i < k, choose any a; € A3 and let fl denote the order-preserving
enumeration function from N onto a;. Note that n < fz(n) for all n € N. Let
g be any P-name of an element of NY. Since P is ccc, we can assume that ¢ is
a countable name. Choose any o € A so that ¢ is a P2»-name. Then similarly
choose iy < Kk so that g is a PZ}“—name. Since ag <jp a, We may choose an i > ig
so that ag <jp an. Now we show that no condition p € P forces that fl <* g.
Since P?,; <- P and each of fz and ¢ are Pza+1—names it suffices to prove that if

€ P, then, for any ng there is an extension p’ of p and an n > ngy so that
P’ ”‘ij;l f,( ) > g(n)”. Since a; € A3* and a, € APv, there is a such a p’ and n
such that p’ IFpa  “a@;N[n, §(n)] = 0. There is no loss to assuming that p’ decides
the value of the finite set {k < n : f;(k) < n}. If this set is empty, let m = 1,
otherwise, let m be the maximum value. Clearly m < n and we now have that p’
forces fi(m +1) > g(n). Since f; is an increasing function, p’ IFp “ f;(n) > g(n)”
as required. ' (I

Lemma 2.9. If {a, : o < A} is a <jp-increasing chain then the ccc forcing
extension by P = (J{P2> : o < A} satisfies that if U C (N, P) is such that
{i <k :UNA; # 0} has cardinality k for some a < X\, then U does not have a
pseudo-intersection.

Proof. Note that P2 <-P for all @ < A. Let U C p(N, P) and assume that {i <
K:UNA™ # 0} is cofinal in k. Let b be any canonical P-name of a subset of N.
Choose a < 8 < A such that b is a P2?-name. Since P; = U{PaB 21 < K}, there is
an ig < k so that b is a P; "—name Choose i < K so that aq <pp ag.- Now choose
any j < r so that i,ig < j and U N A3* is not empty. Since A3 C A s Aj i
a;;

forced by Pa‘j to be thin over the forcmg extension by P; nd In partlcular P
forces that b is not a subset of any element of U/ N .A;‘*. Slnce Pj f <. P¥ <. P, thls
is also forced by P. O

By Proposition 1.8 we can make the following definition.

Definition 2.10. For any a € AP (or a € APv) and ordinal 6 < X\ say that b € AP
is the Cohen?-extension of a if, for each i < K,

(1) PP = Pa *Fn(z+1 x 0 x N, ?2)

(2) Ab =
Lemma 2.11. Ifa € AP (respectively a € APv) and Q € H()) is a P?-name of a
poset that is forced by P2 to be ccc, then there is a b € AP (respectively b € APv)
such that a §gp b and P° = P? x Q.
Proof. We define b as follows. Set Ab A3 for all j < k. For j <, let Pb P2,
and for 7 > 1, let P]b = P} * Q. By Proposmon 1.5, we have that {P]b :j<k}isa
continuous <--chain. By assumption, PJ'»3 % is ccc for all j < k. Now we check that
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AP is forced by PP, to be thin (respectively very thin) over the forcing extension
by ij. For j < i this is immediate.

Now assume that ¢ < j and that {Hn :n € w} is a sequence of le?—names that
are forced to be pairwise disjoint subsets of [N]* (for some ¢ € w) and that ¢ is
a le?—name of an element of NN. Let @ be any name from A3 Let (p, q) be any
condition in P7 ; * Q= P;’_H. We show that b € AP by showing that for some
n € w, (p,q) has an extension forcing that H,, Na is empty. We similarly show that
if a € APv, then for some n € w, (p, q) has an extension forcing that [n, g(n)|Na is
empty.

It will be convenient to pass to the forcing extension by P? ; solet p € Gj11 be a
generic filter for P} ;. Let () denote the interpretation of QbyGj=Gj np;. We
are now working in the extension V[G,]. Recursively define a sequence {H], : n €
N} C [N] and values {m,, : n € N} C Nso that, for each n, max(H},) < min(H, ),
and there is a condition ¢, € @ stronger than ¢ such that, for some r, € Gj,
(Pry qn) Fpy H! = H, and §(n) =m,”. Since {H/, : n € w} is a pairwise disjoint
sequence in the forcing extension by P}, there is a p’ € Gj41 (stronger than p) and
an n € w such that p’ forces that H), is disjoint from a. Since G,y is a filter, we
may also assume that p’ is stronger than r,. Now we have that (p/, ¢,) is stronger
than (p,q) and (p/, qn) H—P;+1 “H,Na=0". Similarly, if a € APv, there is an n € N
and a p’ € G411 stronger than each of p and r,, such that p’ forces that a is disjoint
from [n,m,]. This ensures that (p’, ¢,) e, © [n,g(m)Na=0". O

Note that it follows from Lemma 2.11 that if a € AP and if {Q, : i < k} € H())
is a sequence such that Q; is a P?-name with {P, * Q; : i < k} forming a continuous
<--sequence, then for each i < K, Pj41 * Q; forces that A? is thin over the extension
by P; % Q;. This means that it is only the behavior of Q41 that affects if there is
b€ AP with a <Qp b and PP = P? % Q; for all i < k.

Definition 2.12. Ifa € AP (respectively a € APv) and Q € H()\) is a P2-name
such that

(1) Q has cardinality less than &,

(2) P? forces that Q is ccc
then a* Q denotes the <Qp-extension b as in Lemma 2.11 where i < r is chosen to
be minimal such that Q is a P?-name.

This next lemma illustrates the device we use to ensure that every ultrafilter will
have pseudo-intersection number at most «.

Lemma 2.13. Suppose that 6 < A has cofinality k and that {a, : « € 0} C AP s
a <pp-increasing sequence. Further suppose that there is a cub C C & of order type
K such that {aq : a € C} is a <Qp-increasing continuous chain and that, for each
a € acc(C), an+1 s a Cohen“t -extension of aq. Then, if P = |J{P2> : a € acc(C)}
and € C (N, P) is a maximal family that is forced to be a free ultrafilter on N,
there is a b € AP such that a, <jp b for all @ € 6, P = P2, and, for alli < &,
EN AP is not empty.

