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Boolean algebra

a.k.a. “switching algebra”
— deals with boolean values -- 0, 1

Positive-logic convention
— analog voltages LOW, HIGH --> 0, 1

Negative logic -- seldom used

Signal values denoted by variables
(X, Y, FRED, etc.)
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Boolean oEerators

Complement: X’ (opposite of X)

AND: X-Y
OR: X+Y ~> binary operators, described
functionally by truth table.
X Y XANDY X Y XORY X NOT X
o 0 0 0 0 0 0 1
0 1 0 0 1 1 1 0
1 0 0 1 0 1
11 1 11 1

{\irf; 1O HARICATE Logic System Design I 4-3



More definitions

Literal: a variable or its complement

- X, X, FRED’,CS L
Expression: literals combined by

AND, OR, parentheses, complementation

— X+Y

- P-Q R

- A+B-C

— ((FRED-Z)+CS_L-A-B-C+Q5)-RESET
Equation: Variable = expression

—~ P=((FRED-Z)+CS L-A-B-C+Q5)-RESET
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Logic symbols
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Theorems

(T11
(T2
(T3]
(T

(TS)

X+0=X (T1 X-1=X (ldentities)
A+1 =1 (T2 X-0=0 (Null elements)
K+ X=X (T3 X-X=X (ldempotency)
(X=X ( Involution)

X+X'=1 (Ta7 X X'=0 (Complements)

Proofs by perfect induction
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More Theorems

(Thr X+Y¥Y=Y+X (TaT X-¥Y=Y X (Commulativity)
(TT) (X+Y)+Z=X+(Y +2) T7 (XY Z=X (Y Z) [Associalivity )
(T8) XY +X.-Z=X (Y +Z) T8 (X+Y) - (X+Z)=X+Y - Z (Distributivity)
9 K+X-Y =X (T X-(X+Y)=X (Covering)
(TIO) X Y +X. Y =X (TIO (X+Y)- (X+Y) =X (Combining )
(TIh X Y+X  Z+Y-Z=X-Y+X  Z (Conse nsus )

(TH) (X+Y)- (X +Z)- (Y +Z)=(X+Y) - (X+ )
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N-variable Theorems

(T12) X+X+...+X=X (Generalized idempotency)

T2 Y. X. .. X=X

(T13) (X Ky e X =X+ X4+ X)) (DeMorgan's theorems)

T X+ Xyt X =X Xy X

(T1) R Xt 0 = RO XX ) (Generalized DeMorgan's theorem)

T1E FX X A =X FOL K X+ X, FlOX, LX) (Shannon's expansion theorems)
TS0 R X X = DX+ FOX o X X+ F(L X, X))

{\iﬂ; 1O HARICATE Logic System Design I 4-8



DeMorgan Sxmbol Eguivalence

¥ XY X — V.
v ) {>0 Z=(X"-Y) Y_}Z—{K Y)

;.{I

v Z=X+Y i:Df Z=X+Y'
Y — |
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Likewise for OR

x:\ X
Y—F

+Y
KJ’
X —>0—|_
\T||'||'

{>0 Z=(X+Y)

«.f_>oj
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DeMorgan Sxmbols

T«
D~ D
T e >
D> e >0
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Even more definitions (Sec. 4.1.6)

Product term
Sum-of-products expression
Sum term

Product-of-sums expression
Normal term

Minterm (n variables)
Maxterm (n variables)
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Truth table vs. minterms & maxterms

Row X Y £ F Minterm Maxterm
0 O 0 0 HDD0) Xy Z A+Y +L
| o0 o0 1 HbDOlL) XY Z X+¥Y+Z°
2 o 1 0 FKbDl1,0) Xy - Z X+Y¥'+Z
3 o 1 1 Kbl Y- Z X+Y' +Z°
| 1 0 0 K100 XY Z X'+¥+Z
3 [ N N XY Z X+Y +Z°
b I 1 0  F(l.1.0] XY Z° X'+Y '+Z
7 11 1 K.l A-Y-Z X'+¥Y'+Z°
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Combinational analxsis

