ON VAN DOUWEN SPACES AND RETRACTS OF pN

ALAN DOW

ABSTRACT. Eric van Douwen [vD93] produced a maximal crowded extremally
disconnected regular space and showed that its Stone-Cech compactification is
an at most two-to-one image of SN. We prove that there are non-homeomorphic
such images. We also develop some related properties of spaces which are ab-
solute retracts of BN expanding on earlier of work in [BBS94, Sim87].

1. INTRODUCTION

In the paper [vD93], van Douwen proved the existence of a compact crowded sep-
arable extremally disconnected (ED) space which is the at most 2-to-1 continuous
image of BN. We are interested in the question of whether such an image (henceforth
a vD-space) is unique. This is especially interesting now that we have another con-
struction of such a space by a result of Protasov [HS02, 3.9,p235] who constructed a
special idempotent of (BN, +) (see Proposition 10). As is the case with any compact
separable ED space, each vD-space can be embedded into SN as a retract. There
is an unresolved problem of A. Bella, A. Blaszczyk, and A. Szymanski, to charac-
terize the so-called absolute retracts of BN (namely a space which is embeddable in
BN, and every embedding is a retract). Simon [Sim87] presented a very interesting
construction of a retract of SN which is not an absolute retract. This had been
done earlier by others with special set-theoretic hypotheses (see [Szy84, Tal81]).
Simon’s construction and van Douwen’s each involve some form of irresolvability
so we explore Simon’s ideas further and see how they might provide information
about vD-spaces and/or absolute retracts. We use Kunen’s notion of independent
matrices to show there are non-homeomorphic vD-spaces (one of which is an ab-
solute retract). Using the set-theoretic assumption, Martin’s Axiom for countable
posets, we are able to construct a compact vD-space which we can show is not an
absolute retract.

Definition 1. A compact space E is a vD-space if E is crowded (has no isolated
points), extremally disconnected, and if there is a <2-to-1 map from ON onto E.

Definition 2. A countable space S is a vD-space if S is crowded and there is a
1-to-1 function from N onto S which extends to a <2-to-1 function from SN onto

B8S.
In this same spirit, we introduce a new kind of retraction.

Definition 3. A retraction r from SN onto E will be called a 1-to-1 retraction if
r | Nis 1-to-1. A space E will be called an absolute 1-to-1 retract of SN if each
homeomorphic copy of E in SN is a 1-to-1 retract.
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Proposition 4. FEach countable vD-space S is extremally disconnected.

Proof. Let f denote the 1-to-1 function from N onto S such that f? is <2-to-1 from
BN onto 3S. Since S is crowded, it follows that f” maps N* = 3N\ N onto 35. By
Zorn’s Lemma, there is a closed subset K C N* such that f [ K is irreducible. Let
S’ be the preimage of S in K. Since f? is <2-to-1, and f[N] = S, it follows that
fP is 1-to-1 on S’. Since K and 3S are compact, f? is a homeomorphism on S'.
Now S is extremally disconnected since each countable subset of SN is extremally
disconnected. (]

Therefore, of course, if S is a countable vD-space, then 35 is a compact vD-space.
However, it is easily seen that not every countable dense subset of a compact vD-
space is itself a vD-space. If F is a compactification of a set S, then p € F is a far
point of S (or far from S) if it is not in the closure of any countable discrete subset
D c S. We will say that a point p € E is a near-point of S (or near to S) if it is
the limit of a discrete subset of S.

Proposition 5. [vD93] If f:0N—FE is <2-to-1 and E is a compact vD-space, then
f I Nis 1-to-1, S = f[N] is a countable vD-space, and for each p € E, f~*(p) \ N
is a singleton if and only if p is a far point of S\ {p}. In particular, each point of
S is a far point of S\ {p}.

Proposition 6. [vD93] Let S be a countable reqular space, then the following are
equivalent:

(1) S is a countable vD-space

(2) S is extremally disconnected, crowded and nodec (i.e. nowhere dense sets
are closed)

(3) for each A C S, A is open if and only if A is crowded.

Although, strictly speaking, the following result is presented in van Douwen’s
paper for the case X is the rationals, the more general statement follows from the
same proof.

Theorem 7. [vD93] If X is any countable crowded Tychonoff space, there is a
stronger topology on X which contains a dense subspace S which is a vD-space.

Another formulation for being a vD-space is useful in some constructions.

Proposition 8. A countable space S is a vD-space if it is reqular, crowded, and
for each A C S, there is a partition of S, {W, : n € w}, by clopen sets such that
for each n, one of {ANW,,, W, \ A} is finite.

Proof. Tt is easy to see that Lemma 6(2) implies that a vD-space S will have this
property by using the fact that the boundary of A will be closed discrete in a
countable zero-dimensional space. For the converse note simply that each crowded
A is open since each W,, will meet it in an open set. O

Definition 9. For p € N and k € N, the ultrafilter k + p is defined as the set
{ACN:(NN(A—-k)) €p}. Then, for ¢ € BN, q + p is defined as the image of ¢
by the mapping p, : BN — SN where p,(k) = k + p for each k € N.

The following result is easily deduced (and known) from the comments immedi-
ately following Theorem 3.9 of [HS02].
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Proposition 10 (Protasov). There is an ultrafilter p € N* such that p,(p) = p and
pp(q) # p for all ¢ # p. It also follows that py, | PN is <2-to-1, p,[BN] is a compact
vD-space, and p,[N] is a vD-space.

In fact, pp[N] = N+ p is a vD-space which is a homogeneous topological semi-
group.

2. RETRACTS

It has been shown (see [BB90]) that each minimal subset of SN of the form
pplON], where p,(p) = p, is homeomorphic to E(2°). Recall that the topology on
E(2¢) is determined by the irreducible map ¢ : E(2°)—»2¢, where for each open set
U C 2%, ¢~ 1(U) has clopen closure. Each point p € E(2°) can be thought of as the
ultrafilter of regular open sets U C 2¢ such that p is in the closure of ¢=(U).

Proposition 11. E(2°) is an absolute retract, in fact, it is an absolute 1-to-1
retract.

Proof. Assume that K C ON is homeomorphic to E(2¢) and let g denote an irre-
ducible map from K onto 2¢. For each « € ¢, let [{«,0)] and [(«, 1)] denote the
canonical basic clopen subsets of 2¢. There is subset A, of N with the property
that A, N K is equal to g~ 1([{«,0)]). For each integer n € N, define the function
Zn € 2° by z,(a) =0 if and only if n € A,. Tt is easily checked that {z, : n € N}
is a dense subset of 2°. For each z € 2°, it is also easily checked that g=!(p) has
cardinality 2¢. For each n, let p,, € g~%(2,) be chosen, so that p,, # p,, for n # m.
Since ¢ is irreducible, {p, : n € N} is dense in K. We leave as an exercise that
f:N—{p, : n € N} where f(n) = py, lifts to a retraction from SN onto K. O

Let X be any set and let F be any filter of subsets of X. A doubly-indexed
family {A(a, B) : (a, B) € I x J} is called an I x J-independent matrix mod F, if

(1) for each finite function p from I into J and each F' € F, the set A, =
FNN{A(a, p(a)) : o € dom(p)} is not empty,
(2) for each « € I and 8 # v € J, A(a, ) N A(a,7) is disjoint from some
member of F.
If no filter F is mentioned, then it is assumed to be the co-finite filter.

