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Abstract. We answer questions about P-filters in the Cohen, random, and
Laver forcing extensions of models of CH. In the case of the ℵ2-random real

poset, we prove that if �ℵ1 also holds in the ground model, then there are
P-points of ω∗ in the extension. The majority of the paper investigates the

question of whether ω∗ can be covered by nowhere dense P-sets. We prove

that this is not the case if ℵ2-Cohen reals are added to a model of CH in which
�ω1 holds, and that it is the case in the standard Laver extension. We also

answer questions formulated by P. Nyikos about interactions between ultrafil-

ter orderings of ωω and mod finite scales. We show they have connections to
ultrafilters having non-meager P-subfilters.

1. Introduction

A P-point of a topological space X is a point with the property that is in the
interior of every Gδ containing it. P-sets have been defined similarly. A subset of
a topological space is nowhere dense if its closure has empty interior. Interest in
nowhere dense P-sets may have begun when van Douwen and van Mill showed [7]
that if a compact space K can be covered by nowhere dense P-sets, then the space
ω×K has no remote points (defined in [13]). This was the first example concerning
remote points of its kind. The example of a space K cited in [7] was the space of
uniform ultrafilters on ω2. This raised the natural question of whether ω∗ could be
covered by nowhere dense P-sets. This was soon shown to be independent: it can
not under CH ([15]) and consistently it can ([1]). In section 4, we produce a model
in which CH fails and ω∗ can not be covered by nowhere dense P-sets. This result
was known to the author in 2005 but since that time it is shown in [10], that there
is a model of MA plus c = ℵ2 in which ω∗ can not be covered by nowhere dense
P-sets. We do not know the status under PFA.

By standard duality, a P-set in ω∗ corresponds to a P-filter which we now in-
troduce. A set a is almost included in a set b, denoted a ⊂∗ b, if a \ b is finite.
A set a is a pseudointersection for a family of sets if a is infinite and is almost
included in every element of the family. A filter (base) on ω is a P-filter (base) if
every countable subset of the filter has a pseudointersection that is also in the filter
(base). A filter is nowhere dense if it is a free filter and has no pseudointersection.
The statement that ω∗ can be covered by nowhere P-sets is the Stone dual of the
statement that every ultrafilter on ω has a nowhere dense P-filter. The dual notion
of a P-filter is a P-ideal, and the dual notion of a nowhere dense filter is a dense
ideal.
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A (descending) tower is a subset of [ω]ℵ0 that is well-ordered by reverse almost
inclusion and has no pseudointersection (equivalently, no proper end-extension in
the well-ordering). A tower is a special type of nowhere dense P-filter base. A
nowhere dense P-filter with character ℵ1 will have a tower base. The NCF principle
([4]) implies that every ultrafilter has a nowhere dense P-subfilter, and, NCF plus
c = ℵ2 implies that every ultrafilter has a tower base. Another of the early interests
in the study of nowhere dense P-filters is the connection to the (still unresolved)
Scarborough-Stone problem as to whether there is a product of sequentially compact
Tychonoff spaces that is not countably compact (see [21]). Let us also mention that
[16] has many results concerning non-meager P-filters. One of these results is that
it follows from ♦ that there is an ultrafilter with no non-meager P-subfilter. We
note that the question raised in [16, Question 8] as to whether ♦ can be weakened
to CH is answered in the affirmative in [15].

Concerning P-points of ω∗, a gap has been discovered in the paper [6] (see [5],
see also [12]) and so it is not known if P-points exist in all models obtained by
adding more than ℵ1-many random reals to models of CH. It has been shown that
if ℵ1-many Cohen reals are added first, then P-points do exist in all random real
forcing extension. In this paper, we show that having �ω1

in the ground model
ensures that P-points exist if ℵ2-random reals are added.

2. Iterated forcing and nowhere dense P-filters

We will be interested in proper forcings that preserve when a filter is a nowhere
dense P-filter. Every proper forcing preserves the property of being a P-filter and so
the property we seek is that of not adding a pseudointersection to any nowhere dense
P-filter. A better known and studied property is known as being tower preserving.
A poset P will be said to be tower preserving if each tower in the ground model
remains a tower in the forcing extension by P . Since this is equivalent for nowhere
dense P-filters of character ℵ1, this notion will suffice for this paper.

The notion of a poset being tower preserving (in fact being nowhere dense P-filter
preserving) fits the R-bounding preservation scheme in [23] (see also [22, VI3.10])
and so we have this preservation theorem from [22].

Proposition 2.1. A countable support iteration of proper posets that are tower
preserving is also tower preserving.

In the case of ccc posets and finite support iterations, this next result is taken
from [8].

Proposition 2.2. A finite support iteraton of ccc tower preserving posets is tower
preserving.

Baumgartner showed that Mathias forcing [8, 3.2] and Hechler forcing [2] are
tower preserving . It is folklore that Cohen forcing is tower preserving (but also
follows from the fact that Hechler is tower preserving). It is implicit in [9, 3.3] that
Laver forcing is tower preserving but this may not be the earliest reference (see
also Corollary 7.5). Miller forcing (i.e. rational perfect set forcing) is also tower
preserving (see [19]). It seems clear that we can state without references that each
of these tower preserving posets is proper.

The following two iteration theorems are quite standard (for example see [11, 4.5]
for a proof).
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Proposition 2.3 (CH). Let 〈Pα, Q̇α : α < ω2〉 be a finite support iteration of ccc

posets of cardinality at most ℵ1 with Pω2
being the limit. If Ȧ is a Pω2

-name of a
nowhere dense P-ideal on ω, then for any elementary submodel M ≺ H((2ℵ2)+),

such that Ȧ, Pω2
∈ M , Mω ⊂ M , and |M | = ℵ1 then Pλ forces that M ∩ Ȧ is a

tower, where λ = M ∩ ω2.

Proposition 2.4 (CH). Let 〈Pα, Q̇α : α < ω2〉 be a countable support iteration of

proper posets of cardinality at most ℵ1 with Pω2
being the limit. If Ȧ is a Pω2

-name

of a nowhere dense P-ideal on ω and if U̇ is a Pω2
-name of an ultrafilter on ω, then

for any elementary submodel M ≺ H((2ℵ2)+), such that Ȧ, U̇ , Pω2
∈M , Mω ⊂M ,

and |M | = ℵ1 then, for λ = M ∩ ω2, Pλ forces that M ∩ Ȧ is a tower and M ∩ U̇
is an ultrafilter.

The following result can be used to show that every ultrafilter has a nowhere
dense P-subfilter is consistent with either of s < b = d = c and s = b < d = c. Of
course, we already know that NCF can hold in models of s = b < d = c ([4]) and
b < s = d = c ([3]).

Theorem 2.5 (CH). If 〈Pα, Q̇α : α < ω2〉 is a countable support iteration, of proper

tower preserving posets of cardinality ℵ1 and satisfies that Pλ 
 Q̇α is Miller forcing
for all λ in a stationary subset of {λ ∈ ω2 : cf(λ) = ω1}, then Pω2 forces that every
ultrafilter on ω extends a tower of cofinality ω1.

Proof. Let S be the stationary set of λ in {λ ∈ ω2 : cf(λ) = ω1} such that Pλ 
 Q̇λ
is Miller forcing. It is shown in [4, Corollary 1], that for each λ ∈ S, Pλ forces that

there is a Q̇λ-name ḟλ of a finite-to-one function in ωω satisfying that ḟλ[U ] = ḟλ[W]

for all ultrafilters U ,W on ω. Furthermore, Miller showed [19, 4.1,4.2] that if Ẇ is
a Pλ-name of a P-point ultrafilter on ω, then Pλ+1 forces that the filter generated

by Ẇ is again a P-point ultrafilter.
Now consider U̇ any Pω2

-name of an ultrafilter on ω. By Proposition 2.4, there

is a λ ∈ S such that Pλ forces that U̇λ is an ultrafilter on ω where U̇λ is the
set of pairs (p, U̇) such that p ∈ Pλ, U̇ is a Pλ-name, and p 
 U̇ ∈ U̇ . Let
G be a Pω2

-generic filter and let, for µ < ω2, Gµ = G ∩ Pµ. Since V [Gλ] is a

model of CH, there is a P-point ultrafilter W in V [Gλ]. Let fλ = valGλ+1
(ḟλ) and

Uλ = valGλ(U̇λ). It follows from the cited references in the first paragraph of the
proof that W generates a P-point ultrafilter in V [Gλ+1] and that fλ[W] = fλ[Uλ].
A finite-to-one image of an ultrafilter is an ultrafilter, so let V denote the ultrafilter
fλ[W]. This is a P-point ultrafilter in a model of CH, and so contains a tower
{aα : α ∈ ω1}. This implies that the filter generated by Uλ also contains the tower

{f−1λ [aα] : α ∈ ω1}. By assumption, Pµ 
 Q̇µ is tower preserving for all µ < ω2,

hence {f−1λ [aα] : α ∈ ω1} ⊂ valG(U̇) remains a tower in V [G]. �

3. Square and models

In this section we establish some model theoretic consequences of the conjunction
“CH + �ω1

” that we can use in our forcing constructions in the following two
sections. Throughout this section we assume that CH and �ℵ1 hold.

