P-FILTERS AND COHEN, RANDOM, AND LAVER FORCING

ALAN DOW

ABSTRACT. We answer questions about P-filters in the Cohen, random, and
Laver forcing extensions of models of CH. In the case of the Na-random real
poset, we prove that if [k, also holds in the ground model, then there are
P-points of w* in the extension. The majority of the paper investigates the
question of whether w* can be covered by nowhere dense P-sets. We prove
that this is not the case if No-Cohen reals are added to a model of CH in which
0w, holds, and that it is the case in the standard Laver extension. We also
answer questions formulated by P. Nyikos about interactions between ultrafil-
ter orderings of w* and mod finite scales. We show they have connections to
ultrafilters having non-meager P-subfilters.

1. INTRODUCTION

A P-point of a topological space X is a point with the property that is in the
interior of every G containing it. P-sets have been defined similarly. A subset of
a topological space is nowhere dense if its closure has empty interior. Interest in
nowhere dense P-sets may have begun when van Douwen and van Mill showed [7]
that if a compact space K can be covered by nowhere dense P-sets, then the space
w x K has no remote points (defined in [13]). This was the first example concerning
remote points of its kind. The example of a space K cited in [7] was the space of
uniform ultrafilters on wo. This raised the natural question of whether w* could be
covered by nowhere dense P-sets. This was soon shown to be independent: it can
not under CH ([15]) and consistently it can ([1]). In section 4, we produce a model
in which CH fails and w* can not be covered by nowhere dense P-sets. This result
was known to the author in 2005 but since that time it is shown in [10], that there
is a model of MA plus ¢ = Ny in which w* can not be covered by nowhere dense
P-sets. We do not know the status under PFA.

By standard duality, a P-set in w* corresponds to a P-filter which we now in-
troduce. A set a is almost included in a set b, denoted a C* b, if a \ b is finite.
A set a is a pseudointersection for a family of sets if a is infinite and is almost
included in every element of the family. A filter (base) on w is a P-filter (base) if
every countable subset of the filter has a pseudointersection that is also in the filter
(base). A filter is nowhere dense if it is a free filter and has no pseudointersection.
The statement that w* can be covered by nowhere P-sets is the Stone dual of the
statement that every ultrafilter on w has a nowhere dense P-filter. The dual notion
of a P-filter is a P-ideal, and the dual notion of a nowhere dense filter is a dense
ideal.

1991 Mathematics Subject Classification. 54D35, 03E35.
Key words and phrases. ultrafilters, proper forcing, non-meager P-filters.
Research was supported by NSF grant No. DMS-1501506.

1



2 ALAN DOW

A (descending) tower is a subset of [w]X° that is well-ordered by reverse almost
inclusion and has no pseudointersection (equivalently, no proper end-extension in
the well-ordering). A tower is a special type of nowhere dense P-filter base. A
nowhere dense P-filter with character R; will have a tower base. The NCF principle
([4]) implies that every ultrafilter has a nowhere dense P-subfilter, and, NCF plus
¢ = Ny implies that every ultrafilter has a tower base. Another of the early interests
in the study of nowhere dense P-filters is the connection to the (still unresolved)
Scarborough-Stone problem as to whether there is a product of sequentially compact
Tychonoff spaces that is not countably compact (see [21]). Let us also mention that
[16] has many results concerning non-meager P-filters. One of these results is that
it follows from < that there is an ultrafilter with no non-meager P-subfilter. We
note that the question raised in [16, Question 8] as to whether ¢ can be weakened
to CH is answered in the affirmative in [15].

Concerning P-points of w*, a gap has been discovered in the paper [6] (see [5],
see also [12]) and so it is not known if P-points exist in all models obtained by
adding more than N;-many random reals to models of CH. It has been shown that
if Ny-many Cohen reals are added first, then P-points do exist in all random real
forcing extension. In this paper, we show that having 0., in the ground model
ensures that P-points exist if No-random reals are added.

2. ITERATED FORCING AND NOWHERE DENSE P-FILTERS

We will be interested in proper forcings that preserve when a filter is a nowhere
dense P-filter. Every proper forcing preserves the property of being a P-filter and so
the property we seek is that of not adding a pseudointersection to any nowhere dense
P-filter. A better known and studied property is known as being tower preserving.
A poset P will be said to be tower preserving if each tower in the ground model
remains a tower in the forcing extension by P. Since this is equivalent for nowhere
dense P-filters of character Ny, this notion will suffice for this paper.

The notion of a poset being tower preserving (in fact being nowhere dense P-filter
preserving) fits the R-bounding preservation scheme in [23] (see also [22, VI3.10])
and so we have this preservation theorem from [22].

Proposition 2.1. A countable support iteration of proper posets that are tower
preserving is also tower preserving.

In the case of ccc posets and finite support iterations, this next result is taken
from [8].

Proposition 2.2. A finite support iteraton of ccc tower preserving posets is tower
preserving.

Baumgartner showed that Mathias forcing [8, 3.2] and Hechler forcing [2] are
tower preserving . It is folklore that Cohen forcing is tower preserving (but also
follows from the fact that Hechler is tower preserving). It is implicit in [9, 3.3] that
Laver forcing is tower preserving but this may not be the earliest reference (see
also Corollary 7.5). Miller forcing (i.e. rational perfect set forcing) is also tower
preserving (see [19]). It seems clear that we can state without references that each
of these tower preserving posets is proper.

The following two iteration theorems are quite standard (for example see [11, 4.5]
for a proof).



P-FILTERS AND COHEN, RANDOM, AND LAVER FORCING 3

Proposition 2.3 (CH). Let (P, Qq : o < ws) be a finite support iteration of ccc
posets of cardinality at most Xy with P,,, being the limit. If Ais a P,,-name of a
nowhere dense P-ideal on w, then for any elementary submodel M < H((2N2) )
such that A, P,, € M, M* C M, and |M| = X, then Py forces that M N A is a
tower, where A = M Nwsy.

Proposition 2.4 (CH). Let (P,,Qq : & < w2) be a countable support iteration of
proper posets of cardinality at most Ry with P,,, being the limit. If./l is a P,,-name
of a nowhere dense P-ideal on w and if U is a P,,,-name of an ultrafilter on w, then
for any elementary submodel M < H((282)%1), such that A,U, P, € M, M* C M,
and |M| = Xy then, for X\ = M Nwy, Py forces that M N A is a tower and M NU
s an ultrafilter.

The following result can be used to show that every ultrafilter has a nowhere
dense P-subfilter is consistent with either of s <b=0=cand s =b <d =«¢. Of
course, we already know that NCF can hold in models of s = b < 2 = ¢ ([4]) and
b<s=0=c([3).

Theorem 2.5 (CH). If (P,, Qa:a< wa) is a countable support iteration, of proper
tower preserving posets of cardinality Ny and satisfies that Py I+ Qq is Miller forcing
for all X in a stationary subset of {\ € wa : ¢f(A) = w1}, then P, forces that every
ultrafilter on w extends a tower of cofinality wi .

Proof. Let S be the stationary set of A in {\ € ws : c¢f(\) = w;} such that Py IF Qx
is Miller forcing. It is shown in [4, Corollary 1], that for each A € S, P forces that
there is a Qy-name fy of a finite-to-one function in w* satisfying that f[U] = fr[W]
for all ultrafilters U, W on w. Furthermore, Miller showed [19, 4.1,4.2] that if W is
a Py-name of a P-point ultrafilter on w, then P41 forces that the filter generated
by W is again a P-point ultrafilter.