A space X is (strongly) irresolvable if (each open subset of) it does not contain
disjoint dense subsets. Another interesting property of countable vD-spaces, is that
they are strongly irresolvable.

We expand this notion to more general families of dense subsets.

Definition 12. A space X is (w, k)-irresolvable if there is a set Y C X of cardinality
k so that for any countable D C X \ 'Y, D is nowhere dense.

Definition 13. A space X is (k x A)-resolvable if there is an k x A-independent
matrix which consists of dense subsets of X. A space X is (w, k x A)-resolvable, if
it has a countable dense subset which is (k x A)-resolvable.

Simon [Sim87] constructs a retract of SN which is not an absolute retract and
the notions of independent matrix and some form of irresolvability were shrewdly
exploited. In particular, Simon produces an (w,w)-irresolvable retract of SN.

Proposition 14. There is a retract G of BN which is (w,w)-irresolvable and there
is an embedding of G into BN which is not a retract.
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Simon constructs an embedding of G as a non-retract by using a ¢ x c-independent
matrix to simultaneously construct G and the embedding of G. The space G is G,
for a now well-known space G,,. The base set for G, is w<* (the family of functions
from an integer into w). For each ¢t € G, an ultrafilter U; on w is selected, and a
set U C S is open if it satisfies that for each t € U, the set {n : t7n € U} is in
U (see also [DGS88, Vaull]). The (w,w)-irresolvability of such spaces will hold if
each U, is chosen to be a weak P-point (ensuring that 8G,, \ G,, is Rg-bounded. We
explore in more detail what it takes to “kill” all potential retracts. Simon, in effect,
shows that examples of Simon type (in which each U; is a weak P-point), are not
(w, 1 x wq)-resolvable. Although Simon type spaces can be (w,w)-irresolvable, they
are not irresolvable since, for example, | J, {w™ : n € J} is a dense for each infinite
subset J C w. The following result is inspired by Simon’s construction.

Theorem 15. If E is an absolute 1-to-1 retract of BN, then either E is not (w,¢)-
irresolvable or E is (w, ¢ X c)-resolvable.

Proof. If E is not (w, ¢)-irresolvable then there is nothing to prove, so we fix a set
S C F of cardinality ¢ so that D is nowhere dense in E for all countable D C E'\ S.
Let ¢ + 1 denote the one-point compactification of ¢ with the discrete topology. It
is shown, in [Dow93], that there is a mapping f from N* onto E X (¢+1)¢. For each
finite function p from a subset of ¢ into ¢, we let [p] denote the clopen subset of (¢+1)¢
consisting of all functions which extend p. The mapping f is a mapping version
of independent matrices as explored in [Dow93]. For each («, ) € ¢ x ¢, we fix an
infinite B(a, 8) so that (B(a, 3))* = f~(Ex[{(a, 3))] ), then the family {B(a, 3) :
(o, B) € ¢ x ¢} will be a ¢ x c-independent matrix. For each function p with finite
domain contained in ¢ and range contained in ¢, let B, = (,cqom(,) Bla, p(a)).
Similar to the constructions in §3 of [Dow93] we construct a descending chain
{K, : a < c} of closed subsets of Ky = N*| sets I, C ¢ and maintain the hypothesis
that the function f,, defined as f | K, composed with the projection map
from E x (¢ +1)¢ onto E x (¢ + 1)fe maps K, onto E x (¢ + 1)e. This induction
will result in a copy K. of E since the mapping f. will be made to be irreducible
(see inductive condition 2). Let {r, : a € ¢} enumerate all the 1-to-1 functions
from N into S. The plan is to select 1,41 and K441 in such a way that r, will not
correspond to a retract from N into the copy of S sitting in K. If we are not able
to do this it will because r,, induces an (I,, X ¢)-independent matrix of dense subsets
of its range (this is inductive condition 4). Let {A, : o € ¢} be an enumeration of
the infinite subsets of N.
The inductive assumptions on § < a < ¢ are:
(1) Kg D Kq, Ig D 1,, and f, =7y, o f maps K, onto E X (¢ + 1)fe,
(2) if mp o fp maps AN K, onto E, then K, C Aj,
(3) the set ¢\ I, has cardinality at most w - o],
(4) either r3[A] is not dense in E for some A C N with A* D K, or rg[B,] is
dense in E for each function p into ¢ with dom(p) € [Io]<*.
If « is a limit, we may set Ko = ({Kp : 8 < a} and I, = ({Is: B < a}.
Compactness ensures that f, maps K, onto E x (¢ + 1),
Now suppose we have K, and I, and we show how to construct K,4; and I,41.
If f,, maps K, N A? onto E x (¢ + 1)« then replace K, by K, N A*. In this case,
for notational convenience, let py denote the empty function. Otherwise, there is
a function pgy into ¢ with dom(pg) € [Io]<* and a clopen Wy C E, such that the
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image of K, N A} is disjoint from Wy N[po]. We will ensure that K, is contained
in B} which will guarantee that 7y o fo41 will not be onto. Now we turn our
attention to r,. If there is some p D pg such that ro[B,] is not dense in E, then
choose such a p. If no such p exists, then let p = pg. Define K41 = Ko N B and
Io41 =1, \ dom(p). Condition 4 will hold since either r,[B,] is not dense in E, or
ro[Bs) is dense in E for all suitable o with dom(o) C Io41 since B, D B,y and
the latter is assumed to have dense image.

Assume now that r : N — K, is a 1-to-1 map which lifts to a retraction r?
from QN onto K.. Notice that f. o7 is a 1-to-1 map from N into E. Let A be the
preimage of S under this map and fix any v € ¢ such that 7, [ A equal foor [ A.
We first check that (N \ A)* is disjoint from K., hence there is an a > v such
that K, is contained in A*. Since r is a retraction, 7 maps the clopen subset
KN (N\ A)* to itself, and, by continuity, into the closure of r[(N \ A)]. However,
r[IN'\ A] is nowhere dense in K, since (f. or)[N \ 4] is a countable subset of E \ S.
Similarly, it follows that r[A] is a dense subset of K, (hence ., [A] is a dense subset
of E) for all A C A such that K. c A*. Therefore by inductive condition 4, F is
(w, ¢ X ¢)-resolvable. O

The set-theoretic principle MA e is @ very weak form of Martin’s Axiom. It is
simply the usual statement for Martin’s Axiom but restricted to countable posets.

Theorem 16. If MA .y, holds, then any absolute retract of BN, which is (w,¢)-
irresolvable, is also (w, ¢ X c)-resolvable.

Before proving the result we record the following (almost) folklore result.

Proposition 17. If MA . holds, then every crowded separable Hausdorff space
of m-weight less than ¢ is ¢ X c-resolvable.