For any set A of ordinals, A′ denotes the set of limit ordinals α such that A ∩ α
is cofinal in α. Let lim(ω2) denote the set of limit ordinals in ω2. Let ~C = {Cα :
α ∈ lim(ω2) ∩ ω2} be a �ℵ1 -sequence (which means that each Cα ⊂ α is a closed
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unbounded set of order-type at most ω1 and, for β ∈ C ′α, Cβ = Cα ∩ β). Since
we are assuming CH, we may fix a 1-to-1 function g0 from ω1 onto H(ℵ1) and a
sequence ~g = 〈gα : α ∈ ω2〉, where, for each α < ω1, gα = g0 and for ω1 ≤ α ∈ ω2,
gα is a bijection from α to ω1.

For a countable elementary submodel M of H(κ) (for any κ ≥ ω2) let δM =
M∩ω1 and µM = sup(M∩ω2). Also let ζM be the least countable ordinal satisfying
that g0(ζM ) is a strictly increasing function in ωω and satisfies that f <∗ g0(ζM )
for all f ∈M ∩ ωω.

Definition 3.1. Let M denote the set of countable elementary submodels M of

(H(ℵ2),∈, <1, ~C,~g) satisfying that the order-type of CµM is equal to δM . For δ ∈ ω1,
let Mδ = {M ∈M : δM = δ}.

Proposition 3.2. Let M1,M2 ∈M.

(1) If δM1
= δM2

, then ζM1
= ζM2

.
(2) If δM1 < δM2 , then ζM1 ∈M2

Proof. Let Z = {ζ ∈ ω1 : g0(ζ) ∈ ωω}. For each M ∈ M, M ∩ ωω = {g0(ζ) : ζ ∈
Z ∩ δM}. Therefore, if δM1

= δM2
, then M1 ∩ ωω = M2 ∩ ωω and this implies that

ζM1 = ζM2 . If δM1 < δM2 , then Z∩δM1 is an element of M2 and so, by elementarity,
ζM1 is in M2. �

Definition 3.3. Let D = {δM : M ∈ M} and, for each δ ∈ D, let hδ = g(ζM )
where M ∈M and δM = δ.

Lemma 3.4. For each countable S ⊂ H(ℵ2), there is an M ∈M such that S ∈M
(simply M is a stationary subset of [H(ℵ2)]ℵ0).

Proof. Let {Mγ : γ ∈ ω1} be a continuous ∈-chain of countable elementary submod-

els of (H(ℵ2),∈, <1, ~C,~g) such that S ∈M0. Now let M̃ be a countable elementary

submodel of H(ℵ3) such that {Mγ : γ ∈ ω1} ∈ M̃ . Note that
⋃
{Mγ ∩ ω2 : γ ∈ ω1}

is an ordinal, λ, of cofinality ω1 and that λ ∈ M̃ . Let δ = δM̃ and µ = µMδ
. Clearly

µ ∈ C ′λ and Cλ ∩ µ = Cµ is a subset of M̃ . By elementarity, the order-type of Cµ
is not less than δ; so in fact the order-type of Cµ is δ. Also by elementarity, µ is
equal to µMδ

and δ = δMδ
. �

The main idea of the proof is this next simply property of M.

Lemma 3.5. If M1,M2 ∈M and δ1 = δM1
≤ δ2 = δM2

, then for all I ∈M1∩[ω2]ℵ0 ,
I ∩M2 ∈M2 and is an initial segment of I.

Proof. For each α ∈ (I∪I ′)∩M2, we have that gα+1 ∈M1∩M2 and I∩(α+1) ∈M1.
Since there is ξ < δ1 such that g0(ξ) = I ∩ (α+ 1), it follows that I ∩ (α+ 1) is also
in M2. Let ζ = sup(I ∩M2), by the above it suffices to prove that ζ ∈ M2. Since
Cζ ∈ M1, we have that the order-type of Cζ is less than δ1. Since M2 ∈ M and
δ1 ≤ δ2, it then follows that ζ < µM2 , and so we may let λ be the minimum element
of M2 ∩ ω2 \ ζ. It follows that Cλ ∩M2 is cofinal in ζ and so Cζ = Cλ ∩ ζ. By
elementarity, ζ ∈M2 since it is the unique ordinal γ in C ′λ such that the order-type
of Cγ is equal to the order-type of Cµ. �

Lemma 3.6. Let M1, . . . ,Mn be in M and enumerated so that δMi
≤ δMi+1

for
each 1 ≤ i ≤ n. Suppose that, for each 1 ≤ i ≤ n, Ii is a finite pairwise disjoint
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subset of Mi ∩ [ω2]ℵ0 and satisfies that for each 1 ≤ i ≤ j ≤ n and each I ∈ Ii, if
I ∩Mj is not empty, then I = I ∩Mj ∈ Ij.

Then, for any λ ∈ Mn, there is an injection ψ from
⋃
{
⋃
Ii : 1 ≤ i ≤ n} into

Mn ∩ ω2 satisfying that

(1) ψ extends the identity function on
⋃
In,

(2) ψ � I is order-preserving into ω2\λ, and ψ[I] ∈Mn for each I ∈
⋃

1≤i<n Ii.

Proof. Let {Ii : 1 ≤ i ≤ n} be given as in the statement of the Lemma. We proceed
by induction on n. Certainly there is nothing to prove in the case that n = 1.

We first prove the induction case when n = 2. If M1 ∩ ω2 ⊂ M2 then I1 ⊂ I2
and there is nothing to prove. Otherwise, there is no loss to assume that there
is some I ∈ I1 such that I \ M2 is not empty. We let {Jk : k < m} be any
enumeration of those members of I1 that are disjoint from M2. Let ξk < δ1 ≤ δ2
be the order-type of Jk for each k < m. Fix any λ ∈M2 ∩ ω2 large enough so that
I ⊂ λ for all I ∈ I2. Let ψ be the unique injection extending the identity function
on

⋃
I2 where, ψ maps J0 order-preserving onto [λ, λ+ ξ0), and similarly Jk onto

[λ+ ξ0 + · · ·+ ξk−1, λ+ ξ0 + · · ·+ ξk). Clearly ψ[Jk] ∈M2 for each k < m.
Next, we apply the induction hypothesis on the pair In−1 and In, and we choose

an injection ψn so that conditions (1)-(2) are satisfied. Again, choose any λ ∈
Mn ∩ ω2 large enough so that ψn[

⋃
In−1] ∪

⋃
In is a subset of λ. We are ready to

define the mapping ψ ⊃ ψn . Clearly ψ extends the identity mapping on
⋃
In and

property (2) will hold for all I ∈ Jn−1.
For each 1 ≤ i < n − 1, let Ji be the elements of Ii that are disjoint from

Mi+1 ∪ · · · ∪Mn. For each 1 ≤ i < n − 1, let σi be any injection of
⋃
J n−1i onto

a countable ordinal βi, chosen so that, for each J ∈ J n−1i , σ−1i [J ] is an interval

and σ−1i � J is order-preserving. For notational convenience, let β0 = 0. For each

1 ≤ i < n − 1 and each ξ ∈
⋃
J n−1i , define ψ(ξ) to be λ + Σj<iβj + σi(ξ). It

should be clear that ψ is well-defined and is an injection. Let I be any element of⋃
{Ii : i < n}. Choose j maximal such that I ∩Mj is not empty. By assumption,

I = I ∩Mj ∈ Ij . If j = n, then I ⊂Mn and ψ � I is order-preserving. If j = n− 1,
then ψ � I = ψn � I is order-preserving by the induction hypothesis. If j < n − 1,
the ψ � I = σ−1i � I is assumed to be order-preserving. �

4. Cohen model and nowhere dense P-filters

In this section we prove the following theorem.

Theorem 4.1 (�ω1 and CH). In the forcing extension by Fn(ω2, 2), there is an
ultrafilter on ω that has no nowhere dense P-subfilter.

For a set I, Fn(I, 2) denotes the usual Cohen poset consisting of finite partial
functions from I into 2, as in [14]. The following lemma follows directly from
Proposition 2.3.

Lemma 4.2 (CH). In the forcing extension by Fn(ω2, 2), every nowhere dense
P-filter has a nowhere dense P-subfilter of character ℵ1.

