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Up to this point we have been able to analyze relatively simple
resistive circuits by the intelligent application of Kirchhoff’s
laws in combination with Ohm’s law. This approach can be use:
for all circuits, but as the circuits become structurally more com-
plicated and involve more and more elements, we will soon find
this direct method quite cumbersome. Our purpose in this chap-
ter is to introduce two powerful techniques of circuit analysis
that facilitate the analysis of complex circuit structures: the node-
voltage method and the mesh-current method. In addition to
these two general methods of analysis, we will also discuss some
additional techniques for simplifying circuits. We have already
seen how series-parallel reductions and delta-to-wye transforma-
tions can be used to simplify a given structure. We will now add
source transformations and Thévenin-Norton equivalent circuits
1o our list of simplification techniques.

Before we begin our discussion of the node-voltage and mesh-
current methods of circuit analysis, let us pause and reflect on
the groundwork that has been laid to this point. In Chapter 1 we
mtroduced current and voltage as the two variables used to de-
scribe the behavior of the basic circuit elements. In Chapter 2 we
discussed voltage and current sources along with the circuit
parameter of resistance. These three types of basic circuit ele-
ments were chosen to start our discussion of circuit analysis be-
cause all the basic analytical techniques can be explored using
interconnections of just these elements. In both Chapters 2 and 3
we introduced circuit analysis through the direct application of

c-w: SPICE programs for analyz

ing dc circuits: Secs. 5 and 6 (manua
pp. 12 and 16)
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Ohm’s law and Kirchhoff’s laws. Ohm’s law is critical because
it describes the relationship between the current and voltage at
the terminals of a resistor, and Kirchhoff’s laws are important
because they describe the constraints imposed on currents and
voltages due to the interconnections of the basic elements. We i
also noted in Section 2.5 in our discussion of both the flashlight
circuit and the dependent-source circuit that we can simplify the
analysis problem by first concentrating on finding the element
currents. We are now ready to introduce the node-voltage and 1
mesh-current methods of circuit analysis. Keep in mind that f

|

f

these two methods are of interest because they give us two sys-
tematic methods for describing circuits with the minimum num-
ber of simultaneous equations.

One final comment: In this chapter we will emphasize the
mechanics of implementing the node-voltage and mesh-current
methods. In Chapter 5 we will show why either method leads to
a set of independent simultaneous equations.

4. ’I TERMINOLOGY

In order to discuss the more elegant methods of circuit analysis,
we must define a few basic terms that will enable us to give a
clear, concise description of the important features of a given
circuit. Thus far all of our circuits have been planar circuits—
that is, those circuits that can be drawn on a plane such that no
branches cross over each other. A circuit that can be drawn with
branches crossing over each other is still considered planar if it
can be redrawn with no crossover branches. For example, the
circuit shown in Fig. 4.1(a) is a planar circuit since it can be re-
drawn as shown in Fig. 4.1(b). An example of a nonplanar cir-
cuit is shown in Fig. 4.2.

The node-voltage method can be applied to both planar and
nonplanar circuits, whereas the mesh-current method is limited
to planar circuits. For nonplanar circuits, the mesh-current
method is replaced by a technique known as the loop-current
method. We will discuss the loop-current method in Chapter 5.

Figure 4.1 (a) A planar circuit ar d b)
the same circuit redrawn to verity tha

Vs

Ag

(b)




Describing a Circuit—The Vocabulary

We have already defined (Section 1.4) what we mean by an ideal
basic circuit element. When the basic circuit elements are inter-
connected to form a circuit, the resulting interconnection is de-
scribed in terms of nodes, paths, branches, loops, and meshes.
We defined both a node and a closed path, or loop, in Section
2.4. Our purpose here is to review those definitions and then ex-
pand our vocabulary to include the terms “path,” “branch,” and
“mesh.”

A node is a point in a circuit where two or more circuit ele-
ments join,

A path is formed whenever a set of adjoining basic circuit ele-
ments is traced, in order, without passing through a connecting
node more than once.

A closed path, or loop, is created by starting at a selected
node and then tracing through a set of connected basic circuit el-
ements in such a manner that we return to the original starting
node without passing through any intermediate node more than
once.

A branch is a path that connects two nodes.

A mesh is a special type of loop; that is, it does not contain
any other loops within it.

These characteristics of a circuit are illustrated with reference
10 the circuit shown in Fig. 4.3, a carefu] study of which will re-
veal that there are

1. seven nodes (a, b, c, d, e, f, and g);
2. ten branches (v;, Ry, R, R;, U2, R4, Rs, Rs, Ry, and I); and

3. four meshes (v1-Ri—Rs—Rs-R,, U-Ry—R:—Re¢—R.,
RS_R?—RG, and R?—[)

Also note that there are several loops that are not meshes. For
example, v1—R,—Rs—Rs—R,—v, forms a closed loop, but this is not
a mesh because other closed loops can be found within it. A path
that is neither closed nor a branch is the trace -R—R:—Rs—R;.

4.1 TERMINOLOGY

Figure 4.2

Node

Path

Loop

Branch
Mesh

Figure 4.3
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Essential nodes

Essential branches

Independent equations

We will find in the work that follows that it is often conve-
nient to identify only those nodes in the circuit that join three or
more elements. We will refer to such nodes as essential nodes.
We also find it convenient to identify only those paths that con-
nect essential nodes without passing through an essential node.
We will refer to such paths as essential branches. In the circuit
shown in Fig. 4.3 there are four essential nodes (b, ¢, e, and g)
and seven essential branches (vi—R;; R—Rs; v—Rs; Rs; Re, Ry
and I). Note that in general the number of essential nodes will be
less than or equal to the number of nodes and the number of es-
sential branches will be less than or equal to the number of
branches.

Simultaneous Equations—How Many?

Why are we interested in noting how many nodes, branches, and
meshes a given circuit has? It turns out that these attributes of
the circuit tell us how many simultaneous equations we must
derive in order to solve the circuit. This can be explained as fol-
lows. The number of unknown currents in the circuit will equal
the number of branches where the current is not known. We let b
represent this number. For example, in the circuit shown in Fig.
4.3 there are nine branches where the current is unknown. We
know from elementary algebra that we must have b independent
equations in order to solve a circuit with » unknown currents. If
we let n represent the number of nodes in the circuit, we know
that we can derive n — 1 independent equations by applying
Kirchhoff’s current law to any set of n — 1 nodes. (The applica-
tion of the current law to the nth node would not generate an in-
dependent equation since this equation can be derived from the
previous n — 1 equations. See Drill Exercise 4.2.) Knowing that
we need b equations to describe a given circuit and knowing fur-
ther that we can obtain n — 1 of these equations from Kirch-
hoff’s current law, it follows that the remaining b — (n — 1)
equations must come from applying Kirchhoff’s voltage law to
independent loops or meshes.

We see, then, that by counting branches, nodes, and meshes
we have established a systematic method for writing the neces-
sary number of equations to solve a given circuit. Specifically,
we will apply Kirchhoff’s current law to n — 1 junctions and
Kirchhoff’s voltage law to b — (n — 1) independent loops (or
meshes). These observations are also valid if we think in terms
of essential nodes and essential branches. Thus if we let n. rep-
resent the number of essential nodes and b, the number of essen-
tial branches where the current is unknown, then we can apply
Kirchhoff’s current law at n. — 1 nodes and Kirchhoff’s voltage
law around b. — (n. — 1) loops or meshes.




