PRODUCTIVITY OF CELLULAR-LINDELOF
SPACES

ALAN DOW AND R.M. STEPHENSON, JR.

ABSTRACT. The main purpose of this note is to prove that the product of a
cellular-Lindel6f space with a space of countable spread need not be cellular-
Lindelof.

1. INTRODUCTION

All hypothesized spaces are Hausdorff, and by Lindeldf (of countable spread) we
shall mean any space in which every open cover has a countable subcover (every
discrete subspace is countable); otherwise, the terminology and notation not defined
here generally agree with that in [3] or [5].

A. Bella and S. Spadaro in [1] defined a space X to be cellular-Lindeldf provided
that for every family U of pairwise disjoint nonempty open subsets of X there is a
Lindelof subspace L C X such that LN U # 0 for every U € U. In that article and
also in [2] they derived some properties of cellular-Lindelof spaces. Likewise, W.
Xuan and Y. Song studied cellular-Lindel6f spaces in [15] and several other articles
referred to in [15]. A similar family of spaces, the cellular-compact spaces, were
introduced and studied extensively by V.V. Tkachuk and R.G. Wilson in [13]. A
space X is said to be cellular-compact provided that for every family U of pairwise
disjoint nonempty open subsets of X there is a compact subspace K C X such that
KNU # ( for every U € U.

Among the nice properties of these two cellular concepts, most of which were
noted or shown in several of the articles above, are: each is preserved by regular
closed subsets, extensions, continuous images, and finite unions (and for the case
cellular-Lindel6f, countable unions and open F,-subsets).

In [15] and especially in [13] its authors proved that dense subspaces of compact
product spaces, such as Y-product subspaces, provide a useful source of examples
of non-Lindelof spaces illustrating properties of cellular-compact or cellular-Lindel6f
spaces. In [15] its authors presented several theorems, examples and questions con-
cerning products of cellular-Lindelof spaces. We list some of these results next, but
first note one obvious necessary condition for a product space to be cellular-compact
or cellular-Lindelof, according to the invariance under continuous maps property.

Theorem 1.1. If a product space is cellular-compact or cellular-Lindelof, then each
of its factor spaces must have the same property.
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In [10] A.D. Rojas-Sénchez and A. Tamariz-Mascaria provided a very clever proof
that there exist two Lindel6f spaces whose product contains an uncountable clopen
discrete subspace D. The authors of [15] referred the reader to [10], re-described that
example, re-derived the properties of D, and noted that it establishes the following:

Theorem 1.2. The product of two Tychonoff Lindeldf spaces need not be cellular-
Lindelof.

They then obtained the following result.

Theorem 1.3. ([15], Theorem 3.9) The product of a separable space and a cellular-
Lindelof space is cellular-Lindeldf.

Proof. We sketch a different proof from the one in [15]: It is immediate that the
product of a countable space and a cellular-Lindel6f space is cellular-Lindelof, and
hence any extension of such a space must also be cellular-Lindel6f. O

Noting that this theorem implies the product of a compact metrizable space with
a cellular-Lindelof space is cellular-Lindeldf, the authors of [15] asked:

Question 1.4. Is the product of a compact space and a cellular-Lindelof space
cellular-Lindelof ¢

In Section 2 we shall provide a negative answer to this question, and we shall
answer an analogous question not raised in [13] or [15] about whether or not the
property cellular-compact is productive. It will be shown that the product of a
convergent sequence with a cellular-compact space need not be cellular-compact.

The authors of [15] stated in their Theorem 3.12 that the product of a cellular-
Lindel6f space with a space of countable spread, such as a hereditarily Lindelof space,
is cellular-Lindel6f. However, as noted in the Abstract, the main purpose of this note
is to provide a proof that this assertion is not true. In Section 3 the focus will be
on properties possible counterexamples will need to possess. A proof will be given
in Section 4 showing it is consistent that the product of a cellular-Lindelof space
with a hereditarily Lindel6f space need not be cellular-Lindeldf. Then in Section 5 a
construction of Justin Moore will be used to produce very different counterexamples
within ZFC.

2. PRODUCTS WITH ONE FACTOR COMPACT

Let us first recall some needed terminology and a theorem. A family V of
nonempty open subsets of a space X is called a mw-base for X (a local m-base for
a point x € X) provided that for every nonempty open subset T' of X (containing x)
there exists V' € V such that V' C T'. The m-weight w(X) of the space X (m-character
mx(z, X) of the space X at the point z) is the minimal cardinality of a m-base for X
(a local m-base at z). The density d(X) of X is the minimal cardinality of a dense
subset of X. A point p € SX \ X is called a remote point of a Tychonoff space X
if p ¢ clgx (Y') for any nowhere dense set Y C X. Finally, (Theorem 3.13 of [13]) if
X is a regular cellular-compact space and p is a non-isolated point of X, then the
space X \ {p} is cellular-compact if and only if there exists no pairwise disjoint local
m-base at the point p in X. We shall use only a special case of a corollary to this
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theorem (Corollary 3.14 of [13]), a case which by itself has an immediate proof, and
so we give both here.

Corollary 2.1. ([13]) If K is a compact space, p is a non-isolated point of K, and
there exists mo pairwise disjoint local m-base at the point p in K, then the space
X = K\ {p} is cellular-compact.

Proof. Assume U is a family of pairwise disjoint nonempty open subsets of K.
Choose an open neighborhood W of p which does not contain any member of .
Then K\ W = X \ W is a compact set which meets every member of U. 0

Theorem 2.2. Let X = BQ\ {p}, where p is any remote point of Q, and let
Y = NU {oco} be the one-point compactification of N. Then the space X is cellular-
compact, but the product space X XY is not cellular-compact.