Definition 4.3. (1) A Fn(ω2, 2)-name, ȧ, is a canonical name of a subset of
ω if, for each n ∈ ω, there is an antichain bn(ȧ) ⊂ Fn(ω2, 2) such that ȧ is
equal to {(bn(ȧ), ň) : n ∈ ω}. (Shelah’s definition of name). The support,
supp(ȧ), of a canonical name ȧ is defined as

⋃
{dom(bn(ȧ)) : n ∈ ω}.
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(2) If ψ is a permutation on ω2, then we let ψ̂ denote the canonical lifting
of ψ to a mapping on Fn(ω2, 2) and to canonical Fn(ω2, 2)-names where,

for p ∈ Fn(ω2, 2), dom(ψ̂(p)) = ψ[dom(p)] and ψ̂(p)(ψ(ξ)) = p(ξ) for all

ξ ∈ dom(p), and bn(ψ̂(ȧ)) = {ψ̂(p) : p ∈ bn(ȧ)} for any canonical Fn(ω2, 2)-
name ȧ and n ∈ ω.

Proposition 4.4. If {ȧi : i < `} is a finite set of canonical Fn(ω2, 2)-names and

p ∈ Fn(ω2, 2), then p forces
⋂
{ȧi : i < `} is infinite if and only if ψ̂(p) forces that⋂

{ψ̂(ȧi) : i < `} is infinite.

Proof. Let Y = {ẏξ : ξ ∈ ω2} be a listing of all the canonical Fn(ω2, 2)-names of
infinite subsets of ω such that each such name is listed cofinally often. Let T be
the collection of all functions τ ∈ ωω1

2 satisfying

(1) τ is a strictly increasing function,
(2) for α < β ∈ ω1, 1 forces that ẏτ(β) ⊂∗ ẏτ(α),
(3) for all ξ ∈ ω2, there is an α ∈ ω1 1 forces that ẏξ \ ẏτ(α) is infinite.

Claim 1. For each τ ∈ T , 1 forces that Fτ = {ẏg(α) : α ∈ ω1} is a base for a
nowhere dense P-filter.

Claim 2. If Ḟ is a Fn(ω2, 2)-name and p ∈ Fn(ω2, 2) forces that Ḟ is a nowhere

dense P-filter, then there is a τ ∈ T such that p forces that Fτ is a subfilter of Ḟ .

For each τ ∈ T , choose any M(τ) ∈ M satisfying that {Y, τ} ∈ M(τ) and let
δτ = δM(τ) and ζτ = τ(δτ ). For each τ ∈ T , let u̇τ denote the canonical Fn(ω2, 2)-
name of ω \ ẏζτ . To be more precise, let u̇τ be equal to ẏξ where ξ is the minimum
element of ω2 satisfying that 1 forces that ẏξ = ω \ ẏζτ .

Claim 3. For each ξ ∈ M(τ) ∩ ω2, there is an α ∈ ω1 such that 1 forces that
ẏξ \ ẏτ(α) is infinite.

Claim 4. Assume that τ1, . . . , τ` are elements of T enumerated so that δτ1 ≤ δτ2 ≤
· · · ≤ δτ` . Then 1 forces that there is a sequence αi < δi (1 ≤ i ≤ `) such that 1
forces that ω \ (ȧ1 ∪ · · · ∪ ȧ`) is infinite, where, ȧi = ẏτi(αi) for 1 ≤ i ≤ `.

Proof of Claim: For each 1 ≤ i ≤ `, let Mi be used to denote M(τi). We proceed
by induction on `. So assume that α1 · · ·α`−1 have been found so that αi < δi and
that 1 forces that ω \ (ȧ1 ∪ · · · ∪ ȧ`−1) is infinite where ȧi = ẏτi(αi). Of course ȧi is
an element of Mi for each 1 ≤ i < `.

For each 1 ≤ i < `, let Ii be the support of ȧi and, to start, let I` = ω. By
enlarging each Ii, we may assume, by Lemma 3.5, that Ii ∩ Mj ⊂ Ij for each
1 ≤ i ≤ j ≤ `. Let I1 ∈ M1 be any finite partition of I1 satisfying that I ∩Mj

is empty or equal to I for each 1 < j ≤ `. Similarly, let I2 ∈ M2 be any finite
partition of I2 satisfying that I1 ∩M2 ⊂ I2 and also that I ∩Mj is empty or equal
to I for each I ∈ I2 and 2 < j ≤ `. By recursion, we may similarly define Ii ∈Mi,
for 1 ≤ i ≤ `, a finite partition of Ii so that Ii′ ∩Mi is a subset of Ii for 1 ≤ i′ < i,
and so that I∩Mj is empty or equal to I for all I ∈ Ii and i < j ≤ n. The sequence
{Ii : 1 ≤ i ≤ `} satisfies the hypotheses of Lemma 3.6. Now choose any λ ∈M`∩ω2

large enough so that I` and
⋃
{supp(ẏτ`(α)) : α ∈ ω1} ∈M` are contained in λ. Now

choose a bijection ψ on ω2 that extends the injection in the conclusion of Lemma

3.6. By Proposition 4.4, 1 forces that ω \ (ψ̂(ȧ1) ∪ · · · ∪ ψ̂(ȧ`−1)) is infinite.
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We check that ψ̂(ȧi) ∈ M` for each 1 ≤ i < `. Fix 1 ≤ i < `, let m = |Ii| and
let {I(i, j) : j < m} be any enumeration of Ii. Similar to the proof of Lemma 3.6,
let <i denote the ordering of

⋃
Ii where <i agrees with the usual ordering on each

I(i, j) (j < m) and every element of I(i, j) is less than each element of I(i, j + 1)
for j + 1 < m. It follows that <i∈Mi is a well-ordering of

⋃
Ii and the transitive

collapse, σi ∈ Mi, of <i sends
⋃
Ii to an ordinal γi < δi ≤ δ`. Now we have that

σ̂i(ȧi) (with the obvious meaning of σ̂i) is a Fn(γi, 2)-name in Mi ∩H(ℵ1) and so
there is ξ < δi such that g0(ξ) = σ̂i(ȧi). Since g0 ∈ Mi ∩M`, it now follows that
ċi = σ̂i(ȧi) ∈ M`. Although the mapping ψ is not an element of M`, the mapping

ψ ◦ σ−1i is an element of M`, and it follows that ̂(ψ ◦ σ−1i )(ċi) is an element of M`.

Since σ̂−1i (ċi) is equal to ȧi, it follows that ψ̂(ȧi) ∈M`, since ψ̂(ȧi) = ̂(ψ ◦ σ−1i )(ċi).
Now we have, by elementarity, that there is a ξ ∈ M` ∩ ω2 such that 1 forces

that ẏξ is equal to ω \ (ψ̂(ȧ1)∪ · · · ∪ ψ̂(ȧ`−1)). By Claim 3, there is an α` < δ` such
that 1 forces that ẏξ \ ẏτ`(α`) is infinite. With ȧ` = ẏτ`(α`), we have that 1 forces

that ω \ (ψ̂(ȧ1) ∪ · · · ∪ ψ̂(ȧ`−1) ∪ ȧ`) is infinite. Let J = supp(ȧ`) \
⋃
In. We note

that J ⊂ λ and ψ[J ] ∩ ψ[I] = ∅ for all I ∈
⋃
{Ii : 1 ≤ i ≤ `}. Therefore, there

is another permuation ϕ of ω2 such that ϕ � J is the identity, and ψ � I ⊂ ϕ for

all I ∈
⋃
{Ii : 1 ≤ i ≤ `}. It follows that ϕ̂(ȧi) = ψ̂(ȧi) for 1 ≤ i < ` and that

ϕ̂(ȧ`) = ȧ`. By Proposition 4.4, we have that 1 forces that ω \ (ȧ1 ∪ · · · ∪ ȧ`) is
infinite, as required. �

We finish the proof of the theorem. By assumption (2) on τ ∈ T , we have that
1 forces that ω \ ẏτ(α) ⊂∗ ω \ ẏζτ for all τ ∈ T and α < δτ . Therefore, by Claim 4,
1 forces that the family {ω \ ẏζτ : τ ∈ T } has the property that finite intersections

are infinite. Therefore there is a Fn(ω2, 2)-name, U̇ , of a ultrafilter that 1 forces U̇
includes the family {ω \ ẏζτ : τ ∈ T }. Evidently, 1 forces that, for each τ ∈ T , Fτ
is not a subfilter of U̇ . By Claim 2, it follows that 1 forces that U̇ does not have a
nowhere dense P-subfilter. �

5. P-points in the Random model

In this section we prove the result about the existence of P-points in the random
real model.

Definition 5.1. We define the radom real poset Rω2 as follows.

(1) For any countable subset I of ω2, we let RI denote the random real poset
of Borel subsets of 2I . The ordering is subset modulo measure 0. For
convenience we view RI as a subposet of RJ whenever I ⊂ J ⊂ ω2; in
particular, when J is uncountable, RJ is the union of the family {RI : I ∈
[J ]ℵ0}. For each b ∈ Rω2

, we assume there is a canonical countable support
of b, supp(b), such that b ∈ Rsupp(b), satisfying that supp(b) ⊂ I if b ∈ RI .