Proof. Let & C p(N, P) and assume that 1p forces that £ is a free ultrafilter on
N and that £ is a maximal such family. This just means that if b € p(N, P) and
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1, Fp “(3¢ € E)b D ¢, then b € €. Let {a; : i < k} be the order-preserving
enumeration of acc(C). For each i < x we now describe how to choose a value
Bi € wi. By our assumption, a,,+1 is a Cohen“'-extension. That is, P;“"’“ is equal
to Prri*+Q:7 where Q77 is equal to (the trivial) P j-name for Fn(i+1xw; xN, 2).
Let #; denote the canonical wi-sequence associated with Fn({i} x w; x N, 2) for this
particular copy of Cohen forcing. Similarly, let {¢(Z;, ), a(Z;,8) : B < w1} C
o(N, P7i™") be the family of names as constructed as in Definition 1.1. Since the
family {e(%;, 8) : 8 < wi} is forced to be pairwise almost disjoint, there is a maximal
antichain A; C P such that for each p € A;, there is a §, such that p forces that
a(@;,€) is in € for all 5, < £ € wy. Since P is ccc, A; is countable, and so we may
choose any value 3; € w; that is larger than 3, for each p € A;. It follows that
1lkp “(3é € E)a(@, fi) D €. By the maximality assumption on &, a(Z;, 8;) € £.
Now we define b. For each i < k, P° = P* and A® = A U {a(Z, B:)}.
Evidently we have that € N A? is not empty for all i < . Since P i <- P;:{“,
we have that AP is a subset of p(N, P2 ;). It follows from Proposition 1.6 that A
is forced to be thin over the forcing extension by PP = Pia‘”. Now for i < j < k,
PP =P < P; < Pja" = PP. Now suppose that j < & is a limit of uncountable
cofinality, we have to check that P]b ={PP:i<j} Letpec P}’. Since le? =
P;aj = U{P:aj 14 < j}, we may choose i; < j such that p € Piala-’. By the
assumption that {a, : @ € C} is a <p-increasing continuous chain, there is an
1< jwithi; <iandp € P;lal. Finally, p € Piala"' C Piaa"' = PP which completes
this step. It also shows that PP = P. This completes the verification that b € AP.
Fix any £ < § we verify that a¢ <3p b. Choose i < k so that £ < a; and choose
i* < K so that ag SKP aq,. We show that ag SKP b. Let +* < j < k. First we have

that A% € A% C AP C Ab. Secondly, Pi¢ <- Pi** < P;" = PP O

The proof of this next lemma is the same so the proof is omitted.

Lemma 2.14. Suppose that {a, : a € K} C APv is a <Qp-increasing continuous
chain for some i < k and that, for each limit o € Kk, agt+1 s a Cohen®'-extension
of ag.. Then, if P =J{P2 : a < k} and €& C p(N, P) is a mazimal family that is
forced to be a free ultrafilter on N, there is a b € APv such that a, <jpp b for all
a€k, P=P° and {i < rk:ENAL# 0} has cardinality &.

3. THE LAVER STYLE POSETS

In this section we develop the tools to allow us incorporate posets into <jp-
chains that will increase the splitting number. An ultrafilter D on N is Ramsey if
for each function f with domain N and range an ordinal, there is a D € D such
that f [ D is either constant or is strictly increasing. For any family D of subsets
of N that has the finite intersection property, we let (D) denote the filter generated
by D. We use the standard notation, DT, to denote the set of subsets of N that
meet every member of D.

Proposition 3.1. If Dy is a free filter on N and 0 is an ordinal with 6 > ¢, then
Do can be extended to a Ramsey ultrafilter in the forcing extension by Fn(6,2).

Definition 3.2. For a filter D on w, we define the Laver style poset (D) to be
the set of trees T C N<“ with the property that T has a minimal branching node
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stem(T") and for all stem(T) C t € T, the branching set Succr(t) = {k : t"k € T} is
an element of D. For any tree T CN<¥ andt €T, welet T, = {s €T :sUt € T}.

The name Lp = {(k,T) : (3)T = (N<¥), ., } will be referred to as the canonical
name for the real (pseudo-intersection) added by IL(D).

Proposition 3.3. If D is any free filter on N, then Lp is forced to be a pseudo-
intersection for D and for every function f € NV, the enumeration function of Lp
is forced to be mod finite greater than f.

Definition 3.4. If FE is a dense subset of L(D), then there is a (rank) function
pE from N<¥ into wy where pg(t) = 0 if and only if t = stem(T') for some T € E,
and for allt € N<¥ and 0 < a € w1, pp(t) = a if a is minimal such that the set
{kew:pp(t™k) <a} isin DT.

Proposition 3.5. If D is a Ramsey ultrafilter and E C (D) is a dense set, then
for each t € N<¥ with pg(t) > 0, there is a Dy € D such that {pp(t™k) : k € D:}
is increasing and cofinal in pg(t).

Lemma 3.6 ([12, 1.9]). Suppose that P, Q are posets with P <-Q. Suppose also that
Dy is a P-name of a filter on N and Dy is a Q-name of a filter on N. Iflkg Dy C Dy
then P x L(’Do) is a complete subposet of Q x L(D1) if either of the two equivalent
conditions hold:

(1) Irq (p(N,P) N DY) € D,

Proof. Let E be any P-name of a maximal antichain of L(T)o). By Lemma 1.5, it
suffices to show that Q forces that every member of L(D;) is compatible with some
member of E. Let G be any Q-generic filter and let E denote the valuation of E by
G NP. Working in the model V|G NP], we have the function pg as in Lemma 3.4.
Choose 0 € w; satisfying that pg(t) < § for all ¢ € w<¥. Now, working in V]G],
we consider any T' € L(D;) and we find an element of E that is compatible with
T. In fact, by induction on « < 8, one easily proves that for each T € L(D;) with
pe(stem(T)) < o, T is compatible with some member of E. O

If Dy is the P-name of a maximal filter (ultrafilter), then the conditions in Lemma
3.6 hold.

Lemma 3.7. If V .C V’ are models and A € V' is thin over V, then for every
Ramsey ultrafilter D € V, there is an ultrafilter D' D D in V' such that, for each
V'-generic filter G' for L(D'), A is thin over V|G’ N L(D)]. In other words, in
the forcing extension of V' by IL(D’), A is thin over the forcing extension of V' by
L(D).

Proof. Let O denote the set of strictly increasing functions f € V such that f € NP
for some D € D. By the definition of thin over V, we may assume that A is closed
under finite unions. For each D € D, a € A and f € O, let E(D, f,a) = {n €
D ndom(f): f(n) ¢ a}. We show that the family {E(D, f,a): f € O,D € D,a €
A} has the finite intersection property. It suffices to prove that if {fx : k < ¢}
is a finite subset of O, D € D, and a € A, then there is an n € D such that
fr(n) ¢ a for all k < ¢. By shrinking D we can assume that D C dom(fy) for each
k < £. Choose any stictly increasing function f € V satisfying that for all n € N,
[f(n),f(n+1))N D # 0, and for all j € D with j < f(n), fx(j) < f(n+1) for
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each k < £. Therefore, for each n € N and j € DN [f(n), f(n+ 1)), we have that
fln=1) < fr() < f(n+1) for all k < £. By re-indexing, we can assume that
U{[f(3n), f(3n+ 1)) : n € N} is in D. Since D is Ramsey, we may choose D; C D
so that Dy = {j, : » € N} and f(3n) < j, < f(3n+ 1) for all n € N. Now define
H, = {fx(jn) : k < £} and observe that H, C [f(3n — 1), f(3n + 2)) and so the
sequence {H,, : n € N} consists of pairwise disjoint sets. Since A is thin over V,
there is an n such that H, Na is empty. It follows that j, € D and fi(j,) ¢ a for
each k < £ as required.