Proof. Let S be a countable space, A < ¢, and let {U, : @ < A} be a m-base for
S. By a routine application of MA 1}, , we may choose countably many pairwise
disjoint dense subsets, {S,, : n € N}, of S. Reindex the family by 7' = |, P(n)" ™),
ie. {S¢:t € T}. Recall Simon’s construction of a P(N) x P(N)-independent
matrix, where A(X,Y) = {t € T : t¢(X Nny) = Y Nng, and dom(t) = n;}.
Let {X, : v < ¢} be an indexing of P(N). Construct our new ¢ x c-independent
matrix {S(3,7) : 8,7 € ¢} by induction on 8 + v so that S(8,7) NSy = 0 for
t ¢ A(Xp,X,). What we have gained is that S(5,v) N S(8,0) is finite for v # 4.
We use MA_ ipje to ensure that S(8,~) is dense and meets all finite intersections
of the, fewer than ¢, previously chosen dense sets S((,d). In fact, the necessary
inductive assumption is that for (o < (1 < -+ < (}, and &; such that S({;, ;) have
already been defined, there is an infinite set of n such that ,_, S((;, &) meets S;
for each t € P(n)P" N Nicr A(X¢,, Ye;). We leave the details to the reader. [

Proof of Theorem 16: Let S C E be the dense set of size ¢ which witnesses that
E is (w,c)-irresolvable, and let {s, : n € N} be a countable dense subset. Let
{ro : @ € ¢} enumerate all the functions, r, from ON into E such that r[N] C S and
let {A, : « € ¢} enumerate all the infinite subsets of N. For notational convenience
assume that A, = N and r,, is constant for each n € w. We construct by induction
on a < ¢, closed sets K, C N* which are G,-sets, and points {s(n,a) : n € N} C
2% dense in the compact set F, C 2%, and mapping f, so that for f < a < ¢
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(1) K, is a subset of Kg and is equal to the intersection of a family of |«| many
clopen subsets of ON,

(2) the mapping f, maps K, onto E, and fo(z) | 8 = fg(z) for each z € K,,

(3) there is a continuous map from F onto E, which sends s, to s(n,a) for
each n, and if the closure of {s,, : n € Ag} in E is disjoint from the closure
of {s, :n € N\ Ag} then so is their image by this map.

(4) either there is a clopen W C Ej such that r[f; ' (W)] is disjoint from
{sn : s(n,a) € W}, or there is an A C N such that A* D K, such that
rg | A is 1-to-1 and rg[A] is ¢ X c-resolvable,

(5) if folAj N Ko] = Eq, then K, C Aj.

We check that if the induction succeeds, then K, is homeomorphic to E and if a
retract, then F is ¢ X c-resolvable. By inductive condition 3, there is a homeomor-
phism A from E. to E, and by inductive condition 5, f. is an irreducible function
from K. onto FE.. Since E is extremally disconnected, K. is homeorphic to F.
Assume r: fN—K_ is a retraction. It follows that ho f.or[N]N.S is a dense subset
of S, and let A=Nn(ho f.or)~1(S). Since ho f.or(N\ A) is disjoint from 9, it
follows that r[N'\ A] is nowhere dense in K.. Since r is a retraction, it follows that
(N\ A)* N K, C [N\ 4] is empty. It similarly follows that for each A C A such that
K. C A*, r[A] is dense in K. Fix any vy < ¢ such that r, D (ho fcor) | A, and let
a > 7y be large enough so that (N\ A)*\ K, is empty. By condition 4 there is an
A C A such that 7, | A is 1-to-1 and 7, [A] is dense in E and is ¢ x c-resolvable.

Now we carry out the induction. Let h, be any map from E onto 2“ which is
1-to-1 on {s, : n € N} and let s(n,w) = hy,(sy,) for each n € N}. Let f, be the
map from K, = SN onto E,, = 2% such that f,(n) = s(n,w) for each n. For limit
a>w,let K, = ﬂﬁ<a Kp and, for each n, s(n,a) = (J{s(n, B) : B < a}. Similarly,
for each x € Ky, let fo(x) = J{fs(x) : B < a} € 2%. Since the projection mapping
will send E, onto Egy; for 5 < a, the last condition is automatically satisfied for
all « > B+ 1 if it holds for &« = 3+ 1. The other induction conditions are routine
to verify. Now assume o = 3 + 1. For each clopen W C Ejg, fix Y C N such that
Yy N Kg = fgl[W] Also choose {Y¢ : £ < 8} C P(N) so that Kg = (.5 Y
Define a poset P by p € P if p C N is finite, and rg [ p is 1-to-1. For each clopen
W C Egand £ < 8, let Dwe = {p € P:pnYw NYe # 0}. Assume there is
some W, ¢ such that Dy ¢ is not dense (P is ordered by D). Then there is some
p € P such that ¢ N Yy N Ye is empty for all ¢ O p. This means A, D Yy N Ye
where A4, = r[;l(rﬁ [p]), hence rg[Y N Y] is a finite subset of E. It follows then
that rg[(Yw NYe)* N Kg| = r,@[fgl[W]] is nowhere dense in E. In this case, let

Bs = N (used below). Therefore to ensure condition 4, we need only worry about
the case where Dy ¢ is dense for all such W,&. Let G C P be a filter which, by
MA tple > can be assumed to meet Dy for each clopen W C Eg and { < 8 and
let Bs = JG C N. It follows that 75 | Bg is 1-to-1 and fs[Bj N Kg| = Ep. If
there is any Bz C Bg such that fB[BE NKsl = Eg and 73[Bs N Y N Y AW =0,
then we will ensure that K, C BZ; Since we will have (Bs N Yy NYe)* D f 1 [W],
this also would ensure that condition 4 would hold. If there is no such Bg, then
let B@ = Bg and proceed as follows. For each clopen W C Ej3 and & < 3, let
Swe = {s(n,B) : n € BgN Yy NYe}, which by our current assumption will
be infinite. Use this family of subsets of Sz = {s(n,8) : n € Bg} to generate
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a Hausdorff topology of weight < ¢. Applying Proposition 17, there is a ¢ X ¢-
independent matrix of dense subsets. For each D C Sg which is dense in this
topology, the set Ap = {n : s(n,3) € D} will satisfy that f3[A}, N K] = Eg. By
our assumption on rg, (i.e. Ap can not be a Bg) rg[Ap] will be dense in E. Since
rg is 1-to-1, E is (w, ¢ x ¢)-resolvable.

Finally we define K, and {s(n,a) : n € N}. If KgnN BE N A% maps onto Eg,
replace Bg by Bg N Ag. If the closures of {s, :n € A,} and {s, : n € N\ Ag} are
disjoint, then let these closure be denoted Cy, Cy and define s(n, ) = s(n, 3)0 for
n € Ag and s(n,a) = s(n,5)"1 for n € N\ Ag; otherwise Cy = Eg, C; = 0, and
s(n,a) = s(n,B)70 for all n. Using MAtpje (i-e. adding a “Cohen real”) there is
aset Y C By such that each of Y* N K5 and K3 N (Bg \ Y)* map onto Eg by fs.
Since Cy and C; are equal to the intersection of |3| many clopen sets in 2%, each of

Y*NKgN fgl[co] and (Bz\Y)* NKzN £511¢]

are also equal to the intersection of at most || many clopen subsets of GN. We
define K, to be the union of these two sets. The mapping f, is easy to define. [

It is a reasonable conjecture (see [BBS94]) to expect that every absolute retract
of AN is of the form E(K) where K is some continuous image of 2¢. There are
structure theorems for such spaces by Shapiro [Sha87] and Koppelberg [Kop93].
A map f:X—Y is semi-open if the image of each non-empty open set has non-
empty interior. This is a notion dual to the important notion of complete or regular
embedding in Boolean algebra theory and the language of forcing posets. Borrowing
from the forcing notation, let Y <y X abbreviate that f is a semi-open mapping
from X onto Y. In Boolean algebras one often represents an algebra B as a union
of a chain of smaller subalgebras. In addition, the system is usually assumed to be
continuous in that at limit levels of the chain, that subalgebra is the union of the
earlier algebras. The dual notion in topology is the inverse limit of a continuous
system. That is, an inverse system of spaces is an indexed family of spaces and
mappings { X, f% : a < B € A} so that f2 is a continuous function from X onto
Xo and fJ = fgo0 f8 for a < B < . The inverse limit of the system, X = lim X,

(e}
for short, is the unique (up to homeomorphism) space for which there is a family of
maps f, = f2 extending the system. The notion of a continuous system will mean
that for each limit ordinal v < A, X, will equal lim X

a<ly
The following result is taken from the book by Heindorf and Shapiro ([HS94,
5.3.1], see also the remark [HS94, page 7]).