(2) If ψ is a bijection between sets I, J ⊂ ω2, then we let ψ̂ denote the canonical
lifting of ψ to an isomorphism from RI to RJ and of canonical RI-names
of ω to RJ -names.

(3) An Rω2-name, ȧ, is a canonical name of a subset of ω if, for each n ∈ ω,
there is an antichain bn(ȧ) ∈ Rω2 such that ȧ is equal to {(bn(ȧ), ň) : n ∈
ω}. (Shelah’s definition of name). The support of a canonical name ȧ,
supp(ȧ), is defined as

⋃
{supp(bn(ȧ)) : n ∈ ω}. As is customary, we may

also use [[n ∈ ȧ]] to denote bn(ȧ).
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Lemma 5.2. Let M1, . . . ,Mn be in M and enumerated so that δMi
≤ δMi+1

for

each 1 ≤ i ≤ n. Suppose that, for each 1 ≤ i ≤ n, Ii ∈ Mi ∩ [ω2]ℵ0 . Then there is
a permuation ψ on ω2 such that if, for each 1 ≤ i ≤ n, {ȧ(i, k) : k ∈ ω} ∈ Mi is a

set of canonical RIi-names of subsets of ω, then ψ̂(ȧ(n, k)) = ȧ(n, k) for all k ∈ ω
and {ψ̂(ȧ(i, k)) : k ∈ ω} ∈Mn for each i < n.

Proof. Let {Ii : 1 ≤ i ≤ n} be given. There is no loss of generality if we enlarge
each Ii. By Lemma 3.5, we may assume that Ii ∩Mj ⊂ Ij , for each 1 ≤ i ≤ j ≤ n.
Let I1 ∈M1 be any finite partition of I1 satisfying that I ∩Mj is empty or equal to
I for each 1 < j ≤ n. Similarly, let I2 ∈M2 be any finite partition of I2 satisfying
that I1 ∩M2 ⊂ I2 and also that I ∩Mj is empty or equal to I for each I ∈ I2 and
2 < j ≤ n. By recursion, we may similarly define Ii ∈ Mi, for 1 < i ≤ n, a finite
partition of Ii so that for 1 ≤ i′ < i, Ii′∩Mi ⊂ Ii, and I∩Mj is empty or equal to I
for all I ∈ Ii and i < j ≤ n. The sequence {Ii : 1 ≤ i ≤ n} satisfies the hypotheses
of Lemma 3.6, and so we may choose a bijection ψ on ω2 that extends the injection
in the conclusion of Lemma 3.6. For each 1 ≤ i ≤ n, let {I(i, k) : k < mi} be
an enumeration of Ii and let ρi be the bijection from Ii onto an ordinal βi ∈ ω1

satisfying that ρi maps each I(i, k) (i < mi) onto an interval in an order-preserving
fashion. It follows that ρi ∈Mi and that for each canonical RIi -name ȧ of a subset
of ω in Mi, ρ̂i(ȧ) is also in Mi.

Now let, for each 1 ≤ i ≤ n, {ȧ(i, k) : k ∈ ω} ∈ Mi be a sequence of canonical
RIi-names of subsets of ω. Since {ρ̂i(ȧ(i, k))) : k ∈ ω} is also in Mi, it follows

that there is a ξi ∈ δi such that g0(ξi) = {̂(ρi(ȧ(i, k))) : k ∈ ω}. Since δi ≤ δn,

{̂(ρi(ȧ(i, k))) : k ∈ ω} is in Mn. Even though ρi itself may not be in Mn, the
function (ρi ◦ ψ−1) � ψ[Ii] is in Mn since the partition {ψ[I(i, k)] : k < mi} is in

Mn. Simple diagram chasing shows that ̂(ρi ◦ ψ−1) sends the sequence {ψ̂(ȧ(i, k)) :

k ∈ ω} to {ρ̂i(ȧ(i, k))) : k ∈ ω}, allowing us to conclude that {ψ̂(ȧ(i, k)) : k ∈ ω} is
in Mn. �

Definition 5.3. For a monotone increasing unbounded function h ∈ ωω, let rh ∈
ωω denote the function satisfying that h(rh(k)) ≤ k < h(1 + rh(k)) for all k ∈ ω.

If h ∈ ωω is a monotone unbounded function, then rh is a finite-to-one function.

Definition 5.4. If ~a = 〈an : n ∈ ω〉 is a sequence of subsets of ω and if r ∈ ωω,
then ~ar is defined as the set {k : k ∈ ar(k)}.

Proposition 5.5. Let ~a = 〈an : n ∈ ω〉 and ~u = 〈un : n ∈ ω〉 each be descending
sequences of infinite subsets of ω such that un ⊂ an for all n. Then there is a
monotone increasing unbounded function f ∈ ωω such that f ≤∗ h ∈ ωω where h is
strictly increasing,

(1) ~urh is infinite and ~urh ⊂ ~arh ,
(2) ~urh \ un is finite for all n ∈ ω.

Proof. It is immediate from the definition that ~ur ⊂ ~ar for all r ∈ ωω. Similarly, if
r ∈ ωω and r ≤∗ rf , then ~ur ⊃∗ ~urf . If r is a finite-to-one function then ~ur \ un is
finite because r(k) ≥ n implies that k ∈ un.

Assume that f, h ∈ ωω are strictly increasing functions with f ≤∗ h. We check
that rh ≤∗ rf . Fix any n0 so that f(n) ≤ h(n) for all n ≥ n0. Since each of rf and
rh are finite-to-one, there is a k0 such that each of rf (k0) and fh(k0) are greater than
n0. Consider any k ≥ k0 and recall that we have that f(rf (k)) ≤ k < f(1 + rf (k))
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and h(rh(k)) ≤ k < h(1 + rh(k)). Since f(rh(k)) ≤ h(rh(k)) ≤ k, we have that
rh(k) < 1 + rf (k). Therefore to complete the proof of the proposition, we simply
have to prove there is a strictly increasing f ∈ ωω so that ~urf is infinite. Define f(n)
by induction on n so that, for each n, there is a k ∈ un such that f(n) < k < f(n+1).
It follows that rf (k) = n and that k ∈ ~urf . �

If ~a is a sequence 〈ȧm : m ∈ ω〉 of canonical Rω2
-names of subsets of ω that is

forced by 1 to be a descending sequence of infinite sets and if r ∈ ωω, then we let
~̇ar denote the canonical name for the set {k : k ∈ ȧr(k)}.

Lemma 5.6. Let δ1 ≤ · · · ≤ δn be members of D, and for each 1 ≤ i ≤ n, let
Mi ∈ Mδi . For all 1 ≤ i ≤ n, let ~a i = 〈ȧ(i,m) : m ∈ ω〉 ∈ Mi be a sequence
of canonical Rω2

-names of subsets of ω. For 1 ≤ i ≤ n, let hi denote hδi and let
ri = rhi . Let 1 ≤ n′ ≤ n be minimal such that δn′ = δn.
For each m ∈ ω, assume that 1 forces that

(1) ȧ(i,m+ 1) ⊂ ȧ(i,m) for each 1 ≤ i ≤ n, and

(2) (
⋂

1≤i<n′ ~̇a
i
ri) ∩ ȧ(n′,m) ∩ · · · ∩ ȧ(n,m) is infinite.

Then 1 also forces that ~a 1
r1 ∩ · · · ∩ ~̇a

n
rn is infinite.

Proof. For each 1 ≤ i ≤ n, let Ii ∈ Mi be chosen so that, for each m ∈ ω,
supp(ȧ(i,m)) ⊂ Ii. Choose a permutation ψ as in Lemma 5.2. Since ψ is a
permutation, we have that

ẇm = (
⋂

1≤i<n′
ψ̂(~̇airi)) ∩ ψ̂(ȧ(n′,m)) ∩ · · · ∩ ψ̂(ȧ(n,m))

is forced by 1 to be infinite. Similarly, ~w = 〈ẇm : m ∈ ω〉 is forced by 1 to be a
descending sequence. Now we argue that ~w ∈Mn. It follows from Lemma 5.2 that

~ui = 〈ψ̂(ȧ(i,m)) : m ∈ ω〉 is in Mn for all 1 ≤ i ≤ n. It will thus suffice to prove

that ψ̂(~̇airi) is in Mn for each 1 ≤ i < n′. If 1 ≤ i < n′, then ~̇uiri is in Mn since

δi < δn and, by Proposition 3.2, ri ∈ Mn . Routine checking shows that ψ̂(~̇airi) is

equal to ~̇uiri for each 1 ≤ i < n′.
By applying Proposition 5.5 in the forcing extension by Rω2

we can choose an

Rω2
-name, ḟ , of a strictly increasing function in ωω so that 1 forces that ~̇wrh is an

infinite set for all strictly increasing h ∈ ωω satisfying that ḟ ≤ h. By elementarity,
there is such a name ḟ in Mn and using that Rω2 adds no unbounded reals, there is

function h̃ ∈Mn ∩ ωω such that 1 forces that ḟ <∗ h̃. Now it follows that 1 forces
that ~̇wrh is infinite for all strictly increasing h ∈ ωω such that h̃ ≤∗ h. Let r = rh̃
and note that r ∈Mi for all n′ ≤ i ≤ n.

