
General Topology and its Relations
to Modern Analysis and Algebra VI 155
Proc. Sixth Prague Topological Symposium 1986 
Z. Frolik (ed.)
Copyright Heldermann Verlag Berlin 1988 
155-172
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technique i s  then applied  to  show that two m etrizab ility  theorems follow ing from 
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■etrizable i f  so are a l l  o f  i t s  subspaces o f s iz e  . The second (requiring
a weakly compact card in a l) i s  "a f i r s t  countable compact space with a small 
diagonal i s  m etrizable". The forcin g  for the f i r s t  i s  simple Cohen real forcing  
and the second i s  the M itch ell co lla p se .
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Xntroduction. All spaces are Hausdorff. In recent years many important and 
interesting questions in general topology have been resolved using the method of 
reflection  and forcing together with large cardinals. However, large cardinals 
are not an essentia l element of the technique, th e ir  only role is  to allow one 
to assume more reflection . Indeed must forcing arguments involve some sort of 
reflection . In th is a r tic le  we begin with a b r ie f  and sim plified  exposition of 
th is method. We then give two applications as mentioned in the abstract, one of 
which does not require a large cardinal but for which th is  technique seems 
particularly su itab le. A much more deta iled  exposition  o f th is  technique (using 
supercompact cardinals and a s lig h t ly  d ifferen t approach) i s  available in [DTW].

Suppose that Γ is  a c lass of topological objects; e .g . SC « Γ implies 
X,t> ־ ^ ,<C> where <X,t> is  a topological space and *i , for instance, is  a 
family of subsets of X . We sh a ll say that Y i s  a subobject o f SC i f  for 
some Y c  X , V = <Υ,τ1Ϋ,Υ·> where, in th is  case, *t1 = {C ח Y · C € Y) » 
demand on Y* may vary but we do in s is t  that V i s  a subspace o f SC) ·
would say that V has s ize  le ss  than κ i f  |Y| < κ and |Y* I < * ·

Let us say that 3ί(Γ,κ,Τ») holds i f  and only i f  for every object SC i n 
Γ , with (̂SC) fa ilin g , SC has a subobject V o f s iz e  le s s  than κ (not 
n ecessarily  in Γ) for which r(V) also f a i l s .  Equivalently, *״W  holding 
for a l l  subobjects V o f SC of s iz e  le ss  than κ for any SC e Γ implie® 
f»(3C) holds i f  and only i f  Λ(Γ,κ,Ρ) holds. I t  w il l  be convenient to  le t

Γ(κ,Τ״) denote the subclass of Γ consisting o f those SC in  Γ for  which
holds for a י0),* l l  subobjects י/ o f SC of s iz e  le s s  than κ .

Many ״large״ cardinals have formulations in terms o f r e f le c t io n  schemes of
a s l ig h t ly  d ifferen t nature. Of course i f  κ i s  uncountable then the following
holds: for any se t  X , formula V and ordinal 3  (> rank o f  X) i f
Vfl h ¥״(X) , then there is  an elementary submodel M o f V such that X € M ,P 3
|M| < κ and M h V>(X) . We sh a ll frequently assume without mention that VQ ,p
hence M , i s  a model o f any needed axioms o f ZFC . One would have in mind 
that i t  may be p o ssib le  to derive that P(X η M) i s  v a lid  in  V thus obtaining 
a r e f le c tio n  theorem o f the sort postulated in the previous paragraph. This, of 
course, i s  not in general true but i f  additional second order p roperties are 
imposed on M (p ossib ly  increasing the minimum s iz e  o f such an M) i t  may well 
be p o ss ib le . For example, we may demand that M i s  closed  under »־־sequences

( [M]W c  M) . More generally , one method o f imposing second order properties on

M i s  to  demand that a certa in  nj formula holds (as i s  done in  weakly compact 
(w ith 0 = u) or supercompact r e f le c tio n  (see  [De] or [Ma])) . a formula

................ χη) i s  a nj formula i f  it  is o f the form 0 ״ W 0 ......... ^



t(X0 ,...,X n) is  the usual kind of formula in the language {«,Xq, . . . ,  X״) with 
variables vq»v1 »··· and the X̂  are unary predicate symbols. For 
{Aj,...,An} c 7״(M) , we say that <M,«,Aj,. . . , A״> h P(A^,...,An) i f  for a ll 
A0 c M , <N,S|Aq! . . . , An> h i(A0, . . . ,An) .

Another d ifficu lty  enters when we return to our problem of Λ(Γ,χ,Ρ) . We 
would like to deduce 31(Γ,Μ,Ρ) from the fact that κ reflects Ϋ in the sense 
of the above paragraph. That is , i f  5C « Γ and we can show that for some 
suitable M with M h P(SC) and |M| < M , we have in fact that P(5״C ח M") 
holds in V ("3C ח M" should be clear from context). However, for 31(Γ,κ,Ρ) 
we are demanding that "3C ח M" is  a subobject of SC . This is achieved by a 
combination of second order conditions on M (but not too many since we must 
have |M| < κ) and local conditions on Γ . For instance it  suffices to have

that SC « Γ(Ρ,κ) implies that SC is  fir s t  countable.
Finally, we throw forcing into the brew. Let Γ be a class of P-names 

for some poset P . Assume that κ is  sufficiently large to satisfy the

following reflection condition: i f  5C € Γ and p € P is  such that

P l־p ד P(£) then there is  an M as above such that p Π M B-p  ̂ ("M ח C״3)P ד
(we are already assuming appropriate second order properties on M and P to

get from M h l־p ד P(X) to the above). We shall also have to impose conditions 
on M and P in order to get that P is  forcing isomorphic to 
P Π Μ * (Ρ/ΡΠΜ) , i .e .  P Π M is  completely embedded in P . Finally, in order

to conclude, as we would lik e, that for some q < p , q ד Ρ("ά ח Μ") , we

must show that "Ρ/ΡΠΜ preserves ד P("3C Π M")". We w ill also need to go back 

and check that the local conditions on Γ are sufficient to ensure that i Π M

is a subobject of SC ; again f ir s t  countability suffices but see [DTW] for a 
more general situation .