01000101

00100000

01100101

o

00001111
X #—— 00001111
11001111
y 00110011 ___DC 11001100
- 01010101 01010101 }
» J
—>O 11110000
00110011 \
>0 10101010 | ——
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Signal exEressions

X ’

X+Y

Kt \ (X+Y')-Z
Z—» J

>0 » D E=(X+Y)-2) +(XY-2Z)
N\ XY-Z

7 _J

F=(X+Y)-2)+(X-Y-2)
X-2)+ (Y -2)+(X-Y-2)
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New circuit, same function

Y- Z —\_\ F=X-Z+Y-Z+XY-Z

)
_
N
T _ — 7
)
_
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‘Add out” logic function

: :
F = ((X+Y") D) +X

= (A+Y + X)) X+Y' +Y) - X+Y' + 20 (2 +X) (2 +Y) 2+ Z)
X+Y' +Z)- (X +Z)-(Y+2Z) ]

= X+Y+D) - X +4DH - Y+ 2D

- 1.1

Circuit:

Y - £

X—»
X+¥+7Z
+ N X+ Z
o X
¥ '\]_‘“\ Y+ Z
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Shortcut Sxmbol substitution

: (W XY

* E (WX -y
Y —p F
. =[(W X7 Y)Y+ (W + X+ ¥
“—>O W (W Z)T
D> W+ X+Y7
>o r
W+ £)
z ]
W
I % W4+ X
X _
-1 (W + X -
Y —p
>o W
“—
D@ (W s X+ Y
v
>o i B F
W+ ) I—':' A=W+ X Y)W+ X+ )
Fi :I " (W+Z)
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Different circuit, same function

. I % W+ X
* (W +X) -
Y
>o il
»—
DIW + X+ ¥
¥ -
>o g -
W+ 2y |—D A=W+ XY - (W + X +Y)
Z :I W+ Z)
W
I :x:. W+ X
X
-1 “‘*»1 (W + XY
Y 4,/}
>o W
.—
: ., W+ X +¥ \\I F
Y L—f’/ A =W +X)-YI- (W +X+Y
>O (W + Z)
: ~ W+Z
z .L_f/
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Another examEIe

GIW X, Y, L) =W - X-Y+Y. .2

W— [ — W-xX-¥% /) e— (WX YY)
x—] ) —

Y- £

P

L_J
P

=

N

"‘:::DQ:”—“]_B_ WoX-Y -
vﬁ[_‘\
|

7 |

¥ L
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Combinational-Circuit Analxsis

Combinational circuits -- outputs depend only on current
Inputs (not on history).

Kinds of combinational analysis:
— exhaustive (truth table)
— algebraic (expressions)
— simulation / test bench
» Write functional description in HDL
« Define test conditions / test vecors

« Compare circuit output with functional description (or known-
good realization)
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Combinational-Circuit Design

Sometimes you can write an equation or equations directly .
Example (alarm circuit):

ALARM = PANIC + ENABLE - EXITING" - SECURE’

SECURE = WINDOW - DOOR - GARAGE
ALARM = PANIC + ENABLE - EXITING" - (WINDOW - DOOR - GARAGEY

Corresponding circuit:

PANIC
cNADLE ) O
EXITING >07j

WINDOW —
' “\1 SECURE >

LOOR
GARAGE ——F

]
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Alarm-circuit transformation

Sum-of-products form
— Useful for programmable logic devices

“Multiply out”:

FANIC
ENAELE

EXITING ——

WINDOW ——

DOOR ——

Tty
\ Q .