Let D’ be any ultrafilter in V' extending the family {E(D, f,a) : f € O,D €
D,a € A}. Now we let {H,, : n € w} be a sequence in V of L(D)-names that are
forced by some Ty € L(D) to be pairwise disjoint and of cardinality at most £ € w.
Let a be any element of A and T € L(D’) be any condition stronger than Tp. We
prove there is an extension Tj) D T € L(D’) and an n € w such that T} I+ H, Na
is empty. Let to = stem(7p) and for each 1 < n € w, let H, o be the maximal set
such that there is a T,, € L(D) with T,, I H, o C H,, and stem(T},) = to. There
is a Dy € D so that each element of the sequence {H, o : n € Dy} has the same
cardinality. Since we can assume that Dy C Sucer, (to), it follows that the elements
of {H, o :n € Dy} are pairwise disjoint. Choose any 1 < n € Dy so that H,oNa
is empty. If T, IF H, = .0, then we are done because T, and T} have the same
stem, and so are compatible. Let # < £ be the value such that T}, IF | H, \ H, | = ¢
and let By = {T € (D) : stem(T) ¢ T, ox(3j)T IF j € H, \ H,0}. Since Ej is a
dense subset of (D), we have the associated rank function pg, where for ¢ € T,,,
pE,(t) = 0 implies that there is a T € Ey with stem(T) = ¢t and j € N\ Hy,p
such that T IF j € H,. By the maximality assumption on T}, we have that
pE,(to) > 0. If pg,(to) > 1, then by Proposition 3.5, there is a ko such that
1 < pg,(t5 ko) < pE,(to) and t5 ko € Tj. By repeating this step finitely many
times, we can find a t; € Tj such that pg,(t1) is equal to 1. We may assume that
pE,(tTk) = 0 for all k& € Succr,(t1). For each k € Succr,(t1), let Hy,(t7 k) be
the maximal (non-empty) set of j such that there is some condition in L(D) with
stem equal to ¢k that forces H,(t7°k) C H, \ H,o. There is some D;, € D and
¢, € w such that {H,(t7°k) : k € D, } all have cardinality ¢,. For each j < £,
define the function f; with domain Dy, such that f;(k) is in H,,(¢7" k) and, for each
k€ Dy, {f;(k):j < £} enumerates H, (t7"k) in increasing order. By shrinking D,
we can assume that each f; | Dy, is either constant or is strictly increasing. Since
PR, (t1) > 0, fo is not constant. To see this, assume that fo(k) = m for each k € Dy,.
For each k € Dy, choose a condition T* € L(D) so that stem(T*) = ¢k and
T* IF m € H,. But now, the contradiction is that (J{T* : k € Dy, } can be shown
to be a condition with stem equal to t; that forces that m € H,,. Choose any k in the
non-empty set Sucery (t1) N (WE(Dy,, fj,a) : j < €'} and set ty =tk € Tj. Now
define H, 1 = H, o U H,(t7 k) and choose T, C T} as above so that stem(Ts) = to
and Ty |- Hp, 1 C H,. Define Fs analogous to how we defined Ej so that for
t € (T*),, pE,(t) = 0 if and only if there is a condition with stem ¢ that forces
some j to be in H, \ Hy,,1. We again note that when we proved that each f; (j < ¢')
above was strictly increasing, we have also shown that pg, (t2) > 0. Since H,, 1 is a
proper extension of H, o and is also disjoint from a, we can repeat this argument
finitely many (at most ¢) times until we have found an element ¢ € T} which has a

stem preserving extension that forces H,, is disjoint from a. ([
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Corollary 3.8. Suppose that a € AP and let |P?| < 0 = %0 < ), then there is a
b € AP and a sequence {D; : i < k} satisfy that, for i < j <k,

(1) a <4 b,

(2) Di C p( N, P« F(i+1 x 0,2) ),

(3) D; C Dj;

(4) P; «Fu(i+1 x 0,2) forces that D; is a Ramsey ultrafilter on N,

(5) PP = P? xFn(i x 0,2) « L(D;).

Definition 3.9. For any a € AP we will say that b is an L(ﬁ)-ewtension of a if
there is a sequence {D; : i < Kk} such that for all i < j < K,

(1) a<p b,

(2) Dz - p<N7 Pia))

(3) D; is forced by P? to be a Ramsey ultrafilter on N,

(4) Dz C Dj7

(5) PP = P} +L(Dy).

4. mp() <K AND b=s5= )

Fix a 1-to-1 function h from A onto H(X). Recall that {X, : a € E} is the
{-sequence on A as in Hyp(k, A).

Theorem 4.1. Assume Hyp(k,\). There is a sequence {aq, o : @ € A} such that
for each limit 6 € A

(1) the sequence {aqy : oo < &} is <pp-increasing, {Co : @ < §} is non-decreasing,
and (5 € X is the supremum of {(, : @ < 6},

(2) if 6 ¢ E, the sequence {a, : o € acc(Cs) U{8}} is a <Qp-increasing contin-
uous chain,

(3) if 6 € E and & = {h(€) : £ € X5} is a mazimal subset of (N, P3%) that is
forced by P2 to be a free ultrafilter on N, then E N A3 is not empty for
all i < kK,

(4) asy1 is the Cohen“t-extension of as and (s+1 = (s,

(5) if a = 6+1 then Coy1 = Co and agy1 is the Cohen®> -extension of a, where
0o = |P2=|™

(6) if « =6+ 2, then (oy1 = (o and ag41 is an L(D)-extension of aq,

(7) if « € (6 +2,0 +w), then (or1 is the minimal value strictly above (, such
that Qas1 = h(Cay1 — 1) has cardinality less than k and is a P?*-name of
a poset that is forced to be ccc, and ag11 = aq *QQH as in Definition 2.12.