Let us now record a s lig h tly  more specific  summary of the above discussion. 
Let Γ be a formula which describes the class of topological objects we are 
interested in. For example, Γ(Χ,τ,ΐ,Θ) holds implies that (without loss of 
generality, X is  an ordinal) r c  X x Θ x X codes a base for a topology 
(where (x,a,y) e r i f  and only i f  y is  in the ath neighbourhood of x) 
and % c X x θ codes some indexed family of subsets of X ( i .e .
Ca = (x : (χ,α) € ΐ} )  . Also le t  *,(v^VgiVgiV^) be a topological property and

assume that both Γ and P are, nj formulas. Let 14 be a cardinal and le t  
P c be a κ-cc poset. Our aim is  to prove 1 l־p Λ(Γ,κ,Ρ) . Let X and Θ

be ordinals and le t  τ and i be P-names of subsets of X x Θ * X and X x Θ
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resp ectively . Suppose that p &־ρ Γ (Χ ,τ ,ί ,θ )  and ר *,(Χ,τ,Έ ,θ) ; in fact 
sh a ll ignore a technical point never entering topology (?) and assume that

2> o f subsets of X x o v 
namesis־־XPlarge enough so that for any P * ס  a 0

and X x Θ resp ectively , q Β־ρ Γ (Χ ,Ρ ,έ,θ) and q hp Ρ(Χ,Ρ,ά,θ) hold i f  and 
only i f  they hold in (see [DTW] for a d iscussion  o f loca l properties).

Step 1 (R eflection) Let χ  be a su ita b le  I1J formula and A c  , Find (if 

possib le) M < with |M| < u so that (in  the nj sense)

<M,€,P,X,t , <6 ,0 ,A> 1־ [χ(Α) and p lhp Γ(Χ,τ,Έ,θ) λ ר Ρ (Χ ,τ ,* ,θ )] .

Step 2 (Absoluteness) Using and A deduce that

p ח m *priM 1, ( χ η Μ ι τ η Μ , ί η Μ , θ η Μ ^ - ι Ρ ζ χ , τ η Μ , ί ί η Μ , θ η Μ )
and P Π M i s  completely embedded in P . (For example i f  P is  Cohen real 
forcing, then P Π M is  always completely embedded in P) ·

Step 3 (Preservation) Show that i f  G is  P Π M-generic over V then V[Q] h 
forcing with Ρ/ΡΠΜ preserves the fa ilu re  o f P(Y,p,2&,a) for spaces such that

T (Y ,p,a,a) holds. Deduce that p ח M l־p ר P(X ח Μ , τ Π Μ , ^ Α Μ , θ Π Μ )  .

Step 4 (More absoluteness) Show that p Π Μ &־p <X Π Μ , τ Π M> is  a subspace 

o f <X,t> .
I t  i s  sometimes necessary (esp ec ia lly  for Steps 3 and 4) to  work with 

f(u ,P ) rather than Γ . However, in th is  case we would expect to reach a 

contradiction sin ce  there should be no spaces in f(u ,P ) for which f fa ils .  

Frequently the contradiction is  simply obtained by showing ר Ρ (”Χ ח MM) (since 

we are assuming P (Hi  Π M*1)) *

P roposition . Assume that P Π M i s  completely embedded in  P and that 

1 U־p <X,r> i s  f i r s t  countable (in  fa c t assume l l p־ T C X x w x X )  . Then step 

4 holds; that i s  1 B-p <X ח Μ , τ ח M> i s  a subspace o f <X,r> .

Proof. Since P Π M is  completely embedded in  P we may assume that 

p = P η M * Q for  some Q . Let x ,y  « X Π M and η ε « and assume that

I t  su ffic e s  to  prove that <P»1> *־p <x,n’y> ·  τ . For<p,q> »־ <x,n,y> τ .



all p' £ p in M , <p' , 1> is  compatible with <p,q> , hence it  cannot be the 

case that p* &־ργ̂־  <x,n,y> £ τ . Therefore, by absoluteness,

Hi■ ר p' B־p <x,n,y> % τ for a ll p* 5נ p . In other words, M 1■ p ϊ־ρ <x,n,y> « τ

from which i t  follows that p Ihp <x,n,y> * τ .
A situation discussed at length in [DTW] is the case when κ is 

supercompact (or κ is  weakly compact and each of Χ,θ and 0 are at most 
k) . In this case we can formulate \ and A in order to guarantee that there

is a strongly inaccessible λ < κ so that M ח V״ = , [M] M ח c M and P ׳̂
has the λ ־־ cc (in  V). Now step 1 can be accomplished by the properties of
κ being supercompact (or weakly compact) (see [Ma], [Ka Ma], [De] or [DTW]). 
Using \ we have already guaranteed that P fl M is completely embedded in P 
and it  is  quite lik e ly  that a l l  of step 2 holds, but this must be checked (also
X can be further strengthened). In most cases, Step 3 is  the heart of the
argument and i s  where the greatest d ifficu lty  lie s . Step 4 can be shown to 
hold, for example, i f  each point of SC has character less than κ (again see 
[DTW]).

In section 4 we present an argument where i t  is  sufficient to have that

[M]W c M hence M can be chosen to have cardinality c . In this case we are 
using Cohen real forcing, hence P Π M w ill be completely embedded in P , but 
Steps 3 and 4 requires some work.

