Math 1120 Calculus Final Exam

December 11, 2001 Your name
The value of each problem is shown. You must show your work on the problems.
The total number of points available is 246.

1. (8 points) Consider the function f defined by:

i) 202 -3 ifx<0
xr) =
522 —3x ifz>0

Find an equation for the line that is tangent to the graph of f at the point
(3, (3))-

Solution: Since f'(z) = 10x — 3 for x > 0, f'(3) = 27. Also, f(3) =45—-9 =
36, so the line is y — 36 = 27(x — 3) or y = 27x — 45.

2. (8 points) Again referring to the function f defined in problem 1, what is the
slope of the line joining the points (=2, f(—2)) and (2, f(2))?

Solution: The two points are (—2,5) and (2, 14), so the slope is % =9/4.

3. (8 points) What is the distance between the point (6,8) and the midpoint of
the segment joining the points (2, 3) and (10, —7)7
Solution: The midpoint of the segment is (6, —2), so the distance is d =

V0?2 + 102 = 10.

4. (8 points) Find an equation for each horizontal asymptote of r(z)?

(x+4)(2* —1)(32% — 4)
(2 + 2 —12)(z —1)*

r(x) =

Solution: The degree of the denominator is greater than that of the numer-
ator, so the horizontal asymptote is y = 0.

5. (8 points) Referring again to the function r(x) in the previous problem, find
an equation for each vertical asymptote of r(z)?

Solution: The quadratic in the denominator factors, >+ x—12 = (x+4)(x —
3). The = + 4 factor in the denominator cancels with the = + 4 factor in the
numerator, leaving just the factors x — 1 and x — 3, so the vertical asymptotes
are x =1 and z = 3.
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6. (8 points) The line tangent to the graph of a function f at the point (1,5) on
the graph also goes through the point (0,8). What is f'(1)7

Solution: The slope of the line through (1,5) and (0, 8) is —3.

7. (8 points) What is the slope of the tangent line to the graph of f(z) = ** at
the point (1,e?)?
Solution: The derivative is f/(x) = 2¢** whose value of at x = 1 is f/(1) =
2¢?.

8. (10 points) Let g(z) = (22 — 3)*(z + 1)2. Find ¢'(z) and the critical points of
g. Express ¢ in factored form.
Solution: Use the product rule to compute ¢': ¢'(x) = 2(2x — 3)*>7! - 2(z +
1)+ 2(z + 1)! - (22 — 3)%. Factor out the common terms to get ¢'(x) = (2x —
3)(x+1)(4(z+1)+2(22-3) = (22—-3)(z+1)(8z—2) = 2(22—3)(z+1)(4dz—1).
So the stationary points are x = 3/2,x = —1, and x = 1/4.

9. (10 points) Let f(z) be the function de
23 — 92 4+ 4. Find the absolute maximu
locations where those extrema occur.

ed on [—3,4] by the equation f(x) =
and absolute minimum of f and the

Solution: The derivative is f'(z) = [322 — 9, so the stationary points are
r = £v/3. To find the absolute max and min we have to compare the values
of f at the stationary points and at/the endpoints, —3 and 4. Note that
f(—=v/3) = —3/3. The graph is shown below.
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10.

11.

(15 points) Suppose f’(z) = (x —5)(22 +3)(x —3)(2x+9). Find the intervals
over which f is concave upwards. Note that the second derivative has already
been found for you.

Solution: The four critical points are + = —9/2,—-3/2,3, and 5. Use the
test interval technique to solve the inequality f”(z) > 0. You could use
the test points z = —5,—-2,0,4, and 6. You find that f”(-5), f”(0), and
1"(6) are positive. Thus f(z) is concave upwards on each of the intervals

(—00,—9/2),(—3/2,3), (5, 00).

(10 points) The graph of a function G(z) is shown below. Sketch the graph of
the derivative function G'(z) on the same coordinate system.

Solution: The function G(x) has a horizontal tangent line at roughly = 1/2,
so the function G'(z) must have a zero there. Since the tangent line at z = 3
is vertical, G’(z) has a vertical asymptote at 3. Below are sketches of both
G(z) and G'(z) on the same set of axes.
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\

12. (40 points) Qompute the following antiderivatives.