Proof. The proof is by induction on limit 6 < X\. We can define ag so that P =
Fn(i x N,2) and A?° = @ for all i < s. Similarly, for n € w, let a,41 be the
Cohen“-extension of a,. For all n € w, set (,, = 0. If § is a limit ordinal not in F
and acc(Cy) is cofinal in §, then {a, : a € acc(Cjs)} is a <Qp-increasing continuous
chain, and so as is defined as in Proposition 2.7. If acc(Cj) is not cofinal in ¢, then
let ap be the maximum element of acc(Cs), and let C = {a;, : n € w} enumerate
Cs \ ap. There is an i <  such that {a,, : n € w} is a <}p-increasing continuous
chain. Again applying Proposition 2.7 produces as so that a,, <Qp as. Case (5) is
handled by Proposition 1.8 per Definition 2.10. Similarly, per Definition 3.9 and by
inductive assumption (5), Corollary 3.8 handles inductive step (6). Inductive step
(7) is handled by Definition 2.12 and Lemma 2.11.
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Now we consider inductive step (3) when § € E. By induction hypothesis (1),
we have that {a, : @ € acc(Cs)} is a <Qp-increasing chain. Let P denote the
poset [J{P? : a € acc(Cs)}. We recall from Lemma 2.9 that P’ <-P for all
B < d. I {h(€) : &€ X5} is a subset of p(N, P) and is forced to have the finite
intersection property, we can use Zorn’s Lemma to enlarge it to a maximal such
family. Otherwise, choose & C p(N, P) to be any maximal family which is forced
to have the finite intersection property. Since (N, P) consists only of sets that
are forced to be infinite, &5 is forced to be a free filter. We prove that & is forced
to be an ultrafilter. Assume that b is any canonical P-name of a subset of N and
that p € P is any condition that forces b meets every member of &. There is a
¢ € p(N, P) such that p IFp “h=¢” and, for all ¢ € P that are incomparable with
p, ¢ IFp “é = N”. Clearly then 1p forces that £ U {é} has the finite intersection
property. By the maximality of &, é € £s. This proves that p IF b e E. Now apply
Lemma 2.13.

This completes the proof. O

Theorem 4.2. Assume Hyp(k,\). There is a ccc poset P forcing that s = b = A,
MA(k), and mp(U) < k for all free ultrafilters U on N.

Proof. Let {an, (s : @ € A} be the sequence constructed in Theorem 4.1. Let P
be the poset [J{P2> : a € A\}. Since {P2* : o € A} is a strongly continuous <:-
increasing chain of ccc posets, it follows that P is ccc. Furthermore (N, P) is
equal to the union of the increasing sequence {p(N, P2«) : o < A}. It then follows
immediately from condition (6) that s is forced to be A. Similarly by Proposition
3.3, P forces that b = A\. Now we check that P forces that M A(k) holds: that is,
if @ is any P-name of a ccc poset of cardinality less than « and {A¢ : £ < u} is a
family of maximal antichains of @ with p < k, then there is a filter G on @ that
meets each A¢. To show that this is forced by P, we may choose a P-name Q for Q
as well as P-name {A¢ : £ < x} for the maximal antichains. We may assume that
1p forces that Q is cce. Since Q has cardinality less than A, there is an o < A such
that Q, and each A¢ is a P2>-name. Choose any v < A so that Q * Fn((v,y +w), 2)
is not in the list {2(¢) : ¢ < ¢, } and let A(¢") = Q*Fn((7y,y+w),2). It follows from
inductive conditions (1) and (7), that the sequence {(, : @ € A} is unbounded in .
So we may choose limit § < A maximal so that (s < ¢’. Since (513 = (5 and (544
is greater than (’, there is a minimal n > 3 such that ¢’ < (s1pny1. It should be
clear that by inductive condition (7) that ¢’ + 1 is equal to (54,41 and so QQHWH
was chosen to be @ * Fn((v,vy + w),2). This ensures that P2**"*! forces that there
is a filter on @ that meets each A§~

Now let U be a P-name of an ultrafilter on N. As we did in the inductive step
(3), we can let € be the set of all é € p(N, P) that are forced by 1p to be an element
of U. There is a cub C' C X such that for all § € S, £ p(N, P2) is a maximal set
that is forced by P2 to be an ultrafilter on N. Now let X = {&£ € A: h(§) € £}. We
can pass to a cub subset C’ of C' so that for all § € C’NS2, the set {h(£) : € € XNJ}
is equal to £ N p(N, P25). Now choose a § € ENC’ so that X5 = X N 4. It follows
from inductive step (3), that €N A% is not empty for all i < k. By Lemma 2.9, P
forces that U has a subset of size x with no pseudo-intersection. ([
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5. ANOTHER CCC POSET FOR RAISING §

The proper poset Qpouiq is introduced in [13] (also Sh:207 in the Shelah archive)
to establish the consistency of b < s = a. For special directed subfamilies D of
OBould, there is a ccc poset denoted Q(D) that is analogous to L(E) for filters £
on N (see Definition 5.6). Let us note the important properties of Qpgoyiq shown to
hold in [13]. The first is that it adds an unsplit real.

Proposition 5.1. Ifj) is the generic subset of N added by Qpouid, then the set
{ACN:AeV and |L\ Al <No} is a free ultrafilter over V NP(N).

The second is that the forcing does not add a dominating real. By Lemma 2.8,
this property is needed if such a Q(D) is to replace L(£) in constructing a in APv.

Proposition 5.2. Iff is a Qpowa-name of a function in NN and if L is the generic
subset of N added by Qpouia, then there is a (ground model) h € NN so that, for
every infinite set A C N in the ground model, the set {n € A : f(n) < h(n)} will be
forced to be infinite.

We adopt the elegant representation of this poset from [1]. Also many of the
technical details for constructing ccc subposets of this poset, sharing the above
mentioned properties, are similar to the results in [11]. The main tool is to utilize
logarithmic measures.

Definition 5.3. A function h is a logarithmic measure on a set S C N if h is a
function from [S]<N0 into w with the property that whenever £ > 0 and h(a Ub) >
0+ 1, then either h(a) > £ or h(b) > £. A pair (s,h) € L, if s € [N]<N and h
is a logarithmic measure on s with h(s) > n. The elements e of [N]<®° such that
h(e) > 0 are called the positive sets.

When we discuss ¢t € L1, we use int(t) and h; to denote the pair where ¢ =
(int(t), ht). We say that a subset e of int(t) is t-positive to mean that h(e) > 0.
Note that if (s, h) € £, and 0 # e C s, then (e, h | [e]<R0) € L.

Definition 5.4. The poset Qpouia consists of all pairs (u,T) where

(1) u € [N]<No,

(2) T = {t¢ : £ € w} is a sequence of members of L1 where for each £,
max(int(ty)) < min(int(ter1)), and the sequence {hg,(int(ty)) : £ € w}
is monotone increasing and unbounded.

For each (u,T) € Qpouid, let by be the minimal ¢ such that max(u) < min(int(t,))
and let int(u, T) = U{int(ts) : Lyr < L£}.

ForThy = {t} : 0 € w} and To = {t? : £ € w} with (u1,Ty), (u2,T2) € Qpoud, the
extension relation is defined by (uz, To) > (u1,T1) (stronger) providing

(1) ug D uy and ug \ uy is contained in int(uy,T1),

(2) int(ug, T) C int(uy,T)

(8) there is a sequence of finite subsets of w, (B : k € w), such that for each
k> £y, 1,, max(By) < min(By11) and int(t3) C [ {int(t}) : £ € By},

(4) for every k > £y, 1, and every ti-positive e C int(t3) there is a j € By, such
that e Nint(t}) is t}-positive.