2. The forcing p osets.
In th is  section  we review the basic facts of the two forcing notions we 

shall use. The f ir s t  and simplest class of forcings are the well known Cohen 
real posets denoted Fn(I,2) where I is  any set. Following Kunen [K],

Fn(I,2) = {p : p i s  a function, dora(p) € [I]<W and range(p) c 2} and is
ordered by reverse inclusion. Recall that i f  J is  any subset of I then

Fn(I,2) is  forcing isomorphic to Fn(J,2) * Fn(I -  J,2) . If X is  a

Fn(I,2)-name and G is  Fn(I,2)-generic, we shall le t val(X , G ח Fn(J,2)) 
denote the unique n ice Fn(I -  J,2)-name in V[G Π Fn(J,2)] such that in V[G]

(= V[G Π Fn(I,2)][G Π Fn(I -  J,2]) val(X,G) ־ val(val(X , G Π Fn(J,2)) t 
G n Fn(I -  J ,2 )) .

The other forcing notion which we require is  the ״Mitchell collapse״·

2.1 D efinition. For an ordinal Θ , le t  Mi(0) denote the iteration

<P ,Q > _ where for a even 0 * Fn(w0,2) and a odd Q s 2 ordereda a a<8 a Δ &
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by reverse inclusion. The id ea l o f  supports fo r  M i(0) i s  generated by the *et 
of f in ite  subsets o f the even ordinals union the s e t  o f  countable subsets of the 

odds.

2.2 Basic Facts about Mi(0) ·
( i)  I f  G i s  Mi(Θ)-generic, for 0 stro n g ly  in a c c e s s ib le ,  then

v 0א
V[G] h , 2 = θ = Κ2 .
( i i )  I f  λ < θ i s  even, then Mi(0 ) i s  fo rc in g  isom orphic to  Μί(λ) * Mi(0 ')  

where λ + 0 . Θ = י

( i i i )  There is  a Mi(0)־־name, R , o f  a poset such th at Μί(θ) * R *s forcing 
isomorphic to Γη(μ,2) x Q for some «^ -closed  p oset Q and some uncountable

μ ״

(iv) There is  a Mi(Θ)-name o f a poset R and a Fn(w1 2 name o-(״ f  a poset Q

such that Μ (0 ) * r i s  forcing isomorphic to  Fn(w^,2) * (Q x Fn(|1 w^»2))

such that 1 &־ρη ω̂ 2) ® i s  w^-closed.

Proof» ( i ) ) ־־  i i i )  are from M itchell’s or ig in a l paper [Mi] and ( iv )  i s  en 
easy consequence of ( i i i )  and the fact that Mi(0) is fo rc in g  isomorphic to  
Fn(«*^) * Mi(0 ) .

2.3 Remark. I f  0 has uncountable co fin a lity  we w il l  view  M i(0) 3s  the union
of the posets {Mi(a) : a  < 0} rather than the usual notion  o f  it e r a t io n  in  
which the elements are functions with domain 0 . This p o in t o f  view  i s  
equivalent (as forcing notions) and allows us to  view Mi(0 ) as a su b set o f  
rather than . Furthermore, i f  λ < 0 i s  strongly  in a c c e s s ib le  then
Mi(0 ) Π νλ i s  equal to  Mi (λ) and i s  completely embedded in  M i(0) ·

One fin a l general fact about both Cohen rea l forcin g  and M itch e ll fo rc in g  
is  that they are both proper. The consequence o f  th is  fa c t  which we w ish  to  
record is  the following.

2.4 Proposition. I f  P i s  e ith er  Fn(0,2) or Mi(0) fo r  any 0 and x i s  a

P-name such that p R- x € μ for any p a p  and ordinal μ , then th ere  i s  a

countable A c  μ and a q £ p such that q 1־ x a A . In the case  P i s
Fn(0,2) , q can be chosen to  be p .

Proof. This follow s e a s ily  from 2 .2  ( i i i )  and the fa c t  that Fn(0,2) i s  c c c ״
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3. The preservation lemmas.
In this section we sh a ll prove the preservation properties which we shall 

need to complete Step 3 in our outline.

g.l lemma. Let <X,t> be a space with the property that each uncountable 
·ubaet of X has a countable subset with a lim it point. I f  P is  Ρη(μ,2)

(for any μ) or i f  P is  w^-closed then 1 l־p each uncountable Y c  "X has a 
countable subset with a lim it point in <X,t> ·

proof. The sim plest case i s  when P is  w^-closed. Indeed le t  A be a 
p-name of a one-to-one function from into X . Let Pq « P be arbitrary
and choose recursively a descending sequence {p^: a < ŵ } c  P and a sequence

{â : a < ŵ } c  X such th at, for a l l  a < , pa+  ̂ A(a) = a^ . How by ־&
assumption there i s  a S < w. such that {a : a < 8} has an accumulation1 י· a
point. Clearly B- {A(a) : a  < 0} has an accumulation point. Now, suppose

P = Γη(μ,2) and again l e t  A be a P-name as above and q any element o f P .
For each a < <0ר , choose p € P , p < q , and a € X such that x a  a a

«1
p l· A(a) = a . Let p € P and I € [w. ] be chosen so that {p : a  € 1} a a  1 a
forms a Δ-system with root p 3 q . I t  i s  routine to check that for any 
and accumulation point x o ן» > 0 f  {a^: a  6 I Π p} , p I* x i s  an

accumulation point o f  (A(a) : a € I 0 . {ח 

3.2 Lemma. Let μ 2: and 1 Β־ρη(μ 2) ® i s «^-closed. Let M be a
countable elementary submodel o f  for a s u f f ic ie n t ly  large 0 so that

Ρη(μ,2) * Q e M . There i s  a Fn(μ ,2 )-name qQ such that 1 1· « Q and for

any Fnfc,2) * Q-generic G over V with <1,4q> « G , the s e t

{<P»q> « G Π M : p B- qQ < q} i s  ΜΠ Γη(μ,2) * Q-generic over V .