Proposition 18. If K is a continuous image of 2° and E = E(K) is expressed as
an inverse limit of a continuous system {Eq, f% : a < B < ¢} of spaces of weight
less than ¢ and if f, denotes the resulting mapping from E onto E,, then the set
of A < ¢ such that Ex <;, E contains a closed and unbounded (cub) subset of c.

Theorem 19. If an (w,c)-irresolvable absolute retract E, of ON, is expressed as
an inverse limit of a continuous system {Eq, g’ : a < 8 < ¢} of spaces of weight
less than ¢ and if g, denotes the resulting mapping from E onto E,, then the set
{a: E, <4, E} is a stationary subset of c.

Proof. Let f be a mapping from N* onto the compact space 2¢ and inductively
construct I, C ¢, closed sets J, C 2°\» and K, C N* so that f, = f | K, maps
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K, onto J, x 2!». The plan is to ensure that J. = Noce Ja X 2lo = J. x 29 will
be homeomorphic to E and f. : K.—J, will be irreducible. Therefore, K, will be
a copy of E. Assume that F can be expressed as an inverse limit of a continuous
system {Ea,gg : B < a < ¢} of spaces of weight less than ¢ so that there is a cub
C C ¢ such that E) 4, F for each A € C. We will ensure that K. is not a retract.

Fix S C E of cardinality ¢ so that each countable D C E'\ S is nowhere dense
and let {ro : @ < ¢} enumerate all continuous functions from OGN into E so that
r[N] € S. A word of caution, ¢ may be singular and the order-type of C' may be
less than ¢. In fact, we may as well assume that the order type of C' is the cofinality
of ¢ and that ¢\ C has cardinality ¢. At stage A € C, we handle all r, with a < A
and for each 3 < ¢, we ensure that Jg is homeomorphic to Fg. Fix an enumeration
{As : a € ¢} of P(N), and for convenience, we may assume that Ay = N and
Ey;i1 = E) for each A € C.

To start the induction, fix a countable dense {s, : n € w} C S and assume
without loss of generality that go : E—Fj is 1-to-1 on {s, : n € w}. Let ug be the
weight of Ey and choose any embedding of Ey into 2#°, call it Jy. Let Iy = ¢\ po,
let Ko = f~1(Jy x 20) and fy = f | Ko. Let ho denote the map from E onto .Jy
such that hg[gy ' (e)] is a singleton for each e € Ey (and, conversely, go[hg'(y)] is
a singleton for each y € Jy). This condition, in compact spaces, is equivalent to
asserting that hg, go induce a homeomorphism, g, from Fy to Jp.

Let {\¢ : ¢ € Kk} be an increasing enumeration of C. We make the following
inductive assumptions on I, J,, Ko and hy : E—J:

(1) faisonto, and for 8 < a, K3 D K,, and the projection 7.\ 7, maps J, X 21
onto Jg,

(2) for limit «, I, = ﬂﬁ<a Ig, for a € C, |Iy \ In4+1| < ¢, and for a ¢ C,
Iy \ 141 is finite,

(3) hq and g, induce a homeomorphism ¢, from E, to J,, and for 8 < « and
e € B, hyle) = ha(e) | (I \ Io)

(4) if A < o and A € C, then for all 8 < A, there is a clopen W C F and a
clopen U C J, such that either

5 WINKa =0 or rg[f7 (U x2'*)nh " (U) =0

(5) if B < a, then either K, C Aj or there is a clopen W C .J, such that
falA N Ko N (W x 27e) =0
Item (4) is the condition that guarantees that K, is not a retract of SN. By
condition (5), f. is irreducible, hence a homeomorphism from K, onto J.. By
condition (3), h-! is a homeomorphism from J, to E. Now assume that 7 is a
retraction mapping onto K, and observe that H = h_! o f. or is a function from
BN onto E. Let A C N equal H=*(S) N N. Since r is a retraction and r[N\ A]
is nowhere dense in K, it follows that K. C A*. There is a 8 < ¢ such that
HJ]A=r3| Aandlet a =+ 1. There can be no W as in (4) since H is
onto. So assume U C J, is as in (4). Since J. projects onto J,, let p € K. be
such that f.(p) = fa(p) is in U x 2/«. We obtain a contradiction by showing that
ha(r3(p)) € U. Since r is a retraction, 7(p) = p, hence rg(p) = H(p) = h ' (f(p))-
Therefore, ho(rg(p)) = ha(h (fe(p))) = fe(p) 1 (¢\ 1) € U.
Assume a < ¢ and the induction has succeeded for o/ < a. If « is a limit,
then Ko = Ngeo Ko, Lo = Npeo I, and Mg, Jp x 2% will be of the form
o X 21a since v < 8 < « implies Jg x I3 projects onto Jy. It is easily verified that
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falKa] = Jo x 2f«. The function h,, where for e € E, hy(e) is the unique point
y € J, such that y [ 8 = hg(e) for each § < .. It is a routine exercise to verify that
ho : E—FE, is a continuous surjection and that h,, g, induces a homeomorphism
from Eq to Jo (because of the assumption at limits on lim Eg). Conditions (4) and
B<a

(5) are immediate because « is a limit.

Now assume o = A+1 for some A € C. Since E) 4, F, there is a clopen W C F
such that g)[W] is nowhere dense in E\. Let K ¢ = K. By induction on § < A,
we choose finite functions pg C I\ x 2 (pairwise compatible) and Ky 5 C [, .5 Kx 5

so that K, 3 maps onto Jy x {U'y<ﬂ Pv} x 215 (where I, g = LA\U, < dom(py)).

At stage [, we consider rgl[W]. If there is a non-empty clopen U C J) with
UNhx[W] =0 and a finite function pg C I g x 2 such that f) maps K, g ﬂrﬁ_l[W]

onto U x {UvSﬁ Pv} x 203641 then let

(2.1) Kxpy1=Kxgn f)\_l[(J,\ \U) x U Py p X 21x 041
v<B

U g WINKxgn f U x U py ¢ x 20084
Y<B

and notice that rg[fy (U x {U"/SB pﬂ,} x 2008+ ¢ W and so is disjoint from
hy U]

If there is no such pg, then f,\[K,\,g\rgl[W]] maps onto Jy X {U7<B p,y} x 28,
soset pg =0, Kxp+1=Kxp \r;l[W] In this case we have rgl[W] NKypy1 =10

of course. Let K, = K11 = ﬂﬂO\K)\ﬁ, I, = ﬂﬂ</\b\ﬁ, Jo = Jy X {Uﬂ<kp5}'

Since Ey11 = E) and Ay = N, the remaining inductive conditions are immediate
by the inductive assumptions.