A circuit may consist of disconnected parts so we must alert
you to the fact that the statements pertaining to the number of
equations that can be derived from Kirchhoff’s current law
(n = 1) and voltage law [b — (n — 1)] apply to connected cir-
cuits. If a circuit has 7 nodes and b branches and is made up of
§ parts, then the current law can be applied n — s times and the
voltage law b — n + s times. We also make the observation that
any two separate parts can be connected by a single conductor.
This connection will always cause two nodes to form into one
node. Furthermore, no current will exist in the single conductor.
This means that any circuit made up of s disconnected parts can
always be reduced to a connected circuit.

The Systematic Approach—An lllustration

Let us illustrate this systematic approach to deriving the simulta-
neous equations that describe a connected circuit in terms of its
unknown currents. We will use the circuit shown in Fig. 4.3 and
write the equations on the basis of essential nodes and branches.
We have already noted that the circuit has four essential nodes
and six essential branches where the current is unknown. The
circuit in Fig. 4.3 has been redrawn in Fig. 4.4 with the six un-
known currents defined by i, through i.

Three of the six simultaneous equations needed to describe
this circuit are derived by applying Kirchhoff’s current law to
any three of the four essential nodes. We will use the nodes b, c,
and e to get

_f|+12+16_!:0,
h—6—is=0, (4.1)
f3+f4‘—fz:0.

The remaining three equations we derived by applying Kirch-
hoff’s voltage law around three meshes. We have already noted
that the circuit has four meshes. We will dismiss the mesh

i éﬁ? G !

| —
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Figure 4.4 The circuit of Fig. 4.3 with

six unknown branch currents defined.
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R; — I because we don’t know the voltage across I." Using the
other three meshes in the order in which they are described in
item (3) above gives us
Rif] + Rsfz + ia(Rz = R3) — 0= 0,
_f3(R2 7 R3) s i':4R5 o4 f5R4 SSvliEa= 0, (4.2)
_fZRS i st'; = f4R6 = 0
When the six simultaneous equations given by Egs. (4.1) and
(4.2) are rearranged to facilitate their solution, we get the set

—iy + ip + 0iy + 0iy + Ois + is = I,

iy + 0i — i3 + 0is — is + 0is = 0,

0iy — i, + i3 + iy + 0is + 0ig = 0,

Riiy + Rsia + (R; + Ra)iz + 0iy + 0is + 0ig = vy,
0i; + 0i — (R> + Ra)is + Rsis + Ryis + 0is = v,
0i; + Rsi; + 0is — Rgiy + 0is + Ryis = 0.

(4.3)

We note in passing that if we sum the current at the nth node
(g in this example) we would get the equation

is—i4—£6+l=0. (4.4)

Equation (4.4) is not independent because it can be derived by
adding the three equations in Eq. (4.1) and then multiplying the
sum by —1. Thus Eq. (4.4) is a linear combination of the equa-
tions in Eq. (4.1) and therefore is not independent of them.

Now that we have illustrated a method for deriving the simul-
taneous equations that describe a circuit in terms of the unknown
branch currents, we hasten to point out that we are not content
to stop with this systematic formulation of the equations. We
wish to carry our procedure one step further. We find that by in-
troducing new variables we will be able to describe a circuit with
just n — 1 equations or just b — (n — 1) equations. Therefore
these new variables allow us to obtain a solution by manipulat-
ing fewer equations, a desirable goal even if a computer is going
to be used to obtain a numerical solution. The new variables are
known as node voltages and mesh currents. The node-voltage
method enables us to describe a circuit in terms of n — 1 (or
n. — 1) equations, whereas the mesh-current method enables us
to describe a circuit in terms of b — (n — 1) [or b, — (1. — 1)]
equations. We begin with the node-voltage method.

"We will have more to say about this decision in Section 4.7.




DRILL EXERCISES

4.1 For the circuit shown, state the numerical value of
the number of (a) branches, (b) branches where the
current is unknown, (c) essential branches, (d) essen-
tial branches where the current is unknown, (e) nodes,
(f) essential nodes, and (g) meshes.

ANSWER: (a) 11; (b) 9; (c) 9; (d) 7; (e) 6; (f) 4; (g) 6.

4.2 A current leaving a node is defined as positive.

a) Sum the currents at each node in the circuit
shown.

b) Show that any one of the equations in part (a)
can be derived from the remaining two equa-
tions.

ANSWER: (@) Li iy —ip + b = 0; 2: is + iy —
h=0;3:4, — iy — i3 — iy = 0. (b) To derive any
one equation from the other two equations, simply add

4.3 a) If only the essential nodes and branches are
identified in the circuit of Drill Exercise 4.1,
how many simultaneous equations are needed
to describe the circuit?

b) How many of these equations can be derived
using Kirchhoff’s current law?

4.4 a) How many separate parts does the circuit
shown have?

b) How many nodes?

¢) How many independent current equations can
be written?

d) How many branches are there?

¢) How many branches are there where the cur-
rent is unknown?

A
A 4

8 A
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the two equations and then multiply the resulting sum
by —1.

¢) How many need to be derived using Kirch-
hoff’s voltage law?

d) What two meshes should be avoided in apply-
ing the voltage law?

ANSWER: (a) 7; (b) 3; (c) 4; (d) R«—Rs—4i, and 8 A-R,.

f) How many equations need to be written using
the voltage law?

g) Assume that the lower node in each part of the
circuit is jointed by a single conductor. Repeat
the above calculations.

ANSWER: (a) 2; (b) 5; (c) 3; (d) 7; (&) 6; () 3; () 1,
4.3,.7,6.3.

nU';b
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4 2 INTRODUCTION TO THE
. NODE-VOLTAGE METHOD

We will introduce the node-voltage method using the essential !
nodes of the circuit. To facilitate our discussion, an illustrative '
circuit is shown in Fig. 4.5. Our first step is to make a neat lay- |
out of the circuit so that no branches cross over and to mark '
clearly the essential nodes on the circuit diagram. We note that
our circuit has three essential nodes (n. = 3); therefore we need
two (n. — 1) node-voltage equations to describe the circuit. The
next step in our systematic approach is to select one of the three
essential nodes as a reference node. Although theoretically the
choice is arbitrary, from a practical point of view, there is often
an obvious choice for the reference node. For example, the node
with the most branches is usually a good choice. The optimum
choice of the reference node (if one exists) will become apparent
after you have gained some experience using this method. Since
the lower node connects the most branches in the circuit shown
in Fig. 4.5, we will use it as the reference node. Once the refer-
ence node has been chosen, it is flagged by attaching the symbol
{4 , as illustrated in Fig. 4.6.

