Math 1242 Calculus Test 1

September 27, 2004 Name

On all the following questions, show your work. There are 145 points available
on this test. Do not try to do all the problems. Try to find four or five that you you
can do well.

1. (15 points) Let f(x) = 1/x for all z > 0, and let [a,b] = [1, 3].

(a) Let n = 4 and use left endpoints for sample points to find the approxi-
mating sum. That is, compute L.

Solution: The sum is Ax(f(zo) + f(z1) + f(z2) + f(x3))
= % (f(L)+ f(L5)+ f(2)+ f(2.5) =(1+2/3+1/2+2/5)/2 ="T7/60.

(b) Find the n' approximating sum, also using left endpoints. In other
words, find an expression for L,. You need not evaluate the limit as
n — oo.

1

2(1 1)

Solution: lim,, ., 2 Zz 177260

2. (30 points) Use the evaluation theorem, etc. to find each of the definite inte-
grals below.

In3
(a) / 2e*dx
0

In3

Solution: By substitution with u = 2z, / 2e*dr = **|P* =9~ 1 =
0

8.

622 —3x+5
b / —d
(b) 1 x2 *
Solution: Break up the integrand into three functions to get

6 12 —
/dez/ dyc+/ d:z:—i—/—dx
1 T 1

= x—3lnxr -5z~ |1

= 6-3In6—5/6—(1—5)=55/6—3In6~ 3.79

w/4
(c) / sec’ x dx
0

/4
Solution: Recall that - tanz = sec?z, so / sec?z dr = tanz|j/* =
0

tanm/4 —tan0 = 1.
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Q) [ s da
(d) 0 V1 — a2
Solution: sin™'|} = 7/2 ~ 1.57. Alternatively, let # = sinf. Then
dr = cosfdh, 1 — 2> = 1 —sin?z = cos?z and the integral reduces to

1 0
8T dh = /1 df = arcsin x|, = arcsin 1 — arcsin 0 = 7/2.

0 vcos?0

() /01 L

1+ 24

Solution: Let v = 2. Then du/2 = x dx and our integral can be written

L1
1/2- / ——— du which is just .5arctanu?|} = .5(w/4 —0) = 7/8.
0o 14 u?

3. (15 points) Evaluate/ 1/2* da.
0

Solution: This integral is doubly improper. There is a vertical asymptote
at * = 0 besides being an infinite integral. First, define the integral as

1 o'}
/ 1 /:1:2 dx + / 1/2* dx. The second converges, but the first does not, so
0 1

the integral diverges.

4. (20 points) Let g(z) = / t* — 6t + 5 dt.
0

(a) Over what intervals is g increasing?
Solution: To see where g(x) is increasing, take the derivative. Since
¢ (r) = 22 — 62 + 5 by the fundamental theorem, it follows that g is
increasing precisely when 22 — 6z +5 = (x — 5)(z — 1) > 0. This occurs
when x < 1 and when x > 5.

(b) Over what intervals is g concave upwards?

Solution: To establish concave upwardness, we want ¢”(x) > 0. This
happens when 2x — 6 > 0, or equivalently, z > 3.

(c) What is the maximum value of g over the interval [0, 8]?
Solution: To maximize the function, examine its value at a) the critical
points = 1 and = = 5 and b) the endpoints z = 0 and x = 8. Note that
9(8) = 18% which is bigger than ¢(0), g(1), and g(5).
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5. (20 points) Suppose f is defined by:

0 fo<z<l
r—1 ifl<z<2

flo)=43 3_, f2<z<3
0 if3 <z

Let g(z) = /0 " bt

(a) Find an expression for g(x) similar to the one for f(x).

Solution:
0 fo<zx<l1

(2) = 22—z +1/2 ifl<ax<?2
KE = e —a?/2-7/2 if2<2<3
1 if 3 <

For example, if 2 < < 3, then

g(z) = /;f(lf)dt
:.Kf@ﬁ+zﬂ@m+éﬁwﬁ

- U+U2+/w3—tﬁ
2

= 1/2+3t—1*/2]3
1/2+ 3z —2?/2 — 4

(b) Sketch the graphs of g and f.
Solution: The graph of f is just the x-axis except for a segment from
(1,0) to (2,1) and another segment from (2,1) to (3,0). The graph of
g looks like the parabola x? — z on [1,2] and the parabola 3z — x?/2 on
[2,3]. Notice that g is continuous.

(¢) Compute ¢'(z).

0 fo<z<l1
r—1 fl<zx<2
3—z if2<z<3
0 it3<a

Solution: ¢'(z) =
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1
6. (15 points) Evaluate/ Inx dz.
0

Solution: This is example 8, page 434 in the text. An antiderivative of Inx
is obtainable by integration by parts, xlnx — x works. Next note that the
integral is improper, so we must compute

1 Int 1/t
lim / Inzdr = lim xlnr—2|; = —1+ lim 2 14 lim / = —1+0,
t Jt t—0+t —1/t2

t—0+ t—0+ t—0t 1

where L’Hospital’s rule was applied to get the last limit.
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x? t
7. (15 points) Let f(z) = /0 s dt. Then f'(x) = 325, Explain why this is
the case. How does the chain rule play a part here? What functions are being

composed?

Solution: The key here is to define another function, say h(z) as follows.
h(z) = J§ w5 dt. Now the fundamental theorem applies nicely to h to tell us
that h'(r) = —£. Notice also that f(z) = h(x?), so the chain rule applies to

x3-2"

tell us how to differentiate f: f'(z) = h'(2?) - 20 = (gg2g§7§_2 - 2.

3
8. (15 points) Consider the integral / 1/ dx.
-2

(a) It is tempting to evaluate this integral by antidifferentiating f(z) = 1/z,
getting F'(z) = In|z|, and then to measuring the growth of F'(x) over the
interval [—2,3] to get In|3| —In| — 2| = In3 —In2 = In(3/2). Explain
why this is wrong.

Solution: The integral can’t be evaluated this way because the eval-
uation theorem requires that the antiderivative be valid over the entire
interval, but this one isn’t valid at 0. It is valid on BOTH sides of zero.

(b) Is there are reasonable approach to this problem?
Solution: The solution is to build two improper integrals, one from —2
to 0 and the other from 0 to 3. Neither of these integrals converges,
however.