Now consider U any P,,-name of an ultrafilter on w. By Proposition 2.4, there
is a A € S such that Py forces that U, is an ultrafilter on w where U, is the
set of pairs (p,U) such that p € Py, U is a Py-name, and p I U € U. Let
G be a P,,-generic filter and let, for p < we, G, = G N P,. Since V[G,] is a
model of CH, there is a P-point ultrafilter W in V[G,]. Let f\ = VaIGA+1(f')\) and
Uy = valg, (Uy). Tt follows from the cited references in the first paragraph of the
proof that W generates a P-point ultrafilter in V[Gx41] and that fA[W] = faU)].
A finite-to-one image of an ultrafilter is an ultrafilter, so let V denote the ultrafilter
fa[W]. This is a P-point ultrafilter in a model of CH, and so contains a tower
{aq : @ € w1 }. This implies that the filter generated by U, also contains the tower
{f)\ laq] : @ € wi}. By assumption, P, I+ Qu is tower preserving for all p < wa,
hence {f; 'aa] : @ € w1} C valg(U) remains a tower in V[G]. O

3. SQUARE AND MODELS

In this section we establish some model theoretic consequences of the conjunction
“CH + O,,” that we can use in our forcing constructions in the following two
sections. Throughout this section we assume that CH and Ok, hold.

For any set A of ordinals, A’ denotes the set of limit ordinals « such that AN«
is cofinal in . Let lim(ws) denote the set of limit ordinals in wy. Let €' = {C4
a € lim(w2) Nwe} be a Oy, -sequence (which means that each C, C « is a closed
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unbounded set of order-type at most wy and, for § € C/, Cs = C, N B). Since
we are assuming CH, we may fix a 1-to-1 function gy from w; onto H(X;) and a
sequence § = (go : @ € wa), where, for each o < w1, go = go and for wy < a € wo,
go 18 a bijection from « to w;.

For a countable elementary submodel M of H(k) (for any x > ws) let dpy =
MnNwy and pay = sup(M Nws). Also let (s be the least countable ordinal satisfying
that go((ar) is a strictly increasing function in w® and satisfies that f <* go(Car)
for all f e M Nw*.

Definition 3.1. Let M denote the set of countable elementary submodels M of
(H(Rq), €,<1,C, §) satisfying that the order-type of C,,,, is equal to 6pr. Ford € wy,
let Mis = {M € M : 6y = 6}.

Proposition 3.2. Let My, Ms € M.

(1) ]f(SMl = 6M2; then CM1 = CMz'
(2) If dpr, < Oy, then Cpr, € Mo

Proof. Let Z = {¢ € w1 : go(¢) € w*}. For each M € M, M Nw* = {go(¢) : ¢ €
Z N ép}t. Therefore, if 8y, = dpr,, then My Nw® = My Nw® and this implies that
Cary, = Cory- I 00r, < Oy, then ZNdyy, is an element of Ms and so, by elementarity,
CM1 is in MQ. U

Definition 3.3. Let D = {0y : M € M} and, for each 6 € D, let hs = g(Cur)
where M € M and §pr = 6.

Lemma 3.4. For each countable S C H(Rz), there is an M € M such that S € M
(simply M is a stationary subset of [H(Rg)]N0 ).

Proof. Let {M, : v € w1} be a continuous €-chain of countable elementary submod-
els of (H(Ry), €,<1,C, §) such that S € My. Now let M be a countable elementary
submodel of H(R3) such that {M,, : v € w1} € M. Note that J{M, Nwy : v € w}
is an ordinal, A, of cofinality w; and that A € M. Let § = 0y and pu = ppg;. Clearly
p e Cy and C\ Np = Cy is a subset of M. By elementarity, the order-type of Cu
is not less than J; so in fact the order-type of C), is 6. Also by elementarity, 4 is
equal to par, and § = dpy;. O

The main idea of the proof is this next simply property of M.

Lemma 3.5. If My, My € M and 8y = Spr, < 02 = Spr,, then for all T € MyN[ws)™,
INM; e My and is an initial segment of I.

Proof. For each o € (IUI')N My, we have that g1 € M1NMs and IN(a+1) € M;.
Since there is £ < §; such that go(§) = I'N(a+ 1), it follows that I N (e +1) is also
in My. Let ¢ = sup(I N M), by the above it suffices to prove that ¢ € Ms. Since
C¢ € M, we have that the order-type of C¢ is less than d;. Since My € M and
01 < dg, it then follows that ¢ < pas,, and so we may let A be the minimum element
of My Nws \ {. It follows that C\ N M> is cofinal in ¢ and so C¢c = CyN¢. By
elementarity, ¢ € M> since it is the unique ordinal 7 in C such that the order-type
of C, is equal to the order-type of C,,. O

Lemma 3.6. Let My,..., M, be in M and enumerated so that dps, < dnr,,, for
each 1 < i < n. Suppose that, for each 1 < i < n, I; is a finite pairwise disjoint
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subset of M; N [wa]N0 and satisfies that for each 1 < i < j < n and each I € T;, if
INM; is not empty, then I =1NM; € Z;.

Then, for any X € M, there is an injection v from |J{UZ; : 1 < i < n} into
M, Nwe satisfying that

(1) ¢ eatends the identity function on \JZ,,

(2) ¥ I I is order-preserving into wp\ X, and [I] € M, for each I € |J,, ., L;.

Proof. Let {Z; : 1 <14 < n} be given as in the statement of the Lemma. We proceed
by induction on n. Certainly there is nothing to prove in the case that n = 1.

We first prove the induction case when n = 2. If M| Nwy C My then Z; C Ip
and there is nothing to prove. Otherwise, there is no loss to assume that there
is some I € Z; such that I\ M, is not empty. We let {Ji : £ < m} be any
enumeration of those members of Z; that are disjoint from Ms. Let & < 61 < do
be the order-type of Ji for each k < m. Fix any A € Ms Nwsy large enough so that
I C Aforall I €Z,. Let ¢ be the unique injection extending the identity function
on |JZ, where, 1 maps Jy order-preserving onto [A, A + &), and similarly Ji onto
N+&+ -+ &1, A+ & + -+ &). Clearly ¢[J;] € My for each k < m.

Next, we apply the induction hypothesis on the pair Z,,_; and Z,,, and we choose
an injection v, so that conditions (1)-(2) are satisfied. Again, choose any \ €
M, Nws large enough so that ¥, [|JZ,—1] U UZ, is a subset of \. We are ready to
define the mapping ¢ D 1, . Clearly ¢ extends the identity mapping on | JZ,, and
property (2) will hold for all I € 7,,—1.

For each 1 < i < n —1, let J; be the elements of Z; that are disjoint from
M;y1U---UM,. Foreach 1 <1i < n—1, let o; be any injection of Uji"_l onto
a countable ordinal (;, chosen so that, for each J € ‘714”717 o; 1[J] is an interval
and o, L'} J is order-preserving. For notational convenience, let 8y = 0. For each
1 <i<mn-—1andeach & € JJ" ™, define 1(€) to be A + Xj;8; + 0i(€). Tt
should be clear that 1 is well-defined and is an injection. Let I be any element of
\U{Z: : i < n}. Choose j maximal such that I N M, is not empty. By assumption,
I=INM;el; If j=n, then I C M, and v | I is order-preserving. If j =n —1,
then ¢ [ I =1, | I is order-preserving by the induction hypothesis. If j < n — 1,
they | I =0, 11 I is assumed to be order-preserving. ([

4. COHEN MODEL AND NOWHERE DENSE P-FILTERS
In this section we prove the following theorem.

Theorem 4.1 (O,, and CH). In the forcing extension by Fn(ws,2), there is an
ultrafilter on w that has no nowhere dense P-subfilter.