(a)

/ 62° — bx — ldx

Solution: use the power rule to antidifferentiate: / 62> — bx — ldx =
32° /2 +52%/2 —x + C.

/ 627 + 2 2dw

Solution: Again use the power rule to antidifferentiate: / 62 +a 2dy =
6-2/5-2°% 4+ 2212 4+ C.

/31’3—1—233—1
T

dx

Solution: Simplify by dividing first and then antidifferentiate term by

323 42 — 1
term to get/mdx:/3x2+2— 1/zdr = 2 +22—1In |z|+C.
x
20 +1
——d
/x2+:c—3 ’

Solution: = In|z? +z — 3| + C.
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13. (10 points) The graph of f'(z) is given below. Suppose f(0) = 0. Sketch the
graph of f(z) on the same coordinate system. Notice that f’ is defined only
on the interval [—2, 5].

Solution: Notice that the graph of f’ seems to be a parabola that open up-
wards and has two zeros, at + = —1 and x = 4. We might therefore guess
that f’ has a symbolic representation that is close to —(x + 1)(x — 4). This
doesn’t quite do it but it gets us in the ballpark. It shows that we should
try f as a cubic polynomial. Antidifferentiating —(z + 1)(z — 4) results in
f(z) = —23/3 + 32?/2 — 4z which is increasing precisely where f’ is positive,
decreasing exactly where f’ is negative and satisfies f(0) = 0. The only prob-
lem is f’ is much flatter than —(z + 1)(z — 4), so f must be flatter as well.
The point is that the behavior of f’ near —1 shows that f must have a relative
minimum at £ = —1 and the behavior of f’ near 4 implies that f has a relative
maximum at 4. The graphs of both f’ and f are shown below.
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14. (10 points) Find a function G(x) that satisfies G'(z) = 322 — 7z and G(4) = 9.

Solution: Antidifferentiating G’ gives G(x) = z3 — 72%/2 + C where C is a
constant that has to be determined. Since G(4) = 9 =43 —7-42/2 + C, it
follows that C' =9 — 8 = 1, and that G(z) = 2* — T2?/2 + 1.

15. (40 points) Compute each of the following derivatives.

(a) Ly/zt+1
Solution: By the chain rule, £/z% +1 = 4231 (z'4+1)71/% = 223 /y/21 4+ 1.

(b) £n(2z + 1)
Solution: Again by the chain rule, Z[In(2z + 1)]* = 3-In(2z+1)- 525 =
6(In(2z+1))?
FSTIEN.
(C) ix262x+1

dx
Solution: By the product rule, Lg2e* ! = 2zl 4 272e2H! =

2ze* (1 + ).
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d 22% —3

()%21‘—1—3

d 222 —3  4x(2c +3) — 2(222 — 3
Solution: By the quotient rule, — L = (2 +3) (22 )
dx 2z + 3 (22 + 3)2

22x2+6w~|—3

2z 132 the numerator of which does not factor.
x

16. (20 points) Compute the following integrals.

2 2
(a) / 2xe " dx
0

2
Solution: / 2we dr = —e 2= et —(~-1)=1-1/e* =~ .9816.
0

5
(b) / (2r —1)Va?—z+5de
0
Solution: By substitution, let u = 22 — 2+ 5. Then du = 2z — 1dz, and

5 2 2
we have / 2z —1)Va? —x +5dr = /\/ﬂdu = g(u?’/2 = g(xz —x+
0

2
5)3/2|% = (125 — 5v/5) ~ 75.88.

17. (10 points) Find the area of the region bounded by y = 232, the z-axis, and
the lines z = 0 and x = 4.

4 2 64
Solution: The integral is / e dr = 5x5/2|§ =5 = 12.8.
0
18. (15 points) Find the area A of the region caught between the graphs of the

functions
f(z) = —2* + 4z and g(v) = —2x + 5.

Solution: First find the two points of intersection of the graphs by solving
—2*+ 42 = —2x+5toget x =1 and x = 5. Then integrate the difference

5
f(z) — g(z) from z = 1 to x = 5. ThusA:/ —2° + 4z + 27 — bdr =
1

. 2
—2/3 + 32% — b} = 10§.