&22f. It i s  e a s i ly  checked th a t there i s  a Γη(μ ח M,2)-name Q* such that 

* is  a countable atom less subposet o f  Q and Μ Π (Γη(μ,2) * Q) i s  

*·omorphic to Γη(μ Π M,2) * Q* . S ince M i s  only countable, we can fin d  a 

to r2)-name j> 8uch th at fo r  any Γη(μ ח M ,2)-generic G over V , val(F,G)

Vfil(Q' ,G )-generic over V[G] (where val(F,G ) i s  the usual Ρη(μ -  M ,2)-
* · * 

or F) . F in a lly , s in c e  1 B־pn^  ^  Q i s  «^ -closed , we choose q  ̂ to
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be a lower bound to F .

μ £ w, , and le t  Q be a Fn (μ, 2 )-name such th at IB-״ ג ,
ρη(μ,2) Q י 1

If  <Χ,τ> is  a Lindelof space, then 1 &־ρη(μ 2)*Q is
3.3 Lemma» Let 
is  Wj־־closed. 
Lindelof.

Proof. Let V be a Γη(μ,2) * Q-name and assume th at <p,q> 0־ U c  τ is  an

open cover of X . Let M be a countable elementary submodel o f  a large enough

V. and assume {^!<P,q>} c  M . Choose qn as in  3 .2  such th a t, in  addition, p U
p l· qQ < q . We claim <p,qQ> B- U Π M covers X . By 3 .2  i t  s u f f ic e s  to prove

that for each x € X , = { ^ , q  > € Μ η Ρη(μ,2) * Q : there i s  a U € τ Π Μ

with x 6 U and <P1»q1> &־ U € i }  i s  Μ Π (Γη(μ,2) * Q )-dense. So, le t

<r,s> € Μ Π (Ρη(μ,2) * Q) be arbitrary. Since <X,t> i s  L indelof, and

<r,s> I- U 11 = X , there are sequences {IM n € w} c  τ and

(<rn>sn> · n € w} c  {<r*,s*> € Ρη(μ,2) * q : <r*,s*> < <r,s>} such that

UU = X and <r ,s  > B- U € U for each n e w .  Therefore, by elem entarity, ! ! η η n ם
th is is  true in M . Furthermore, {U : n e w} e M and {<r , s  > : n e w} e Mn 1 η* n
iJDply {Un: n € w} U (<rn, s n> : n € w} c  M . F in a lly , UUn = X im plies

<r , s > € 3) for some ne w . η' n x
For a space X , a subset F o f X and an indexed sequence 

{a^: a < μ} c  X , l e t  us say that (a^: ο  < μ} converges to  F i f  every 
neighbourhood o f F contains {a^: (3 < a < μ} for some 0 < μ .

3 .4  Lemma. Suppose X i s  a space and {a : a  < μ} c  X -  F converges to  F c  X 
where μ has uncountable c o f in a lity . I f  G i s  Fn( 0 ,2 )-g e n e r ic  over V , for  
any Θ , then {a^: a < μ} s t i l l  converges to  F in V[G] .

Proof. I t  su ff ic e s  to show that i f  i  i s  a Fn(0,2)-name and p € Fn(0,2)

with p B־־ I c  μ i s  co fin a l, then q H· fa : a  € 1} has a lim it  point in F ,ot
for some q < p . Now, for each a < μ , choose, i f  p o ss ib le , p^ < p such

that p^ B- a  € I . Let J c  μ be co fin a l w ith minimum c a r d in a lity  such that
p e x is t s  for each a  € J . Since |J | i s  an uncountable regular cardinal, 
a

there i s  a subset J c ״  J with |J' | ־  |J | such th at {pa : a  € J*} forms a 
Δ-system  with roof q . Let x € F be a lim it  point o f  {aa : a « J*} (s in ce
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j is ׳  cofinal in μ) . Since q is  the root of the Δ—system {p^: 01 € J*} ,

{a « J' : q' l· a % 1} is  f in ite  for any q' < q . Therefore q II- x i s  a lim it  

point of {a^: a « 1} .

4. Λ(Γ,1<2» metrizable)
Recall that a space X has tightness at most κ i f  for any x € X and

A c X with x a lim it point o f A there is  a B € [A]^4 such that x i s  a 
limit point of B · Let ”t  < κ” denote the class of regular spaces having 
tightness at most κ and le t denote the c ”^א =  la ss  o f f ir s t  countable 
spaces.

The consistency o f 3t(t < א א^, ^, metrizable) (re la tiv e  to  a large 
cardinal) is  s t i l l  very much open and seems very sim ilar to the problem o f  
producing a model with ”c = 2א and every normal Moore space i s  m etrizable”.
It is shown in [DTW] that 3t(t < א^  c, metrizable) i s  consistent r e la t iv e  to  a 
strongly compact cardinal. However, in th is  section we intend to demonstrate 
the consistency with ”c > א2״  o f ^(compact, א2״  m etrizable). We sh a ll a lso  
consider the related  problems o f 3ϊ(Γ, 2א, metrizable) where Γ i s  one o f  
"Kg-compact”, ,̂ compact” and ”Lindelof” (reca־־ ll that X i s  κ-compact i f  
every subset o f X o f card in a lity  at lea st κ has a lim it p o in t) . Observe 
that some assumption on Γ i s  necessary since obviously 3t(normal Hausdorff, κ , 
metrizable) f a i l s  for a l l  κ .