For a finite subset D of Qpouia and an element t of L1, we say that t is built from
D if there is a ¢ = (0,T,) € Qpowad with t € T, such that ¢ > (0,T,) for each
¢ = (ug,Ty) €D.
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Definition 5.5. The elements ¢ € Qpouia of the form (0,T,) are called pure con-
ditions. We let Ppowa denote the set of all pure conditions in Qpowq. A family
D C Ppowia s finitely compatible if each finite subset of D has an upper bound in
OBould- The family D is finitely directed if each finite subset has an upper bound
in D.

For an element ¢ € Qpouid, we let u, and T, denote the elements with ¢ =
(uq,Ty). We also use int(q) for int(ug, Ty). The fact that the elements of T, are
enumerated by w is unimportant. It will be convenient to adopt the convention
that for an infinite set L C w, the sequence (0, {t; : £ € L}) is a pure condition so
long as (0, {t), : n € w}) € Qpouia where {f,, : n € w} is the increasing enumeration
of L and t, = t,, for each n € w.

Definition 5.6. If D is a finitely directed set of pure conditions, then define Q(D)
to be the subposet {(u,T) : u € [NJ<¥ (0, T) € D} of Qpowra- We let Lp denote
the Q(D)-name {(n,q) : ¢ € Q(D) , n € ugy}.

Proposition 5.7. If D C Ppoua is finitely directed, then Q(D) is a o-centered
poset. Each q € Q(D) forces that Lp \ int(T,) C ug.

It follows from the results in [11] that there is a Fn(2¢,2)-name D that is forced
to be a finitely directed subset of Ppyuiq with the property that Fn(2“,2) * Q(D)
will add an unsplit real and not add a dominating real (see Lemma 5.16 and Lemma
5.22). These will be the factor posets we will use in place of L(D) in the construction
of members of APv. We will also need an analogue of Lemma 3.6 and we now
introduce a condition on D that will ensure that Q(D) <y Q(Dz) when Dy D D in
a forcing extension of V' (see Proposition 5.11).

Definition 5.8. Let D C Ppowia be directed mod finite. For a set E = {(un,Ty,) :
n € w} C Q(D) we say that (0,{te : £ € w}) € Ppowd, is a mod finite meet of E
if, for each 0 < £ € w, w C max(int(t;—1)), and hy-positive e C int(ty), there is an
n < minint(ter1) and a we C e such that (w U we, {tm : m > €}) > (un, Ty) for
each k < max{n, ¢, max(int(te_1))}.

A set of pure conditions D is Ny-directed mod finite if it is directed mod finite
and each predense subset of Q(D) has a mod finite meet in D.

Lemma 5.9. Suppose that {(un,T,) : n € w} is a subset of Qpouia and let T be a
mod finite meet. Then, for each w € [NJ<®0 {(u,,T,) : n € w} is predense below
(w,T) in all of Qpould-

Proof. Let (w,T’) be an arbitrary member of Qpuq that is compatible with
(w,T) = (w,{te : £ € w}) in Qpoua- By extending (w,T’), we may assume
that (w,T") < (w,{t¢ : £ > £,}), where w C min(int(tg,)). Choose any T'-
positive e so that (w Ue,T') < (w,T’) and max(w) < min(e). Therefore there
is an £ > ¢, such that he(e Nint(t;)) > 0, and so, by Definition 5.8, there is an
n < min(int(ter1)) and a we C e so that (w U we,T) < (upn,T),) and we have that
(wUwe, T") < (w,T) < (tn, Tp)- O

Definition 5.10. Qo7 is the set of Q(D) where D is an Xy -directed mod finite set
of pure conditions.

Proposition 5.11. Assume {P; : i < K} s a continuous <--chain of ccc posets
and that {Q; : i < Kk} is a chain such that, for each i < k, Q; is a P;-name of a
member of Qao7, then {P;x Q; : i < K} is a continuous <--chain of ccc posets.
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Proof. By Lemma 1.5, it suffices to prove that each P;-name of a predense subset
of Qj is forced by P; to be predense in Q;. Since Qj is forced to be a subset of Q;,
it is immediate that [N]<¥ x {T'} is a predense subset of Q; for each (0,T) € Q;.
Now the Proposition follows by Lemma 5.9. (I

Definition 5.12. Say that a subset L of Ly is D-positive if for each finite D' C D
and each n € w, there is at € LN Ly, that is built from D’.

Proposition 5.13. If £ C Ly is D-positive for some D C Ppould, then for each
finite D' C D, the set {t € L :t is built from D'} is D-positive.

The poset Fn(N, 2) is forcing isomorphic to the poset w<“ ordered by extension.
Similarly, each infinite branching (non-empty) subset S C w<¥ is forcing isomorphic
to w<*; we say that S is infinite branching if, for each s € S, the {n € w: s™n € S}
is infinite. For such infinite branching S C w<* and each k € w, let 7 denote the
S-name {(s(k),s) : s € S and k € dom(s)}.

Definition 5.14. Fizx an enumerating function A from w onto L1. For D C Ppould,
say that S C w<* is Dt -branching if 0 € S and, for each s € S,

(1) for each k € dom(s), A(s(k)) € Ly,

(2) max(int(A(s(4)))) < min(int(A(s(k)))) for j < k € dom(s), and

(3) the set {\(n):s"n € S} is a D-positive set .
For each k € w, define the S-name r,f to be )\(nf) For each finite D' C PBouid;
let I3, be the S-name for the set {k € w : 3 is built from D'}.

Lemma 5.15. If D C Ppould is finitely compatible and if S C w<* is DT -branching
then I-s D =D U{(0, {5 : k € I2,}) : D’ € [D]<N0} is finitely directed.

Lemma 5.16. If D C Ppouq is finitely directed, then there is a Fu(N, 2)-name Dy
such that

(1) IFpn,2) D C Dy C Piowa and Dy is finitely directed,
(2) for each A CN, IFpynv2) (3q € Dy) (int(q) C A or int(q)NA=0)

Proof. Let S C w<¥ be the maximal DT-branching set. That is, S is the set of all
s € w<¥ that satisfy properties (1) and (2) of Definition 5.14. For finite subsets D’
of D, let I3, be an S-name for the set {k € w : 77 is built from D'}.