For a set I, Fn(I,2) denotes the usual Cohen poset consisting of finite partial
functions from I into 2, as in [14]. The following lemma follows directly from
Proposition 2.3.

Lemma 4.2 (CH). In the forcing extension by Fn(ws,?2), every nowhere dense
P-filter has a nowhere dense P-subfilter of character Ny.

Definition 4.3. (1) A Fn(ws,2)-name, a, is a canonical name of a subset of
w if, for each n € w, there is an antichain by, (a) C Fn(ws,2) such that a is
equal to {(by(a),n) : n € w}. (Shelah’s definition of name). The support,
supp(a), of a canonical name a is defined as | J{dom(b,(a)) : n € w}.
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(2) If ¥ is a permutation on wy, then we let 12 denote the canonical lifting
of ¥ to a mapping on Fn(ws,2) and to canonical Fn(ws,2)-names where,

(
for p € Fn(ws,2), dom(v(p)) = ¢[dom(p)] and (p)(1:(€)) = p(&) for all
¢ € dom(p), and b, (Y(a)) = {¥(p) : p € bn(a)} for any canonical Fn(ws, 2)-
name @ and n € w.

Proposition 4.4. If {a; : i < £} is a finite set of canonical Fn(wsa,2)-names and
p € Fn(wa,2), then p forces ({a; : i < £} is infinite if and only if ¥(p) forces that
{w(a;) i < £} is infinite.

Proof. Let Y = {J¢ : £ € wa} be a listing of all the canonical Fn(ws,2)-names of
infinite subsets of w such that each such name is listed cofinally often. Let T be
the collection of all functions 7 € w3* satisfying

(1) 7 is a strictly increasing function,
(2) for a < B € wy, 1 forces that g8y C* ¥r(a),
(3) for all £ € wy, there is an o € wy 1 forces that g¢ \ ¥-(o) is infinite.

Claim 1. For each 7 € T, 1 forces that 7 = {g4a) : @ € w1} is a base for a
nowhere dense P-filter.

Claim 2. If F is a Fn(ws, 2)-name and p € Fn(ws,2) forces that F is a nowhere
dense P-filter, then there is a 7 € T such that p forces that F, is a subfilter of F.

For each 7 € T, choose any M (1) € M satisfying that {¥,7} € M(7) and let
dr = 6pr(ry and ¢ = 7(d7). For each 7 € T, let i, denote the canonical Fn(ws,2)-
name of w \ g¢.. To be more precise, let i, be equal to y¢ where £ is the minimum
element of wo satisfying that 1 forces that ge = w \ 7, .

Claim 3. For each £ € M(7) Nws, there is an a € wy such that 1 forces that
e \ Ur(a) is infinite.

Claim 4. Assume that 74, ..., 7 are elements of 7 enumerated so that §,, < d,, <
-++ < d7,. Then 1 forces that there is a sequence «; < 0; (1 <4 < ¢) such that 1
forces that w \ (a1 U--- U ay) is infinite, where, a; = 97, (a,) for 1 <i < L.

Proof of Claim: For each 1 < i < £, let M; be used to denote M(7;). We proceed
by induction on £. So assume that ag - - - a1 have been found so that a; < é; and
that 1 forces that w\ (@1 U---Uag_1) is infinite where a; = ¢, (a,). Of course a; is
an element of M; for each 1 < i < /.

For each 1 < i < ¢, let I; be the support of a; and, to start, let I, = w. By
enlarging each I;, we may assume, by Lemma 3.5, that I; N M; C I; for each
1 <i<j <L Let Zy € My be any finite partition of I; satisfying that I N M;
is empty or equal to I for each 1 < j < £. Similarly, let Z, € Ms be any finite
partition of I, satisfying that Z; N My C Zy and also that I N M; is empty or equal
to I for each I € 7, and 2 < j < {. By recursion, we may similarly define Z; € M;,
for 1 <17 </, a finite partition of I; so that Z;; N M; is a subset of Z; for 1 <7’ < 1,
and so that N M is empty or equal to I for all I € Z; and ¢ < j < n. The sequence
{Z; : 1 < i < ¢} satisfies the hypotheses of Lemma 3.6. Now choose any A € M;Nwy
large enough so that I, and (J{supp(¢r,(a)) : @ € w1} € M are contained in A. Now
choose a bijection ¥ on wy that extends the injection in the conclusion of Lemma
3.6. By Proposition 4.4, 1 forces that w\ (zZ(dl) u---uU @(dg_l)) is infinite.
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We check that J(di) € My for each 1 <i < /. Fix1<i<¥ let m=1Z;] and
let {I(7,7) : j < m} be any enumeration of Z;. Similar to the proof of Lemma 3.6,
let <; denote the ordering of | JZ; where <; agrees with the usual ordering on each
I(i,j) (j < m) and every element of I(4,7) is less than each element of I(4,j + 1)
for j + 1 < m. It follows that <;€ M, is a well-ordering of | JZ; and the transitive
collapse, g, € M;, of <; sends |JZ; to an ordinal v; < §; < §;. Now we have that
6;(a;) (with the obvious meaning of ;) is a Fn(y;, 2)-name in M; N H(X;) and so
there is & < §; such that go(§) = :(a;). Since go € M; N My, it now follows that
¢ = 6;(a;) € My. Although the mapping 1 is not an element of M, the mapping

Y oo; ! is an element of My, and it follows that (¢ o o; ')(¢;) is an element of M,.

Since o; ' (¢;) is equal to a;, it follows that @([12—) € My, since @(ai) = (Yoo, M) (é).

Now we have, by elementarity, that there is a £ € M, N wy such that 1 forces
that g¢ is equal to w \ (&(al) U--- UzZ(dg_l)). By Claim 3, there is an ay < d, such
that 1 forces that g¢ \ ¥r,(a,) is infinite. With a; = 9.,(a,), we have that 1 forces
that w \ (1(a1) U- -+ U(ar—1) U ag) is infinite. Let J = supp(ae) \ JZ,. We note
that J C A and ¥[J]N[I] = 0 for all T € Y{Z; : 1 < i < ¢}. Therefore, there
is another permuation ¢ of wy such that ¢ [ J is the identity, and ¢ [ I C ¢ for
all I € | J{Z; : 1 < i < ¢}. Tt follows that $(a;) = ¥(a;) for 1 < i < ¢ and that
p(ag) = ag. By Proposition 4.4, we have that 1 forces that w\ (a; U--- U ay) is
infinite, as required. (Il

We finish the proof of the theorem. By assumption (2) on 7 € T, we have that
1 forces that w \ Y-y C* w\ y¢, for all 7 € T and a < &;. Therefore, by Claim 4,
1 forces that the family {w \ ¢¢, : 7 € T} has the property that finite intersections
are infinite. Therefore there is a Fn(ws, 2)-name, U, of a ultrafilter that 1 forces U
includes the family {w \ 9¢. : 7 € T}. Evidently, 1 forces that, for each 7 € T, F;
is not a subfilter of ¢. By Claim 2, it follows that 1 forces that U does not have a
nowhere dense P-subfilter. ([

5. P-POINTS IN THE RANDOM MODEL

In this section we prove the result about the existence of P-points in the random
real model.