GARAGE —

Lr

i\irf; INC{_ HARICTE Logic System Design I

% ALARM =PaANIC
+ EMNABLE -EXITING" - WINDOW

+ EMAELE -EXITING" - DOOR’
+ ENABLE -EXITING" - GARAGE’

4-23



Sum-of-Eroducts form

=B

b

AND-OR /

v

NAND-NAND —
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Product-of-sums form

Ba

o
o
:

\ OR-AND

NOR-NOR

e
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Brute-force design rowﬁﬁgﬁgg @
O 00O0O O

e 000
(sum of minterms) g 8 8 i (1) }
Example: 4 010 0 0
prime-number detector 5 0101 1
— 4-bit input, N;N,N;N, 6 0110 0

7 01 1 1 1

8 1 00 0 O

9 1 001 O

10 1010 O

F=x (1,2,3,5,7,11,13) 11 0.0 111
N3N2N1NO 12 1 1 O O O

13 1 1 01 1

14 1 1 1 0 O

5. 1. 1. 1 1 0
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Minterm list --> canonical sum
F = EN_}NE.N|-N”[].=E.=3&5&T&]]r]EJ
= My NN NG+ NN, NN+ NN N N+ NNy NN
+ N3 Mo Ny-Np+ Na-Na™ Ny Ny + Na-No NN
M

H_\T - - , , .
“\I Mg -MNa' - Ny - Ny
M4 A
_: 1 __\I My -MNa - Ny - Ny
Nz A
N? — 2 2
2 s i ‘\\I NS.' N___ 'N"NI'.:
NE. . . ‘ [ 2 2
* i q\\l N;. NENJ -NU F
N- | i
f'-.lI A — _
‘ 1 : -\I My - Ma- Ny -Ng
' »
* 1 __\I My -Na'- Ny Nj
Mo = ¢ . Ny-No Ny N
_\I 3 Ma-Ny -Ng
1DC Nr-:. 4;/}'
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Algebraic simEIification

Theorem T8,
¥ +X Y =X

F = Engngngng (13,57, 2,11, 13)

H:.l,r' HEFH |FH[] + H_'.',r' ng' M | Hu + H:.l,r' HE' ¥ |r' H[] + H_'.',r' Hg' N 1" H[] + ...

= H:J,FHEF' Hn + H:.l,r' Hg ' H[] + ...

Reduce number of gates and gate inputs
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Resulting circuit

Ny, —a _
™ M N

ialenn )
" ™, Mg "Ny’ Ny N

" .>Q I __/
i ™ NgoNy' Ny N
[ . T Ng NNy N

N, T i S
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3-variable Karnaugh map
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3-variable Karnaugh ma

X
Y —_—
E'\_ o o1 11 10

0 L o & .
XYZ| XYZ | XYZ | XY Z
1 o 3 b

1 9 9 9 9 E
XYZ ) X YZ | XYZ | XY'Z

L
b
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Visualizing T10 -- Karnaugh maps

WX

-,.rz\ oo o1 11 10
oo 0 il 12 o
o 1 =] 14 H
11 o 16 11
10 s 1 14 Tu

WX

1
V7 oo o 11 10
oo |© 4 12 |@
o1 | B 13 |e
11 | 18 |11
b 1o 2 6 14 |10
I

12 g
14 H
1B 11
14 14U
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Visualizing T10 -- Karnaugh maps

o1

11

10

W

|
o1 11

\

10

WX
‘fz\ —
oo |-
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Example;/F = %(1,2,5,7) >7T
44

X ¥ Z F QQOQ\ —
v SR Eq
o o o 0
o o 1 ] i oo o1 11 10
0 1 ] 1 I:IU 5] B 4
o 1 1 0 o 1 I
1 O 0 0 1|7 3 B :IE
1 0 1 1 1 0 1 1
1 1 O 0 | :
1T 1 1 1 ¥
X ¥-F
X
xy | |
z\nn o1 11 10 X.7
-
0 ,-"’f--
- — L
13 1] }2
| |
¥ VoL
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Karnaugh-maE usage

Plot 1s corresponding to minterms of function.