After the reference node has been selected, the node voltages |
Node voltage defined are defined on the circuit diagram. A node voltage is defined as '
the voltage rise from the reference node to a nonreference node. |
For the circuit under discussion, we must define two node

voltages. These have been denoted as v; and v, in Fig. 4.6.
We are now ready to write the node-voltage equations. A
node-voltage equation is generated by writing the current leaving I
...,.: Using SPICE to describe a each branch connected to a nonreference node as a function of
circuit: Sec. 2 (manual p. 3) the node voltages and then summing these currents to zero in ac-
cordanceé with Kirchhoff’s current law. Let us demonstrate this
using the circuit shown in Fig. 4.6. The current away from
node 1 through the 1-{) resistor will be the voltage drop across
the resistor divided by the resistance (Ohm’s law). The voltage
drop across the resistor, in the direction of the current away

v 50 100 2A

Figure 4.5 A circuit used to illustrate the node-voltage Figure 4.6 The circuit of Fig. 4.5 showing the refer

method of circuit analysis. ence node and the node voltages.
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from the node, will be v; — 10. Therefore the current in the 1- 1l L
) resistor is (v; — 10)/1. These observations are readily
confirmed after referring to Fig. 4.7, in which the 10-V-1-Q
branch has been drawn with the appropriate voltages and cur-
rent. Note that summing the voltages around the closed path in
accordance with Kirchhoff’s voltage law verifies that the voltage
drop across the 1-() resistor in the direction of i is (v, — 10) V.
This same thought process is used to obtain the current in ev- Figure 4.7 Computation of the branch
ery branch where the current is unknown. Thus the current away  current i
from node 1 through the 5-() resistor is v;/5 and the current
away from node 1 through the 2-Q resistor is (v; — v,)/2. The
' sum of the three currents leaving node 1 must equal zero; there-
! fore the node-voltage equation derived at node 1 is
|

mv

u— 10 v ©v— o
+ =+ —7==0. 5
I 5 > (4.5)

The node-voltage equation written at node 2 is

2 — U U2
2 ¥ 10
In studying Eq. (4.6), note that the first term is the current away
from node 2 through the 2-Q) resistor, the second term is the
current away from node 2 through the 10-0) resistor, and the
third term is the current away from node 2 through the current
source.
Equations (4.5) and (4.6) are the two simultaneous equations
that describe the circuit of Fig. 4.6 in terms of the node voltages
vy and v;. Solving for v; and v, yields

2=0. (4.6)

100
B = "ﬁ =909V

and
0
v = A0y 10.91 V.
11
It is important to note that once the node voltages are known,
all the branch currents can be calculated. Once the branch cur-
rents are known, the branch voltages and powers can be calcu-
lated. Example 4.1 illustrates the use of the node-voltage method
to analyze a circuit.

EXAMPLE 4.1

a) Use the node-voltage method of circuit analysis to find the
branch currents i,, iy, and i. in the circuit shown in Fig. 4.8. Node-voltage method

b) Find the power associated with each source, and state whether
the source is delivering or absorbing power.
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Figure 4.8 The ¢

1010 . 4010 3A

SOLUTION

a) We begin by noting that the circuit has two essential nodes;
thus we need to write a single node-voltage expression. We |
will select the lower node as the reference node and define our
unknown node voltage as v;. These decisions are illustrated in i
Fig. 4.9. Summing the currents away from node 1 generates
the following node-voltage equation:

T == 50 U1 U1 ‘
+—=+—-3=0.
5 10 40 3
Solving for v; we obtain ‘
vy =40 V.
It follows directly that
50 — 40
.a S R 2 A,
: 5
.40 _
LT .
40 ‘
. =—=1A.
i 20 1

b) The power associated with the 50-V source is ‘
psov = —50i, = —100 W (delivering).
The power associated with the 3-A source is
pia = —3v; = —3(40) = —120 W (delivering).

As a check for our calculations, we note that the total deliv-
ered power is 220 W. The total power absorbed by the three
resistors is 4(5) + 16(10) + 1(40), which is 220 W, as it
must be.

1
Figure 4.9 The circuit of Fig. 4.8 show bt

ing the ref 1ce node and the unknowr

node voltage 50V ve 2100 400 3A
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DRILL EXERCISES

4.5 a) For the circuit shown, use the node-voltage
method to find v,, v,, and i;.

b) How much power is delivered to the circuit by ——= ; *
the 12-A source?

c) Repeat for the 5-A source. 5A - 160 00" 800 12A

ANSWER: (a) 48 V, 64 V, —8 A; (b) 768 W: ° ¢
(c) —240 W.

4.6 Use the node-voltage method to find v in the fol-
lowing circuit. 45A 10 ’ 120 30V

ANSWER: 15 V. @ &

4 3 THE NODE-VOLTAGE METHOD
«/ AND DEPENDENT SOURCES

If the circuit contains dependent sources, the node-voltage equa-
tions must be supplemented with the constraint equations im-
posed by the presence of the dependent sources. Example 4.2 il-
lustrates the application of the node-voltage method to a circuit
containing a dependent source.

EXAMPLE 4.2

Use the node-voltage method to find the power dissipated in the
5-{) resistor in the circuit shown in Fig. 4.10. Node-voltage method: dependent source

SOLUTION

We begin by noting that our circuit has three essential nodes
and, therefore, we will need two node-voltage equations to de-
scribe the circuit. Since four branches terminate on the lower

‘3’\{; 2 3& » \%\{3 Figure 4.10 The circuit for Example 4.2
-

20V 200 100 8y,

o
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le and node voltages

v

node, we will select it as our reference node. The two unknown
node voltages are defined on the circuit shown in Fig. 4.11.
Summing the currents away from node 1 generates the equation

v — 20 U1 h — in
< —+—+4+—=0.
2 20 >
Summing the currents away from node 2 yields
=t v 02—85¢=0
5 10 2 '

As written, our two node-voltage equations contain three un-
knowns, namely, v, vz, and is. To eliminate i, we must express
this controlling current in terms of the node voltages. Thus we
have

g =t
? 5
When this relationship is substituted into the node 2 equation,
the two node-voltage equations simplify to
0.?501 T 0.202 = 10,
—v; t+ 1‘6132 0.

Il

Solving for v; and v gives
vr=16V and v, =10V.
It follows directly that

. 16 — 10
z¢.=——5——=1.2A

and
psa = (1.44)(5) = 7.2 W.

In studying the solution of Example 4.2, you might challenge
the choice of the reference node. For example, consider the
choice of node 2 as the reference node. We still must write two
node-voltage equations, but if node 2 is used as the reference
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node, we need only solve for one of the unknown node voltages
—specifically, the node voltage across the 5-Q) resistor. (See
Problem 4.3.)

DRILL EXERCISES

4.7 a) Use the node-voltage method to find the power )

associated with each source in the following 1—<-~>—

circuit.

b) State whether the source is delivering power to
the circuit or extracting power from the circuit.

1.5A 4141 §2051 80V

ANSWER: (a) Pisa = 15 W; Pe, = 1200 W,

paov = 320 W. (b) All sources are delivering power

to the circuit.

THE NODE-VOLTAGE METHOD:
4.4 SOME SPECIAL CASES

When a voltage source is the only element between two essential
nodes, the node-voltage method requires some additional manip-
ulations. The nature of the problem can be seen from the circuit
shown in Fig. 4.12. The reference node and the node voltages
are as shown in the figure. We can see that we have a problem in
writing the expression for the current leaving node 1 through the
independent voltage source. The problem arises because there is
no resistance in series with the 100-V source. At first glance, it
may appear that the current in this branch is infinite, as implied
by the expression (v; — 100)/0. However, closer inspection
shows that v; must be 100 V and therefore we really have the in-
determinate form 0/0. It is the observation that v, equals 100 V
that allows us to apply the node-voltage method with no further
difficulty. That is, once we recognize that v, equals 100 V, we
see that we have only one unknown node voltage (v,) and that

Figure 4.12 A circuit with a known

1040
node voltage.

