MathCounts Workshop Tolani School Summer 2000

Problem Set 1, Handbook 2000 Problems

1. How many rectangles have sides determined by the grid lines below? How
many of these rectangles are squares?

Solution: 81+ (108-4 —9-4) = 477; 91 squares.
2. How many ordered triples (z,y, z) satisfy the equation

(22 =12+ (1P — 4+ (22 =92 =07
Solution: 8

3. The point (2, 3) is reflected about the z-axis to a point P. Then P is reflected
about the line y = = to a point (). What is the xz-coordinate of Q)7

Solution: -3

4. What is the probability that a randomly selected three-digit number is a mul-
tiple of 157

Solution: There are 900 three digit numbers and exactly [999| — [99| = 60,
so the probability is 60/900 = 1/15.

5. The ‘equation’ 6 +~ 3 = 3 is incorrect. Replace each of the five symbols with
another a symbol of the same type, one at a time, to make the equation
correct. For example, 9 = 3 = 3, so the 6 can be replaced by 9. Is the
‘equation’ consisting of replacement symbols true?

Solution: The answer depends on what = is replaced by: < or #.



MathCounts Workshop Tolani School Summer 2000

10.

Two different circles and a triangle are given in the plane. What is the largest
number of points that can belong to at least two of the three figures?

Solution: 14
Find the area of the set S defined by
S={(@y)|2*] + ly*] = 0}

where |z] denotes the largest integer that is not bigger than x.

Solution: 4

How many rectangles have sides determined by the grid lines below? What
is the probability that a randomly picked rectangle in the diagram is a square?

Solution: There are (3) . (;) -2 —9 =117 rectangles, and 29 squares, so the
probability is 29/117.

How many distinguishable cubes can be constructed using red and green plastic
squares for faces assuming that each cube must have at least one face of each
color.

Solution: There is just 1 with one red face, 2 with two red faces, 2 with three,
2 with four, and 1 with five for a total of 8.

A regular dodecahedron is a solid with 12 pentagonal faces, 20 vertices, and
30 edges.

(a) How many face diagonals does a regular dodecahedron have? A face
diagonal is a line segment connecting two vertices that is not an edge,
but which is a subset of a face.

Solution: 60
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11.

12.

13.

(b) How many space diagonals does a regular dodecahedron have?
Solution: (220> = 30( edges)+60( face diagonals)+100( interior diagonals)
Let P(n) and S(n) denote the product and the sum of the digits of the integer

n, respectively. For example, P(23) = 6 and S(23) = 5. Find all two-digit
numbers N such that N = P(N) + S(N).

Solution: They are the numbers 19,29, 39,49, 59, 69, 79, 89, and 99

In the hexagonal lattice shown, each point is one unit from its nearest neigh-
bors. How many circles of radius one contain at least two points of the lattice?

Solution: 1 +6+6 = 13.

The Bernoulli-Euler(BE) triangle , like Pascal’s triangle, is a triangular array
of numbers each row of which is obtainable from the previous row. The BE
triangle:

16 16 14 10 5 0
Find the next two rows of the triangle.

Solution:
0 16 32 46 56 61 61

272 272 256 224 178 122 61 O

14. How many squares in the plane have two or more vertices in the set

S ={(0,0),(1,0),(2,0),(0,1),(1,1),(2,1)}?
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15. Each rectangle in the diagram is 2 x 1. What is the length of the longest path
from A to B that does not retrace any part of itself?