Proof. To prove that X is cellular-compact, it suffices by Corollary 2.1 for us
to prove that there is no pairwise disjoint local m-base for p in Q. Let V be an
arbitrary family of pairwise disjoint nonempty open sets in Q. Proceeding as in
Example 3.21 of [13], we may (and do) choose, for each V' € V, a rational number
qv € V. Then D = {qy : V € V} is discrete, and so the remote point p ¢ clgg(D).
Hence BQ \ clgg(D) is an open neighborhood of p which contains no member of V.
Therefore, V cannot be a local m-base for p in SQ.

Next, again using the denseness of Q in SQ, let W = {W,, : n € N} be a w-base
for fQ, and for each n € N, let U,, = (W,, \ {p}) x {n}. ThenUd ={U,, : n € N} is a
family of pairwise disjoint nonempty open subsets of X x Y.

Finally, assume K is any compact subset of X x Y. To complete the proof, we
need to show that K NU, = 0 for some n € N. Since the projection pry(K) is
a compact subset of SQ not containing p, the set 7' = SQ \ pry(K) is an open
neighborhood of p in fQ which is disjoint from pry (K). As W is a m-base for fQ, T'
must contain some W,,. Hence, KNU, C KN (W, \{p}) xY)C KN(TxY)=1.

O

We turn next to producing a negative answer to Question 1.4, and we shall do this
by finding a cellular-Lindel6f (actually, another cellular-compact) space X having
the form X = K\ {p}, where K is compact, such that the product space X x (k+1),
where k = mx(p, X), is not cellular-Lindelof.

Lemma 2.3. There exists a compact space K having a P-point p such that K has
cellularity ¢ < mx(p, K).

Proof. Consider the P-space Y obtained by endowing the product space 2"
with the Gg-topology. Let p be the constant 0 function in Y and K = Y.

We verify that the P-point p of K has 7wy (p, K) = ¢*. Since K is an extension
space of Y which is regular, it will be enough to check that wx(p,Y) = ¢*.

Let A be the family of all countable subsets of ¢™. For each A € A let Ny =
{yeY :y(la) =0forall « € A}. Then {Ny : A € A} is a local base for p in Y, so
7x(p,Y) < 7(p,Y) < |A| = ¢*. Assume next that V is an arbitrary family of basic
clopen Gs-subsets of Y such that |V| < c. For each V € V, let Dy be the countable
set of restricted coordinates of V, and let D = {D : Vp € V}. Then V cannot be a



4 ALAN DOW AND R.M. STEPHENSON, JR.

local m-base for p in Y, since for any o € ¢\ JD, 7,1 (0) is a neighborhood of p
in Y which contains no member of V. Thus, 7x(p,Y) > ¢*.

Suppose next that {f, : @ < ¢™} are countable partial functions from ¢* to 2
coding basic clopen Gg-sets {[fa] : @ < ¢T} of Y. Let this family be an element of
M < H(c"), where M has cardinality ¢ and M* C M. Let M N ¢t C 6 € ¢, and
let f = fs | M. Since the domain of f is a countable subset of M, f is in M by
our choice of M. Thus there is an a € M such that f C f,. It follows that f, U f;s
is a function, and therefore that [f,] N [fs] is not empty. This proves that K has
cellularity equal to ¢ < mx(p, K). O

Theorem 2.4. Let X be any space having the form X = K \ {p}, where K is
a compact space, p is a P-point of K, and K has cellularity ¢ < mx(p, K) = k.
Topologize the set k + 1 so that it is the one-point compactification of the discrete
space k. Then the space X is cellular-compact, but the product space X x (k+1) is
not cellular-Lindeldf.

Proof. It follows from Corollary 2.1 (or Corollary 3.17 of [13]) and the cellularity
inequality satisfied by K that the space X is cellular-compact.

Now fix a local m-base {U, : @ < k} for p in K. We may assume that p ¢ U,
for all & < k. For each a € k, the set W, = U, X {a} is open in X x (k + 1), and
W ={W, :a < k} is a pairwise disjoint family of nonempty open sets.

Assume that Y is a subspace of X X (k + 1) such that Y N W, # 0 for all a € k.
We prove that Y cannot be Lindelof. For each y € Y, choose a neighborhood W, of
y and subset V, of X such that W, C V, x (k + 1) and the point p ¢ V,. If there is
a countable subcover {W,, :n € w} of Y, then since p is a P-point, we may choose
a < k such that U, NV, = 0 for all n. This implies that Y is then disjoint from
Wa. O

Remark 2.5. For any space X and P-point p of X, if p has character Ry, then there
is a pairwise disjoint local w-base at p, and hence one can show the space X \ {p}
cannot be cellular-Lindeldf.

One corollary to Theorems 2.2 and 2.4 which illustrates a difference between
properties of the spaces studied here and those in [10] is the following.

Corollary 2.6. The property cellular-Lindelof (cellular-compact) is not an inverse
invariant of open perfect surjections.

3. SEEKING A COUNTEREXAMPLE OF COUNTABLE SPREAD

We consider next some properties spaces X and Y would need to have in order
to be counterexamples to the assertion that if X is cellular-Lindelof and Y is of
countable spread, then X x Y is cellular-Lindelof.

As noted earlier, neither space can be separable. In addition, the following theo-
rem, a corollary to one due to B. Sapirovskii in [12], shows the space Y must have
a dense hereditarily Lindel6f subspace.

Theorem 3.1. ([4], Proposition 5.6, or [12]) Every non-separable space of countable
spread has a dense subspace that is hereditarily Lindelof.
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A tool often found useful in producing counterexamples is the Alexandroff double
D(X) of a topological space X. We recall that D(X) = X x{0, 1}, topologized so that
a subset T of D(X) is defined to be open if and only if for each point (x,0) € T, there
is an open subset U of the space X such that (z,0) € (U x {0,1}) \ {(z,1)}) C T.
Three well-known, easily verified properties are: ID(X) is Lindelof if and only if
X is Lindelof; and since X x {1} is an open discrete subspace, D(X) is separable
(hereditarily Lindeldf) if and only if X is countable.