Now assume @ = S+ 1 for 8 ¢ C. Let the weight of E, be p, < ¢. By
inductive condition (2), ¢\ Ig has cardinality less than ¢. Let I/, C ¢\ I3 have
cardinality po and let J! C 27« be homeomorphic to E, and let ¢/, : Eq—»J/,
be a homeomorphism. Define the homeomorphism ¢ from E, into Jz x J/ by

WY (e) = (cpg(ggﬂ(e)),gp;(e)) and let JO be the image of E,. Define K = Kz N
f5 (I % 276\4). In order to define K, C K9, and .J, C J} we must now consider
Ag. If fIKO N AZ] = JO x 275\l then Ko = KO N A% and Jo = JO, I, = I\ I.
Otherwise, there is a clopen set W C J? and a finite function p, C (Ig\ I,) x 2
such that f[KO N A% NW x {pa} x 27s\UIa0dom(pa)) — () Now define K, = K9,
Jo = J2 x{pa}, In =I5\ (I}, Udom(p,)). In the first case, set hq(€) = ¥ (gale))
for e € E, in the second, hq(€) = ¢©2(ga(€)) ™ pa- O

Corollary 20. If a Simon type space satisfies that the character of each Uy is ¢,
then it is not an absolute retract.

Proof. Let G,, be a Simon type space for which each U; has character ¢. Assume
that f is a continuous function from SG,, onto a space K and assume that f [ G,
is 1-to-1 and that K has weight less than ¢. By Theorem 19, it suffices to show
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that f is not semi-open. To see this, recall that G, is a topology on the base set

Lw". Let § € T C G, and for each t € G, whether in T or not, ensure that
Li={n €w:t"n T} is not in Y; while at the same time, f(¢) is in the closure
of {f(t7n) : n € L;}. The reason we can do this is that f(¢) is in the closure of
{f(t"n):n € w} but the neighborhood trace in K will have character less than c.

It follows that T is nowhere dense in G, (see [Vau0l]), while at the same time
fIT] contains f[G,] in its closure, and so is dense in K. Therefore 3G, \ T does
not map to a set with non-empty interior, showing that f is not semi-open. ([l

For a cardinal &, let {7 denote the following (consistent) strengthening of :
for each A < &, there is a family Sy C P(A) such that |Sy| < |A| and for each
X C K, the set {A: X N X e S,\} contains a cub subset of &.

If &F holds and P is a ccc poset of cardinality at most &, then < will continue
to hold. Therefore ¥ will hold in many models (independent of the continuum
hypothesis). The details of the next result are omitted because the proof is so
similar to the proof of Theorem 19.

Theorem 21. <7 implies that if an absolute retract E, of N, is expressed as an
inverse limit of a system {Eq, 5 : a < 8 < ¢} of spaces of weight less than ¢ and
if fo denotes the resulting mapping from E onto E,, then the set {a : E4 <y, E}
is a stationary subset of c.

3. DISTINCT VD-SPACES

In this section we will produce distinct vD-spaces. One interesting fact we will
prove is that F(2°) is itself a compact vD-space (see also [DvMO5] for another ap-
proach). Our extra effort will yield the additional information that it has quite
distinct dense countable vD-spaces. These results will use the technique of inde-
pendent matrices. We will also show that there is another compact vD-space which
is not homeomorphic to E(2¢) by a proof which is suprisingly easy utilizing Simon
type spaces, although we can note that a Simon type space is not itself a countable
vD-spaces because it is not irresolvable. Before carrying out the constructions we
will introduce some other properties that can serve to distinguish these spaces.

3.1. weak P-sets. A closed subset K of N* is a (discrete) weak P-set if the closure
of each countable (discrete) subset of N*\ K is disjoint from K. Each <2-to-1 map
from QN onto a crowded ED space K gives rise to a canonical embedding of K as
a 1-to-1 retract of ON.

Proposition 22. If f : fN—K is <2-to-1 and K is a crowded ED space, then
(f 1 K)=Yo f is a I-to-1 retraction from (N to

K =N*nf-1[N]
and K is homeomorphic to K.

If S is a countable vD-space, then any 1-to-1 function f from N onto S gives
rise to an embedding of 8S as a 1-to-1 retract, Kg, of SN which is unique up to a
permutation on N (hence a homeomorphism of SN). There are internal descriptions
for S which correspond to when Kg is a weak P-set or discrete weak P-set of N*.
Recall that a set Y is Ng-bounded if the closure of each countable subset of Y is
compact.
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Proposition 23. Let S be a countable vD-space and let Kg be the canonical em-
bedding of 8S as a 1-to-1 retract of BN.
(1) Kg is a weak P-set of N* if and only if the near points of S is No-bounded.
(2) Kg is a discrete weak P-set of N* if and only if every countable vD-space
contained in the near points of S is nowhere dense in (35.

Proof. Both of the results use the fact that if A is a countable subset of N* \ K,
then A meets Kg if and only if A meets S. Also, recall from Proposition 5 that
fIN*\ Kg] is sent onto the near points of S (disjoint from S itself) and that for
A C N*\ Kg, f[A] will be contained in f[A]. Therefore if A is a countable subset
of N*\ Kg, A will meet S if and only if f(A) meets S. For the second statement,
assume that D is a discrete subset of N* \ Kg, then f[D] is a vD-space in the near

points of S (since f | D = 3D is a <2-to-1 map onto f(D)). O

It follows easily that each point of a countable vD-space S is a far-point of its
own near points, however it is not at all clear if it is necessarily far from its entire
remainder. We show that both situations can happen even with dense subsets of
E(2°).

Theorem 24. There is a countable vD-space S which is dense in E(2°) such that
there is a countable vD-space T dense in the near points of S. Furthermore we can
ensure at the same time that S is far from 8BS\ S. Of course T is not far from

Br\T.

Theorem 25. There is a countable vD-space S such that 35S is not homeomorphic
to E(2°).

Theorem 26. MA ;. tmplies there is a countable vD-space S such that BS is
(w, w)-irresolvable and not (w, 1 x 2)-resolvable. In particular, 3S\ S is Ng-bounded.

Corollary 27. There are countable vD-spaces Sy, 52,55 such that in N*,

(1) Kg, is not a discrete weak P-set,
(2) Kg, is a discrete weak P-set but not a weak P-set, and
(3) MA_4p1e implies Kg, is a weak P-set.

3.2. Proof of Theorem 24. We are able to break the proof of Theorem 24 into a
series of Lemmas. Lemmas 28 and 30 combine to easily prove the first statement of
Theorem 24 using a straightforward induction which we omit. The rest of Theorem
24 is similarly a consequence of Lemmas 35 and 34.

For the next lemma, it might help to imagine starting out with the usual topology
(Q x Q) and then choosing a function from Q into the irrationals whose graph, T,
is dense. Now let Q denote the set of rational numbers and (Q x Q) U Q denote the
same set, (Q x Q) UT, where Q is also identified with T" in the obvious way. In
Theorem 24, S will be Q x Q, while Q will be the vD-space which is dense in the
near points of S.

Lemma 28. Assume that X = (Qx Q) U Q is a space such that X is zero-
dimensional, Q is dense and
(1) each q € Q is a limit point of {q} x Q,
(2) for each A C Q, there is an Ay C A such that Ag is clopen in X, QN A\ Ay
is closed discrete in Q, and A\ ( (Ag x Q)UQ) is closed and discrete in
QxQ,



12 ALAN DOW

(3) if B C QxQ is such that ¢ ¢ BN ({q} x Q) for each q € Q, then B is closed

then Q is vD-space and is C*-embedded in the extremally disconnected space X .
Furthermore Q x Q is a vD-space which contains Q densely in its near points.