For each n′ ≤ i ≤ n, 1 forces, by Proposition 5.5, that ~̇uir ⊃ ~̇wr. Similarly to

the case for values of i less than n′ as above, we also have that ψ̂(~̇air) is equal to

~̇uir for all n′ ≤ i ≤ n. Since ψ is a permutation, we now have that 1 forces that

(
⋂

1≤i<n′ ~̇a
i
ri)∩ ~̇a

n′

r ∩ · · · ∩ ~̇anr is infinite. Since h̃ <∗ hi for all n′ ≤ i ≤ n, the proof
is now finished by the final appeal to Proposition 5.5 to confirm that 1 forces that,
for all n′ ≤ i ≤ n, ~̇airi mod finite contains ~̇air. �

Theorem 5.7. There is a collection A of canonical Rω2
-names of subsets of ω

such that for each generic filter G ⊂ Rω2
, the set {valG[ȧ] : ȧ ∈ A} is a P-point

ultrafilter on ω.
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Proof. For each δ ∈ D, let rδ be equal to rhδ . Let N denote the set of all canonical
Rω2-names of infinite subsets of ω. Also let Nω↓ ⊂ Nω denote the infinite sequences
that are forced by 1 to be descending. For δ ∈ D, let Nδ be the union of N ∩

⋃
Mδ

and
⋃
{Nγ : γ ∈ D ∩ δ}. By induction on δ ∈ D we define families Aδ,Uδ,Pδ with

the inductive hypotheses: for all γ, δ ∈ D with γ < δ

(1) Uγ ⊂ Uδ and Aγ ⊂ Aδ ⊂
⋃
{Nξ : ξ ∈ D ∩ (δ + 1)},

(2) Pδ = {~̇a rδ : (∃ζ ∈ D ∩ δ)(∃M ∈Mδ) ~a ∈M ∩ Aωζ ∩Nω↓},
(3) Uδ =

⋃
{Pξ : ξ ∈ D ∩ (δ + 1)},

(4) for any finite subset A′ of Aδ ∪ Uδ, 1 forces that
⋂
A′ is infinite,

(5) Aδ is maximal with respect to properties (1) and (4),

Let δ ∈ D and assume that we have defined Aγ ,Uγ ,Pγ for all γ ∈ D∩ δ. Let Pδ be
defined as in condition (2), and let Uδ be defined as in (3). Let A′δ =

⋃
γ∈D∩δ Aγ .

Claim 5. 1 forces that
⋂
A′ is infinite for all finite A′ ⊂ Uδ ∪ A′δ.

Proof of Claim. Let A′ be a finite subset of Uδ∪A′δ. Let n = |A′| and let n′ ≤ n be
chosen so that |A′ \Pδ| has cardinality n′−1. We may choose {Mn′ , . . . ,Mn} ⊂Mδ

and a sequence {~an′ , · · · ,~an} so that for each n′ ≤ i ≤ n, the pair Mi,~a
i satisfies

the criteria in the definition of Pδ and such that A′ ∩Pδ is equal to {~̇an′rδ , · · · , ~̇a
n
rδ
}.

In order to uniformize notation, we will treat members of A′∩A′δ as ~̇ar for some
constant ω-sequences ~a in (A′δ)ω. In this way, we can similarly choose sequences
{Mi : 1 ≤ i < n′} ⊂M and {~ai : 1 ≤ i < n′} such that, for each 1 ≤ i < n′:

(1) δi = δMi < δ,
(2) δi ≤ δi+1 for 1 < i+ 1 < n′,
(3) ~ai ∈Mi ∩ Aωξi for some ξi ≤ δMi

(4) A′ \ Pδ is equal to {~̇airδi : i < n′}.
It now follows from Lemma 5.6 that 1 forces that

⋂
A′ is infinite. �

Now use Zorn’s Lemma to extend A′δ to our set Aδ so that it is maximal with
respect to condition (4) (as required in (5)). This completes the inductive construc-
tion and naturally we let A be defined as the union of the family {Aδ : δ ∈ D}. We
finish by proving that if G ⊂ Rω2

is a generic filter, then UG = {valG[ȧ] : ȧ ∈ A} is
a P-point. We do so with a some easy to prove claims.

Claim 6. For each ~u ∈ (A)ω, there is a δ ∈ D and a ȧ ∈ Uδ such that 1 forces that
ȧ is a pseudointersection for the sequence ~u.

Proof of Claim. By a simple modification of ~u, we can assume that 1 forces that
it is a descending sequence. Choose any γ ∈ D large enough so that ~u ∈ Aωγ . By
Lemma 3.4, there is an M ∈ M such that {γ, ~u} ∈ M . Let δ = δM . Of course we

then have that ~̇urδ ∈ Uδ. �

Claim 7. For each δ ∈ D, Uδ ⊂ A.

Proof of Claim. Let δ ∈ D and u̇ ∈ Uδ. By Lemma 3.4, we may choose M ∈ M
such that u̇ ∈M . It then follows from induction assumption (5) that u̇ ∈ AδM . �

Claim 8. For each u̇ ∈ N , there is an ȧ ∈ A such that 1 forces that u̇ ∈ {ȧ, ω \ ȧ}.

Proof of Claim. If 1 forces that every finite subset of {u̇} ∪ A has infinite inter-
section, then it follows from Lemma 3.4 and inductive condition (5) that ȧ = u̇
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would be as required. Otherwise, fix any antichain {bn : n ∈ ω} of Rω2
maxi-

mal with respect to the property that, for each n, there is a finite An ⊂ A such
that, either bn forces that u̇ ∩

⋂
An is finite. We omit the easy argument that

we can, by possibly enlarging An, assume that, for each n ∈ ω, bn forces that
u̇ ∩

⋂
An is empty. Let b be the condition

⋃
n bn ∈ Rω2

. By the maximality of
the antichain {bn : n ∈ ω}, it follows that (1 − b) forces that every finite subset
of {u̇} ∩ A has infinite intersection. We define a name ȧ. For each m ∈ ω, let
[[m ∈ ȧ]] = ([[m ∈ u̇]] ∩ (1− b)) ∪ (

⋃
n(bn \ [[m ∈ u̇]])). Note that 1− b forces that

ȧ = u̇ and, for each n, bn forces that u̇ = ω \ ȧ. For each n ∈ ω, bn forces that
ȧ contains

⋂
An. Then ȧ ∈ A since it easily follows that 1 forces that every finite

subset of {ȧ} ∪ A has infinite intersection. �

It follows from induction condition (4) that UG has the finite intersection prop-
erty. It follows from Claims 2 and 3 that UG is a base for a P-filter. It follows from
Claim 4 that it is an ultrafilter. This completes the proof. �

6. Scales and nowhere dense P-filters

In this section when we use the letter S it refers to a scale in ωω, i.e. a <∗-
unbounded set of monotone increasing functions in ωω that is well-ordered by <∗.
As usual, the letter U will refer to an ultrafilter on ω. An ultrafilter U gives rise to
the pre-order <U on ωω where f <U g providing {n : f(n) < g(n)} ∈ U .

A filter F on ω is non-meager if for each strictly increasing f ∈ ωω, there is
an F ∈ F such that {n : F ∩ [n, f(n)] = ∅} is infinite ([24] and [16]). Clearly a
non-meager P-filter is a nowhere dense P-filter.

A P-point U is non-meager P-filter and for any finite-to-one function, ϕ, from
ω onto ω, the filter φ−1[U ] = {φ−1(U) : U ∈ U} is also a non-meager P-filter.
It follows then that NCF implies that every ultrafilter on ω has a non-meager
P-subfilter. However this is not the first model known to have this property.

Proposition 6.1 ([1]). If a scale S is not <U -unbounded, then U has a P-subfilter
with a base that is a tower.

Lemma 6.2. If a scale S is not <U -unbounded, then U has a non-meager P-
subfilter with a base that is a tower.