100V vy <250 5011 5A

0——-"\;’.\.4'»—0N

i
|
v
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therefore we can solve this particular circuit by solving a single
node-voltage equation. At node 2 we have

U2 — g U2
2 _ 14+ =-5=0. 7
0 50 5=0 (4.7)
But v; = 100 V; therefore Eq. (4.7) can be solved for va:
Vo= 125 V. (4.8)

Once v, is known, we can calculate the current in every branch.
We leave it to the reader to verify that the current into node 1 in
the branch containing the independent voltage source is 1.5 A.

It is important to note at this point that, when we use the
node-voltage method, any voltage sources that are connected di-
rectly between essential nodes reduce the number of unknown
node voltages. This follows because whenever a voltage source
connects two essential nodes, it constrains the difference be-
tween the node voltages at the essential nodes to equal the
voltage of the source.

A numerical example Assume that the circuit shown in Fig. 4.13 is to be analyzed
using the node-voltage method. In studying the circuit, we note
that there are four essential nodes; thus we anticipate writing
three node-voltage equations. However, further study of the cir-
cuit reveals that two essential nodes are connected by an inde-
pendent voltage source and two other essential nodes are tied
together via a current-controlled dependent voltage source.
Therefore we can deduce that there is really only one unknown
node voltage. For example, note that if the voltage across the
50-) resistor is known, the voltage across the 100-{} resistor is
also known because of the presence of the dependent voltage
source. When we are choosing which node to use as the refer-
ence node, several thoughts come to mind. Either node on each
side of the dependent voltage source looks attractive because, if
chosen, one of the node voltages would be known to be either
+10i, (left node is the reference) or —10i, (right node is the ref-
erence). The lower node looks even more attractive because, if
chosen, one node voltage is immediately known (50 V) and five
branches terminate there. We therefore opt for the lower node as
the reference.

Figure 4.13 A circuit with a dependent 10y,

e source connected between 7 N,.\i-i = A -
et

50 400 50 0} 1000 4 A
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Figure 4.14 The circuit of Fig. 4.13

defining the selected node voltages.

The circuit has been redrawn in Fig. 4.14. In addition to
flagging the reference node and defining the node voltages, we
have introduced the current i, which is needed to support the dis-
cussion that follows.

In writing the appropriate node-voltage equation at either
node 2 or 3 we cannot express the current in the dependent
voltage source branch as a function of the node voltages v, and
v:. To solve our dilemma, we introduce the unknown current i
and then promptly eliminate it from our equations. Thus at
node 2 we have

D2 — U U2 f
e i =0, 9
5 50 i=0 (4.9)
and at node 3,
U3 7
e i il = i 4.
100 i—4 (4.10)

We eliminate i by simply adding Eqgs. (4.9) and (4.10) to get

s = 2 U3

5 +50+ 100 4=0. 4.11)
We note in passing that Eq. (4.11) can be written directly,
without resorting to the intermediate step represented by Egs.
(4.9) and (4.10). To write Eq. (4.11) directly, we visualize
nodes 2 and 3 as composing a single node and simply sum the
currents away from the node in terms of the node voltages v, and

ts. This point of view is shown in Fig. 4.15.

______ 3 Figure 4.15 Visualizing nodes 2 and 3
as a “supernode.’
=

50 vy 21000 4A
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The Concept of a Supernode

Combining nodes 2 and 3 is sometimes referred to as forming a
Supernode “supernode.” Obviously, Kirchhoff’s current law must hold for
the supernode. Starting with the 5-Q) branch and moving coun-

terclockwise around the supernode, we generate the equation

Uy — U1 U2 U3
5 + 50 + 100 4 =0, (4.12)
which is identical to Eq. (4.11). Therefore the motivation for
creating the supernode is apparent. The supernode concept can
be used whenever two essential nodes are connected by a
voltage source element.

Once Eq. (4.11) (or Eq. 4.12) has been derived, the next step
is to reduce the expression to a single unknown node voltage.
First we eliminate v; from the equation since v; is known to be
50 V. Next we can express vs as a function of va:

v3 = vy T 10i,. (4.13)

The current controlling the dependent voltage source is NOW €X-
pressed as a function of the node voltages, as follows:
Pt (4.14)
& 5 . .
Using Eqs. (4.13) and (4.14) along with the fact that v, equals
50 V reduces Eq. (4.11) to

1 1 1 10
Chl! e 1= _ 4 — —
02(50+5+100 500) 10 +4 + 1

th = 60 V.
It follows directly from Egs. (4.13) and (4.14) that
- 50
f¢ = 60 5 =2A

and

vy = 60 + 20 = 80 V.

Another Example

We conclude our introduction to the node-voltage method by us-
ing this approach to analyze the circuit first introduced in Section
2.5. For convenience, the circuit has been redrawn in Fig. 4.16.
A review of Section 2.5 reveals that when we used the branch-
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ing and solving six simultaneous equations. We now view this
circuit from the vantage point of nodal analysis. The circuit has
four essential nodes. Nodes a and d are connected by an inde-
pendent voltage source, as are nodes b and c. Therefore the
problem reduces to finding a single unknown node voltage
[(n. = 1) — 2]. Using d as the reference node and combining
nodes b and c into a supernode, we have

J =V Je =
e g S B, (4.15)

R, R, RE

In writing Eq. (4.15), we have used v, and v. to denote the
voltage rise from the reference node to nodes b and ¢, respec-

O~

tively. We have also used the fact that the voltage rise from the
reference node to node a is Vec. Now we can eliminate both o
and is from Eq. (4.15) by noting that
v. = (ip + Biz)Re (4.16)
and
ve = Uy — Vo (4.17)

When Egs. (4.16) and (4.17) are substituted into Eq. (4.15), we

get
1 1 1 Vee Vo
—t ot —— [ =+ —— @18
ﬁb[Rl R O+ B)RE] AR Y
Solving Eq. (4.18) for v, yields
VeeRo(1 + B)Re + V,
i cc R ﬁ) E oR1 Ry 4.19)

" RiR:+ (1 + B)Re(R: + Ry)’

Using the node-voltage method to analyze the circuit in Fig.
4.15 has reduced our problem from manipulating six simulta-
neous equations to manipulating three simultaneous equations.
(See Problem 2.11.) We leave it to the reader to verify that when
Eq. (4.19) is combined with Egs. (4.16) and (4.17) the solution
for iz is identical to Eq. (2.27). (See Problem 4.15.)

DRILL EXERCISES

4.8 Use the node-voltage method to find v in the 250

Figure 4.16 The transistor amplifier cir-

1492

following circuit.

L d MW
48A = | ;?.Eil

ANSWER: 8 V. =

2 d 8 A
) g‘lﬂ!l 250 2V
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4.9 Use the node-voltage method to find v, in the 14
following circuit. L
250 400
AN,
+
150 V 800 Sx0
NSWER: 120 V. ¢
4.10 Use the node-voltage method to find v, in the ?3\»“
following circuit. 3
100 20 0
IM_ 8-
- A\
0V Tia 400 20 i,

ANSWER: 24 V.