Proof. The space X is crowded because it has disjoint dense sets Q and Q x Q.
It is immediate by condition 2 that if A C Q is crowded, then Aj is dense in A.
Furthermore, since Q N Ay \ Ay is closed discrete in Q, A is open in Q because it
is equal to Q N Ay with a closed discrete set removed. Therefore, by Proposition
6, Q is a vD-space. Condition 2 also implies that Q is extremally disconnected and
C*-embedded in X. For each ¢ € Q, {¢} x Q is discrete by applying 2 to the set
A = Q\ {q}. Therefore condition 1 implies that Q is contained in the near points
of Q x Q. To finish the proof we need only show that Q x Q is a vD-space. Consider
any crowded subset B of Q x Q. By Proposition 6, we must show that B is open in
QxQ.Forqge Q,let By={reQ:(¢,r) € B}andlet A={qe Q:qe{q} x By}
Let Ay C A be such that Ag is the interior in Q of A. Clearly B contains a dense
subset of the relatively clopen set U = (Q x Q) N Ay and U \ B is closed because it
equals the union of the two closed sets U\ (Ag x Q) (by condition 2) and (A x Q)\ B
(by condition 3). Therefore BN U is open.

To complete the proof that B is open, we show that B\ U is actually empty
because it is the union of two discrete sets. The first is simply B\ (4 x Q) by the
last condition. Then (A \ Ag) x Q is discrete by the second condition applied to
Ao U (Q\ A), which is crowded since (A \ Ap) is discrete. O

To prove Theorem 24 using Lemma 28 we will construct an embedding of the set
X =9 xQUQ into E(2°). For convenience we will instead use the homeomorphic
representation (w + 1)¢ of 2¢ where w + 1 is the compact ordinal space. Recall that
the points of F((w 4 1)¢) are ultrafilters of regular open subsets of (w + 1)¢. The
basic structure of the embedding is captured in the next definition.

Definition 29. A collection X = {W,, : © € X} satisfies E,, (or is an F, structure)
if for each € X, Wy, C RO((w + 1)?) is a filter base such that

(1) for each ¢ € Q and W € Wy, {r € Q: W € Wy} is infinite,
(2) for each non-empty compact open W C (w+ 1), {g € Q: W € W,} is
infinite,
(3) for each W € Wy = {0} UU{W, : z € X} and each x € X, either W € W,,
or WNW' =0 for some W' €¢ W,.
We say that X < X' if for some o < o, X' satisfies Eo and W x (w + 1)(@\@) ¢
W/ € X' for each W e W, € X.

Let {b(yn) : (7,n) € ¢ X w} be an ¢ x w-independent matrix of subsets of Q. As
above, for a finite function p C ¢ xw, let b, denote the intersection ({b,,» : (v,n) €
p}. We may assume that each b, is a dense subset of Q and that (J,,c,, b(y,n) = Q
for each v € ¢. For a subset I of ¢, let B; denote the I x w-independent submatrix.
We say that B; is independent mod X, for an FE, structure X, if for each finite
function p C I X w and each W € Wy \ {0}, B,N{qg € Q: W € W} is infinite.
Clearly the topology mentioned above on (Q x @) UT can be embedded densely
into (w4 1)¥ and by choosing the filter of clopen neighborhoods of each point for
W.., we have X, as an E,, structure. .

If X is an E,, structure, then for each W € Wy, W ={z € X : W € W, } is going
to be a clopen subset of X. The independent matrix assumption is simply asserting



ON VAN DOUWEN SPACES AND RETRACTS OF @GN 13

that each b, is a dense subset of X N Q with this topology. When discussing or
constructing an E,, structure X we will implicitly assume that for W C W' € Wy
and z € X, if W € W,, then W’ is also in W,.

Lemma 30. Assume that X is

(1) an E. structure, and
(2) for each A C Q, there is a pairwise disjoint family {W(A,n) :n € w} C Wy
such that for each x € X, there is ann € w, W(A,n) € W,, and for each
new{geQ\A:W(A4,2n) e W} and {g€ A: W(A,2n+1) € W,} are
finite, and
(3) for each B C Qx Q, there is a pairwise disjoint family {W(B,n) :n € w} C
Wy such that for each x € X, there is an n € w, W(B,n) € W,, and for
eachn € w BD {(q,7) € Ax Q: W(B,2n) € Wiy} and {(¢,7) € QL x Q:
W(B,2n+1) € Wy} is finite, and
(4) RO((w+ 1)) =Wy,
then X is an embedding of X densely into E((w+1)¢) and with the inherited topology
satisfies Lemma 28.

Proof. Condition 28(1) follows from the fact that X satisfies F., and the embedding
of Q is dense because of the second condition of the definition of E.. For any A C Q,
it is easily checked that Ag = {a € A: (In € w) W(4,2n) € W, } will satisfy the
requirements of condition 28(2) with Ay = {z € X : (In € w) W(A,2n) € W, }.
For example, each W(A, n) meets A\ Ap in a finite set, hence A\ Ay is closed discrete.
Similarly, condition 28 (3), follows easily from hypothesis (3) of this Lemma. O

The proof of Theorem 24 is achieved by a sequence of Lemmas. It is a routine
induction using alternatingly, Lemmas 31, 32, and 33 to produce a space satisfying
Lemma 30.

Lemma 31. Assume a < ¢, X is an E, structure, I is an uncountable set such
that By is independent mod X, and A C Q, then there is an FEoy1 structure X' and
I' C I and a pairwise disjoint family {W(A,n) :n € w} C Wx: such that
(1) X < X" and I\ I is countable, and
(2) for each x € X, there is ann € w, W(A,n) € W., and for each n € w
{g€Q\A:W(A,2n) e Wi} and {g € A: W(A,2n+1) € W} are finite.
(3) By is independent mod X'.

Proof. Let A C Q. It follows easily that for each W € Wy \ {0}, that there is
a W* C W in Wy \ {0} and a finite function py~ C I X w such that one of the
following holds:

(3.1) {ac A:W*eW,}Nby,. =0
or, for all finite functions 7 such that
(3.2) pwx CTCIxw {a€A:W*eW,}Nb, is infinite .

Therefore, there is a maximal disjoint family {W} : n € w} C Wy and a family,
{pk : n € w}, of finite functions from I into w, such that for each n, either 3.1 or
3.2 holds for W, pr.

By re-indexing the families, we may assume that for each n, W3, p5, satisfy
condition 3.2, and W3, ,,p3,,, satisfy condition 3.1. Therefore, in the space
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(w4 1),
Wy = int | W5, and W_, =int cl{ W3,

are complementary members of RO((w+1)%). In defining our new E, 11 structure,
X', we will define an intermediary E,-structure which we will also denote as X'.
In particular we will add {W4, W_4} to Wy and for each z € X we will have to
select W, from {W4,W_4} to add to W,. The most important consideration in
making this selection will be the preservation of condition (1) of E,-structure.

For each z = (¢,7) € Q x Q, if WN Wy # 0 for each W € W, then we let
W, = Wy. Otherwise, we have that WNW_ 4 # 0 for each W € Wiq,r) and we set
Wz = W_4. For each g € Q, we may put W, = Wy if for each W € W, we have
that {r € Q: W) = Wa and W € W, )} is infinite. Otherwise, let W, = W_4
and, in either case, let B, be the infinite set {r € Q : W, = W(,,y}. We have
ensured that for each W € Wy, {r € B, : W € W, )} will be infinite. For each
x € X, let W/, temporarily denote the filter W, U{W, NW : W € W, }.

Let iq be any element of I'\|J{dom(p}) : n € w} and I' = I'\ ({in }UUJ{dom(p}) :
new}l.