Proof. Assume that S is not <U -unbounded. Choose any strictly increasing g ∈ ωω
such that f <U g for all f ∈ S. For each f ∈ S, let af = {n ∈ ω : f(n) < g(n)} ∈ U .
Since S is well-ordered by <∗, it is immediate that {af : f ∈ S} is descending when
ordered by ∗⊃. To show that it is a tower, it suffices to prove that the filter
it generates is non-meager. Consider any strictly increasing h ∈ ωω. We must
produce an f ∈ S such that {k ∈ ω : af ∩ [k, h(k)] = ∅} is infinite. Since S is
<∗-unbounded, there is an f ∈ S such that the set {k ∈ ω : f(k) > g(h(k))} is
infinite. Choose k so that f(k) > g(h(k)) and let k ≤ n ≤ h(k). It follows that
g(n) ≤ g(h(k)) < f(k) ≤ f(n). �

Corollary 6.3 ([1]). If there are scales S1,S2 that have different cofinalities, then
every ultrafilter on ω has a non-meager P-subfilter with a base that is a tower.

Proof. Fix any ultrafilter U . Assume that S1 is unbounded with respect to <U and
let κ1 be the order-type of S1 with respect to the <∗-ordering. It follows that S1

is cofinal in <U and therefore, that S2 can not be cofinal in <U . This implies that
S2 is bounded in <U and the statement now follows from Lemma 6.2. �
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Next we discuss the status of two statements that have been extensively investi-
gated by Peter Nyikos (see [20]).

Axiom 2: (∃S)(∀U)(S is <U -unbounded) (equivalently b = d [20])
Axiom 3: (∃U)(∀S)(S is <U -unbounded)

Question: does Axiom 2 (i.e. b = d) imply Axiom 3? ([20, Problem 5])

Corollary 6.4. If there is an ultrafilter on ω that has no non-meager P-subfilter
with a base that is a tower, then Axiom 3 holds.

Corollary 6.5 (�ω1
and CH). In the forcing extension by Fn(ω2, 2), Axiom 3

holds.

Theorem 6.6. If b = d, then there is an ultrafilter that has no non-meager P-
subfilter that has a base that is a tower.

Proof. By the assumption b = d, there is scale {fα : α < b} that is a dominating
family consisting of strictly increasing functions. For each tower, A ⊂ [ω]ℵ0 that
generates a non-meager filter, choose an elementary submodel MA of H(c+) such
that A and {fα : α < b} are elements of MA and such that MA ∩ b is an initial
segment of b. Since b is a regular cardinal, the Lowenheim-Skolem theorem implies
that such a set MA exists. Also choose an element a(A) ∈ A that is mod finite
contained in every member of M ∩A. Let A be the set of all such towers A. We will
prove that W = {ω \ a(A) : A ∈ A}. The theorem then follows since any ultrafilter
U that contains W does not contain a tower that generates a non-meager P-filter.

Let {A1, . . . ,A`} be a subset of A and assume that it is enumerated so that,
for 1 ≤ i < j ≤ `, MAi ∩ b ⊂ MAj ∩ b. For each 1 ≤ i ≤ `, let Mi = MAi and
ηi = sup(Mi∩b). Choose α0 < η1 arbitrarily and a1 ∈ A1∩M1 such that J1 = {n :
a1∩[fnα0

(0), fn+1
α0

(0)] = ∅} is infinite. Since J1 ∈M1, there is a α1 < η1 such that for

all k ∈ ω, there is an n ∈ J1 such that [fnα0
(0), fn+1

α0
(0)] ⊂ [k, fα1(k)]. Now α1 < η2,

hence there is an a2 ∈ A2 ∩M2 such that J2 = {n : a2 ∩ [fnα1
(0), fn+1

α1
(0)] = ∅} is

infinite. Again, there is an α2 < η2 such that for each k ∈ ω, there is an n ∈ J2
such that [fnα1

(0), fn+1
α1

(0)] ⊂ [k, fα2
(k)]. We continue this induction, choosing, for

1 ≤ i ≤ `, ai ∈ Ai∩Mi and αi < ηi such that Ji = {n : ai∩ [fnαi−1
(0), fn+1

αi−1
(0)] = ∅}

is infinite, and, for each k ∈ ω, there is an n ∈ Ji, such that [fnαi−1
(0), fn+1

αi−1
(0)] ⊂

[k, fαi(k)].
Now, for each 1 ≤ i ≤ `, ai ⊂∗ a(Ai), hence, to prove that

⋂
{ω \ a(Ai) :

1 ≤ i ≤ `} is infinite, it suffices to prove that ω \ (a1 ∪ · · · ∪ a`) is infinite. Fix
any k ∈ ω and choose n` ∈ J` such that k < fn`α`−1

(0) and a` is disjoint from

[fn`α`−1
(0), fn`+1

α`−1
(0)]. By the definition of α`−1, there is an n`−1 ∈ J`−1 such that

[f
n`−1
α`−2 (0), f

n`−1+1
α`−2 (0)] is contained in [fn`α`−1

(0), fn`+1
α`−1

(0)]. Continuing this descend-

ing recursion, there is a sequence {n1, · · · , n`} such that, for each 1 ≤ i ≤ `,

ni ∈ Ji and [fniαi−1
(0), fni+1

αi−1
(0)] is contained in [f

ni+1
αi (0), f

ni+1+1
αi (0)]. Since n1 ∈

J1, there is an non-empty interval I ⊂ [fn2
α1

(0), fn2+1
α1

(0)] that is disjoint from
a1. Now proceedings upwards, it follows that, for 1 ≤ i < `, I is contained in

[f
ni+1
αi (0), f

ni+1+1
αi (0)], and so is disjoint from ai+1. �

This answers Problem 5 in [20].

Corollary 6.7. Axiom 2 implies Axiom 3
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Problem 8 in [20] asks if Axiom 3 holds in models obtained by adding random
reals over models of CH. Since these are models of b = d, this also answers that
problem.

7. Laver model and nowhere dense P-filters

Nyikos asked in [20, Problem 7] if, in the Laver model, every ultrafilter has a
nowhere P-subfilter. In this section we show that this is the case. Having discovered
the method for Laver forcing, we then show that it generalizes, along the lines of
Theorem 2.5.

Conditions T ∈ L are infinite downward closed subtrees of ω<ω with the property
that there is a stem, stem(T ), such that no predecessor is branching and each
stem(T ) ≤ t ∈ T has infinitely many immediate successors. For t ∈ ω<ω, it is
convenient to note that |t| is the domain of the function t. We will say that T ∈ L
is increasing if for each stem(T ) < t ∈ T , t(i) < t(j) for all | stem(T )| ≤ i < j < |t|.
We use ḟL to denote the generic function in ωω added by L where each T ∈ L forces
that stem(T ) ⊂ ḟL.

For T ∈ L, k ∈ ω, and branching node t ∈ T , let

Tt,k = {s ∈ T : s ⊂ t or (t ⊂ s and s(|t|) ≥ k)} .
Let τ be an L-name for an integer. We use Tt for Tt,0 and say that Tt weakly
forces τ = m (for m ∈ ω) if Tt,k 
 τ = m for some k ∈ ω. We may say that
Tt weakly decides τ if, for some m, Tt weakly forces that τ = m. We use the
notation Tt 
w τ = m to indicate that Tt weakly forces that τ = m. Similarly,
Tt 
w τ > m will abbreviate that there is a k ∈ ω such that Tt,k 
 τ > m. Observe
that if Tt 
w τ > m, then for all T ′ <0 Tt, T

′ 
w τ > m. Let us note that for all
stem(T ) ≤ t ∈ T and m ∈ ω, Tt,m+1 
 ḟL(|t|) > m.

Following Laver [17], <0 is used to denote the usual root preserving extension
relation on L. The poset L has the pure-decision property [17] meaning, for exam-
ple, that for any T ∈ L, n,m ∈ ω and L-name τ of an integer, there is a T ′ <0 T
such that T ′ 
 τ = m or T ′ 
 τ 6= m.

Proposition 7.1. For each T0 ∈ L and L-name τ of an integer, there is a T <0 T0
such that either T 
 τ = m for some m ∈ ω, or T 
w τ > m for each m ∈ ω.

Proof. Assume that, for each m ∈ ω, there is no T <0 T0 such that T 
 τ = m. Of
course this means that for each T <0 T0 and each m ∈ ω, there is a T ′ <0 T such
that T 
 τ 6= m. Let t = stem(T0). By induction on m ∈ ω, choose Tm+1 <0 Tm
such that Tm+1 
 τ 6= m. Choose any strictly increasing sequence {km : m ∈ ω}
so that tm = t_km ∈ Tm+1. Let T =

⋃
{(Tm+1)tm : m ∈ ω}. It is easily checked

that T ′ ∈ L and that T ′ <0 T . Now let m ∈ ω and we show that Tt,km 
 τ > m.

Choose any T̃ < Tt,km such that stem(T0) < stem(T̃ ). It follows that there is an

` ≥ m such that T̃ < (T`+1)t` . Since T`+1 
 τ > `, we have that T̃ 
 τ > `. �

Proposition 7.2. If τ is an L-name of an integer then there is a T <0 T0 such
that, for t = stem(T0),

(1) for each t_k ∈ T , there is an m such that Tt_k 
 τ = m, or
(2) for each t_k ∈ T , Tt_k 
w τ > m for all m ∈ ω.