For a subset A of N, define £L(A) to be {t € £y : int(t) C A}. If L(A) is
not D-positive, there is a finite D4 C D and an integer m such that there is
not € L, N L(A) that is built from D4. Since, for each t € L,1, there is
an e C int(t) such that hi(e) > n and either e C A or e C (N\ A), it follows
that if A is a finite partition of N, then L£(A) is D-positive for some A € A.
Therefore, by Zorn’s Lemma, there is a free ultrafilter & on N so that L(U) is
D-positive for all U € U. For each U € U, let 15 denote an S-name that will
evaluate to {k € w : int(ry) C U}. It follows from the fact that L£(U) is D-
positive, that IFg I N 12, is infinite for each D’ € [D]<No. Tt is also clear that
IFs {Ig NIiZ U e U} is closed under finite intersections. It then follows that
ks DS = DU{(0, {55 : k € I3,}) : D' € [D]<®0} is the desired finitely directed
subset of Ppouid- O

In order to produce extensions of finitely directed D C Ppouia that are Ni-
directed mod finite, we will need the following tools for constructing members of
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L, for arbitrarily large n. A family L C [N]<®o naturally induces a logarithmic
measure.

Definition 5.17. Let L C [N]<Y and define the relation h(s) > ¢ for s € [N]<No
by induction on |s| and ¢ as follows:
(1) h(e) >0 for all e € [N]<No,
(2) h(e) > 0 if e contains some non-empty element of L,
(8) for £ >0, h(e) > £+ 1 if and only if, |e] > 1 and whenever ey,e2 C e are
such that e = ey U e then h(e1) > £ or h(eg) > £.
The definition of h(e) is the mazimum ¢ such that h(e) > £.

Proposition 5.18 ([1, Lemma 4.7]). Let L C [N]<® be an upward closed family
of non-empty sets and let h be the associated logarithmic measure. Assume that
whenever N is partitioned into finitely many sets A, there is some A € A such that
LN[A]<® is non-empty. Then, for any partition A of N, and any integer n, there
isan A € A and an e C A such that h(e) > n.

Lemma 5.19. If D C Ppowia is finitely directed and E = {(up,T,) : n € w}
is a subset of Q(D), then in the forcing extension by Fn(N,2), there is a finitely
directed D C D1 C Ppould such that either E is not predense in Q(D1) or there is
a condition (9, T) € Dy such that (0, T) is the mod finite meet of E.

Proof. We assume that in the forcing extension by Fn(N, 2), F is a predense subset
of Q(Dy) for each finitely directed Dy with D C Dy C Ppouia. We will prove there
is a D*-branching S C w<* satisfying that IFg (0, {7y : k € w}) is a mod finite
meet of E. By Lemma 5.15, S forces that there is a D; as required. Since S will
be forcing isomorphic to Fn(N, 2), this will complete the proof.

Let L = {w € [N]<¥ : (3n € w) u, C w} , and for each w € [N]<N0 let

Ly = {w;1 € [N]<¥ : max(w) < min(w;) and wUw, € L}.

Say that t € £q is (E,{)-large (for £ € N) if £ < min(int(t)) and for each w C
{1,..., ¢} each t-positive set contains an element of L,,. For each (E,{)-large t, let
Ny > max(int(t)) denote a sufficiently large integer such that each ¢-positive set
contains an element of {u,, : n < N}

Claim 1. For cach ¢ € N, the set {t € £, : t is (E,{)-large} is D-positive.

Proof of Claim 1. Let £ € N. Since D is finitely directed, in order to show that the
set of (E, £)-large elements is D-positive, it suffices to show that for each ¢ € D there
is a (E, £)-large t that is built from ¢. Note ¢ € £; is built from ¢ if int(t) C int(q)
and, for each ¢-positive set e, there is a t. € T;, such that e Nint(t.) is t.-positive.
Say that a finite set e is g-positive if there is a t. € T, such that e Nint(t.) is
te-positive. Note also that if ¢1,q € Ppouig and ¢ > q, then each ¢i-positive set is
also ¢-positive.

Define L, to be the elements of me{l,...,Z} L., that are also g-positive. Let hq ¢
denote the associated logarithmic measure as in Definition 5.17. If e € L, is a
subset of int(g), then (e, hqe | [e]<N0) is built from g. Therefore, to finish the proof
of the claim it will suffice to prove that there is an e € Ly, with hge(e) > £. We
prove this using Proposition 5.18; so let A be a finite partition of N. Pass to the
forcing extension by Fn(N, 2) and choose, by Corollary 5.16, a finitely directed Dy C
Ppouta that contains D and satisfies that there is a g1 > ¢ in Q(D;) and an A € A
such that int(¢1) C A. We may arrange that ¢ < min(int(q;)). By assumption, E
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is a predense subset of Q(D1). Let {tx : k € w} be the standard enumeration of
Ty, . For each w C {1,...,¢}, there is a g, > (w,Ty,) and an n,, € w such that
qw > (Un,, Ty, ). There is a K, € w such that (u,, \ w) C J{int(ty) : k € K, }.
Since uq,, D Un,, we have that any finite set containing wg, is in L,,. This shows
that, for some K € w, e = J, . int(ty) is in Ly, for each w C {1,...,¢}. Since e
is qi-positive and g; > ¢, it follows that e is g-positive. This completes the proof
that e € qu. [l

For each s € w<¥, define ¢; to be the maximum element of the set {1} U
Ukedom(s) int(A(s(k))). Now define the infinite branching S C w=* by the recursive
rule that, for each s € S and n € w, s~ n € S if and only if

(1) A(n) is (E,ls)-large, and

(2) A(n) is built from {(@,T},) : n < max{Nyy) : k € dom(s)}} and (0,7T},).
Claim 1 and Proposition 5.13 show that S is Dt-branching. The definition of
the notion of being (E,¢)-large and the second criterion of being an element of S,
ensures that I-g (0, {7y : k € w}) is the mod finite meet of E. Since Fn(N,2) is
forcing isomorphic to S, the proof of the Lemma now follows from Lemma 5.15. [

The next result follows by first applying Lemma 5.15 to obtain directed mod
finite extension of D, next applying Lemma 5.16, and finally repeatedly applying
Lemma 5.19 in a recursive construction of length c.

Lemma 5.20. If D is a finitely compatible set of pure conditions then there is a
Fn(c x N, 2)-name D; such that Fn(c x N, 2) forces that
(1) D1 C Prowld is finitely directed and includes D,
(2) Q(Dl) 15 1N Q207, and
(8) the ground model subsets of N is not a splitting family in the further forcing
extension by Q(Dy).

We now establish notation that will be useful when preserving that a family of
names is forced to be very thin.

Definition 5.21. Let Q € Qq07 and let f be a Q-name such that IFo fenNV. 4
condition q € @Q is f—ready if, for each integer £ >0, w C {1,...,max(int(t]_,))},
and t}-positive e, there is a we C e such that (wUwe, {t} : k > {}) decides the value
of f(4) < min(int(ty, ,)) for each j € {1,..., max(int(t;_,))}.

Lemma 5.22. For each Q € Qu7 and Q-name f such that IFo f eNN, the set of
f-ready conditions is a dense subset of Q.