As an intermediary step it is helpful to note that X' = {W! : z € X} is an
E-structure and we will check that B;- is independent mod X’. We actually prove
a stronger statement: for each k € w, finite function 7 C I’ xw, and each W € Wy,

(33) WNW_a#0 =bi,x)Nb-N{geQ\NA: WNW_, € W,} is infinite

and

(3.4) WNAWa#0 = bu,mNb-N{ge A: WNW,4 €W,} is infinite.

To see this, notice that, for each n, if W N W3, # 0 and/or W N W5, ., # 0, then
bin ) Vor Nbps N{ge A:WNW4 €W} is infinite

and /or

bin ) VO Nbps  N{ge Q\A:WNW_4 € W,} is infinite

Pan41

For each integer k, we define
W (A, 2k) = Wa x {(a,k)} C (w+ 1)

and
W(A 2k +1) =W_, x {(a, k} .

Let Ap={a€c A:WseW,}={acA:W,=Was}andlet Ay ={ac A: Wy ¢
W, ={a€ A: W, =W_4}. Similarly, set Qo = {g € Q\ A: W_4 € Wi} and
9 ={qeQ\A:W_A¢W,} ={qeQ\A: Wa =W,}. For each q € Q recall that
we have defined B, C Q above so that for each W € W, {r € By : W € W(y .y} is
infinite. Define a function f, : X — w as follows:

(1) for each ¢ € Ag U Qp, fo(qg) = k where k is the unique integer such that
q € by k>

(2) fa:A1UQ — wis 1-to-1,

(3) for each ¢ € Q and r € By, foa((¢,7)) = falq), and

(4) fa:(2@xD\Uyeq By — wis I-to-1.
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For each x € X, we define
(3.5) Wi, = {W x {(cv, fa(2))} : W € Wt U{(W.NW) x {(av, fa(z))} : W € W, }

which is a filter in RO((w + 1)2*1).

Note that if W, = W4 and fu(z) = n, then W(A,2n) € W, and similarly,
W(A,2n+1) € W, if W, = W_4. Condition (2) in the statement of the Lemma
certainly holds since, for each n,

{geQ\A:W(A2n) e W U{ge A: W (A 2n+1) e W}

has at most one point in it because this union is contained in (4; U Qq) N f;1(n).
Properties (1) and (3) of E,-structure are immediate by the definition of X’. To
see that property (2) holds, assume that W C (w + 1)* is clopen and k € w, we
must show that the clopen set W x {(a, k)} is in Wy, for some ¢ € Q. Assume first
that WNW, # 0 and recall that by, ) NbgN{g € A: WNW,4 € W,} is infinite, so
let ¢ be any member of this set. Since W4 € W, we have ¢ € Ay and so fu(q) = k.
Therefore, W x {(a, k)} € W;. The argument for the case that WNW_, # 0 is
similar.

The fact that By is independent mod WYy, follows routinely from 3.3 and 3.4. [

The proofs of the Lemmas 32 and 33 are so similar to the previous proof that
they can be omitted.

Lemma 32. Assume o < ¢, X is an E, structure, I is an uncountable set such
that By is independent mod X, and B C Q x Q, then there is an Eqo11 structure X'
and I' C I and a pairwise disjoint family {W(B,n) :n € w} C Wx such that
(1) X <X and I\ I is countable, and
(2) for each x € X, there is an n € w, W(B,n) € W, and for each n € w
B> {(¢g;r) €QAxQ:W(B,2n) € W, ,} and {(¢,7) € A x Q: W(B,2n +
1) € Wi, .} is finite,
(3) By is independent mod X'.

Lemma 33. Assume o < ¢, X is an E,, structure, I is an uncountable set such that
By is independent mod X, and W € RO((w + 1)%), then there is an E, structure
X' such that

(1) X< X', and

(2) W e Wy, and

(3) B is independent mod X'.

This next lemma introduces the trick to ensure that Q x Q will be far from 3(Q x
Q) \ (Q x Q) (the final condition in Theorem 24), and then Lemma 35 incorporates
the technique into the construction of E,-structures.

Lemma 34. Suppose that S is a countable space with the property that for each
pairwise disjoint collection {W,, : n € w} of clopen sets, there is another pairwise
disjoint collection {W(n,m) : m < n € w} of clopen sets such that for each s € S
either there is an n € w, such that s € W, or for each selection 0 < m,, < n
(n € w), there is a clopen W such that s € W and W N |J W(n,my) is empty.
Then S is far from 8S\ S.

new

Proof. Assume that A is any countable discrete subset of 35\ S. Choose any
collection {W,s : n € w} of clopen subsets of 35 such that for each a € A, there is
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an n satisfying W N A = {a}. For each n, let W,, = SNW}, and let {W(n,m) :
m < n € w} be as in the lemma. For each n, Wy = ,,<,, W(n,m), hence there is
an m, < n such that W(n,m,) N A # (. For each n, clearly no point of W), is a
limit point of A. In addition, it clearly follows that no other point of S is a limit

point of A since A is contained in the closure of | J,, W (n,m,). O

Lemma 35. Assume a < ¢, X is an E, structure, I is an uncountable set such
that By is independent mod X, and {W,, : n € w} C Wx, is a pairwise disjoint
family, then there is an Eoi1 structure X' and I' C I and a pairwise disjoint
family {W(n,m) :m <n € w} C Wy such that
(1) X <X and I\ I' is countable, and
(2) for each x € Q x Q, either there is an n € w, such that W,, € W,, or
for each selection 0 < m, < n (n € w), there is a W € W/, such that
wWNW(n,my,) =0.
(3) By is independent mod X'.

Proof. Let {W,, : n € w} C Wx be any pairwise disjoint family. We will be defining
an E, 11 structure X’. There is no loss of generality in assuming that {W,, : n € w}
is maximal since if we add some set Wy to the collection and Wy € W, for some
x, then it will be immediate that Wy x (w + 1){®} will already be a set which is
disjoint from W (n,m,,) for all n # 0. Choose any i, € I and let I’ = I'\ {is}. For
brevity, let b, denote b(;_ i) for each k.

For each 0 < m < n, let W(n,m) = W, x {(a,m)} and W (n,n) = W, x (w+1\
{0,...,n—1}){e}. Clearly we have that W,, x (w+1)%*} is equal to | J W(n,m).

Now we are ready to define the family {W/, : z € X}.

For each ¢ € Q such that there is an n with W,, € W, let k; denote the integer
k such that g € by. Also, let B, denote the infinite family of » € Q such that
W, € Wg,ry (by condition (1) of E, structure). For each z € {q} U ({¢} x By)
(where there is an n such that W,, € W), set

W, ={W x {(a, kg)} : W € W, }.

Since the family {W,, : n € w} is maximal and By is independent mod X, this
assignment will already ensure condition (2) of E,1 structure. It will also preserve
condition (1) for those ¢ for which W,, € W, for some n, and it is immediate that
By is going to be independent mod X'.

For each (¢,7) € Q x Q such that there is an n such that W,, € W,y and
Wy & W, set

m<n

W'(w) ={W x{(,0)} : W € Wz}

It remains to define W’ for all those x such that W,, ¢ W, for each n. If x € QxQ
is such an z, then set W/, to be the filter generated by including

int cl |JWNnW,) x (n\ Hy)*

for all W € W, and each sequence, (H,, : n € w), such that {|H,|:n € w} Cwis
bounded.