Definition 5.1. We define the radom real poset R,,, as follows.

(1) For any countable subset I of wa, we let Ry denote the random real poset
of Borel subsets of 21. The ordering is subset modulo measure 0. For
convenience we view Ry as a subposet of Ry whenever I C J C ws; in
particular, when J is uncountable, Ry is the union of the family {R;: I €
[J]¥o}. For each b € R,,,, we assume there is a canonical countable support
of b, supp(b), such that b € Reupp(s), satisfying that supp(b) C I if b€ Ry.

(2) If is a bijection between sets I, J C wo, then we let 12 denote the canonical
lifting of ¢ to an isomorphism from Ry to Rj and of canonical Ry-names
of w to Rj-names.

(3) An Ry,-name, a, is a canonical name of a subset of w if, for each n € w,
there is an antichain b, (a) € Ry, such that a is equal to {(by(a),n) : n €
w}. (Shelah’s definition of name). The support of a canonical name a,
supp(a), is defined as |J{supp(bn(a)) : n € w}. As is customary, we may
also use [[n € a]] to denote by (a).
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Lemma 5.2. Let My,..., M, be in M and enumerated so that dps, < dpr,,, for
each 1 < i < n. Suppose that, for each 1 < i < n, I; € M; N [wa] 0. Then there is
a permuation ¥ on wy such that if, for each 1 < i <n, {a(i,k): k € w} € M; is a
set of canonical Ry, -names of subsets of w, then ¥(a(n, k) = a(n, k) for all k € w
and {J(d(i,k)) ck ew} €M, for each i < n.

Proof. Let {I; : 1 < i < n} be given. There is no loss of generality if we enlarge
each I;. By Lemma 3.5, we may assume that [; N M; C I;, for each 1 <i < j < n.
Let Z; € M, be any finite partition of I satisfying that I N M; is empty or equal to
I for each 1 < j < n. Similarly, let Zy € Ms be any finite partition of Iy satisfying
that Z; N My C I and also that I N M is empty or equal to I for each I € 7, and
2 < j < n. By recursion, we may similarly define Z; € M;, for 1 < i < n, a finite
partition of I; so that for 1 <4’ < ¢, Z;; NM; C Z;, and INM; is empty or equal to I
for all I € Z; and ¢ < j < n. The sequence {Z; : 1 <1 < n} satisfies the hypotheses
of Lemma 3.6, and so we may choose a bijection 1 on wy that extends the injection
in the conclusion of Lemma 3.6. For each 1 < i < n, let {I(i,k) : k < m;} be
an enumeration of Z; and let p; be the bijection from I; onto an ordinal 5; € w;
satisfying that p; maps each I(4, k) (i < m;) onto an interval in an order-preserving
fashion. It follows that p; € M, and that for each canonical R,-name @ of a subset
of win M;, p;(a) is also in M;.

Now let, for each 1 < i < n, {a(i,k) : k € w} € M; be a sequence of canonical
Ry,-names of subsets of w. Since {p;(a(i,k))) : k € w} is also in M;, it follows
that there is a & € §; such that go(&) = {Zpi(d(i, k))) : k € w}. Since §; < 0y,
{/(\pi(d(i,k))) : k € w}is in M,,. Even though p; itself may not be in M, the
function (p; o =) | [L;] is in M, since the partition {[I(i,k)] : k < m;} is in
M,,. Simple diagram chasing shows that (pio/zlz\—l) sends the sequence {Q,Z(c'z(i, k)):
k€ w} to {pi(ali,k))) : k € w}, allowing us to conclude that {¢(a(i, k) : k € w} is
in M,,. U

Definition 5.3. For a monotone increasing unbounded function h € w*, let v, €
w® denote the function satisfying that h(rp(k)) < k < h(1+ (k) for all k € w.

If h € w¥ is a monotone unbounded function, then r is a finite-to-one function.

Definition 5.4. If @ = {(a, : n € w) is a sequence of subsets of w and if r € w¥,
then @, is defined as the set {k : k € a,)}.

Proposition 5.5. Let @ = (a, : n € w) and 4 = (u,, : n € w) each be descending
sequences of infinite subsets of w such that u, C a, for all n. Then there is a
monotone increasing unbounded function f € w* such that f <* h € w* where h is
strictly increasing,

(1) uy, is infinite and @, C d,,,

(2) iy, \ un is finite for alln € w.

Proof. Tt is immediate from the definition that , C a, for all » € w*. Similarly, if
r € w” and r <* 1y, then @, D* 4,,. If r is a finite-to-one function then \ Uy, is
finite because r(k) > n implies that k € u,,.

Assume that f,h € w“ are strictly increasing functions with f <* h. We check
that r;, <* r;. Fix any ng so that f(n) < h(n) for all n > ng. Since each of r; and
rp, are finite-to-one, there is a ko such that each of r¢ (ko) and f5, (ko) are greater than
ng. Consider any k > ko and recall that we have that f(ry(k)) <k < f(1+rs(k))
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and h(rp(k)) < k < h(1 + rp(k)). Since f(rp(k)) < h(rp(k)) < k, we have that
rp(k) < 1+ 7s(k). Therefore to complete the proof of the proposition, we simply
have to prove there is a strictly increasing f € w* so that ,, is infinite. Define f(n)
by induction on n so that, for each n, thereis a k € u,, such that f(n) < k < f(n+1).

It follows that r;(k) = n and that k € ,,. O

If @ is a sequence (a,, : m € w) of canonical R,,-names of subsets of w that is
forced by 1 to be a descending sequence of infinite sets and if r € w*, then we let
G, denote the canonical name for the set {k: k € a, ()}

Lemma 5.6. Let §; < --- < 8, be members of D, and for each 1 < i < n, let
M; € Ms,. Foralll <i <mn, let@a" = (a(i,m) : m € w) € M; be a sequence
of canonical Ry, -names of subsets of w. For 1 < i < n, let h; denote hs, and let
r; =rp,. Let 1 <n' <n be minimal such that 6, = 0y,
For each m € w, assume that 1 forces that

(1) a(i,m+1) C a(i,m) for each 1 <i <n, and

2) (Mi<iep @) Na(n';m) N -+~ Naln,m) is infinite.

Then 1 also forces that EL’i1 n---N _&fn is infinite.

Proof. For each 1 < i < n, let I; € M; be chosen so that, for each m € w,
supp(a(i,m)) C I;. Choose a permutation ¢ as in Lemma 5.2. Since ¢ is a
permutation, we have that

i = () 9(a,) Naln’,m) 0N dacn,m))

1<i<n/

is forced by 1 to be infinite. Similarly, @ = (W, : m € w) is forced by 1 to be a
descending sequence. Now we argue that w € M,,. It follows from Lemma 5.2 that
i = (P(a(i,m)) : m € w) is in M, for all 1 < i < n. It will thus suffice to prove
that 12)\([1?) isin M, foreach 1 < i <n/. If 1 <4 < n/, then ﬁ’;
d; < &, and, by Proposition 3.2, r; € M,, . Routine checking shows that @(c’iﬁ) is
equal to 121 foreach 1 <i<n'.