Proof. Let t = stem(T0). We first apply Proposition 7.1 as follows. For each k > 0
such that t_k ∈ T0, choose Tk <0 (T0)t_k such that, either there in an mk such
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that Tk 
 τ = mk, or Tk 
w τ > m for each m ∈ ω. Let K be the set of k such that
t_k ∈ T0 and Tk 
 τ = mk for some mk. If K is infinite, then T =

⋃
{Tk : k ∈ K}.

If K is finite, then T =
⋃
{Tk : k /∈ k and t_k ∈ T0}. �

Let us say that T is τ -trimmed if either (1) or (2) of Proposition 7.2 holds.

The following is proven in [9, 2.13].

Proposition 7.3. Let ġ be an L-name of a strictly increasing function in ωω and
let T ∈ L force that ḟL ≤ ġ. Then there are disjoint sets {An : n ∈ ω} and T ′ < T
such that T ′ 
 (∀n ∈ ω)ġ(n) ∈ Ǎn.

This can be significantly improved. The extra conditions (1)-(3) in this Lemma
are there so that we may deduce that L is tower preserving.

Lemma 7.4. Let ġ be an L-name of a strictly increasing function in ωω and let
T0 ∈ L force that ḟL ≤ ġ. Then there are T <0 T0 and pairwise disjoint finite sets
{Ft : t ∈ T}, such that, T ′ ⊂ T in L, T ′ forces that the range of ġ is contained in⋃
{Ft : t ∈ T ′}. We may also ensure that, for all t ∈ T :

(1) |Ft| ≤ |t|,
(2) if Ft 6= ∅, then for some n, Tt 
 ġ(n) ∈ Ft,
(3) if Ft_k = ∅ for some t_k ∈ T then Ft_k = ∅ for all t_k ∈ T .

To prove this lemma we will need the ideas from [17] for performing standard
fusion arguments in L. Let ≺ denote the lexicographic ordering on ω<ω, i.e. t ≺ t_`
for all t ∈ ω<ω and ` ∈ ω. Fix any enumeration {t̄i : i ∈ ω} of ω<ω (the maximal
element of L) with the property that t̄i ≺ t̄j implies i < j. Give any T ∈ L,
let {tTi : i ∈ ω} be the induced enumeration of the branching nodes of T where
tT0 = stem(T ) and for each stem(T ) ≤ t ∈ T , if t = tTi , then {t_` : ` ∈ ω} ∩ T
is enumerated (in an increasing fashion) by {tTj : t̄j ∈ {t_k : k ∈ ω}}. For

stem(T ) ≤ t ∈ T ∈ L, let ρ(T, t) = i where t = tTi . We can now define, for each

0 < n ∈ ω, the relation <n on L by T2 <n T1 providing T2 < T1 and tT2
i = tT1

i

for i ≤ n. Each <n is a transitive relation and if {Tn : n ∈ ω} ⊂ L satisfies that
Tn+1 <n Tn for all n, then Tω =

⋂
n Tn = {tTnn : n ∈ ω} ∪ {t ∈ T0 : t < stem(T0)}

is a member of L satisfying that Tω <n Tn for all n.

Now we prove Lemma 7.4. The proof is an easy modification of a similar result
in [18] (as was [9, 2.13]).

Proof. We have that T0 
 ġ(n) ≥ ḟL(n) for all n ∈ ω. Consider any stem(T0) ≤
t ∈ T0 and note that this means that, for each m ∈ ω, (T0)t 
w ġ(|t|) > m.
Let t0 = stem(T0) and let j0 ≤ |t0| be minimal such that there exists T ′0 <0 T0
such that T ′0 
w ġ(j0) > m for all m ∈ ω. Choose T1 <0 T0 and L0 ∈ ω so
that T1 
 ġ(j0) > L0 and there is a set Ft0 ⊂ L0 with |F0| ≤ |t0| such that
T1 
 ġ(j) ∈ Ft0 for all j < j0. Note that for all T ′ <0 T1, T ′ 
w ġ(j0) > m for all
m ∈ ω. We can recursively construct a sequence {T`, j`, t`, L`} so that the following
holds:

(1) j` < L` ∈ ω, T` ∈ L, t` = tT`` , and T`+1 <` T`,
(2) Ft` ⊂ L` \ L`−1 and |Ft` | ≤ |t`|,
(3) j` ≤ |t`| and (T`+1)t` 
w ġ(j`) > m for all m ∈ ω,
(4) (T`+1)t` 
 Ft` = {ġ(j) : j`′ ≤ j < j`} where t`′ is the predecessor of t`,
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(5) t` /∈ (T`+1)ti,L` and (T`+1)ti,L` 
 ġ(ji) > L` for all i ≤ `,
(6) (T`+1)t` is ġ(j`)-trimmed.

The choice of t` = tT`` is clear. Let T̃` denote (T`)t` . Let `′ < ` be chosen so
that t`′ is the immediate predecessor of t`. Choose j` minimal so that there exists
T ′` <0 T̃` satisfying that T ′` 
w ġ(j`) > m for all m ∈ ω. By further strengthening,
we may also assume that for all j < j`, there is an m such that T ′` 
 ġ(j) = m, and

that T ′` is ġ(j`)-trimmed. By induction hypothesis (5), T̃ <0 (T`)t`′ ,L`−1
which, if

j`′ < j`, implies that T ′` 
 ġ(j) > L`−1 for all j`′ ≤ j < j`. Let Ft` = {m : (∃j ≥
j`′) T

′
` 
 ġ(j) = m}. It follows that L`−1 < min(Ft`). Choose L` large enough

so that Ft` ⊂ L` and t`(|t`′ |) < L`. Choose any L` < k` ∈ ω large enough so
that (T`)ti,k` 
 ġ(ji) > L` for all i < ` and so that (T ′`)t`,k` 
 ġ(j`) > L`. Set
T`+1 = (T ′`)t`,k` ∪

⋃
{(T`)ti,k` : i < `}. Since t` /∈

⋃
{(T`)ti,k` : i < `}, it follows that

(T`+1)t` <0 T
′
` and so condition (4) holds. For i < `, t` /∈ (T`)ti,k` and so it follows

from condition (5) as an induction hypothesis that, (T`+1)ti,L` is equal to (T`)ti,k` .
This verifies that (5) holds at stage `. The conditions (1)-(4) and (6) are routine
to verify.

The required condition T for the statement of the lemma is
⋂
{Tn : n ∈ ω} and

it should be clear that tT` = t` for all ` ∈ ω. The family of finite sets {Ft : t ∈ T}
(where Ft = ∅ for t < t0) is a pairwise disjoint family since L`−1 < min(Ft`) < L`.
Let n,m ∈ ω and assume that T ′ < T forces that ġ(n) = m. We show there is a
t ∈ T ′ such that m ∈ Ft. If n < j0, then it is clear that T ′ 
 ġ(n) ∈ Ft0 , so we
assume that j0 ≤ n. Let t` = stem(T ′). Since Tt` 
w ġ(j`) > m, it follows that
n < j`. Choose 0 < i < ` be minimal so that ti ⊂ t` and n < ji. Then, by (1),
T ′ < (Ti+1)ti , and by (4), m ∈ Fti .

Now we verify the extra conditions (2) and (3) in the statement of the Lemma.
Condition (2) follows from induction hypothesis (4) and condition (3) follows from
induction hypothesis (6). �

Corollary 7.5. L is tower preserving.

Proof. Let A be a tower on ω and let Ẏ be the L-name of an infinite subset of ω.
Assume that T0 ∈ L forces that Ẏ \ a is finite for each a ∈ A. Choose any L-name

of a strictly increasing function ġ ∈ Ẏ ω satisfying that ḟL ≤ ġ. Let Ẏ , ġ and A be
members of a countable elementary submodel M of H(c+). By elementarity, there
are T ≤0 T0 and {Ft : t ∈ T} in M that satisfying the conclusion of Lemma 7.4.
Fix any a ∈ A such that b \ a is infinite for all b ∈ M ∩ [ω]ℵ0 and Ft ∩ a = ∅ for
t ≤ stem(T ). Set Ta = {t ∈ T : Ft ∩ a = ∅}. It suffices to prove that Ta ∈ L since,
by Lemma 7.4, Ta forces that the range of ġ is disjoint from a. Let stem(T ) ≤ t ∈ T
and we prove that there is an infinite set of k such that t_k ∈ T and Ft_k ∩ a = ∅.
Choose the minimal ` ≤ |t| + 1 such that K0 = {k : t_k ∈ T and |Ft_k| =
`} is infinite. If ` = 0, we are done. Otherwise, let {v(k, j) : j < `} be an
increasing enumeration of Ft_k for each k ∈ K0. Note that K0 and the sequence
of enumerations are elements of M . Recursively choose a0 ⊃ a1 ⊃ · · · ⊃ a` from
A∩M so that, for each j < `, Kj+1 = {k ∈ K0 : v(k, j) /∈ aj} is infinite. Therefore
K` is infinite and, for all but finitely many k ∈ K`, a∩{v(k, j) : j < `} is empty. �

We use the properties from Lemma 7.4 to define a family of L-names that is
forced to generate a dense P-ideal.
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Definition 7.6. If T ∈ L a T -sequence is a function ~F from T into [ω]<ℵ0 con-

sisting of pairwise disjoint sets. We use ~Ft (for t ∈ T ) rather than ~F (t). If ~F is a

T -sequence, we let Ẏ (~F ) denotes the L-name {(Tt, m̌) : t ∈ T and m ∈ ~Ft}.

