Math 1120 Calculus, sections 3 and 10 Test 1

October 3, 2016 Name

The problems count as marked. The total number of points available is 171.
Throughout this test, show your work. This is an amalgamation of the tests
from sections 3 and 10.

1. (10 points) Find an equation for a line parallel to the line 2y + 3z = 12 which
passes through the point (3,5).

Solution: The slope is —3/2 so the line in question is y — 5 = —3(z — 3)/2
which is y = —3z/2 + 19/2.

2. (20 points) Write the set of points that satisfy ||2z — 15| — 3| < 2 using interval
notation.

Solution: First note that ||2z — 15| — 3| = 2 gives rise to two equations,
|22 — 15| = 5 and |2z — 15| = 1. Each of these splits into two linear equations,
so we have 2x — 15 = —5,20x — 15 = 5,20 — 15 = —1,22 — 15 = 1, which in
turn gives 2z = 10,2z = 20,2x = 14 and 2x = 16. So we have four branch
points, 5,10, 7, and 8. Using the Test Interval Technique results in the solution
[5,7] U [8, 10].
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3. (36 points) Evaluate each of the limits indicated below.

3-8
(a) lim ’
=2 1 — 2
Solution: Factor both numerator and denominator to get lim,_,- % =
lim, 022 + 22+ 4 = 12.
3 2
. —ox‘+Tr—3 __. ) .
(b) lim ‘ i i Hint: think about why this is a zero over zero
a—1 g3 —3x 42
problem.

Solution: Factor and eliminate the (x —1)? from numerator and denom-

inator to get
r—3
li =—-2/3
e Y

Solution: The limit of both the numerator and the denominator is 0, so
we must do the fractional arithmetic. The limit becomes

111 1
3l — 5 2 — 1 1
hmM:hm x.iz_i_
=2 1 —92 z=2qx —2 0x 12

. Vb6r —6
(d) I ——%~
Solution: Rationalize the numerator to get
. 6z — 36 6
lim =— ==

z—6 (x_6)(\/@+6) 12 2

2—x)(1
(¢) lim (2 —x)(10 + 6x)
z——00 (3 — 5x)(8 + 8x)
Solution: The coefficient of the z? term in the numerator is —6 and
the coefficient of the 22 term in the denominator is —40, so the limit is

—6/ — 40 = 3/20.
426 — 6
im ———
oo 2 46
Solution: The degree of the numerator (about 3) is greater than that of
the denominator, so the limit is does not exist.
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4. (24 points) The set of points C) in the plane satisfying z? + y* — 6y = 0 is
a circle. The set Cy whose points satisfy 2% — 12z + y> — S8y = —48 is also a
circle.

(a) What is the distance between the centers of the circles?
Solution: The centers are (0,3) and (6,4), so the distance is d =

/62 + (4 — 3)2 = \/37.

(b) How many points in the plane belong to both circles. That is, how many
points in the plane satisfy both equations?

Solution: The radii are 3 and 2 and the centers are v/37 units apart, so
the circles have no points in common.

(c¢) Find an equation for the line connecting the centers of the circles.
Solution: The slope is (4—3)/(6—0) = 1/6. Using the point-slope form,
we have y —3 = (1/6)(z — 0), or y = /6 + 3.

5. (12 points) Find the domain of the function

V(@ +4) (2 — 3)(3z — 17)
z—06 '

g(z) =

Express your answer as a union of intervals. That is, use interval notation.

Solution: Using the test interval technique, we see that the numerator is
defined for when x belongs to [—4,3/2)U(17/3,00). The denominator is zero at
x = 6, so it must be removed. Thus, the domain is [—4, 3/2]U[17/3,6)U(6, c0).

6. (12 points) Let H(x) = (z + 1)(z* — 9) — (x — 3)(3z + 5). Find the zeros of
the function.

Solution: Factor out the common terms to get H(z) = (z+1)(z*—9) — (v —
3Bz +5) = (x—3)[(x+1)(z+3) — (3z + 5)]. One factor is x — 3 and the
other is > + # — 2 = (z + 2)(z — 1). So the zeros are 3, —2, and 1.
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7. (18 points) Consider the function F' whose graph is given below. Evaluate
each of the following expressions. Note: Enter ‘DNE’ if the limit does not
exist. The tick marks are one unit apart.