By applying Proposition 5.5 in the forcing extension by R, we can choose an

is in M,, since

Ru,-name, f, of a strictly increasing function in w“ so that 1 forces that u._irh is an
infinite set for all strictly increasing h € w* satisfying that f < h. By elementarity,
there is such a name f in M,, and using that R,,, adds no unbounded reals, there is
function k € M,, Nw* such that 1 forces that f <* h. Now it follows that 1 forces
that ﬁrh is infinite for all strictly increasing h € w* such that h <* h. Let r = T,
and note that r € M, for all n’ <i < n.

For each n’ < ¢ < n, 1 forces, by Proposition 5.5, that Tzﬁ > W Similarly to
the case for values of i less than n’ as above, we also have that @Z(ag) is equal to
TL; for all n” < i < n. Since v is a permutation, we now have that 1 forces that
(Mi<icns d";) NGY N---Na" is infinite. Since b <* h; for all n’ < i < n, the proof
is now finished by the final appeal to Proposition 5.5 to confirm that 1 forces that,
for all n’ < i < n, ?ziz mod finite contains ac. O

Theorem 5.7. There is a collection A of canonical R.,-names of subsets of w
such that for each generic filter G C R.,, the set {valgla] : a € A} is a P-point
ultrafilter on w.
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Proof. For each d € D, let 75 be equal to ry,. Let N denote the set of all canonical
R,,,-names of infinite subsets of w. Also let N+ C A% denote the infinite sequences
that are forced by 1 to be descending. For § € D, let N5 be the union of N N{JMj
and (J{N, : v € DN 4d}. By induction on § € D we define families As, Us, Ps with
the inductive hypotheses: for all v,6 € D with v < §

(1) Uy cUs and Ay, C As CU{Ne: £ € DN (5 + 1)},

(2) Ps={dr, : (3 € DNS)AM € My) @€ MNAL NN,

(3) Us = U{Pe €€ DO (5 + 1)),

(4) for any finite subset A" of As UUs, 1 forces that (.4’ is infinite,

(5) Aj is maximal with respect to properties (1) and (4),
Let 6 € D and assume that we have defined A, U,, P, for all v € DNJ. Let Ps be
defined as in condition (2), and let Us be defined as in (3). Let A5 = U, cpns Ay

Claim 5. 1 forces that (].A" is infinite for all finite A" C Us U Aj.

Proof of Claim. Let A’ be a finite subset of Us U Aj. Let n = |A’| and let n’ < n be
chosen so that |A’\ Ps| has cardinality n’ —1. We may choose {M,, ..., M,} C My

and a sequence {@",--- ,a@"} so that for each n’ < i < n, the pair M;, @ satisfies
the criteria in the definition of Ps and such that A’ NPy is equal to {6?;, s dy b

In order to uniformize notation, we will treat members of A" N Aj as @, for some
constant w-sequences @ in (A5)“. In this way, we can similarly choose sequences
{M; :1<i<n'} CcMand {@':1<i<n'} such that, for each 1 <1i < n':

(1) 0; = 61\/[1 < (5,
(2) 0; < Gipp for 1 <i+1 <n,
(3) @ € M; N Ag, for some & < dy,
(4) A"\ Ps is equal to {d,, :i<n'}.
It now follows from Lemma 5.6 that 1 forces that (].A’ is infinite. O

Now use Zorn’s Lemma to extend Ag to our set As so that it is maximal with
respect to condition (4) (as required in (5)). This completes the inductive construc-
tion and naturally we let A be defined as the union of the family {As : 6 € D}. We
finish by proving that if G C R,,, is a generic filter, then Ug = {valgla] : a € A} is
a P-point. We do so with a some easy to prove claims.

Claim 6. For each 4 € (A)“, thereis a § € D and a a € Us such that 1 forces that
a is a pseudointersection for the sequence .

Proof of Claim. By a simple modification of %, we can assume that 1 forces that
it is a descending sequence. Choose any v € D large enough so that 4 € Aij. By
Lemma 3.4, there is an M € M such that {y,d} € M. Let § = dp;. Of course we
then have that QLL'W € Us. [l

Claim 7. For each § € D, Us C A.

Proof of Claim. Let § € D and u € Us. By Lemma 3.4, we may choose M € M
such that @ € M. It then follows from induction assumption (5) that © € As,,. O

Claim 8. For each @ € NV, there is an @ € A such that 1 forces that @ € {a,w\ a}.

Proof of Claim. If 1 forces that every finite subset of {u} U .4 has infinite inter-
section, then it follows from Lemma 3.4 and inductive condition (5) that ¢ = @
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would be as required. Otherwise, fix any antichain {b, : n € w} of R, maxi-
mal with respect to the property that, for each n, there is a finite A4,, C A such
that, either b, forces that @ N (.4, is finite. We omit the easy argument that
we can, by possibly enlarging A,,, assume that, for each n € w, b, forces that
@ N () Ay is empty. Let b be the condition |J, b, € R,,. By the maximality of
the antichain {b,, : n € w}, it follows that (1 — b) forces that every finite subset
of {u} N A has infinite intersection. We define a name a. For each m € w, let
[mea]l=((med]]n(1-0)uU(U,(d\[[m € ]])). Note that 1 — b forces that
a = 4 and, for each n, b, forces that w = w \ a. For each n € w, b, forces that
a contains () A,. Then a € A since it easily follows that 1 forces that every finite
subset of {a} U.A has infinite intersection. O

It follows from induction condition (4) that Ug has the finite intersection prop-
erty. It follows from Claims 2 and 3 that Ug is a base for a P-filter. It follows from
Claim 4 that it is an ultrafilter. This completes the proof. O

6. SCALES AND NOWHERE DENSE P-FILTERS

In this section when we use the letter S it refers to a scale in w®, i.e. a <*-
unbounded set of monotone increasing functions in w* that is well-ordered by <*.
As usual, the letter U will refer to an ultrafilter on w. An ultrafilter U gives rise to
the pre-order <;; on w* where f <y g providing {n : f(n) < g(n)} € U.

A filter F on w is non-meager if for each strictly increasing f € w®, there is
an F' € F such that {n : FN[n, f(n)] = 0} is infinite ([24] and [16]). Clearly a
non-meager P-filter is a nowhere dense P-filter.

A P-point U is non-meager P-filter and for any finite-to-one function, ¢, from
w onto w, the filter ¢~ U] = {¢p~1(U) : U € U} is also a non-meager P-filter.
It follows then that NCF implies that every ultrafilter on w has a non-meager
P-subfilter. However this is not the first model known to have this property.

Proposition 6.1 ([1]). If a scale S is not <y -unbounded, then U has a P-subfilter
with a base that is a tower.

Lemma 6.2. If a scale S is not <y-unbounded, then U has a non-meager P-
subfilter with a base that is a tower.