Meshes and windows

Mesh current defined

INTRODUCTION TO MESH CURRENTS

As stated in Section 4.1, the mesh-current method of circuit
analysis enables us to describe a circuit in terms of b — (n — 1)
or b — (n. — 1) equations. For planar networks, the meshes in
the network are identical to the “windows” that are formed when
the network is drawn with no branches crossing over each other.
The circuit in Fig. 4.1(b) is shown redrawn in Fig. 4.17, where
the “windows” are identified by the closed dashed paths. Note in
Fig. 4.17 that there are seven essential branches where the cur-
rent is unknown. Since the circuit contains four essential nodes,
we need to write four [7 — (4 — 1)] mesh-current equations.

A mesh current is defined as the current that exists only in the
perimeter of a mesh. It is indicated on a circuit diagram as either
a closed solid line or an almost-closed solid line that follows the
perimeter of the appropriate mesh. The reference direction for
the mesh current is indicated by an arrowhead on the solid line.
Four mesh currents that are used to describe the circuit in Fig.
4.17 are shown in Fig. 4.18. Note that by definition mesh cur-
rents automatically satisfy Kirchhoff’s current law. That is, at
any node in the circuit, a given mesh current is both into and out
of the node.
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In studying Fig. 4.18, note that from the definition of a mesh
‘urrent 1t 1s not always possible to identify it in terms of a branch
current. For example, in Fig. 4.18 the mesh current i, is not
equal to any branch current, whereas mesh currents i1, i3, and i,
can be identified with branch currents. Thus it is not always pos-
sible to measure a mesh current. For example, in Fig. 4.18 there
i$ no place where an ammeter can be inserted into the circuit to
measure the mesh current i,. The fact that a mesh current can be
a fictitious quantity does not mean that it is a useless concept.
On the contrary, it is very useful to us in circuit analysis.

The mesh-current method of circuit analysis evolves quite nat-
urally from the branch-current equations. The circuit in Fig.
4.19 can be used to show the evolution of the mesh-current tech-
nique. We begin by using the branch currents (i1, i, and i) to
formulate the set of independent equations. For this circuit,
be = 3 and n. = 2. We can write only one independent current
equation; therefore we will need two independent voltage equa-
tions. Applying Kirchhoff’s current law to the upper node and
Kirchhoff’s voltage law around the two meshes generates the
following set of equations:

bt s, (4.20) Figure 4.18 The circuit of |
U1 = iRy + isR;, Ry e
U2 = LRy — iR, (4.22)

We can reduce this set of three equations to a set of two equa-
tions by solving Eq. (4.20) for i; and then substituting this ex-
pression for i; into Eqs. (4.21) and (4.22). The result is

v = I.;(RJ + R3) = szg, (4.23) Ry ]
= I.le + fz(Rz + R3) (424)

We can solve Egs. (4.23) and (4.24) for i, and 4, to reduce the
original problem of solving three simultaneous equations to a
problem of solving two simultaneous equations. We have derived
Egs. (4.23) and (4.24) by substituting the n. — 1 current equa-
tions into the b, — (n, — 1) voltage equations. The value of the
mesh-current method lies in the fact that by defining mesh cur-
(ents we automatically eliminate the n, — | current equations.
Thus the mesh-current method is equvialent to a systematic sub-
stitution of the n. — 1 current equations into the b, — (n, — 1)
voltage equations. The mesh currents for the circuit in Fig. 4.19
that are equivalent to eliminating the branch current i3 from Egs.
(4.21) and (4.22) are shown in Fig. 4,20.

Now we apply Kirchhoff’s voltage law around the two
meshes, expressing all voltages across resistors in terms of the  Figure 4.20 M
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Mesh current method

Figure 4.21 The circuit for Example 4.3.

mesh currents, to get the equations

U1 = iRy + (i, — in)Rs (4.25)
and
—v2 = (ip — i,)Rs + ipRs. (4.26)

Collecting the coefficients of i, and i, in Egs. (4.25) and (4.26)
gives us

U1 = LR + R) — iRy (4.27)
and
—v; = —i, Ry + i,(R; + R1). (4.28)

When we compare Eqs. (4.27) and (4.28) with Egs. (4.23) and
(4.24), we see that they are identical in form, with the mesh
currents i, and i, replacing the branch currents i; and i,. By com-
paring the circuits in Figs. 4.19 and 4.20, we can also see that
the branch currents can be expressed in terms of the mesh cur-
rents by inspection; hence

i = i, (4.29)
fz = I.b‘ (4.30)
i1 = I — . 4.31)

The ability to write Egs. (4.29)-(4.31) by inspection is crucial
to the mesh-current method of circuit analysis. Once we know
the mesh currents, we also know the branch currents. And once
we know the branch currents, we can compute any voltages or
powers of interest.

One final comment about the mesh-current method before we
illustrate this approach with a numerical example. Since the
meshes have been defined as the “windows” of a planar circuit,
we guarantee that the set of mesh-current equations that describe
the circuit will be an independent set. We shall prove that the
mesh-current equations form an independent set in Chapter 5.

EXAMPLE 4.3

a) Use the mesh-current method to determine the pOwer associ-
ated with each voltage source in the circuit shown in Fig.
4.21.

b) Calculate the voltage vo across the 8-() resistor.
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SOLUTION

a) To calculate the power associated with each source, we need
to know the current in each source. In studying the circuit,
we see that these source currents will be identical to mesh
currents. We also note that our circuit has seven branches
where the current is unknown and five nodes. Therefore we
need three mesh-current equations to describe the circuit, that
is, b—(n—1)=7—(5— 1) = 3. The three mesh cur-
rents that we are using to describe the circuit in Fig. 4.21 are
shown in Fig. 4.22.

If we assume that the voltage drops are positive, the three
mesh equations are

—40 + 2i, + 8(i, — i) = 0,
8(i» — is) = 6ip + 6(iy — i.) = 0, (4.32)
6(i. — ip) + 4i. + 20 = 0.

Equations (4.32) can now be reorganized in anticipation of us-  Cramer’s method is reviewed in
ing Cramer’s method for solving simultaneous equations. We  Appendix A
get

lOin 2 8Ib - Ofc = 4‘0,
—8i, + 20i, — 6i, = 0, (4.33)
0i, — 6i, + 10i, = —20.

The characteristic determinant is

10 -8 0
A=|-8 20 -6
0 -6 10

= 10(200 — 36) + 8(—80)
1640 — 640 = 1000.

The three mesh currents are

40 -8 0
0 20 =6
- _1-20 -6 10
= 1000
_ 40(200 — 36) — 20(48) 20 60 40
1000
= 5.6 A; 20V
10 40 0
-8 0 -6
= 0 -20 10 Figure 4.22 Three mesh currents used to

i 1000 analyze the circuit of -;az. '
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10(—120) + 8(400)

1000
=2.0A;
10 -8 40
-8 20 0
e L0 G g0
1000
_ 10(—400) + 8(160 + 240)
1000
= —0.80 A.

Now since the mesh current i, is identical with the branch
current in the 40-V source, the power associated with this
source is

Dawov = —40i, = —224 W.