To begin, l e t  us f i r s t  show that tt^^-compact, c+, m etrizable) holds 
(Juhasz [J] observes th is  for Γ = ”compact”) . Note that i f  a space X i s  any 
of compact, ונסס-^א^ ^  or Lindelof then X i s ^בסס־^א  ^ .  We sh a ll g ive  a 
proof which we hope w il l  aid  in understanding the method o f r e f le c tio n  rather 
than the sim plest proof which i s  to  u t i l i z e  Hajnal and Juhasz*s re su lt that 
3(T0p, 2א> countable weight) holds where Top i s  the c la ss  o f a l l  top ologica l 
spaces. As discussed e a r lie r , l e t  X be a se t  and le t  τ c  X x Q x X code the

topology on X so that <Χ,τ> € Γ (c , m etrizable) where Γ i s  the c la ss  o f  
Kj־compact spaces. Let (3 be large enough and le t  M be an elementary

submodel of so that <Χ,τ> € M , |M| £ c and [M]W c  M (th is  can be done
by building M as the union o f an elementary chain o f length w^)· Let 
Y = Μ Π X and le t  τ' = T ח M , We sh a ll proceed by proving a se r ie s  o f  fa c ts .

— 1: <Y , r|y> i s  3? ~^א0011נ ^ .
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W1Proof. Let A € [Y] and choose x € X such th a t x i s  a l im it  point of

A . Since A U {x} i s  m etrizable as a subspace o f  X , th ere i s  an A' 6

which converges to  x . Therefore A* € M (s in c e  [M]W c  M) and in  fact 
x € M sin ce  M h 3x , x i s  the unique l im it  o f  A' .

Fact 2 : τ Π M = r |y  ( th is  i s  Step 4 o f  our method).

Proof. Suppose A i s  a T |y -c lo sed  subset o f  Y . S in ce A i s  an ^ ־ compact

m etrizable subspace o f  X (r e c a l l  th a t X € Γ (c+ , m etr iza b le) and |A| < c) ,

A i s  separable. Let A' 6 [A]w Π M be τ—dense in  A · Now s in c e  A' € M
the formula Hx i s  in  the τ -c lo su r e  o f  A* ״ i s  a b so lu te  fo r  M , hence A
i s  τ ח M־־c lo sed  as w e ll .

F in a lly  we complete the proof by showing th a t Step 1 o f  our method holds. 

Fact 3 . <Y , τ Π M> i s  not m etrizab le.

Proof. By Fact 1, <Y , τ Π M> i s  K̂ —compact s in c e  τ Π M i s  always a 
sub-topology o f  τ |γ  ( in  fa c t  th e same, by Fact 2 ) .  T herefore, i f  th is  space 
were m etrizab le  i t  would have a countable b ase. By decoding our code τ , we 
would have a countable A c  Y = X Π M and a countable B e g  ΠΜ so  that the 
s e t  {{y  € X η M : <x,a,y> € τ Π M) : x € A , a  € B} i s  a base fo r

<Y , τ Π M> . However, both A and B are elem ents o f  M s in c e  [M]W c  M
hence by a b so lu ten ess {{y  € X : <x,a,y> € τ } : χ € Α , α € β }  r e a l ly  i s  a base 
fo r  X co n tra d ic tin g  th at X i s  not m etrizab le .

C orollary CH im p lies th a t ft(Kj-compact, Kg, m etr iza b le) h o ld s.
We s h a ll  now show, w ith  a very s im ila r  argument, th e  main r e s u lt  o f  th is  

s e c t io n .

Theorem 4 .1 . I f  V i s  a model o f  CH and G i s  Fn( μ ,2 )-g e n e r ic  over V 
( fo r  any μ) then ft(K^-compact, Kg, m etrizab le) holds in  V(G] .

C oro lla ry  4 .2 . Each o f  ^(compact, Kg, m e tr iza b le ) , 3i(KQ-compact, Kg, 
m etr iza b le )  and tt(L indelb f, Kg, m etrizab le) i s  c o n s is te n t  w ith  the negation o f

CH .



Proof o f  Theorem 4 .1 . Let Γ be th e  c la s s  o f  compact Hausdorf spaces and 

le t  X be any c a r d in a l. Suppose th a t τ i s  an Fn(μ ,2 )-name such th at

1 IP <X,t> e  Γ (1*2» metr iz a b le )  and <X,t> i s  not m etrizab le . As above, l e t  M
be an elem entary submodel o f  a s u f f i c i e n t ly  la rg e  V0 so  th a t |MJ = K, ,P 1
[M]W c  M and ev ery th in g  r e le v a n t i s  in  M . We again proceed w ith  a s e r ie s  o f  
Facts.

Fact 4 . 1 2 ) ”^ΟΓ 1“1001111ta b le  Y c  X η Μ , Y has a countable

subset w ith  a l im i t  p o in t  in  <X ח  M , ז ח  M>” .

Proof. Let A be a n ice Γη(μ Π M,2)-name such that 1 IP A is  an uncountable 
subset o f X Π M . Since Ρη(μ,2) is  a ccc forcing, we can find

{â : a < w }̂ such that 1 b A c  {a^: a < ŵ } . Furthermore, since

1 IP <Χ,τ> € Γ (Kg* m etrizable) (and using 2.4) there i s  an a  < such that

1 D־ A Π (a^: γ < a} has a lim it point. Now, in fa ct, there i s  a countable name

B c M such that 1 B- B = A Π {a^: γ < a} (since

B = A ח {a : γ < α } χ  Ρη(μ ח Μ,2) , see [Κ] for d eta ils  on n ice names).
Y

Therefore, B € M and by absoluteness ”1 IP B has a lim it point” holds in M . 

Fact 5 . 1 2 ) <x ח M * T ח M> *s not metr iz able·

Proof. This i s  b a s ic a lly  the same as Fact 3. Indeed, by Fact 4, i f  i t  were
metrizable, i t  would have a countable name for a base. This name would be in M
and could not be a base by absoluteness.