Proof. Assume that S is not <y-unbounded. Choose any strictly increasing g € w*
such that f <y gforall f € &. Foreach f € S,letay={necw: f(n) <gn)} eU.
Since S is well-ordered by <*, it is immediate that {as : f € S} is descending when
ordered by *D. To show that it is a tower, it suffices to prove that the filter
it generates is non-meager. Consider any strictly increasing h € w®. We must
produce an f € S such that {k € w : ay N [k, h(k)] = 0} is infinite. Since S is
<*-unbounded, there is an f € S such that the set {k € w : f(k) > g(h(k))} is
infinite. Choose k so that f(k) > g(h(k)) and let k < n < h(k). It follows that
g(n) < g(h(k)) < F(k) < F(n). O

Corollary 6.3 ([1]). If there are scales S1,Sa that have different cofinalities, then
every ultrafilter on w has a non-meager P-subfilter with a base that is a tower.

Proof. Fix any ultrafilter U4. Assume that S; is unbounded with respect to <y and
let k1 be the order-type of S; with respect to the <*-ordering. It follows that &,
is cofinal in <z, and therefore, that S; can not be cofinal in <z;. This implies that
Sy is bounded in <z and the statement now follows from Lemma 6.2. ([l
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Next we discuss the status of two statements that have been extensively investi-
gated by Peter Nyikos (see [20]).

Axiom 2: (38)(VU)(S is <y -unbounded) (equivalently b = [20])

Axiom 3: (FU)(VS)(S is <y -unbounded)
Question: does Axiom 2 (i.e. b =10) imply Axiom 3? ([20, Problem 5])

Corollary 6.4. If there is an ultrafilter on w that has no non-meager P-subfilter
with a base that is a tower, then Axiom 8 holds.

Corollary 6.5 (O,, and CH). In the forcing extension by Fn(ws,2), Aziom 3
holds.

Theorem 6.6. If b = 0, then there is an ultrafilter that has no non-meager P-
subfilter that has a base that is a tower.

Proof. By the assumption b = 0, there is scale {f, : @ < b} that is a dominating
family consisting of strictly increasing functions. For each tower, A C [w]™° that
generates a non-meager filter, choose an elementary submodel M 4 of H(¢) such
that A and {f, : @ < b} are elements of M4 and such that M4 N b is an initial
segment of b. Since b is a regular cardinal, the Lowenheim-Skolem theorem implies
that such a set M4 exists. Also choose an element a(A) € A that is mod finite
contained in every member of M N.A. Let 2 be the set of all such towers A. We will
prove that W = {w\ a(A) : A € A}. The theorem then follows since any ultrafilter
U that contains W does not contain a tower that generates a non-meager P-filter.

Let {A;,..., A} be a subset of A and assume that it is enumerated so that,
for 1 <i<j <l Mg NbC My, Nb. Foreach 1 <i < /{, let M; = My, and
n; = sup(M Nb). Choose ay < n; arbitrarily and a; € Ay N M such that J; = {n:
arN[f2(0), f241(0)] = 0} is infinite. Since Jy € My, thereis a a; < 1y such that for
all k € w, there is an n € Jy such that [f2 (0), f2F1(0)] C [k, fa, (k)]. Now a1 < 12,
hence there is an ay € Az N My such that Jy = {n : ap N [fZ (0), f21(0)] = 0} is
infinite. Again, there is an as < 72 such that for each k& € w, there is an n € Jy
such that [f2 (0), f2+1(0)] C [k, fa,(Kk)]. We continue this induction, choosing, for
1<i</{ a E.A NM; and a; < 7; such that J; = {n : a;N[f_ (0), f”+1( )] =0}

Qi—1
is infinite, and, for each k € w, there is an n € J;, such that [fZ  (0), f211(0)] C

(ks fo, (F)]-

Now, for each 1 < i < ¢, a; C* a(A;), hence, to prove that ({w \ a(A4;) :
1 <4 </} is infinite, it suffices to prove that w \ (a3 U--- U ay) is infinite. Fix
any k € w and choose ny, € J; such that k < f¢ (0) and ayp is disjoint from

Q-1

[fre (0), f2et1(0)]. By the definition of a1, there is an ny_y € Jy—; such that

Qp—1

[fe=2(0), far=2 71 (0)] is contained in [f7 ae (0), fret1(0)]. Continuing this descend-

ing recursion, there is a sequence {ni,---,ng} such that, for each 1 < i < ¢,
n; € J; and [f2i (0), f2i+1(0)] is contained in [f&; " (0), i tL0)]. Since ny €
Ji, there is an non-empty interval I C [f22(0), f22+1(0)] that is disjoint from
a1. Now proceedings upwards, it follows that, for 1 < ¢ < ¢, I is contained in

[fai™"(0), SZ“H(O)], and so is disjoint from a;11. O

This answers Problem 5 in [20].

Corollary 6.7. Aziom 2 implies Axiom 3
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Problem 8 in [20] asks if Axiom 3 holds in models obtained by adding random
reals over models of CH. Since these are models of b = 0, this also answers that
problem.

7. LAVER MODEL AND NOWHERE DENSE P-FILTERS

Nyikos asked in [20, Problem 7] if, in the Laver model, every ultrafilter has a
nowhere P-subfilter. In this section we show that this is the case. Having discovered
the method for Laver forcing, we then show that it generalizes, along the lines of
Theorem 2.5.

Conditions T' € L are infinite downward closed subtrees of w<% with the property
that there is a stem, stem(7T), such that no predecessor is branching and each
stem(T) < t € T has infinitely many immediate successors. For ¢t € w<¥, it is
convenient to note that |¢| is the domain of the function ¢t. We will say that 7' € L
is increasing if for each stem(T) < t € T, t(i) < t(j) for all |stem(T)| < i < j < [¢].
We use fL to denote the generic function in w* added by L where each T' € LL forces
that stem(T) C fi.

For T € L, k € w, and branching node ¢t € T, let

Tix={se€T:sCt or (tCsands(t])>k)}.

Let 7 be an L-name for an integer. We use T; for T; ¢ and say that T; weakly
forces 7 = m (for m € w) if Ty, IF 7 = m for some k € w. We may say that
T, weakly decides 7 if, for some m, T; weakly forces that 7 = m. We use the
notation T} Ik, 7 = m to indicate that T, weakly forces that 7 = m. Similarly,
T} Ik, 7 > m will abbreviate that there is a k € w such that T} ;, IF 7 > m. Observe
that if T} I+, 7 > m, then for all 77 <o T}, T I, 7 > m. Let us note that for all
stem(T) <t €T and m € w, Ty i1 IF fL(t]) > m.

Following Laver [17], <¢ is used to denote the usual root preserving extension
relation on L. The poset L has the pure-decision property [17] meaning, for exam-
ple, that for any T' € L, n,m € w and L-name 7 of an integer, there is a T <q T
such that 7' IF 7 =m or T IF 7 # m.

Proposition 7.1. For each Ty € L and L-name 7 of an integer, there is a T <g Tj
such that either T - 7 = m for some m € w, or T Ik, T > m for each m € w.

Proof. Assume that, for each m € w, there is no T' <y Ty such that T IF 7 = m. Of
course this means that for each T' <y T, and each m € w, there is a TV <q T such
that T IF 7 # m. Let t = stem(7p). By induction on m € w, choose Ty,41 <o T
such that Ty,11 IF 7 # m. Choose any strictly increasing sequence {k,, : m € w}
so that t,, = t"ky € Thy1. Let T = U{(Timt1)t,, : m € w}. It is easily checked
that 7" € L and that T <q T. Now let m € w and we show that T}, |7 > m.
Choose any T < Tj, such that stem(Tp) < stem(T). It follows that there is an

£ > m such that T < (Ty41)s,. Since Ty41 IF 7 > £, we have that TIFT >0 O

Proposition 7.2. If 7 is an L-name of an integer then there is a T <g Ty such
that, for t = stem(Tp),

(1) for each t™k € T, there is an m such that Ty~ |- 7 =m, or

(2) for eacht™k €T, Ti~p Iy 7 > m for allm € w.