Theorem 3.2. Suppose X andY are regular spaces such that D(X) x Y is cellular-
Lindeldf, Y has m-weight 7(Y) = k > Vg, and for every nonempty open subset T of
X, d(T) = n(T) = k. Then D(X) xY has a Lindelof subspace which is dense in
(X x{0}) xY.

Proof. A recursive construction shows that there is a family {D, : a < k} of
pairwise disjoint dense subsets of X, each having cardinality .

Let {Uy : a € K} enumerate a m-base for Y. Set W, 4 = {(d,1)} x U, for all
a<kand d € Dy, and W = {W,4:a € kand d € D,}. Then W is a cellular
family, so assume that L is a Lindeldf subspace of D(X) x Y such that LNW # ()
for all W € W. We shall prove that L is dense in (X x {0}) x Y.

Fix any nonempty regular closed sets B C X and R C Y. We show that L N
((B x {0}) x R) £0.

Since {U, : o € K} is a m-base for Y, there exists 5 < x such that Us C int(R).
As Dg is a dense subset of X and d(int(B)) = &, it follows that LN ((B x{0,1}) x R)
meets Wg 4 for k-many points d € Dg. For each such d, pick ((d,1),yq) € LNWpgq4,
and note that ((d,1),yq) € LN((B x{0,1}) x R), Moreover, LN((B x {0,1}) x R) is
Lindeldf. As this subset of points ((d,1),y4) € LN((B x{0,1}) x R) has cardinality
Kk > Np, it must have a limit point in L N ((B x {0}) x R), for every point of
LN ((B x {1}) x R) has a neighborhood meeting that subset in at most a single
point.

O

Based on the preceding results, we seek as counterexamples spaces X and Y,
each nowhere separable and of m-weight Wi, so that X is Lindelof, Y is hereditarily
Lindel6f, and ID(X) x Y has no Lindeldf subspace which is dense in (X x {0}) x Y.

4. CONSISTENT PRODUCT SPACE COUNTEREXAMPLES

Let S be a full-branching Souslin tree (a subtree of 2<“*). In this section we show
how to get X and Y from S. We begin by giving some notation and terminology
that will be used.

Let s,t € S and A C S. Then s <t is assigned its usual meaning (as on p. 68 of
[5]), namely, s < t if and only if s C ¢ if and only if the sequence ¢ extends s, and
likewise sVt, sAt, and s L t have their usual meanings with respect to the relation <.
In addition, o(s) € w; denotes the domain of s, [s] denotes {u € S: s <wu}, and A is
said to be cofinal above s if for each u € [s], AN[u] # 0. The set A is said to be cofinal
in S if A is cofinal above s for every s € S. If o(s) = £ and 4,j € {0,1}, then s
denotes the sequence sU{(§,7)} whose domain is £ + 1, and similarly, s™ij denotes
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(s7i)"j. In case s # t, we define A(s,t) = min{« € o(s)Uo(t) : s(a) # t(a)} (using
the convention that s(a) # t(«) if a € (o(s) \ o(t)) U (o(t) \ o(s))), and denote by <
the following order: s <t if and only if s(A(s,t)) =0 or t(A(s,t)) = 1.

The reader familiar with the procedures M.E. Rudin developed on pp. 1116-
1118 of [11] may notice that the relation < is an example of a general type of
relation presented and studied in [11] for the purpose of demonstrating how to use a
“normalized and pruned” Souslin tree and Dedekind completion to produce a Souslin
line. We include for later reference statements and proof outlines illustrating the
properties of < needed for our examples. Some of these properties were derived or
pointed out in [11].

Claim 4.1. The relation < is a dense total order on S.

Proof. First we prove < is transitive. Let s,t, and u € S satisfy s < t and ¢t < w,
and let ag = A(s,t) and fp = A(t,u). We consider three cases.

Suppose ag = By. Then s [ a9 =t [ ag = u [ ag, and the only possible values
for s, t, and u at «ap in this case are s(ag) = 0, t(ap) is not defined, and u(ap) = 1,
which together imply s < u.

Suppose ap < fp. Then s [ ag =1t [ agp = u | ap. If s(ap) = 0 or is undefined,
then t(ag) =1, and ¢ | By = u [ By implies u(ap) = 1, and so s < u.

Assume By < ap. Then s [ Bo =t [ Po, Bo € o(t), and s(5y) = t(Hp). Since also
t < u, we must have ¢(8y) = 0. Then s(5p) =0, s [ fo = u | Bo, and since t < wu,
either u(By) =1 or u(By) is not defined. Hence s(3p) = 0 # u(fy), and s < u.

Obviously the partial order < is a total order. To prove it is a dense order, let s
and t be as above. We find a sequence m € S such that s < m < t, depending on
which of the three possibilities occurs.

If s(ag) = 0 and t(ag) = 1, let m = s | ayp.

Suppose s(ag) = 0 and t(ap) is not defined. Find the first § > ap + 1 where
s(8) =0, and set m = (s | )" 1; and if no such g exists, set m = s 1.

Assume s(ag) is not defined and ¢(ap) = 1. Find the first 5 > ag + 1 where
t(B) =1, and set m = (¢ | §)70; and if no such S exists, let m = ¢t0. O

Before stating our next claim, some additional notation needed is, for any ¢t € .S:
let tT = ¢ if ¢ is on a limit level of S; and let t' denote the “other” <-successor of
tlain Sifo(t) =a+ 1.

Claim 4.2. Let s,t € S with o(s) +1 < o(t). (i) If s < t then s < ([t] U [t1]), and
(i) if t < s then ([t] U [tT]) < s.

Proof. Let s,t € S, and assume the hypothesis of (i) holds. Then whether
s(A(s,t)) is not defined or equals 0, since o(s) 4+ 1 < o(t), it follows that t(A(s,t)) =
1, tT(A(s,t)) = 1, and A(s,t) = A(s,t!). Thus, for any u € S, if u Dt or u D tf
then A(s,u) = A(s,t), u(A(s,u)) = t(A(s,t)) = 1, and hence s < u. The statement
(ii) is proved similarly. O

For the remainder of this section, S is endowed with the <-order topology, and
the open interval notation (s,t) will refer to <, where s <t (except when it is used
to denote a point in the product space S x S). Thus, topological terms referring to
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S should be understood to be referring to the topology induced on S by < (but not
to the one induced on it by the tree order <).