Circle largest possible rectangular sets of 1s.
— # of 1s in set must be power of 2
— OK to cross edges
Read off product terms, one per circled set.
— Variable is 1 ==> include variable
— Variable is 0 ==> include complement of variable
— Variable is both 0 and 1 ==> variable not included

Circled sets and corresponding product terms are called
“prime implicants”
Minimum number of gates and gate inputs
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Prime-number detector

N, Ns
MM, —_— N3 Ny 1
N, Ny ™, 00 01 11 10 My Ny ™, @@ 01 11 10 M- My N,
U “ 12 |
. e——
oo Na’ -Ng 0o ]
s -
o~ o1 [T
My | [ N
11| 1 K
NI Nl ] "\-\._
10| (1 . N Ny =N
—_— J

i»lg'-NE'-N- ___,.// [

— Kl _—
T

F = Nﬂi'Nu + Nﬂ"”g"”l + N "'N1 'Nu + NE'N1"N|]
\/ ﬂ I

F =Xpa nz N1 Not1,2,35,7,11,13)
‘
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Resulting Circuit.

N, >Q VE . ___\I N4 Mo
N.. ]
M- ~
. or—t AR
" ! ‘ ! 4/) Ma" "My -N F
M. _\"I z B
‘ :G p— -
_-“'., M= My "Ny
N, No l /
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Another examEIe

W
WX W
' ' WX
'-I-r';-_\_ o0 o1 11 10 r
Sun L vz 00 o 11 10 ey
Qo i ; I | ——— '
1 =] 143 =] N d
0 —
1)1 7 o1 “'““m{1 111
b | [ 1B 11
11 s . 7
¥ S SLES T 19 I1 1
o) ] i :
10 )
X L 1
F =Xy xy zI57,12,13,14,15) X
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Yet another examEIe

W
WX I - ! \wxnn o1 11 10
V7 oo o1 11 10 Y2 XY
0o 0 1 i Q0 1 1 W7
101 .
=1 TSR ENIN| K
1 YL 7
1] o A 11 1 118 1
¥ i G i . ¥ N . L
10 - 10 N .7

F=Ewxyz1,3459,11,12,13,14,15) F=X"¥Y + XL + W-X

Distinguished 1 cells
Essential prime implicants
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Another Example
F(W,X,Y,Z) = ¥m(0,1,2,4,5,6,8,9,12,13,14) = /K Z/W 2!

WX
‘T’E\Eﬂ £ I'|'|| '||:|I XW&VZ
oof |71\ _‘U "\
o 1| g 1T ':" N
B TR E 16 £
11
"lllr —
1o |1 [P 1T\]1u
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Another ExamEIe

F(W,X,)Y,Z) =2m(0,1,2,3,6,8,9,10,11,14) NX / l
—A\ tY 2
W _
I I
11 10
iz 1:1{ 1
i3 '=-‘ .
16 f1y Fi
17
|
| |
X
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Another ExamEIe

0

11

10
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'-.I.rz\ oo o1 11 160
00 L d 12 E
1 o 14 L~
H 15 11
i G 14 10
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Don’t Cares

Copyright © 2000 by Prentice Hall, Inc.
Digital Design Principles and Practices, 3/e

N, N;
(a) N3 N, —— (b) N3 N, —
N, N()\ 00 01 10 N, NO\ 00 01 11 10 N - No
= [0 Iz q)
00 ] Ng N 00 AL
ot (7 TP 1° ot |1 |1 <)
N — [ N
7 0 A |/_ p—— 0
R Sl R el
1 10 21 6 14, Jo 1 10 1) ::\d_,:_lq,'
 E—— N2"N1 —_ 1
N2

F =Zn3,N2.N1,N0(1,2,3,5,7) +d(10,11,12,13,14,15) F=N3"*Ng+ N - Njy
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Another ExamEIe

F(W,X,Y,Z) = £m(0,1,2,3,6,8,9,10,11,14) + d(7,15)

W X
V7 o o1 11

—l

0

oo "1 |0 1Y |k
or [T 1T K|
11 |9 1T }‘( ‘
NN
- I |
X
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Current Logic Design

Lots more than 6 inputg -- can’'t use Karnaugh maps

Use software 10 syrthesize logic expressions and
minimize logic

Hardware Description Languages -- VHDL and Verilog

~—

— /
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