Proof. Let t = stem(Tp). We first apply Proposition 7.1 as follows. For each k > 0
such that ¢t~k € Tp, choose Ty, <o (Tp)i—~k such that, either there in an my such



14 ALAN DOW

that Ty IF 7 = my, or T} Ik, 7 > m for each m € w. Let K be the set of k such that
t~k € Ty and Ty IF 7 = my, for some my. If K is infinite, then T' = | J{T} : k € K}.
If K is finite, then T'= J{T% : k ¢ k and t "k € Tp}. O

Let us say that T is 7-trimmed if either (1) or (2) of Proposition 7.2 holds.

The following is proven in [9, 2.13].

Proposition 7.3. Let g be an L-name of a strictly increasing function in w* and
let T € L force that fi. < g. Then there are disjoint sets {A, :n € w} and T' < T
such that T IF (Vn € w)g(n) € A,.

This can be significantly improved. The extra conditions (1)-(3) in this Lemma
are there so that we may deduce that L is tower preserving.

Lemma 7.4. Let § be an L-name of a strictly increasing function in w* and let
Ty € L force that f]L < §g. Then there are T <o Ty and pairwise disjoint finite sets
{F; :t € T}, such that, T C T in 1L, T’ forces that the range of ¢ is contained in
U{F: :t € T'}. We may also ensure that, for allt € T

(1) [F] <t

(2) if Fy # 0, then for some n, Ty I+ g(n) € Fy,

(3) if Fy~p =0 for some t ™k € T then Fy~, =0 for allt"k e T.

To prove this lemma we will need the ideas from [17] for performing standard
fusion arguments in L. Let < denote the lexicographic ordering on w<%, i.e. t <t/
for all t € w<¥ and ¢ € w. Fix any enumeration {¢; : i € w} of w<¥ (the maximal
element of L) with the property that ¢; < ¢; implies ¢ < j. Give any T € L,
let {tI : i € w} be the induced enumeration of the branching nodes of T where
tI' = stem(T) and for each stem(T) <t € T, if t = tI', then {t ¢/ : ¢ € w}NT
is enumerated (in an increasing fashion) by {tJT ct; € {tTk: k € w}} For
stem(T) <t €T €L, let p(T,t) =i where t = tI'. We can now define, for each
0 < n € w, the relation <,, on L. by T5 <,, T} providing T, < T; and t;TFQ = t;frl
for i < n. BEach <, is a transitive relation and if {7, : n € w} C L satisfies that
Thi1 <n Ty, for all n, then T, = N, T, = {tI» :n e w}U{t € Ty : t < stem(Tp)}
is a member of L satisfying that T,, <, T, for all n.

Now we prove Lemma 7.4. The proof is an easy modification of a similar result
in [18] (as was [9, 2.13]).

Proof. We have that Tj I+ g(n) > fr(n) for all n € w. Consider any stem(Tp) <
t € Ty and note that this means that, for each m € w, (Tp): IFw g(Jt]) > m.
Let to = stem(Tp) and let jo < |to| be minimal such that there exists T} <o Tp
such that T} IFy §(jo) > m for all m € w. Choose T1 <o Tp and Ly € w so
that 71 I+ ¢(jo) > Lo and there is a set Fy, C Lo with |Fy| < |to| such that
Ty Ik §(j) € Fy, for all j < jo. Note that for all T" <¢ Ty, T Ik, §(jo) > m for all
m € w. We can recursively construct a sequence {7y, j¢, ts, L¢} so that the following
holds:

) je<Le€w, TyelL, tp=1t" and Tpyy, <¢ T,

) th - Lg\Lg_l and |Ft2| < |te‘,

) Je <|te| and (Ty41)t, Ik g(Ge) > m for all m € w,

) (Tes1)e, W Fr, =4{9(j) : jor < < je} where tp is the predecessor of tp,
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(5) tg ¢ (Té—i-l)ti,Lz and (T(—H)ti,Lz I g(]z) > L[ for all ¢ S é,
(6) (Tet+1)t, is g(je)-trimmed.

The choice of t, = teTe is clear. Let T, denote (Ty)t,. Let £/ < £ be chosen so
that ¢y is the immediate predecessor of t,. Choose j;, minimal so that there exists
T; <o Ty satistying that T} Ik, g(j¢) > m for all m € w. By further strengthening,
we may also assume that for all j < j,, there is an m such that T} I+ §(j) = m, and
that T} is g(j¢)-trimmed. By induction hypothesis (5), T <o (Te)¢,s,L,_, which, if
Jer < je, implies that Ty IF g(j) > Ly—q for all jo < j < j,. Let Fy, = {m: (35 >
Jer) T; Ik g(j) = m}. It follows that Ly—; < min(F};,). Choose L, large enough
so that Fy, C Ly and t;(|te|) < L. Choose any Ly < k; € w large enough so
that (T¢)¢, k, IF (i) > Le for all i < £ and so that (T})¢,.x, = §(je) > Le. Set
Tor1 = (T))tp e YUI{L(T0) 1, 1, 3 < £}. Since tp ¢ U{(Te)¢, 1, : 7 < £}, it follows that
(Tet1)t, <o T, and so condition (4) holds. For i < ¢, t; ¢ (T¢)4, k, and so it follows
from condition (5) as an induction hypothesis that, (Tr41)¢,,1, is equal to (T), k,-
This verifies that (5) holds at stage ¢. The conditions (1)-(4) and (6) are routine
to verify.

The required condition T for the statement of the lemma is ({7}, : n € w} and
it should be clear that tI = ¢, for all £ € w. The family of finite sets {F; : t € T}
(where Fy = () for t < ty) is a pairwise disjoint family since Ly—; < min(F},) < L.
Let n,m € w and assume that 77 < T forces that g(n) = m. We show there is a
t € T" such that m € F,. If n < jo, then it is clear that 7" IF g(n) € Fj,, so we
assume that jo < n. Let ty = stem(7”). Since T3, Iy, g(j¢) > m, it follows that
n < jg. Choose 0 < i < £ be minimal so that ¢; C t; and n < j;. Then, by (1),
T < (Ti-‘rl)t“ and by (4), m e Fti~

Now we verify the extra conditions (2) and (3) in the statement of the Lemma.
Condition (2) follows from induction hypothesis (4) and condition (3) follows from
induction hypothesis (6). O

Corollary 7.5. L is tower preserving.