Let us review what remains to  be shown. In the model V(G Π M] ,w e  have

that <X ח M , v a l(r  Π M , G Π M)> i s  an Kj-compact non-metrizable space. We 
must show (Step 3) that forcin g  with Fnfa -  M,2) preserves that i t  is

non-metrizable and (Step 4) that, in V[G] , <X Π M , val(T Π M , G Π M)> is a

subspace o f <X , val(T,G)> . I t  has been shown in [DTW] that Fn(I,2)
preserves ”X i s  not m etrizable” for any se t  I and space X . However, in

this case, s in ce  we have so  l i t t l e  n j r e flec tio n  (ju st [M]w c  M) and we are 
not assuming that X i s  f i r s t  countable, we have to work hard for Step 4 and in  
doing so we can g iv e  an a ltern a te  proof for Step 3 as w ell.
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Fact 6. In V[G] , for any countable A c  X Π M th e to p o lo g ie s  on A generated 

by val(r,G ) and v a l(r .M , G Π M) are the same ח 

Proof. By 2 .4 , we can asume that A i s  in  V , hence in  M (s in c e

[M]W c  M) . Since <X , val(T,G)> € Γ , v a l(r ,G )|A  has a countable base. 
Therefore, there is  a countable name for  th is  base in  M which im plies that

val(T ,G )|A c  val(T Π M , G Π M) |A .

Fact 7 . In V[G] , <X ח M , val(T,G) | i s  K^-compact.

Proof. By 3 .1  and Fact 4 , <X Π M , v a l(r M)> has th ח M , G ח  e  property, in 
V[G] , that every uncountable subset o f  X ח M has a countable subset with a

val(r M ח M , G ח  )-lim it point in M . By Fact 6, th is  p o in t i s  a v a l(r ,G )-  
lim it point o f  th is  same countable s e t .

Now, s im ila r  to  Fact 2, we can prove:

Fact 8 . In V[G] , <X ח M , v a l(r M)> i ח M , G ח  s  a subspace o f  

<X , val(r,G )>  .

Proof. Let A c  ΧΠΜ be va l (r ,G )-r e la t iv e ly  c lo sed  in  X Π M . Since we are

assuming that (X , va l(r ,G )) € f  , v a l( G) | X Π M i,־1 s  m etrizab le.
Furthermore, by Fact 7, A i s  K^-compact, hence there i s  a countable D c  A

which i s  v a l(t ,G )-dense in  A (and th erefore val(T  ΠΜ , GO M)-dense in  A). 
For any x € X η M , the two top o log ies agree on {x} U D by Fact 6. Hence, A

i s  val(T Π M , G ח M )-closed.
We conclude the proof with:

Fact 9 . In V[G] , <X ח M , val(T,G) | ^_^> i s  not m etrizab le.

P roof. By 2 .4  and Facts 5 and 8, val(T,G) does not have a countable base. 
Therefore i t  i s  not m etrizable s in ce , by Fact 7 , i t  i s  K^-compact.

With a very sim ilar  proof we can a lso  show the fo llow in g . Recall that a 
cardinal i s  Mahlo i f  i t  i s  strongly  in a ccess ib le  and i t  has a stationary subset 
o f  stro n g ly  in a ccess ib le s  below i t .
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Theorem 4 .3 . I f  Θ i s  Mahlo end G i s  Mi(Θ)־־generic over V then 
3t(K^-compact, Kg» m etrizable) holds in V[G] .

Proof♦ Recall from 12, th at, in V[G] , £ ■ Kg * Θ and, from th is  s e c t io n ,

that 3t(Kj-compact, £ , m etrizable) holds. Therefore, to  prove the theorem i t  
suffices to prove that 5t(K compact, Kg, m־־̂ etrizable) holds for each topology

on Θ · Let r c  θ * 2 x 6  code a topology on Θ such that <θ,τ> 4  r(Kg, 
metrizable) where Γ i s  the c la s s  o f K^-compact spaces. We can assume th a t  
for a ll λ < Θ and a  < λ the s e t  { { 0  : <α,λ + η , 0 > « τ } : η « < * }  i s  a

neighbourhood base for a  in  the subspace <λ , τ |λ> · Let τ be a
Mi(Θ)-name for τ . S ince Θ i s  stron g ly  in a c c e ss ib le , there i s  a continuous

increasing function g € θ such th a t, for each a  € θ > τ Π a  x (a+w) x a  i s  
a Mi(g(a))-name, 1 A x A x g(a) does not contain a base fo r  g (a ) fo r

each countable A c  a  and fo r  each Mi (a) ־־name Ϋ o f  an K ^-sized su b set o f

a 1  *^1 (0 )  ̂ has a countable subset w ith a lim it  poin t le s s  than g (a ) «
Since Θ i s  Mahlo, g has a stron g ly  in a ccess ib le  f ix e d  poin t λ < Θ ·
Therefore Μί(λ) has the λ ־־ cc  and for each Mi(A)־־name w ith

W11 Y € [λ] ,w e  can assume there i s  an a  < λ such th at Y i s  an
w,

Mi(a)-name and 1 I- Y € [a] . S ince g(a) < λ for  a  < λ , i t  fo llo w s  th a t
It- . each uncountable subset o f  λ has a countable subset w ith  a 

Μι (λ)
τ Π V^-limit poin t in  λ . By 3 .1 , 1 each uncountable su b set o f  λ

has a countable subset w ith  a τ Π V ^-lim it poin t in  λ . A lso , fo r  each  

a < λ , τ Π a  x (a־Hi) x a  con ta in s a base for  τ |a  and τ ח  a  x (a+w) x a  i s

an M i(g(a))־־name, hence, in  V[G] , <a , val(T ח  , G ח  Μ1 (λ)> i s  a subspace  
of <θ,τ> . I t  fo llow s that in  V[G] , <λ , τ |λ>  i s  K^-compact. Again, s in c e  
<X , τ|λ> 18 m etrizab le, every su b set has a countable dense su b se t. Hence, fo r  
any Y c λ , there i s  an a  < λ such that Y Π a  i s  dense in  Y « For each  
0 < X , the neighbourhood trace  o f  0 on Y U {0} i s  determined by i t s  tr a c e

on a U {0} . Therefore, by the f i r s t  con d ition  on g , <λ , v a l(r  Π , G)> 
is a subspace o f  <6 ,r> · However, by the second con d ition  on g , no countab le

subset of r ח codes a base fo r  λ which co n tra d ic ts  that <λ , τ | λ> i s  
metrizable and Kj-compact.