Proof. Let Q and f be as in the statement of the Lemma and let ¢ be any element
of Q. For each k € N, there is a pre-dense set {(uX, T¥) : n € w} C Q satisfying
that (ug, TF) > ¢ and (uf,TF) forces a value on f[{1,...,k} for each n € w.
By choosing a cofinite subset of T* we may assume also that (uf,T*) forces that
the range of f] {1,...,k} is contained in min(int(T¥)). Since Q € Qqo7, there is,
for each k € N, a condition (0, {t} : ¢ € w}) € Q which is the mod finite meet
of the predense set {(u® TX) : n € w}. We recall that this means that for each
(€ w,w C {l,...max(int(t}_,))} and tk-positive e, there is a w. C e, such that
(wUwe, {tF, : £ < m € w}) decides the value of f | {1,...,k}. Also, if n was the
value witnessing that (w U we, {tf, : ¢ < m € w}) > (uk, TF) then the range of
f1{1,...,k} is also forced to be contained in min(int(T¥)) < min(int(t},,)).
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Let Tp = {t{ : ¢ € w} and for each k € N, let T, = {t} : £ € w}. Choose
(0,{t; : £ € w}) to be a mod finite meet of the family {(0,T}) : k¥ € w}. It follows
easily from the definition that (0, {t, : max(uq) < ¢ € w}) is also a mod finite meet
of this family, and so by re-indexing, we can assume that ¢, is built from a finite
subset of Tiyax(int(t,_,)) for each £ € w, and that max(ug) < min(int(to)). We check

that (ug, {t¢ : £ € w}) is f-ready. Consider any ¢ > 0 and let £ denote max int(t,_,).
Choose any w C {1,...,¢} and t,-positive e. Choose any k so that eﬂint(ti) is t‘;—
positive. Choose w, C (e Nint(t)) so that (wUwe, {t}, : k < m € w}) decides the
value of f [ {1,...,0}. Since (0, {t,, : m € w}) is a mod finite meet of the sequence
{(0,T;,) : m € w}, we also have that (0, {t,, : £ <m € w}) > 0, {tl, : k <m e w}).
Therefore (w U we, {tm : £ < m € w}) > (wUwe, {t}, : k < m € w}). This proves
that (w U we, {tm : £ < m € w}) decides the value of f [ {1,...,¢}. O

Corollary 5.23. Suppose that a € APv and let |P2| < § = 0% < X and let
a; denote the Cohen?-extension of a. Then there is a b € APv and a sequence
{D; :i < K} satisfy that, for i < j <k,

(1) a; <Qp b and Ab = A2,

(2) DZ - p(£1>Pial)7

(5) D; C D;j,

(4) P* forces that {0} x D; = {(0,T) : T € D;} is a subset of Ppouia and is

Ny -directed mod finite,
(5) PP =P} Q({0} x D),
(6) PJI? forces that (N, P?) is not a splitting family.

7

Proof. Let a € APv and k < |P2[Y < § < \. If needed, we can first extend a by
applying Lemma 1.8, so as to assume that IFp: ¢ = 6 for all + < k. Before proceeding
we note that it follows from Proposition 1.8 and Lemma 5.11, that condition (4)
will imply that {PP : i < x} is a continuous <:-chain of ccc posets as required in the
definition of APv. We construct the sequence {D; : i < k} by recursion on i < k.
It follows from Lemma 5.20 that there is a set Dy C ©(L1, P§ *Fn({0} x 6 x N, 2))
such that {0} x Dy is forced to be a subset of Ppyyiq that is Ny-directed mod finite.
Assume that T < & and that {D; : i <1} has been constructed so that for i < j <7,
properties (2)-(6) hold and so that PP, forces that A2 is very thin over the forcing
extension by PP. It will be most convenient to continue the argument in a forcing
extension.

Let G, C P? be a generic filter and, for each ¢ < &, let G, = G,, N P?. For
each i < k, let H; C Fn(i+1 x 6 x N,2) be a filter so that G; x H; is a generic
filter for P? * Fn(i+1 x 6 x N,2). It follows that G = Gy * (J{H; :i <1}) is a
generic filter for P? + Fn(1 x 6 x N,2). We work in the forcing extension V[G]. We
first handle the case when T is a limit ordinal. By the definition of the family APv,
the sequence {A? : ¢ < k} is not a concern, as in Definition 2.2, when defining
PP in the limit case. It should be clear that the G-interpretation of the collection
E =U{{0} x D; : ¢« <1} is a finitely directed subset of Ppoyuiq. We proceed as in
the base case. By Lemma 5.20, there is a Fn({i} x 6 x N, 2)-name, £, of a subset
of Ppowia that is forced to be an Ni-directed mod finite extension of £ that further
forcing by Q(£') ensures that the family [N]* N V[G] is not a splitting family. The
family D; is a subset of p(L1, P? «Fn(i+1 x § x N, 2)) that contains D; for all 1 <1
and is forced to satisfy that £ is equal to {{} x T': T € D;}.
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Now we may assume that T = i + 1 and we note that A? is a family of P} ;-
names that is forced to be very thin over the forcing extension by P?. It follows
from Lemma 1.8 that .42 is forced to be very thin over the model V[G; * H;]. We
again work in the forcing extension V[é] where G = Git1 * H;. Let A denote the
ideal generated by the G interpretations of the names from A2. Let £ denote the ®;-
directed mod finite family {{#} xT : T € D;}. Let & denote the canonical subset of
N added by Fn({(i+1,0)}xN, 2) over the model V[G] as in Definition 1.2. Let {f,, :
m € w} denote the name of the increasing enumeration of iy. For all a € A, let I(a)
be a canonical Fn({(i+1,0)} x N, 2)-name for the set {m € N : aN[fy, ms1] = 0}.
For each ¢ € Q(E), let J(a,q) be a canonical Fn({(i + 1,0)} x N, 2)-name for the
set {£ e N: (3m € I(a)) fy < max(int(te_1)) < min(int(tee1)) < st}

Claim 2. The family & = {(0, {t{ : £ € J(a,q)}) : a € A,q € Q(E)} is forced to
be a finitely directed subset of Ppoyuid-

Proof of Claim: Each ¢ € £ is in the model V[G; * H;] and each a € A is thin over
that model. Therefore there is an infinite set of £ € N such that a is disjoint from
[max(int(te—1)), min(int(te+1))]. This implies, by a simple genericity argument,
that J(a, q) is forced to be an infinite set for each a € A and ¢ € €. Let H be the
generic filter for Fn({(i+1,0)} x N, 2) that is equal to H;11 NFn({(i+1,0)} x N, 2).
For all a € A and ¢q € &, let I(a) and J(a,q) denote the interpretations by H of
I(a) and J(a,q) respectively. Similarly let {n,, : m € N} denote the increasing
enumeration of the interpretation of .