Proof. Let A be a tower on w and let Y be the L-name of an infinite subset of w.
Assume that T, € L forces that Y\ a is finite for each a € A. Choose any L-name
of a strictly increasing function ¢ € Y* satisfying that ﬁL < ¢g. Let Y, g and A be
members of a countable elementary submodel M of H(c"). By elementarity, there
are T <o Tp and {F; : t € T} in M that satisfying the conclusion of Lemma 7.4.
Fix any a € A such that b\ a is infinite for all b € M N [w]™° and F; Na = () for
t < stem(T). Set T, ={t € T : F;Na = (}. It suffices to prove that T, € L since,
by Lemma 7.4, T, forces that the range of ¢ is disjoint from a. Let stem(T) <t €T
and we prove that there is an infinite set of k such that t ™k € T and Fy~;Na = 0.
Choose the minimal ¢ < |¢| + 1 such that Ko = {k : t7k € T and |Fi~%| =
¢} is infinite. If £ = 0, we are done. Otherwise, let {v(k,j) : j < ¢} be an
increasing enumeration of Fi~j for each k € Ky. Note that Ky and the sequence
of enumerations are elements of M. Recursively choose ag D a1 D -+ D ag from
AN M so that, for each j < ¢, K11 ={k € Ky :v(k,j) ¢ a;} is infinite. Therefore
Ky is infinite and, for all but finitely many k € Ky, an{v(k,j) : j < £} is empty. O

We use the properties from Lemma 7.4 to define a family of L-names that is
forced to generate a dense P-ideal.
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Definition 7.6. If T € L a T-sequence is a function F from T into [w]<N° con-
sisting of pairwise disjoint sets. We use Fy (fort € T) rather than F(t). If F is a
T-sequence, we let Y (F) denotes the L-name {(Ty,m) : t € T and m € Fy}.

Proposition 7.7. For a T-sequence F and a € W], T I+ a ¢* Y (F) = Unecw ﬁfi n-

Proof. The fact that T I UnEw = Y(F) is immediate from the definitions of

foand Y(F). Let T/ < T and let tl, tg be distinct immediate successors of stem(7").
Therefore Yy = | J{F; : t; <t € T’} and Y, = {F, : t, < t € T’} are disjoint.
Without loss of generality, we may assume that a\Y; is infinite. Since (1), I+ Y (F)
is contained in Y7, it follows that 7" does not force that a C* Y (F). O

With this notation, we record the following corollary of Lemma 7.4.

Corollary 7.8. For each L-name Y and Ty € L such that Ty IF Y € [w]®0, there
is aT <o Ty and a T-sequence F such that TIFY(F) CY.

Definition 7.9. Set Y = {(T,Y (F)): T € L and F is a T-sequence}.
Lemma 7.10. The name Yy, is forced to generate a dense P-ideal.

Proof. We already noted in Corollary 7.8 that it is forced to be dense. Since L
is proper it suffices to prove that for any countable subset {(T},,Y (F,)) : n € w}
of Y, there is T < T, and a T-sequence F such that T IF Y (F,) c* Y(F) for
all n € w. Notice that if 77 < T} is such that 77 N T,, is finite for some n, then
T' I Y(F,) is finite. For each t € Ty and ¢ € w, we can define F(t,€) to be
U{(F,)¢ : n < € and stem(T,) < t € T,,}. We note that for each ¢t € Ty and £ € w,
the sequence {F(t"k,¢) : t™k € Ty} is a point-finite family of finite sets.

We recursively choose a fusion sequence {Tp, : £ € w} where Ty = Tp and
To.e+1 <¢ Toe. We define t; to be tzT”, and we set Fy = F(ty,f). We make the
following simple demand that when choosing Ty ¢4+1 (and thereby ¢,41): if ¢’ is the
immediate predecessor of t[TO in Ty, then, for all immediate successors ¢ of ¢’ in
Toe, if t ¢ {t; : ¢ < L}, then F(¢,0+ 1) is disjoint from J{F; : ¢ < £}. Since the
family {F(¢' "k, ) : t' "k € Ty} is point-finite, there is a sufficiently large integer
k so that every immediate successor ¢ of ¢’ in (Ty)y r will have this property, and
so the fusion can proceed. Let T = ({Tp, : ¢ € w} and again note that tI' = ¢,
for all £ € w. By the construction, FisaT- -sequence where th = F, forall / € w.
Consider any n € w and assume there is a T/ < T, T,,. By possibly extending T”
further, we may assume that stem(7},) < stem(7”) = tZ for some m > n. For each

stem(T') < t' = tT € T’, it follows that £ > n and that (F,)y C F; = Fy. This of
course ensures that 1" IF Y (F,) C* Y (F). O

Since Lemma 7.10 shows that L is a tower preserving forcing we can formulate
the main theorem of this section as follows.

Theorem 7.11 (CH). If (Py,Qa : o < ws) is a countable support iteration of
proper tower preserving posets of cardinality Ry and satisfies that Py IF Qo = L for
all X in a stationary subset of {\ € wy : ¢f(\) = w1}, then P, forces that every
ultrafilter on w extends a tower of cofinality w.
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Proof. Let S denote the stationary set of A € wy that have cofinality wy and satisfy
that Py I Q,\ = L. For each A € S, let Y\ denote a Py 1-name such that Py forces
that Y\ = Y from Definition 7.9. It follows from Proposition 2.1, that P,, forces
that )\ is a dense P-ideal for each \ < ws.

Let U be a P,,-name and let p € P,, be any condition that forces ¢/ is an
ultrafilter on w. We prove that there is a A\ € S such that p IF U is disjoint from Yy.
This implies that p forces that the nowhere dense P-filter dual to Y is a subfilter
of U.

Let 282 < @ be a regular cardinal, and let M be an elementary submodel of
H(#) such that {p,U,P,,} € M, M* C M, and |M| = R;. Let \ = M Nw, and
LA =Mn L{

Let p € G be any Py-generic filter. By Proposition 2.4, Uy = valg, (L{)\) is
an ultrafilter on w in the model V[G,]. Furthermore, since M* C M and P,, is
proper, if A is any countable subset of H(w) in V[G,], there is a Py-name AeM

such that valg, (4) = A (see [11, 4.5]). .

Fix any Py-names T , F and let P € G, force that Te€Land Fisa T—sequence.
Let T = valg, (T) and F = valg, (F), ie. Y(F:? is an arbitrary member of the
L-name Y. If there is any 7" < T' such that {F} : ¢ € T"} ¢ Uy, then there is an
Py-name 7" and a ¢ € G forcing that 77 < T and [ J{F; : ¢ ET’} is not in ¢. This
means that the condition ¢ U {(\,T")} € Py41 forces that Y/(F) ¢ U. Now suppose

there is no such 7" as above. We may choose ¢ € G\ that forces U{F, :te T} is
in U for all 7" < T'. For each t € T, let Ay = U{F~k : t7k € T} We may also

let At € M denote a Py-name for each such A; (although A; is definable from F)
Notice now that gU{(\,7")} € Py, forces that Y(ﬁ) meets each A, in a finite set.

To show that ¢U{(\, T)} € Py, forces that Y (F) ¢ U we prove ¢ forces that every
element of U meets some A; in an infinite set. To do so, we invoke elementarity
and simply show, by contradiction, that this is is true for U € U),. Assume there
is a U € Uy, such that U N A; is finite for all . We may then choose an h € w*“ so
that for all ¢ € w and t = ¢}, U N Fyj, = 0 for all t~k € T with h(f) < k. Now
choose T < T and m so that T" I+ h(n) < fu(n) for all n > m. It then follows
that U NJ{F, : t € T'} is contained in the finite union J{F, : t € {tT :i <m}} -
which contradicts our assumption on F and U. O

Question 7.1. Can either Mathias or Hechler forcing replace Laver forcing in the
statement of Theorem 7.117

Question 7.2. Does PFA imply that every ultrafilter on w has a nowhere dense
P-subfilter?
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