For the remaining ¢ € Q there are two cases so as to preserve condition (1) of
FEq41 structure.

If for each W € W, there is an r such that W N W, € W, ., then set B, =
{reQ: (3n) W, € Wy, } and define

Wi, ={W x {(a,0)} : W € W},
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otherwise, B, = {r € Q : (Vn) W,, & Wy}, and define Wy to be the filter
generated by

int cl |JWNnW,) x (n\ Hy)

for all W € W, and each sequence, (H, : n € w), such that {|H,|:n € w} Cwis
bounded. g

3.3. Proof of Theorem 25. Let X be a countable Simon type space with the
property that 8X is (w,w)-irresolvable (use Proposition 14). Of course X can be
chosen so that 6X \ X is Rp-bounded. By Theorem 7, there is a vD-space S which
maps continuously by a 1-to-1 function into a dense subset of X. Therefore there
is a continuous function f from (S onto SX with the property that f | S is 1-to-1.
Since S is crowded, it also follows that each fiber, f~!(z) (z € BX), is nowhere
dense in 3S. The proof that S is not homeomorphic to E(2°) follows from the
next Lemma.

Lemma 36. If f is a mapping from E(2°) onto an (w,w)-irresolvable space K,
then there is a point x € K such that f~'(z) has interior.

Proof. Assume that Y C K is a countable dense subset such that every countable
D C K\Y is nowhere dense in K. Also assume that f maps F(2°) into K so that
f~Y(x) is nowhere dense for each z € K. We show that the range of f is nowhere
dense in K. Let ¢ denote the canonical irreducible map from E(2°) onto 2¢. It
follows that for each y € Y, there is a dense open subset U, of 2° so that o(f~!(y))
is disjoint from U,,. It is routine to show that each G5 subset of 2¢ is separable, so
let T" be any countable dense subset of the dense set ner Uy. Let D C E(2°) be
any countable set such that ¢(D) = T. Since ¢ is irreducible and (D) is dense in
2¢, it follows that D is dense in E(2°). Since D is disjoint from f~1(Y), it follows
that f(D), and f(D), is nowhere dense in K O

3.4. Proof of Theorem 26. Before constructing our vD-space, we prove the fol-
lowing Lemma to provide a condition that will ensure we have an Ny-bounded
remainder.

Lemma 37. Assume that S is a Lindeldf zero-dimensional space and that for each
countable family {W(n,m) : n,m € w} of clopen sets such that for each n, the
family {W(n,m) : m € w} is a descending sequence with empty intersection, there
is a partition {Y, : n € w} of clopen sets such that for each n,k there is an m such
that Yy, is disjoint from W (k,m). Then 8S\ S is Ng-bounded.

Proof. Let {a,, : n € w} be asubset of 55\ S. Since S is zero-dimensional Lindeldf,
there is, for each n € w, a countable descending sequence {W(n,m) : m € w}
of clopen subsets of S such that a,, € W(n,m) for each n, and (., W(n,m) is
empty. Let {Y,, : n € w} be the partition of S as given. For each s € S, there is
an n such that s € Y, hence it suffices to prove that a, ¢ Y,, for each k,n. By
assumption, for each n, k there is an m, ; € w so that Y, N W (k, my, ) is empty.
For each k, ay € W(k,m,, i), hence ay, ¢ Y,,. O

Now, assume that MA_ipe holds. We start with By, any countable base of
clopen sets for the usual topology on Q. By induction on o < ¢, we construct
subalgebras B, C P(Q) so that |B,| < |a+w| and the 0-dimensional topology, X4,
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on Q induced by B, is crowded (i.e. each member of B,, is infinite). For limit o we
will simply let B, be the union of the B, for v < .

Let {A, : v € ¢} be an enumeration of P(Q) and let {{W(y,n,m) :n,m € w}:
v € ¢} be an enumeration of all the doubly-indexed countable families of subsets of
Q@ so that each is listed cofinally often in .

For each « € ¢, we ensure there is a partition {Y,, : n € w} C B,41 so that

(1) for each m, one of Y, N A or Y,, \ A is finite, and

(2) if, for each k € w, {W(a, k,m) : m € w} C B, is descending and has empty
intersection, then for each n € w, there is a function f, € w“ such that
Y, N W(k, f.(k)) is empty for each k.

Given B, once we show how to construct {Y,, : n € w} we simply let B,11 be
the Boolean algebra generated by B, U{Y,, : n € w}.

Let {¢; : i € w} enumerate Q. We construct the family {Y;, : n € w} by induction
on n so that {¢g; : i <n} C U, Vs, Yn is crowded in X,, and Q\ |J,,, Y; is dense
(in X,). B -

Let A denote A, and for each n,m, W(n,m) = W(a,n,m). Let gp, be the point
of Q\ U,<,, ¥s with minimal index (thus ¢, > n). We will ensure that ¢,, € Y,, and
that Yy, \ {qe, } is either contained in A or is disjoint from A.

If A\ U;., Yiis dense in some X,-neighborhood of ¢, , then let B, € B, be
such a neighborhood. Otherwise, let B, € B, be a neighborhood of ¢q,, with a
dense subset which is disjoint from AU(J,_, ¥;. By Lemma 17, we can choose a
dense subset Z,, of B,, such that B, \ (Z, U Ui<n Y;) is also dense in B,, and so
that, again, either Z, C A or Z, is disjoint from A. Let I C w be the indices so
that {¢; : 7 € I}t ={qe, }UZ,\{qi : i < £,,}. We will choose Y,, 3 ¢y, to be a subset
Zn U{qe, }, hence we will preserve that Q\ |J,.,, Y; is dense and we will have that
either Y, N A or Y;, \ A is finite. We need only work to ensure that Y, is crowded
and to select our function f;,.

By a simple re-enumeration (and possibly choosing subsequences) we may assume
that for each k € w and each ¢ € I, W(k, ) is disjoint from {qo,...,q¢}. We define
a poset P which is a subposet of the strictly increasing functions from some integer
into I ordered by usual extension. A function p will be in P if p(0) = ¢,, and for
each k € dom(p), qu(x) is not in W (i, p(i)) for each i < k. It follows then that g,
is not in W (7, p(i)) for all i € dom(p) since p is an increasing function and gy is
not in W (i, p(k)) for all 4.

Once we have selected a filter G C P using MA()e , we will have a function f,, =
Upeg p and we will let Y, = {qy, ) : k € w = dom(fy)}. It follows immediately
that Y, N W (k, f.(k)) is empty for each k. We need only to identify enough dense
subsets of P to ensure that dom(f,) = w and that Y,, is crowded.

To see that dom(f,) will be w, we can note that each p € P with i = dom(p)
has an extension p’ with ¢ € dom(p’). To see this, note that {¢; : ¢ € I'} =
Zn \U,<; W (4. p(j)) is crowded since it contains g, and each of the W (4, p(j)) are
clopen. Therefore p’(i) can be chosen to be any member of I’ which is greater than
p(i —1).

Finally to see that Y,, will be crowded, it suffices to show that for each k € w
and U € B, the set

Dk, U)={pe P: (k €dom(p) and p(k) e U) = (35 > k)p(j) e U}
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is dense in P. Assume p € P, k € dom(p) and p(k) € U € B,. Let j = dom(p) and
choose p'(j) € I with p'(j) > p(j — 1) so that g,(;y € U\U,; W(4,p(i)), which we
may do since Z,, is dense in By, and gpx) € U \ U, ; W (4, p(i)).
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