Proposition 7.7. For a T -sequence ~F and a ∈ [ω]ℵ0 , T 
 a 6⊂∗ Ẏ (~F ) =
⋃
n∈ω

~FḟL�n.

Proof. The fact that T 

⋃
n∈ω

~FḟL�n = Ẏ (~F ) is immediate from the definitions of

ḟL and Ẏ (~F ). Let T ′ < T and let t1, t2 be distinct immediate successors of stem(T ′).

Therefore Y1 =
⋃
{~Ft : t1 ≤ t ∈ T ′} and Y2 =

⋃
{~Ft : t2 ≤ t ∈ T ′} are disjoint.

Without loss of generality, we may assume that a\Y1 is infinite. Since (T ′)t1 
 Ẏ (~F )

is contained in Y1, it follows that T ′ does not force that a ⊂∗ Ẏ (~F ). �

With this notation, we record the following corollary of Lemma 7.4.

Corollary 7.8. For each L-name Ẏ and T0 ∈ L such that T0 
 Ẏ ∈ [ω]ℵ0 , there

is a T <0 T0 and a T -sequence ~F such that T 
 Ẏ (~F ) ⊂ Ẏ .

Definition 7.9. Set ẎL = {(T, Ẏ (~F )) : T ∈ L and ~F is a T -sequence}.

Lemma 7.10. The name ẎL is forced to generate a dense P-ideal.

Proof. We already noted in Corollary 7.8 that it is forced to be dense. Since L
is proper it suffices to prove that for any countable subset {(Tn, Ẏ (~Fn)) : n ∈ ω}
of Ẏ, there is T < T0 and a T -sequence ~F such that T 
 Ẏ (~Fn) ⊂∗ Ẏ (~F ) for
all n ∈ ω. Notice that if T ′ < T0 is such that T ′ ∩ Tn is finite for some n, then

T ′ 
 Ẏ (~Fn) is finite. For each t ∈ T0 and ` ∈ ω, we can define F (t, `) to be⋃
{(~Fn)t : n ≤ ` and stem(Tn) < t ∈ Tn}. We note that for each t ∈ T0 and ` ∈ ω,

the sequence {F (t_k, `) : t_k ∈ T0} is a point-finite family of finite sets.
We recursively choose a fusion sequence {T0,` : ` ∈ ω} where T0,0 = T0 and

T0,`+1 <` T0,`. We define t` to be t
T0,`

` , and we set F` = F (t`, `). We make the
following simple demand that when choosing T0,`+1 (and thereby t`+1): if t′ is the

immediate predecessor of tT0

` in T0, then, for all immediate successors t of t′ in
T0,`, if t /∈ {ti : i ≤ `}, then F (t, ` + 1) is disjoint from

⋃
{Fi : i ≤ `}. Since the

family {F (t′_k, `) : t′_k ∈ T`} is point-finite, there is a sufficiently large integer
k so that every immediate successor t of t′ in (T`)t′,k will have this property, and
so the fusion can proceed. Let T =

⋂
{T0,` : ` ∈ ω} and again note that tT` = t`

for all ` ∈ ω. By the construction, ~F is a T -sequence where ~Ft` = F` for all ` ∈ ω.
Consider any n ∈ ω and assume there is a T ′ < T, Tn. By possibly extending T ′

further, we may assume that stem(Tn) < stem(T ′) = tTm for some m > n. For each

stem(T ′) ≤ t′ = tT` ∈ T ′, it follows that ` > n and that (~Fn)t′ ⊂ F` = ~Ft′ . This of

course ensures that T ′ 
 Ẏ (~Fn) ⊂∗ Ẏ (~F ). �

Since Lemma 7.10 shows that L is a tower preserving forcing we can formulate
the main theorem of this section as follows.

Theorem 7.11 (CH). If 〈Pα, Q̇α : α < ω2〉 is a countable support iteration of

proper tower preserving posets of cardinality ℵ1 and satisfies that Pλ 
 Q̇α = L for
all λ in a stationary subset of {λ ∈ ω2 : cf(λ) = ω1}, then Pω2 forces that every
ultrafilter on ω extends a tower of cofinality ω1.
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Proof. Let S denote the stationary set of λ ∈ ω2 that have cofinality ω1 and satisfy
that Pλ 
 Q̇λ = L. For each λ ∈ S, let Ẏλ denote a Pλ+1-name such that Pλ forces

that Ẏλ = ẎL from Definition 7.9. It follows from Proposition 2.1, that Pω2 forces

that Ẏλ is a dense P-ideal for each λ < ω2.
Let U̇ be a Pω2-name and let p ∈ Pω2 be any condition that forces U̇ is an

ultrafilter on ω. We prove that there is a λ ∈ S such that p 
 U̇ is disjoint from Ẏλ.
This implies that p forces that the nowhere dense P-filter dual to Ẏλ is a subfilter
of U̇ .

Let 2ℵ2 < θ be a regular cardinal, and let M be an elementary submodel of
H(θ) such that {p, U̇ , Pω2

} ∈ M , Mω ⊂ M , and |M | = ℵ1. Let λ = M ∩ ω2 and

U̇λ = M ∩ U̇ .
Let p ∈ Gλ be any Pλ-generic filter. By Proposition 2.4, Uλ = valGλ(U̇λ) is

an ultrafilter on ω in the model V [Gλ]. Furthermore, since Mω ⊂ M and Pω2
is

proper, if A is any countable subset of H(ω1) in V [Gλ], there is a Pλ-name Ȧ ∈M
such that valGλ(Ȧ) = A (see [11, 4.5]).

Fix any Pλ-names Ṫ , ~̇F and let p′ ∈ Gλ force that Ṫ ∈ L and ~̇F is a Ṫ -sequence.

Let T = valGλ(Ṫ ) and ~F = valGλ( ~̇F ), i.e. Ẏ (~F ) is an arbitrary member of the

L-name ẎL. If there is any T ′ < T such that
⋃
{~Ft : t ∈ T ′} /∈ Uλ, then there is an

Pλ-name Ṫ ′ and a q ∈ Gλ forcing that Ṫ ′ < Ṫ and
⋃
{ ~̇Ft : t ∈ Ṫ ′} is not in U̇ . This

means that the condition q ∪ {〈λ, Ṫ ′〉} ∈ Pλ+1 forces that Ẏ (~F ) /∈ U̇ . Now suppose

there is no such T ′ as above. We may choose q ∈ Gλ that forces
⋃
{ ~̇Ft : t ∈ Ṫ ′} is

in U̇ for all Ṫ ′ < Ṫ . For each t ∈ T , let At =
⋃
{Ft_k : t_k ∈ T}. We may also

let Ȧt ∈M denote a Pλ-name for each such At (although At is definable from ~̇F ).

Notice now that q∪{〈λ, Ṫ ′〉} ∈ Pλ+1 forces that Ẏ ( ~̇F ) meets each Ȧt in a finite set.

To show that q∪{〈λ, Ṫ 〉} ∈ Pλ+1 forces that Ẏ ( ~̇F ) /∈ U̇ we prove q forces that every

element of U̇ meets some Ȧt in an infinite set. To do so, we invoke elementarity
and simply show, by contradiction, that this is is true for U ∈ Uλ. Assume there
is a U ∈ Uλ such that U ∩ At is finite for all t. We may then choose an h ∈ ωω so

that for all ` ∈ ω and t = tT` , U ∩ ~Ft_k = ∅ for all t_k ∈ T with h(`) < k. Now

choose T ′ < T and m so that T ′ 
 h(n) < ḟL(n) for all n > m. It then follows

that U ∩
⋃
{~Ft : t ∈ T ′} is contained in the finite union

⋃
{~Ft : t ∈ {tTi : i ≤ m}} –

which contradicts our assumption on ~F and Uλ. �

Question 7.1. Can either Mathias or Hechler forcing replace Laver forcing in the
statement of Theorem 7.11?

Question 7.2. Does PFA imply that every ultrafilter on ω has a nowhere dense
P-subfilter?
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