The minus sign tells us that this source is delivering power to
the network. The current in the 20-V source is identical to the
mesh current i.; therefore

pav = 20i, = —16 W.

The 20-V source is also delivering power to the network.

b) The branch current in the 8-} resistor in the direction of
the voltage drop vo is i, — i5. Therefore

vo = 8(i. — i) = 8(3.6) = 28.8 V.

DRILL EXERCISES

4.11 Use the mesh-current method to find (a) the
power delivered to the circuit by the 100-V source and :
(b) the power dissipated in the 15-() resistor. s p

100 VCP 4001 §15 0
ANSWER: (a) 600 W; (b) 240 W.

A (. THE MESH-CURRENT METHOD
‘“‘}‘.(} AND DEPENDENT SOURCES

If the circuit contains dependent sources, the mesh-current equa-
tions must be supplemented by the appropriate constraint equa-
tions imposed by the presence of the dependent source or
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sources. Example 4.4 illustrates the application of the mesh-cur-
rent method when the circuit includes a dependent source.

EXAMPLE 44

Use the mesh-current method of circuit analysis to determine the
power dissipated in the 4-() resistor in the circuit shown in  Mesh current method: dependent source
Fig. 4.23.

SOLUTION

Our circuit has six branches where the current is unknown and
four nodes; therefore we know that we need three mesh currents
to describe the circuit. They are defined on the circuit shown in
Fig. 4.24. The three mesh-current equations are

50 = 5({1 = 12) =+ 20(i| = fg},
0= 5(1‘,2 s — 11) + 1!2 =t 4(I2 = .'1'3), (4.34)
0= 20(13 = f1) iy 4(I3 e 1’2) + 15£¢,

The branch current controlling the dependent voltage source is
now expressed in terms of the mesh currents as

ip = i1 — iIa, (4.35)

which is the supplemental equation imposed by the presence of
the dependent source. When Eq. (4.35) is substituted into Egs.
(4.34) and the coefficients of i, i, and i; are collected in each
equation, we get

50 = 25i; — 5i, — 204,
0 = =5i; + 10i; — 4is,
0 = —=5i, — 4i, + 9.
The characteristic determinant is
250 =5 =20

A=([-5 10 -—4].
=i —4 9
10
10 A
A j
50 a0
L i
L A 50V "Vsi,
50V S200 157,

].

igure 4.24 The circuit of Fig. 4.23 showing the three
mesn ( '€

Figure 4.23 Tl
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Expanding the characteristic determinant by the first column
gives

A = 25(90 — 16) + 5(—45 — 80) — 5(20 + 200) = 125.

Since we are calculating the power dissipated in the 4-() resistor, ]
we compute the mesh currents i, and i;. We have |

25 50 —20
pmiles 9
2 125
_ —50(—45 — 20) _
N 125 =26 A,
and
95088 15 ,
28 104 B
T . A
8 125
_ 50020 + 50) _
I A

The current in the 4-() resistor oriented from left to right is
is — i, or 2 A. Therefore the power dissipated is

psa = (is — )*(4) = (2)’4) = 16 W.

It is worth noting that if you were not told to use the mesh-cur-
rent method, you could probably have chosen to use the node-
voltage method since the presence of two voltage sources
between essential nodes reduces the problem to finding one
unknown node voltage. More about making choices later.

DRILL EXERCISES

4.12 a) Use the expression b — (n — 1) to determine ~3vy

. 140
the number of mesh-current equations needed —<}—~W\'— '
r

to solve the circuit shown.
b) Repeat using b. — (n. — 1).
¢) Use the mesh-current method to find how

much power is being delivered to the depen-
dent voltage source.

ANSWER: (a) 3; (b) 3; (c) —36 W.
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4.13 Use the mesh-current method to find v, in the i
following circuit,
100 200
AMN o AAA
15V ' v 2400 40i,

ANSWER: 20 V. .

4 7 THE MESH-CURRENT METHOD:
«/  SOME SPECIAL CASES

When a branch includes a current source, the mesh-current
method requires some additional manipulations. The nature of
the problem can be understood from the circuit shown in Fig.
4.25. The mesh currents i,, i,, and i., as well as the voltage
across the 5-A current source, have been defined in the figure to
facilitate the discussion. In analyzing the circuit, we note that
there are five essential branches where the current is unknown;
furthermore, the circuit has four essential nodes. It follows that
we need to write two [5 — (4 — 1)] mesh-current equations in
order to solve the circuit. If we use the windows to define the
meshes, we see that the three unknown mesh currents reduce to
two unknown mesh currents because the current source coupling
meshes a and ¢ limits the differences between i, and i, to equal
3 A. However, when we attempt to sum the voltages around ei-
ther mesh a or mesh c, we are forced to introduce the unknown
voltage across the 5-A current source into our equations. We can
eliminate this unknown voltage by simply introducing it into
both mesh equations and then adding the two equations. Thus
for mesh a we have

100 = 3(i, — &) + v + 6i,, (4.36)
and for mesh c,
=30 =4, — o2~ 4). (4.37)
Now we add Eqs. (4.36) and (4.37) to obtain
=90, = 55+ 61.. (4.38)

Summing voltages around mesh b gives us
0 = 3@ — is) + 1065 + 2(i, = i.). (4.39)
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We can reduce Eqs. (4.38) and (4.39) to two equations and two
unknowns using the constraint that
=i =5 (4.40)

We leave it to the reader to verify that when Eq. (4.40) is com-
bined with Egs. (4.38) and (4.39) the solutions for the three |
mesh currents are

I

1.75 A,
1.25 A,

'!.H

ip
and
6.75 A.

i

The Concept of a Supermesh

Equation (4.38) can be derived without introducing the unknown
Supermesh voltage v by using the concept of a supermesh. To create a su-
permesh, we mentally remove the current source from the cir-
cuit by simply avoiding this branch when writing the mesh-
current equations. The voltages around the supermesh are
expressed in terms of the mesh currents defined by the original
windows of the circuit. The supermesh concept is illustrated in
Fig. 4.26. When we sum the voltages around the supermesh de-
noted by the dashed line in Fig. 4.26, we obtain the equation

=100 + 3(i, — ip) + 2(i. — iy) + 50 + 4i. + 6i, = 0, (4.41)

which reduces to
50 = 9i, — 5i, + 6i.. (4.42)

If we compare Egs. (4.42) and (4.38), we see that they are iden-
tical. Thus the supermesh has eliminated the need for introduc-
ing the unknown voltage across the current source into our equa-
tions.

Mesh-Current Analysis of a Familiar Circuit

We can use the circuit first introduced in Section 2.5 (Fig. 2.18)
to illustrate the mesh-current method when a branch contains a
dependent current source. The circuit is shown redrawn in Fig.
4.27 with the three mesh currents denoted as i,, i,, and i.. When
we study the circuit in Fig. 4.27 with the decision to use the
b 48 mesh-current method in mind, we note that it has four essential
nodes and five essential branches where the current is unknown.
Therefore we know that the circuit can be analyzed in terms
of two [5 — (4 — 1)] mesh-current equations. Although three
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mesh currents are defined in Fig. 4.27, we see immediately that
the dependent current source forces a constraint between mesh
currents i, and i. so that we have only two unknown mesh cur-
rents. Using the concept of the supermesh, we can redraw the
circuit as shown in Fig. 4.28.