In contrast to  the above two theorems we have:
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Proposition 4 .4 . MA(ŵ ) implies that ftiK^-compact, Kg» m etrizable) and 

ft(Lindelof, Kg» metrizable) f a i l .

Proof. Let Y be any subset of the unit in terva l I o f  ca rd in a lity  Kj , Let 
X = I -  Y x {0} U Y x {1} be a subspace o f the usual Alexandroff double 1 x 2  
where I x {1} are the iso la ted  p oin ts. I t  i s  c lea r  that X i s  Lindelof and

<«1
not metrizable. Furthermore, by MA(ŵ ) , for any Z € [I] ,
Z -  Y x {0} U Z Π Y x {1} is  m etrizable (each subset o f  Z i s  a re la tiv e  Ĝ  , 
see [M]).

5. Small diagonal can imply m etrizable.
Recall that a space X i s  said  to have a small diagonal i f  for each 

2 9uncountable Y c  X -  Δ (where Δ = { (χ ,χ )  € X* : χ € X}) there i s  a
neighbourhood U of Δ such that Y \  U is  uncountable* M. Husek proved that
i f  CH holds, then each compact space with countable tigh tn ess and small 
diagonal is  metrizable. H.־־X. Zhou [Z] proved that the tigh tn ess assumption can 
be dropped (but he s t i l l  used CH) i f  homeomorphic copies o f  the ordinal space 

in f ir s t  countable spaces always have a neighbourhood base o f  card in a lity  
K̂  . W.G. F leissner had proven ea r lier  that th is  la t te r  condition was 
consistent with CH re la tiv e  to the existence o f a strongly in accessib le  
cardinal. Zhou has also shown that MA + nCH implies the ex isten ce o f  a 
Lindelof f ir s t  countable non-metrizable space with a small diagonal. I t  i s  not 
known, however, i f  i t  is  consistent to have a (countably) compact f i r s t
countable non-metrizable space with a small diagonal. In th is  section , we prove
that (relative to a weakly compact cardinal) i t  i s  consisten t with the negation 
of CH that each compact f ir s t  countable space with a small diagonal i s  
metrizable. Although Fleissner*s condition above holds in the resu ltin g  model 
(35 of [DJW]) we do not know i f  the f ir s t  countab ility  assumption can be 
dropped.

To f i t  th is problem into the framework o f our method we f i r s t  show that i f  
c 5 Kg then i t  follows from 3i(r,Kg,1®) for certain  Γ and V . Indeed, le t  
Γ simply be the class of compact f ir s t  countable spaces and le t  f*(X,Z,A) be

the formula ״*if A = {a^: a e μ} c  X̂  -  Δ , where μ i s  well ordered by e 
and has no countable cofinal se t , then A does not τ-converge to Δ” .

Pronosition 5.X. I f  c ־ K2 and *(Γ,Κ^Τ■) holds (with Γ and Ψ as above) 
then each compact f ir s t  countable space with a small diagonal is  metrizable.
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^ 2Furthermore *,f ir s t  countable** can be dropped i f andu א > 2 
31(compact, Kg, * 7  holds.

Proof. Let Y be a compact non-metrizable space. Let X be a compact 
non־־metrizable subspace of Y such that X has a dense subset of cardinality

at most Kg (recall that 3i( compact, c+, metrizable) holds). Let μ be the
2minimum cardinality of a family of open subsets of X such that Δ = Δ  ̂ is  

the intersection. Since X is  compact and not metrizable w < μ and μ < אw
(hence regular) since X has a dense set of cardinality Kg * Since X is  
compact, μ is  also the minimum cardinality of a neighbourhood base for Δ ·
Let {Û : a < μ} be such a neighbourhood base and choose, inductively

€ n{Ug : 3 < a) -  [Δ U fa  ̂ : 3 < a}] c ־־ Δ for a < μ · Now i t  is  clear  
that Ρ(Χ,τ,Α) fa i ls  where A = fa : a c  μ) . By assumption, there i s  a

* 1Z € [X] such that T*(Z , t |Z , {a : a € μ} ח Z) fa i ls .  Therefore,
cl

I « {a € μ : a. e Z} has no countable cofinal set and {a : a € 1 } converges
CL CL

to Δ̂  . Let J be a cofinal subset of I of order type (I has
cardinality K̂  since fa^: a < μ} is  a 1 - 1  indexing) and observe that
each neighbourhood of Δ̂  (hence of Δχ) contains a ll but a countable subset
of {a : a € J} . Therefore, Y does not have a small diagonal, a

Lemma 5.2. I f  Θ is  weakly compact and G is  Mi(Θ)־־generic then, in V[G] , 
א,ק)מ2יץ, ) holds where Γ is  ”compact f ir s t  countable” and Ρ(Χ,τ,Α) i s  the

2formula ”i f  A = { a : a € l } c X  - Δ  where I is  well-ordered by € and has
CL

no countable cofinal se t , then A does not τ-converge to Δ ”.