Claim 4.3. For each s € S, [s] is a clopen subset of S, and the family {[s] : s € S}
is a m-base for the topology on S.

Proof. First, we observe that each [s] is an open set: for any ¢t > s, t70 < ¢t <
t™1,and so I = (t70,t1) is an open interval containing ¢, and one can check that
s <t <wforany u € I, and hence I C [s].

To see that [s] is a closed set, consider any point ¢ € S such that s £ ¢. Let
a = A(s,t). Then o € o(s) No(t) (if s L t) or a € o(s) \ o(t). If a € o(t), then [t]
is an open neighborhood of ¢ disjoint with [s]. If a ¢ o(t), then [t (1 — s(«))] is an
open neighborhood of ¢ disjoint with [s].

Next, let us prove that the family {(v1,v2) : v1 < vy and v L v} is a m-base.
Fix any s < t with s # ¢, and we find (v1,v2) C (s,t) from this 7-base. If s L ¢,
then v; = s and vy = ¢ suffice. So assume s )} ¢, and we consider the remaining
possibilities.

Assume s < t, i.e., s Ct. Then s(A(s,t)) is not defined and t(A(s,t)) = 1, since
s <t. Thus s1 C t, and we define v;1 = ¢t700 and vy = ¢t 01.

Assume t < s, i.e., t C s. Then s(A(s,t)) =0 and t(A(s,t)) is not defined, since
s < t. Hence t—0 C s, and we define v71 = s710 and v = s 11.

In either of these definitions, it follows easily that v; L vo and s < v; < vo < t.

To finish the proof, we just prove that for each vy < vy with v; L wo, there is
some s with v; < [s] < va. Evidently A(v1,v2) € o(v1) No(ve), so vi(A(vi,ve)) =
0 <1 =wva(A(v1,v2)). Let s = v 1. Hence v; < [s|]. Furthermore, if s C ¢, then
t(A(v1,v2)) = s(A(v1,v2)) = vi(A(v1,v2)) =0, and ¢ [ A(vy,v2) = s [ Avy,v2) =
v1 [ A(v1,v2) = v2 | A(vy,v2). Thus ¢ < vy, which shows [s] < va. O

Claim 4.4. The space S is hereditarily Lindelof.

Proof. Since S is a linearly ordered space (with respect to the <-order), to prove
that it is hereditarily Lindeldf, it suffices by Theorem 2.2 in [6] to prove that it
satisfies the countable chain condition (ccc). It was shown in [11] that the Dedekind
completion of any such space is ccc. Using the same method, we apply Claim 4.3 here
and observe that if A = {[so] : @ € A} is a pairwise disjoint listing of the members
of a family of elements of the m-base for S, then {s, : @ € A} is an antichain in the
Souslin tree (.9, <), and so A must be countable. O

Claim 4.5. Let {(ug,ve) : € < wi} be a subset of Sx S such that for all & < w1, there
is a te with o(tg) > &, te < ue, and te # tg < v¢ (hence every o(t¢) is a successor).
Then this set co-countably converges to the diagonal in S x S.

Proof. Any open neighborhood of the diagonal A in S x S will contain a set of
the form W={J{(s™,s") x (s7,s") : s € S}, where for all s € S, s~ < s < sT. Since
S (and hence A) are Lindelof and S is a Souslin tree, there is a § < w; such that the
collection {(s7,s") : s € S and o(s) < §} is a countable cover of S. Let § < 8 < w;
be large enough so that max{o(s™),0(s")} < 8 for all s € S with o(s) < d. Choose

any ¢ < wp such that +1 < ¢, and note that f+1 < o(t¢). Since t¢ # tz, we can let
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te be the member of S so that ¢¢ and tz are its immediate successors. Choose s € §
with o(s) < & such that s~ < ¢ < s*. Since o(tg) > f > max{o(s™),o(sT)} + 1, it
follows from Claim 4.2 that [tg] C (s7,sT), i.e., s~ < [t¢] and [t¢] < sT. This proves
that (ug,ve) € W. O

Now we are ready to construct the example. Let ST denote the set of all s € S
such that o(s) is a successor, U denote the set of all s € ST such that for o(s) = a+1,
s(a) =0, and V = ST\ U. Then note that V = {ul : u € U}, each of U and V is
cofinal in S (which means, as defined at the beginning of this section, with respect
to the tree order <), and thus U and V are disjoint dense subsets of S. We let
X =D(U), the Alexandroff double of U.

Theorem 4.6. The space X = D(U) is Lindeldf, and the space V is hereditarily
Lindelof, but X x V is not cellular-Lindeldf..

Proof. It suffices to prove that X x V is not cellular-Lindelof.
Let {t¢ : £ € w1} be an enumeration of a subset of U such that for each { < wy,
o(tg) > €. For each € wy, choose any ug € U and we € V such that t¢ < ug, ug # uy,

for any n < &, and tz < wg. Also choose w; < we < wg“ in [ty, and note that either
te < wg or wgr < te. Now, for each £ < wyq, the set Ug = {(ug, 1)} x (VN (wg,wg))
is a nonempty open subset of X x V', and {U; : { < wy} is pairwise disjoint.