Evidently, if a1 C as are elements of A, then I(as) is a subset of I(a1). To prove
the claim it suffices to assume that if go > ¢1 are in &, then, for each £ € J(a, ¢2), t}*
is built from a finite subset of {¢{' : k € J(a,q1)}. Fix any ¢ € J(a,¢2) and choose
minimal finite subsets By_1, By and Byt of w such that, for each r» € {—1,0,1},
ty:, is built from {t{' : k € By, }. Let ko be the maximum element of By and
let k1 be the minimum element of Byy;. From the definition of Qpyyui4, We have,
for each k € By, that

(1) ko < k < kq,

(2) max(int(t7> ) < max(int(t]})) < max(int(tf' |)), and

(3) min(int(ty ;) < min(int(¢])) < min(int(t3,)).
Fix the unique m € I(a) such that n,, < max(int(t;*,)) < max(int(t};)) < Nmi1,
and now conclude that n,, < max(int(t{',)) < max(int(t]’,;)) < Npmy1. This

proves that By C J(a,q1) as required. (I

Let H be the generic filter H; ;1 NFn({i+ 1} x 6 x N, 2). For cach ¢ € Q(&) and
a € A, let g(a) € Q(&) denote the condition (ug, {t] : £ € J(a,q)}).

Claim 3. In the forcing extension V[G* H] there is a family & C Ppowa such that
(1) & UE is a subset of &,
(2) &; is Ny-directed mod finite,
(3) the family [N]* N V[G] is not a splitting family in the further forcing ex-
tension by Q(&1),
(4) for each Q(&)-name f € V[G; * H;] of an element of NN and each f-ready
q€Q(E), q(a) lFge,) (3n) ann, f(n)] =0 for each a € A.

Proof of Claim: We simply apply Lemma 5.20 to select &;. This ensures that
conditions (1)-(3) hold. Now we verify that (4) holds. Let f, a and ¢ be as in
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the statement of (4). Let r € Q(&) be any condition stronger than ¢(a). Fix
any k so that max(u,) < min(int(¢},)). Since r > g(a), there is a finite subset B
of J(a,q) such that ¢} is built from {¢{ : ¢ € B}. Choose any ¢ € B such that
e = int(t]) Nint(t]) is ti-positive. Since ¢ € J(a,q), there is an m € I(a) so that
Ny < max(int(t]_,)) < min(int(ty,,)) < nmy1. Since q is f-ready, there is a
we C e such that (u, Uw,, {t] : £ < j € w}) forces that f(nm) < min(int(t7, )).
Since m € I(a), this completes the proof that r has an extension forcing that a is
disjoint from [n,, f (7). O

The proof of the Corollary is completed by choosing a subset D; of p(L1, P? x
Fn(i+1x 6 xN,2)) (recall that T=14+ 1) so that D; C D; and {{0} x T : T € D;}
is forced to equal &. We prove that Pitis-l forces that A; is very thin over the
forcing extension by PP. Recall that G,y is a P?, | -generic filter and, similarly,
G; = Gi+1 N P? is P2-generic. Let &; denote the interpretation of {#} x D;, and
similarly, let &1 denote the interpretation of {(} x D;;1. We already know that
A; is forced to be very thin over the model V[G; x H;], so it suffices to consider
a Q(&)-name f in V[G; * H;] of an element of NN, By Lemma 5.22, the set of
f-ready conditions is a dense subset of Q(&;). Since &; is Ny-directed mod finite, we
also have, by Proposition 5.11, that the set of f—ready conditions from Q(&;) is a
pre-dense subset of Q(€;+1). The result now follows from item (4) of Claim 3. O

Definition 5.24. For any a € APv we will say that b € APv is a Q(D)-extension
of a if there is cardinal 0 < \ with |P?| < § = 6™ and a sequence {D; : i < k} such
that for all i < j < K,

(1) a1 <Qp b where a; is the Cohen?-extension of a,

(2) A3 = A,

(5) Di € pl(L1, P),

(4) {0} x D; is forced by P* to be an Ri-directed subset of Ppouids
(5) D, C Dj,

(6) PP = PP 5 Q({0} x Dy),

(7) PJI? forces that (N, P?) is not a splitting family.

7

Now we formulate the APv version of Theorem 4.1.

6. Tp(M) < Kk =Db AND 5§ = A

Fix, as in Section 4, a 1-to-1 function h from A onto H(A). Recall that by
our assumption Hyp(k,)), E is a stationary subset of S2 and {C, : a € A} is
O-sequence. We let {X, : @ € E} be the {-sequence on A as postulated in by
Hyp(k, \).

Theorem 6.1. Assume Hyp(k,\). There is a sequence {aq, o : @ € A} such that
for each limit 6 € A:
(1) the sequence {ay : a < 0} is <jp-increasing subset of APv,
(2) {Co: @ <} C A is non-decreasing, and (5 € X\ is the supremum,
(3) if 6 & E, the sequence {a, : a € acc(Cs) U{d}} is a <Qp-increasing contin-
uous chain,
(4) if 6 € E and & = {h(&) : £ € X5} is a mazimal subset of p(N, P2%) that is
forced by P2° to be a free ultrafilter on N, then E5 N A3 is not empty for
all i < kK,
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(5) as+1 is the Cohen“-extension of as and (511 = (s,

(6) if @ =6+ 1 then Cay1 = Co and agy1 is a Cohen’ -extension of a, where
Oo = | P[0

(7) if a« =6+ 2, then (411 = (o and agy1 1S a Q(ﬁ)-ewtension of as,

(8) if « € (04 2,6 +w), then Cot1 is the minimal value strictly above (, such
that Qas1 = h(Cay1 — 1) has cardinality less than k and is a P?*-name of
a poset that is forced to be ccc, and ag11 = aq *QQH as in Definition 2.12.

Proof. The proof only involves very minor modifications to the proof of Theorem
4.1 and can be omitted. (]

Theorem 6.2. Assume Hyp(k,\). There is a ccc poset P forcing that s = A,
MA(k), and mp(U) < b = Kk for all free ultrafilters U on N.

Proof. Let {an,Cs : @ € A} be the sequence constructed in Theorem 4.1. Let P
be the poset [ J{P2> : a € A}. Since {P2~ : o € A} is a strongly continuous <-
increasing chain of ccc posets, it follows that P is ccc. Furthermore p(N, P) is
equal to the union of the increasing sequence {p(N, P2«) : v < A}. It then follows
immediately from condition (7) that s is forced to be A. By Proposition 2.8, P
forces that b < k. The fact that P forces that b = x follows once we we note that
P forces that M A(x) holds. This is proven exactly as in the proof of Theorem 4.2
and so can be omitted. Similarly, simply repeating that portion of the proof from
Theorem 4.2 also proves that P forces that mp(U) < & for all free ultrafilter & on
N. O
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