Now we sum the voltages around the supermesh in terms of
the mesh currents i,, i,, and i.. We get

Ryia + Vec + Relic — iy) — Vo = 0. (4.43)
The mesh b equation is
Ryiy + Vo + Re(ip — i) = 0. (4.44)
The constraint imposed by the dependent current source is
Biz = i, — i.. (4.45)

The branch current controlling the dependent current source, ex-
pressed as a function of the mesh currents, is

iB == fb = fa. (4.46)
From Egs. (4.45) and (4.46) we have
i. = (1 + Bi. — Bis. (4.47)

We can now use Eq. (4.47) to eliminate i. from Eqs. (4.43) and
(4.44). We get

Ry (1 + B)Relia — (1 + B)Reir = Vo — Ve,  (4.48)
—(1 + B)Reis + [R2 + (1 + B)Relir.= —Vo. (4.49)

We will leave it to the reader to verify that the solution of
Egs. (4.48) and (4.49) for i, and i, gives
i VoR2 — Ve Ry — V(1 + B)Re
f RiR, + (1 + B)Re(R: + Ry)
__ —VoRi — (1 + B)ReVec
" RiR,+ (1 + B)Re(Ry + Ry)°

We also leave it to the reader to verify that when Egs. (4.50) and
(4.51) are used to find iz, the result is the same as that given by

Eq. (2.27).

(4.50)

ip (4.51)

DRILL EXERCISES

ANAN—

O~

g

Re
L
[\
Vg !
Aa
3 b
Ae

4.14 Use the mesh-current method to find the power

dissipated in the 2-{} resistor.
3ov

T2 W.

21

50

16A
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4.15 Use the mesh-current method to find the mesh 30A

current i, in the following circuit,

ANSWER: 10 A.

14

20V y 7

=
|

/ THE NODE-VOLTAGE METHOD
"]‘.Eﬁ VERSUS THE MESH-CURRENT METHOD

The greatest advantage of both the node-voltage and mesh-
current methods is that they reduce the number of simultaneous
equations that must be manipulated. They also require the ana-
lyst to be quite systematic in organizing and writing the required
simultaneous equations. It is natural to ask then, “When is the
node-voltage method preferred to the mesh-current method, and
vice versa?” As one might suspect, there is no clear-cut answer.
One possible approach is to compare the number of simultaneous
equations required for each method and then to select the one re-
quiring the least number. A second is to analyze the presence
and location of voltage and current sources within the circuit
structure. Voltage sources may require extra effort in formulating
node-voltage equations, whereas current sources may require ex-
tra effort in formulating mesh-current equations.

Another point to consider when choosing between the two
methods is what information about the circuit being analyzed is
of primary interest. In other words, a complete solution of a cir-
cuit may not be needed, and therefore the particular piece of in-
formation that is of interest may influence what method is used.
For example, in the circuit in Fig. 2.18 if only icc is of interest,
the mesh-current method may be selected, whereas if only the
voltage across R, is of interest, the node-voltage method might
be favored.

Perhaps the most important observation to make regarding
these two methods of circuit analysis is that in any given situa-
tion a little time spent thinking about the problem in relation to
the various analytical approaches available will be time well
spent.




DRILL EXERCISES

4.16 Find the power delivered to the circuit by a 2-A

current source.

ANSWER: 70 W.

4.17 Find the power delivered to the circuit by the
4-A current source.

ANSWER: 40 W.

49 SOURCE TRANSFORMATIONS

93

4.9 SOURCE TRANSFORMATIONS

100

O

2A 25V

Even though the node-voltage and mesh-current methods are
powerful techniques for solving circuits, we are still interested in
methods that can be used to simplify circuits. We begin expand-
ing our list of simplifying techniques with source transforma-
tions. A source transformation, shown in Fig. 4.29, allows us to
replace a voltage source in series with a resistor by a current
source in parallel with the same resistor, or vice versa. The
double-headed’ arrow in Fig. 4.29 is used to emphasize that a
source transformation is bilateral, that is, we can start with ei-
ther configuration and derive the other. The two configurations

Vs < is

(a) {b)

®s Figure 4.29 Source transformation
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Source transformations

Figure 4.30 The circuit for Example 4.5.

shown in Fig. 4.29 are equivalent with respect-to the terminals
a, b provided
j =2t @.52)

and
R; = R,. (4.53)

These two equations can be verified by the following arguments.
If the two circuits are equivalent with respect to the terminals a,
b, they must be equivalent for all external values of R connected
across a, b. Two extreme values of R that are easy to test are
zero and infinity. For 0 £, or a short circuit, the voltage source
will deliver a short-circuit current of v;/R, amperes, oriented
from terminal a toward b. The short-circuit current delivered by
the current source would be i,, also oriented from terminal a
to b. These two short-circuit currents are identical by virtue of
Eq. (4.52).

For infinite external resistance, the source arrangement of
Fig. 4.29(a) predicts that the voltage from a to b would be v,
with terminal a positive. The voltage across a, b in the circuit in
Fig. 4.29(b) is i, R,, which is equal to v, by virtue of Egs. (4.52)
and (4.53). Terminal a is also positive, as it must be in order for
the two source arrangements to be equivalent.

Observe that if the polarity of v, is reversed, the orientation
of i, must be reversed in order to maintain equivalence.

The usefulness of making source transformations in order to
simplify a circuit-analysis problem is illustrated by the following
example.

EXAMPLE 4.5

a) For the circuit shown in Fig. 4.30, find the power associated
with the 6-V source.

b) State whether the 6-V source is absorbing or delivering the
power calculated in part (a).

SOLUTION

a) If we study the circuit in Fig. 4.30 knowing that the power
associated with the 6-V source is of interest, several ap-

41 6 (] 50
(O s
104
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proaches come to mind. First Wwe note that the circuit has four
essential nodes and six essentia] brinches where the current is
unknown. Thus the current in the branch containing the 6-V
source can be found by solving either three [6—(4-1)
mesh-current equations or three (4 — 1) node-voltage equa-
tions. If we choose the mesh-current approach, we solve the
three mesh-current equations for the mesh current that corre-
sponds to the branch current in the 6-V source. If we elect the
node-voltage approach, we solve the three node-voltage equa-
tions for the voltage across the 30-Q) resistor, from which the
branch current in the 6-V source can be calculated, However,
since we are focusing on Jjust one branch current, we can first
simplify the circuit using source transformations. We must re-
duce the circuit in a manner that preserves the identity of the
branch containing the 6-v source. For the problem at hand,
there is no reason to preserve the identity of the branch con-
taining the 40-V source. Beginning with this branch, we can
transform the 40-V source in series with the 5-Q resistor to an
8-A current source in parallel with a 5-Q resistor, as shown
in Fig. 4.31(a). Next, the parallel combination of the 20-0
and 5-() resistors can be replaced with a 4-) resistor. This
4-() resistor shunts the 8-A source and therefore can be re-
placed by a 32-V source in series with a 4-Q resistor, as
shown in Fig. 4.31(b). The 32-v source is in series with 20 ()
of resistance and, hence, can be replaced by a current source
of 1.6 A in parallel with 20 (), as shown in Fig. 4.31(c). The
parallel combination of the 1.6-A current source and the

40
AN ——o &
8A ﬁv<é 300 200 1.6A

la) First step {cl Third step

40 6} 40 41 1210
ﬁv - SZV 6V192v

(bl Second step (d) Fourth step

410 6}

Figure 4.31 A step-by-sten simplification of the circuit of Fig. 4.30,
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12-0) resistor transforms to a voltage source of 19.2 V in se-
ries with 12 €. The result of this last transformation is shown
in Fig. 4.31(d), from which we see that the current in the
direction of the voltage drop across the 6-V source is
(19.2 — 6)/16, or 0.825 A. Therefore the power associated
with the 6-V source is

pev = (0.825)(6) = 4.95 W.

b) The voltage source is absorbing power.