Let Y C X xV, and assume that Y NU¢ is nonempty for all { < w;. We prove that
Y is not Lindelof by proving that it has an uncountable subset R with no complete
accumulation point in X x V. For each £ € w; choose ve € V N (wg ,wg) so that
((ug,1),v¢) € UsNY, and let R = {(ug,1),v¢) : £ <wi}. Note that by construction,
each v € [tz]

Fix any (u,v) € U x V. Since {(u, 1)} xV is a neighborhood of the point ((u, 1), v)
which intersects R in at most one point, ((u,1),v) is not a limit point of R. Let
us prove that neither is ((u,0),v) a complete accumulation point of R. Choose
u~ <u<u" and v < v <vT (from S) so that (v~ ,ut) N (v™,v") is empty, and
so that the closure of (u™,u™) x (v™,v") is disjoint from the diagonal in S x S. By
Claim 4.5, we may choose 1 < w; so that (ug,ve) ¢ ((u™,u™) x (v7,vT)) for all
n < & <wy. It follows easily that ((ug,1),ve) ¢ ((u™,u’) x {0,1}) x (v, v") for all
n < & < wy, and that completes the proof. O

Remark 4.7. Another way to prove Theorem 4.6 would be to prove that there is no
Lindeldf subspace of D(U) x V' which is dense in (U x {0}) x V', and then appeal to
Theorem 3.2.

5. ZFC PRODUCT SPACE COUNTEREXAMPLES

In this section we show that Moore’s L space contains a pair of nowhere separable
hL spaces whose product has no dense Lindelof subspace.

Moore defines his L space after developing the key properties of a very special
combinatorial object Osc. The object Osc is a function from the ordered pairs
a < f < w; into the finite subsets of . Similarly, the function osc(«, ) is defined
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as the cardinality of the set Osc(«, 3). These definitions depend on the choice of a
family C = (Cy : o € wy) where

Definition 5.1. A family C= (Cq : v € wy) is a C-sequence on wy provided
(1) Co = {0},
(2) for each 0 < a <wy, 0 € C, is a cofinal subset of a (in case « = B+ 1, this
Just means B € Cy),
(3) for ally < a, Cq Ny is finite.

We will be using properties of the function osc and Moore’s L space from both
papers [8] and [9]. In each paper, it is stated that any choice of a C-sequence will
suffice. We mention this here because in order to establish our main result, we will
impose an additional restriction on the C-sequence that we use.

Here is the definition of Moore’s L space from [8]. First of all, T denotes the unit
circle in the complex plane, and for z = ¢!” € T and k € N, of course zF = ¢! ig
also an element of T. The topology on T is the one inherited as a subspace of the
complex plane. We let 1 € T denote the element (1,0).

Definition 5.2. Let {z, : @ € w1} be a rationally independent set. For all 5 € wy,
define wg € T with the formula

ZOSC(§:B)+1 E<p
— 3
wg(§) {1 s<t.

Theorem 5.3 ([8], 7.11). For all uncountable X C w1, Lx ={wg [ X : B € X} is
hereditarily Lindelof.

For each X C wy, L[X] = {ws : B € X}. It is also noted in [8] that the closures of
countable subsets of £ = L]w;] are countable, and therefore we have the following

Lemma 5.4. For all uncountable X C wy, L[X] is a nowhere separable hereditarily
Lindelof space.

For convenience we make some assumptions about the family {z, : @ € w1}. We
choose a rationally independent set {ro : a < wi} of reals in the interval (0, 5-),
and for each @ < w; we let 2z, be the point in T obtained by rotating 1 by 2zr,
radians. For convenience we adopt the following metric on T. For points z,w of T
we let p(z,w) be the smallest value 0 < r < 27 so that w € {e” 2™z, ¥z}, In
other words, p(z,w) is % times the arc length within T between z and w. Note that
(since T is a group) for any u € T, p(z,w) = p(u - z,u - w).

For any point w € T, let Ulw; F, €] (for finite F' C w; and real e > 0) denote the
basic open set consisting of all points w’ € T%! satisfying that p(w'(£), w(&)) < e for
all £ € F.

Let A denote the set of limit ordinals in w1, and then let A’ denote those members
d of A such that A N4 is cofinal in 6 (i.e., A’ is the set of limit points of A).

Lemma 5.5. There is a choice of the C-sequence C = (Co + a0 € wy) so that there
are disjoint uncountable subsets X and Y of wy satisfying that for all 6 € A’ and
d <aeX (respectively Y) and o < B € Y (respectively X ), | Osc(a, ) N 6| > 1.
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We will prove Lemma 5.5 later. For now we fix the pair of uncountable sets X
and Y. One of the key properties of osc is proven in Lemma 4.4 of [8]. This is
improved in Lemma 8 of [9] by Peng and Wu. We will just need a minor variation of
a special case of this Lemma 8 that we record here. The set of two-element subsets
of wy is denoted by [w1]?. For a € [wi]?, we let a(0) = min(a) and a(1) = max(a).
For a,b € [w1]?, we let a < b denote the relation that a(1) < b(0). We will apply this
Lemma to pairs a € [w;]? that have an element in each of X and Y from Lemma
5.5. It follows that the integer ¢ in the statement of the next lemma would then be
at least 2.

Lemma 5.6. Suppose that A C [w1]? is an uncountable family of pairwise disjoint

sets. Then there are an uncountable collection A" C A , an integer ¢, and a 6 € A’

satisfying that for any a < b, both in A', | Osc(a(0),a(1)) N | =c and
0sc(a(0),b(0)) + ¢ —1 < osc(a(0),b(1)) < osc(a(0),b(0)) + c.

We defer the proofs of Lemma 5.5 and Lemma 5.6 until after we prove that the
main result is a consequence.

Theorem 5.7. If X and Y are the disjoint uncountable subsets as in Lemma 5.6,
then L[X] x L[Y] does not contain a dense Lindeldf subset.

Proof. Assume that D C X x Y and that D = {(wg,w,) : (8,7) € D} is dense in
L[X] x L[Y]. We will produce an uncountable subset of D that has no complete
accumulation point in £[X] x L]Y].