(a) lim F(x)=

r——1"
Solution: 2

(b) lim F(x)=

z——1t
Solution: 2

(¢) lim F(x)=

r——1
Solution: 2

() F(-1)=
Solution: 1
(e) lim F(z) =

x—1—

Solution: 0
f) lim F =
(f) lim F(z)

Solution: 1

(g) lim F(z) =
Solution: dne

(b) lim F(x) =
Solution: —1

(i) F(3) =

Solution: —1
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8. (18 points)
f2<x<4

4 fx=2

—x+1 f0<zr<?2
r+1 if—-4<x<0

Sketch the graph of f and find following limits if they exist (if not, enter DNE).

flx) =

+4

Solution: Sketch the graph of f and find following limits if they exist (if not, enter
DNE).
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o
!

(a) Express the domain of f in interval notation.
Solution: [—4,4].

(b) lim f(x)
T—27
Solution: -1

I
() lim f(x)
Solution: 3

(@) lim f()

r—2
Solution: DNE
(&) lim f(x)
x—0~
Solution: 1
(t) lim f(2)
Solution: 1
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9. (12 points) Let f(z) = (222 — 3)3(5x — 1) + 172°, let g(x) = (3z — 4)(223)? — 227,

(a)

(b)

()

()

What is the degree of the polynomial f + g7

Solution: 7

What is the degree of the polynomial f - g7
Solution: 14

Estimate within one tenth of a unit the value of f(10000)/¢(10000).
Solution: Any answer between 3.3 and 3.4 works. See the next part.

Compute lim;_, %.

flx) _ 1 (2332—3)3(5z—1)+17:n5 T 4027
9@ = hmgj—>oo (Bz—4)(223)2—244 lll’nm_}(}O ﬁ = 10/3

Solution: lim,_
because the degree of the denominator is the same as that of the numerator.

10. (15 points) Recall that the Intermediate Value Theorem guarantees that for any
function f continuous over the interval [a,b] and for any number M between f(a)
and f(b), there exists a number c such that f(c) = M. The function f(z) = 5 L ois

+2

continuous for all z > 0. Let a = 1.

(a)

Pick a number b > 1 (any choice is right), and then find a number M between
f(a) and f(b).

Solution: Suppose you picked b = 2. Then f(a) = 1/2 and f(b) = 2/3. You
could choose M = 3/5.

Show that the conclusion to the Intermediate Value Theorem is satisfied by
finding a number ¢ in (a,b) such that f(c) = M.

Solution: To solve f(c) = 3/5, write 1il = 3/5, from which we get 5 =

3+ 3/x and then 3/x = 2, so x = 3/2. Indeed 3/2 is between 1 and 2, as
required.
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11. (20 points) Let f(z) = z%rl Note that f(0) = 1.

(a) Find the slope of the line joining the points (0,1) and (0 + h, f(0 4+ h)) =
(h, f(h)), where h # 0. Then find the limit as h approaches 0 to get f(0).

%, which can be massaged to give —+=. Thus f/(0) = —1.

h+1"
valuate and simplily —————=. en find the limit of the expression as
b) Eval d simplify 2EH=I@)  Then find the limit of th i h

approaches 0. In other words, find f'(z).

Solution:

Solution:
. flz+h) - f(z)
/ —
Fo ==
1 1
— lim r+h+1 x+1
h—0 h

z+1—(z+h+1)

lim (z+1)(z+h+1)
h—0 h
—h

lim (z4+1)(z+h+1)

h—0 h
1

(x+1)%

(c) Replace the z with 0 in your answer to (b) to find f/(0).
Solution: f/(0) = -1

(d) Use the information given and that found in (c¢) to find an equation in slope-
intercept form for the line tangent to the graph of f at the point (0, 1).
Solution: The lineisy —1=—1(x —0), or y = —x + 1.
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12. (12 points) Let

and let g(x) =2z — 1.

(a) Build go f.

Solution:

(b) Build fog.

Solution:

fog(x)

Therefore,

fog(x)

= 1

ifz <0
fo<z<?2
if2<g

-3 ifz<0
Hfo<z<?2
5 if2<z

if2r—1<0
Hf0<2x—-1<2
if2<2x—-1

if 2 < 1/2
if1/2 <z <3/2
if3/2<ux