Proof. Let G be Mi(©)־ generic and suppose that <X,t> is  in Γ and that
Ρ(Χ,τ,Α) does not hold. We may assume therefore, that X = 0  and
τ c Q x w x 6  codes, as usual, the compact f ir s t  countable topology on Θ (we 
can assume a ll compact f ir s t  countable topologies are on Θ by Arkangelskii’s 
result). We may also assume that μ is  a regular cardinal with uncountable

2cofinality and that A = {a^: a < μ} c  θ \  Δ converges to Δ in the 
τ-topology. Obviously, for each a < μ , ( 3  < μ : a  ̂ = a^} is  not cofinal in 
A hence we may assume that a * a0 for α < 3 < Α - θ *  It is  not d if f ic u lt

CL p

to find nj formulas which are equivalent to Γ and 11P respectively. Let r

and {a : a < μ) be Mi(0)־־names for τ and fa : a < μ} respectively and
CL CL

assume that 1  forces that τ and fa : a < μ) have a ll  the relevant
CL
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properties. Now 1 «־Μ1 (θ)<θ׳ ’'> i s  compact and 1 Ρ(Θ ,τ , {a ,: a. < μ}) le  a

Π* sentence which holds in V0  (see [DTW] for more about why th is  i s  n*
e t c .) .  Since Θ i s  weakly compact, there i s  a strongly  in a ccess ib le  λ < q

such that V is  a model of 1 ־״M i(x)<* י ־י ח  \ >  i s  compact and

-ιΡ(λ τ η νλ , {aa : a < μ) ח V )̂ . Since a l l  q u a n tifiers  in  the above sentence

can be restr ic ted  to subsets of we have that 1 T 1 י  3 ח 

compact and ηΡ(λ , τ Π , a  < μ} Π V )̂ a lso  holds in  V . Let G' be

G ח MiU) and le t  τ' = vs1(t ח , G' ) . Let I = {a e μ : aa  « νχ> and

a' = v a l(a  ,G ') for a e I . Note that ־ηΥ״(λ , τ* , {v a l(a  ,G* ) *. a. « I} )a  ci o
holds in  V[G* ] . By 2 .4 , X does not have a countable c o f in a l  s e t  in  V[G] ,
hence i t  remains only to  prove that forcing  w ith Mi(Q) (a  Mi(Q)/Mi(X))
preserves that {a^ : a  e 1} converges to  ( i . e .  on ly  Step 3 in  th e method
remains). By 3 .3 , <λ,τ*> , hence A. , remains L indelof in  V[G] . Therefore,

λ
O

i f  U c  λ i s  a neighbourhood o f in  V[G] , th ere  i s  a countable subset 3

o f the topology generated by τ* such th at ^  c  U{B x B : B « 3} c  U · By 2 .2  
( i i i )  * any countable subset o f V[G* ] in  V[G] i s  a c tu a lly  added by th e  Cohen

rea l part o f  the fo rc in g . Therefore, 3  e V[G] where G i s  G* union G 
r e s tr ic te d  to  th e  Cohen r ea l part o f  Mi(e) ( i . e .  th e  c o n d itio n s  whose support 
conta ins no odd ord in a ls above λ ) .  By 3 .4 , th ere i s  a γ  e  I  so  th a t ,  in

V[G] , (a^ : a  € I  -  γ} c  U{B x B : B € 3} . I t  fo llo w s  th a t
{a^ : a « I  — y ) c U ( in  V[G]), hence {a* : a  e  1} converges to  A^ ·

F in a lly , our main theorem i s  a c o r o lla r y  to  5 .1  and 5 .2 .

Theorem 5 .3 . I f  G i s  Mi(Θ)-g e n e r ic , fo r  a  weakly compact Θ , th e n , in  
V[G] , each compact f i r s t  countab le space w ith  a sm all d ia g o n a l i s  m e tr iz a b le .

Remark 5 .4 . I t  i s  f r u s tr a t in g  th a t we can on ly  prove 5 .2  and 5 .3  fo r  f i r s t  
cou n tab le sp a ces . The p la c e  where t h i s  assum ption i s  u sed  in  th e  p ro o f i s  t o  
show th a t Step  4 h o ld s . As m entioned in  th e  in tr o d u c tio n  th e r e  a re  weaker 
assum ptions l i s t e d  in  [DTW] which s t i l l  en su re th a t  S tep  4 i s  v a l id .  In  t h i s  
c a se  we cou ld  weaken th e  assum ptions to  ”th e  sp ace  h as c o u n ta b le  t ig h t n e s s  and 
co u n ta b le  su b sp aces are f i r s t  co u n ta b le” . However, we do n o t even  s e e  how t o  
weaken i t  down to  H usek's o r ig in a l  co u n ta b le  t ig h t n e s s  a s s u p t io n . Another  
p o s s ib le  s tr e n g th e n in g  o f  5 .3  i s  to  assume th a t  Θ i s  o n ly  Mahlo or perhaps  
even s tr o n g ly  in a c c e s s ib le .  The p la c e  where we u sed  th e  f u l l  s t r e n g th  o f  weak 

com pactness was to  r e f l e c t  th a t  MX i s  compact” , i . e .  t o  en su re  th a t

A. Dow: Tw o applications o f reflection and forcing to  topology
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τ Γ* νλ י 1 > ia  compact. As we showed i s  4 .3 ,  we can find  a strongly

inaccessible λ < Θ , i f  Θ i s  Mahlo, so  that 1 ·״ !£ ״ )<* · * Π ?χ > i s  
Hj-coapact (and HQ-compact). A space i s  ca lled  in i t i a l l y  H^-compact i f  i t  i s  
both Kg-compact and H,-compact. The author and, independently, van Douwen 
have shown that CH im plies th at in i t i a l l y  K̂ —compact space with
countable tig h tn ess  i s  compact. I t  i s  an open question as to  whether or not 
this holds in  ZFC , however, i t  i s  very promising that Fremlin and Nyikos have 
recently shown that i t  fo llow s from PFA .
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