By Lemma 5.4, we have that, for all § € wq,
b5 = {(wﬁaw’y) : (By’Y) € Dﬂ(é X W1 le X 6)}

is not dense. Therefore we may choose an uncountable subset D C D that has the
property that if di,dy € D; are distinct, then there is a § € w; such that (wlog)
di1 € § x § and both coordinates of dy are greater than §. By passing to a subset of
D; we can assume that (wlog) for each d € Dy, the first coordinate of d (d(0) in X) is
less than the second coordinate of d (d(1) which is in Y). Let A be the uncountable
set of disjoint pairs {{d(0),d(1)} : d € D1}. By applying Lemma 5.6, we may choose
an integer ¢ and an uncountable Dy C D; such that for all a,b € Dy with a(1) < b(0),
we have that osc(a(0),b(0))+c—1 < osc(a(0),b(1)) < osc(a(0),b(0))+c. By Lemma
5.5, the value of ¢ — 1 is positive.

For each real r, we let [r]2; denote the value r — 27¢, where 27¢ < r < 27({ + 1),
ie., " = e'llar Note that for a < d, both in Dy and k = osc(a(0),d(0)) + 1, the
value of p(wg(g)(a(0)), wg(1)(a(0))) equals one of

p(zs(o)’ 25(—59 = p(17 ZCCL(O)) = [cra(O)]Qﬂ and

,0(2’5(0),25(-5():_1) = P(ng(_ol)) = [(C - 1) Ta(O)]QW :

Now we choose three uncountable subsets of Ds. First of all, choose any pair
0 < s1 < s9 so that
(1) s1 and sz are complete accumulation points of (s1,s2) N {ry) : d € Da},
(2) and there is an ¢ with ¢ < cs; < ¢so < (€ + 1),
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and let s = . Note that for s1 <11 <719 < s2, [cra]or — [eri]or = ¢(ra — 71).
Choose 0 < € < *25% so that Dy = {b € Da : 1) € (51 + 26,82 — 2€)} is
uncountable. Also let D3 = {a € Dy : 74y € (51,81 +€)}, and D5 = {b € Dy :
Tp(0) € (52 — €, 52)}. We note that each of D3, Dy, D5 is uncountable.
Forany a € D;,a<be D; 3<i#j<5),b<de Dy, and ¢ € {c—1,c}, we
have that

S1+s2
2

| Ta(0)]2n = [ o0y ]2n] = [Ta(o) — To)] > € -
This implies that if a3 < a4 < a5 < d with a; € D; and d € Ds, then there is some
choice {a,b} C {as, as,as} so that

|P(wd(0)(a(0))7wd(l)(a(o))) - P(wd(o)(b(o)),wd(l)(b(o)))\ > €.

We prove that the uncountable set {(z40),24(1)) : d € D2} has no complete
accumulation point in £[X] x L[Y]. Fix any pair (u,v) € X XY and choose a € D3
so that max{u,v} < a(0); then choose b,e so that a < b € Dy, and b < e € Ds.
Use the neighborhood U (wy,; {a(0),b(0), e(0)}, €/4) x U(wy; {a(0),b(0),e(0)}, €/4) for
(wy, wy) in LIX] x L[Y]. Let r = p(zy, 2») and recall that w, () =1 and w,(§) =1
for all a(0) < ¢ € wi. Now suppose that (wg(),wq(1)) is in this neighborhood for
some d € D. It follows that for each £ € {a(0),b(0),e(0)}, p(wq(o)(§),1) < €/4 and
p(wg1)(§),1) < €/4. This implies that p(wg(o) (&), wa)(§)) € (—€/2,€/2) for each
¢ €{a(0),6(0),e(0)}. This implies that d is not an element in Dy above e since for
such d € D there is a pair £, ¢ € {a(0),b(0),e(0)} such that |p(wg)(§), we)(€)) —
P(wa(0) () wa(1)(C))] > €. 0

Now we prove Lemma 5.5.

Proof of Lemma 5.5: Let A” be the set of A € A’ such that A’N X is cofinal in A. To
prove the Lemma it will suffice to define uncountable subsets X and Y of w; and to
then prove that for all z € X and y,9' € Y with y <z </,

|Osc(y,z) Nw| > 1 and | Osc(z,y' ) Nw| > 1.

In fact, to accomplish this we will be more prescriptive in our definitions and by the
end of this proof we will have proven

Fact 5.8. Forallz € X andy,y € Y withy <z </,
{30,200} C Osc(y,x) and {10,90} C Osc(x,y’).

Of course the specific choice of {10, 30,90, 200} is quite arbitrary but the numbers
do have to be some distance apart. Our next steps are to recall the underlying
definitions from [8] related to the Osc function and to then construct a specific C-
sequence that will work. Our choice of the uncountable sets X and Y is also critical
and are chosen so as to allow us to carefully control the values of Osc(d,z) Nw for
deN and z€ (XUY)\J.

The first definition we will need is that of the lower trace.

Definition 5.9 ([8]). If a < 8 < ws, then L(a, B) is defined recursively by
L(a,a) = 0,
Lo, f) = (L(a, min(Cp \ «)) U {max(Cg Na)}) \ max(Cg N ).
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We will see below that Osc(z,y) C L(x,y), and so we will certainly need L(z, y)Nw
to be non-empty (in fact, quite large). Since max(CgNa) is likely to be greater than
w, in order for us to be ensuring that Osc(z,y) Nw is non-empty for special pairs
x,y, we will need to be adding elements to Osc(x,y) as per the recursive nature of
the definition. The following is Fact 1 from [§].

Fact 5.10. If « < 8 <+ and max(L(5,7v)) < min(L(a, B)), then
L(e,v) = L(a, B) U L(B, 7).

The next definition that we need is the following recursively defined function g
of Todorcevic.

Definition 5.11 ([14]). If a < 3, then p1(«, B) is defined recursively by
01 (aa Oé) = 07
o01(a, B) = max (|Cg N al, o1(or, min(Cy \ ))).

Following [8], we let e5 : B — w be the function defined by eg(§) = 01(§, 5). Again
we loosely note that in order to ensure that for some integer k and w < = < y € wy,
pi(k,xz) < pi(k,y), we will somehow need to have different values for |Cz N k| for
appropriate 8 arising in Definition 5.11. And now we have the definition of Osc and
can see why we will need to have p;(k,x) < p1(k,y) at critical integers k.

Definition 5.12. For a < 8 € wy, Osc(a, B) is the set of £ € L(a, §) \ min(L(a, B3))
such that eq(§7) < eg(€7) and eq(§) > eg(§), where £~ is the mazimum of L(cv, )N
.

The value of osc(a, 8) is equal to the cardinality of Osc(a, f3).

We are ready to make our choices of X and Y:
X={4+w-8:0€A"} and Y ={6+w-9:0e AN \A"}.

For each min(A’) < « € wy, let §, be the supremum of A’ N« (thus §, € A’), and
let T'={a:min(A) < o and 04 < o < + w - 9}.

We now give the definition of our C-sequence. We hope that the discussion
above about our goal in ensuring that L(z,y) Nw and L(y,x) N w are substan-
tial, as well as occasionally needing large values of |Cg N k| for integers k, partially
serves to motivate the definition. In particular, we make special coherent choices
for Csip for 6 € A" and k < 9. We also need p(d,d + w - 8) and p(4,d +w - 9) to
be substantially different and we will accomplish this by ensuring that the recur-
sive definition of L(J,d + w - 8) proceeds through {§ + w - 6,0 + w - 4,0 + w - 2}
and that of L(6,0 + w -9) through {0 + w - 7,0 + w - 5,0 + w - 3,0 + w}. At
each stage an integer from Cjyy,., will be added to L(4,0 + w - 8) but only if it
is larger than those added at earlier steps (see Definition 5.9). We use the inte-
ger 1000 in cases when we do not want small integers added to L(«, 5). We will

use the following sets I}, Fs, ..., Fy in presenting our definition of our C-sequence:
F, = [5,10] U [20,40] U {90} U [100,200] F» = [2,10] U {30} U [40,90] U {200}
F3 = [5,10] U [20,40] U {90} F, =[2,10] U {30} U [40, 90]
F5 = [5,10] U [20,40] Fs = [2,10] U {30}
F; = [5,10] Fys=10
Fy=10
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Recall that T'= {a : min(A’) < a and 6, < a < §, +w - 9}.

Definition 5.13. For each ordinal o < w1, we define Cy, as follows:

(1) Co ={0} and if w < o= B+ 1, then C,, = {0,1000, 5},

(2) if 0 < o < w, then Cy = {0,a0 — 1},

(3) if o € AN min(A') or if « € A, then C, is any suitable cofinal subset of «
such that Cy, M [0,1000] = {0,1000},

(4) ifaeT and a =04 +w - k, let j = max(0,k — 2) and
Co ={0}UF,U{0q+w-j}U (0 +w-(k=1),0q +w-k).

(5) if b < € A\T, and if B < a < B+ w for some € A, then C,, =
{0,1000, 5.} U (8, ).

Let us note that 1000 € Cs for all w < 3 ¢ T and prove the following:
Fact 5.14. For all f ¢ T and 0 < k < min(f,1000), o1(k,3) = 1.

Proof of Fact 5.14: For each 0 < n < w, C,, = {0,n — 1} and so, by induction
onn >k, pi(k,n)=1 Ifw<p¢T, then CgNk = {0} and 1000 = min(Cs \ k).
Therefore, pi(k,5) =1

It will be helpful to notice that max(Cg N «) is the minimum element of L(c, ).
Fact 5.15. If6 € A" and a = +w -8 € X then L(d4, ) = {0,30,90,200}.

Proof of Fact 5.15: For each 0 < i <4, let §; = +w - (2i). For each 0 <i < 4,
min(Cg,, \ 0) = f; and max(Cg,_, NJ) = min(L(0, Bi;+1)) > max(Cg, N ). This
implies that max(Cg, , N6)UL(S, B;) C L(4, Biy1). Now L(0, B1) = {200}, L(, B2) =
{90,200}, L(6, B3) = {30, 90,200}, L(, B1) = {0, 30,90, 200}.

By a similar argument, which we skip, we also have:
Fact 5.16. If 6 € A’ and a = 6 + w - 9 then L(d,, ) = {0, 10,40, 90, 200}.

Using Definition 5.11 and following the ideas of the proofs of Fact 5.15 and Fact
5.16 we have the following. We leave the simple checking to the reader.

Fact 5.17. Let 6 € A, and, for k = 0,...,9, let B = 6 +w - k. Then, for each
J <201, e (j) = 014, 88) = |Cp, N j| = [F2 N j| and ep,(j) = 01(4, Bo) = [F1 N j].

Again using that for all 1000 < £ < 6 € A/, 1000 is in Cy, we have that 1000 <
min(L(&,9)) and we record this next fact.

Fact 5.18. Ifw <& < d € N, then
(1) L(6,0 +w-9) = L(£,0 + w-9) N 1000, and
(2) L(0,0 +w-8) = L(§,0 +w-8) N 1000.
Now we are ready to complete the proof of Lemma 5.5 by proving Fact 5.8. Let

z € X and y,y € Y with y < z < y/. By definition, z =0, +w -8, y = 0, +w - 9,
Yy =6y +w-9and §y <6, < dy. We must prove that {30,200} C Osc(y,x) and
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{10,90} C Osc(z,y).
By Facts 5.15 and 5.16 we have that

L(6,z) ={0,30,90,200} and L(d,,y) = L(d,,y") = {0,10,40,90,200} .
It then follows from Fact 5.18 that

L(y,z) = {0,30,90,200} and L(x,y') = {0,10,40,90,200} .
By Facts 5.17 and the fact that
Cs,+w-2 N1000 = {0,30,200} U [2,10] U [40, 90],
we have the following values:
ez(0) = 0,e,(10) = 9,e5(30) = 10, e,(40) = 11,e,(90) = 62, e;(200) = 63.
Similarly
Csy+w N1000 = C , 4, N'1000 = {0,90} U [5, 10] U [20, 40] U [100, 200],

and we have the following values for e, (and e, ):

ey(0) = 0,e,(10) = 6,¢e,(30) = 18, e, (40) = 28,€,(90) = 29, €,(200) = 129 .

Now we verify that {30,200} C Osc(y, z). Firstlet £ = 30 € L(y, z) = {0, 30, 90,200}
and note that £~ = 0. Since e,(§7) = e;(£7) and €,(30) = 18 > e,(30) = 10, we
have 30 € Osc(y,x). Similarly, with £ = 200, we have £~ = 90, €,(90) = 29 <
e2(90) = 62, and ¢,(200) = 129 > ¢,(200) = 63.
Next we verify that {10,90} C Osc(z,y’). With & = 10 € L(x,y’) = {0, 10, 40, 90, 200},

we have £~ = 0 and e;(0) = ey (0) while e,(10) = 9 > e,(10) = 6. Next

let £ = 90 and £~ = 40. We again have e,(40) = 11 < e, (40) = 28 and
€2(90) = 62 > e,/ (90) = 29.

This completes the proof of Lemma 5.5. (]
Proof of Lemma 5.6: Let A be an uncountable set of pairwise disjoint two element
subsets of wy. For a € A we let a(0) = min(a) and a(1) = max(a). For each limit

ordinal 0, choose any as € A so that 6 < min(as). Let ¢s = | Osc(as(0),as(1)) N3|.
We will need this next Fact 3 from [8] (proven in [14]).

Fact 5.19. For each a < € wy, the set of & < o such that eq(€) # eg(§) is finite.
Also, for each a € wy, the set {eg [ a: oo < 8 € wi} is countable.

Let {t¢ : £ € w1} be an enumeration of the entire family {eg [ a: o < 5 < w1},
By standard arguments, we may choose a cub C' C wj such that for all § € C,

{te:6<dt={egla:a<d, and a < <wi}.

For each § € C, there is a 5 € Cy such that
(1) L(8,a5(0)) U L(6,as(1)) C s,
(2) each of eq(0) [ [v5,9) and eqs(1) [ [75,0) is equal to es | [vs,9).
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For all 75 < £ < 0 € C, max(Cs N¢) is the minimum element of L(&, ), and so
we have that 75 < min(L(&,9)). By Fact 5.10, for 75 < £ < d € C, and § < 3, if
max(L(5, 3)) < 79, then L(&,3) = L(&,8) U L(3, ).

By the pressing down lemma, there is a v € wy, functions sgp, s1 € w?, a pair of
finite sets Lo, L1 C 7, an integer ¢, and a stationary set S C C satisfying that for
all§ € S,

(1) Y= L((Sa CL5(0)) = L07 L((Sa a5(1)) = L17
(2) eas0) [ 7= 50, €q501) [ ¥ = 51,

(3) eas(0) I [7:6) = eqs0) I [1,9) = es I [7,9),
(4) ¢5 =c.

Now let 7 < § both be elements of S and we calculate each of osc(a,(0),as(0)) and
osc(ay(0),as(1)). Let ¢ = min(L(ay,(0),0)) and note that v = v; < (. To determine
the cardinality of Osc(a,(0),as(0)), we consider each of

Osc(ay(0),a5(0)) Ny and  Osc(ay(0),as(0)) \ .
The set Osc(ay,(0),as(0)) N L(d,a5(0)) is empty because L(ay,(0),d) C 75 < ay(0)
and eq, (0) [ 7 = €qq00) | 7. Also, (7 <y and so €4, (0)(C7) = €q45(0)(¢7). Let k=1 if
€a, (0)(C) > e5(¢) and otherwise let & = 0. Since L(a,(0), as(0))\~ equals L(a;(0),0)
and eq; (0) [ [v,0) =e5 [ [7,0), we have that

Osc(an(0),06) C Osc(an(0),a5(0)) \ v C Osc(ay(0),) U {(}.

Similarly, we evaluate each of Osc(a,(0),as(1)) N~y and Osc(ay(0),as(1)) \ v. We
first consider Osc(ay(0),as(1)) \ 7. Since eq (1) [ [v,0) is also equal to es [ [v,0),
and L(a,(0),as(1)) \ v is also equal to L(a,(0),d), we have that

Oscl(ay(0),8) € Osclan(0), a5(1)) \ 7 C Ose(ay(0), ) U{C}.
So the only possible difference between

Osc(an(0),a5(1)) \v and Osc(ay(0),as(0)) \

is the singleton (. If £ = 0, then ¢ ¢ Osc(ay(0),a5(1)) \ v. However, if k = 1, then
¢ € Osc(ay(0),a5(0)) \ v but ¢ may or may not be in Osc(ay(0),as(1)) \ .

Next, we note that Osc(ay,(0),as(1)) N7y equals Osc(ay,(0),an(1)) N7y, and that
this latter set is the same for all n € S. This proves that

Osc(ay(0), a5(0)) \ {¢} € Osc(ay(0), as(1)) € Osc(ay(0),as(0)) -

Let the value of ¢ stated in Lemma 5.6 be the cardinality of Osc(ay(0),a,(1)) N7,
and this completes the proof. U

6. REMARKS BY THE SECOND AUTHOR AND BY BOTH AUTHORS OF THIS ARTICLE

While the second author was preparing reviews of [13] and [15], he sent to several
members of the Carolina Seminar some related product questions and observations,
including a counterexample to the method of proof of Theorem 3.12 in [15]. Within
a few days of each such communication, the first author responded with proofs or
indications of proofs answering those questions and disproving Theorem 3.12. At
the Seminar’s meeting the following month (on February 22, 2020), the first author
presented a portion of his answers, and before doing so, he informed the second
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author that he would like for the two of them to write this article. This was agreed
upon, and then some weeks later the first author succeeded in proving (and writing
up) the results in Section 5.

We acknowledge with appreciation the careful, thorough and detailed review of
this article and the numerous corrections and important suggestions provided by
the referee. These have led to more than 29 significant improvements in the original
version of this article.
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