DRILL EXERCISES

4.18 a) Use a series of source transformations to find b) How much power does the 120-V source de-
the voltage v in the circuit shown. liver to the circuit?
1.610
. 4 4 N — —
60 80
-z _ e

ANSWER: (a) 48 V; (b) 374.4 W.

4.] O THEVENIN AND NORTON EQUIVALENTS

There are times in circuit analysis when we wish to concentrate
our attention on what happens at a specific pair of terminals in
the circuit. For example, when we plug a toaster into an outlet,
we are primarily interested in the voltage and current at the ter-
minals of the toaster. We have little or no interest in what effect
our connecting the toaster has on voltages or currents elsewhere
in the circuit that is supplying the outlet. We can expand this in-
‘....VII Using SPICE to find a terest in terminal behavior to the case in which we have a whole
Thévenin equivalent: Sec. 6 (manual set of appliances, each requiring a different amount of power,
p- 21) and we are then interested in how the voltage and current deliv-
ered at the outlet will change as we change appliances. In other
words, we want to focus on the behavior of the circuit supplying
the outlet but only at the outlet terminals. Because our interest in
circuit behavior is so often focused on a pair of terminals, the
Thévenin and Norton equivalent circuits, which we are about to
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introduce, are extremely valuable aids in analysis. Although at
this time we will discuss these equivalent circuits as they pertain

to resistive circuits, you should be aware, right at the outset, that
Thévenin and Norton equivalent circuits can be used to represent

any circuit made up of linear elements.

The significance of the Thévenin equivalent circuit can be de-
scribed using Fig. 4.32. Figure 4.32(a) represents any circuit
made up of sources (both independent and dependent) and resis-
tors. We have identified by the letters a and b the pair of termi-
nals that are of interest. In Fig. 4.32(b), we show the Thévenin
equivalent. What we imply by the circuit in Fig. 4.32(b) is that
the original interconnection of sources and resistors can be re-
placed by an independent voltage source V; in series with a resis-
tor R;. Furthermore, this series combination of V, and R, is equiv-
alent to the original circuit in the sense that if we connect the
same load across the terminals a, b of each circuit, we get the
same voltage and current at the terminals of the load. This
equivalence will hold for all possible values of load resistance.

In order to represent the original circuit by its Thévenin
equivalent, we must be able to determine the Thévenin voltage
V: and the Thévenin resistance R.. These two parameters of the
Thévenin equivalent can be found as follows. First we note that
if the load resistance is infinitely large, we have an open-circuit
condition. The open-circuit voltage at the terminals a, b in the
circuit in Fig. 4.32(b) will be V.. By hypothesis, this must be the
same as the open-circuit voltage at the terminals a, b in the orig-
mal circuit. Therefore to calculate the Thévenin voltage V,, we  Thévenin voltage
simply calculate the open-circuit voltage in the original circuit.

If the load resistance is reduced to zero, we have a short
circuit condition. If we place a short circuit across the terminals
a, b of the Thévenin equivalent circuit, the short-circuit current
directed from a to b will be

Vi
R’

By hypothesis, this short-circuit current must be identical to the

(4.54)

e

®a a

A resistive

network containing v
independent and
dependent sources

®b b

(a) (b)
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the terminals a, b of the original network. From Eq. (4.54) we

|
short-circuit current that exists in a short circuit placed across |
|
have |

Vi

Lsc

Be = (4.55)
Thus the Thévenin resistance is the ratio of the open-circuit
voltage to the short-circuit current. Let us demonstrate with a
specific current.

Finding

To find the Thévenin equivalent circuit of the circuit shown
in Fig. 4.33, we first calculate the open-circuit voltage of Vab.
Note that when the terminals a, b are open, there will be no
current in the 4-Q resistor. Therefore the open-circuit voltage (
. Will be identical to the voltage across the 3-A current source.
This voltage has been labeled vo on the circuit in Fig. 4.33. The §
voltage vo can be found by solving a single node-voltage equa-
tion. Choosing the lower node as the reference node, we have ‘

g — 25 Co
—-——=+=-3=0. 4.56
5 20 0 (4.56)
Solving for v, yields
v = 32 V. (4.57)

It follows that the Thévenin voltage for the circuit in Fig. 4.33
is 32 V.

The next step in deriving the Thévenin equivalent circuit with
respect to the terminals a, b is to place a short circuit across the
terminals and calculate the resulting short-circuit current. The
circuit with the short in place is shown in Fig. 4.34. Note that
the short-circuit current is in the direction of the open-circuit
voltage drop across the terminals a, b. [If the short-circuit cur-
rent is in the direction of the open-circuit voltage rise across the
terminals, a minus sign must be inserted in Eq. (4.55).]

54} 4Q 50} 46}

L 1]

25V o0 3A ¥ v 25V 200 IA
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The short-circuit current ( isc) is easily found once v, is known.
Therefore the problem reduces to finding vy with the short in
place. Again, if we use the lower node as the reference node, the
equation for v, becomes

o — 25 Up Up

+—==34+ == :
5 20 3 2 0 (4.58)
Solving Eq. (4.58) for v, gives us
tp = 16 V. (4.59)
It follows that the short-circuit current is
16
Ise = T =4 A. (4.60)

Now we can find the Thévenin resistance by substituting the nu-
merical values given in Egs. (4.57) and (4.60) into Eq. (4.55).
Thus we have

LIRS 7 1

8 0. 4.61
e, i$:51)

R =
The Thévenin equivalent circuit for the circuit in Fig. 4.33 is
shown in Fig. 4.35.

We will leave it to you to verify that if a 24-() resistor is con-
nected across the terminals a, b in the circuit shown in Fig.
4.33, the voltage across the resistor will be 24 V and the current
in the resistor will be 1 A. We can see by inspection that the
Thévenin circuit in Fig. 4.35 will predict the same voltage and
current if a 24-() resistor is connected across the terminals a, b.

The Norton Equiva

The Norton equivalent circuit consists of an independent current

source in parallel with the Norton equivalent resistance. It can

be derived from the Thévenin equivalent circuit simply by mak-

ing a source transformation. Thus the Norton current equals the

short-circuit current at the terminals of interest, and the Norton

resistance is identical to the Thévenin resistance. 20

Using Source T ransform;

32V

Sometimes we can make effective use of source transformations
to derive a Thévenin or Norton equivalent circuit. For example,
the Thévenin and Norton equivalent circuits of the circuit shown
in Fig. 4.33 can be derived by making the series of source trans-
formations shown in Fig. 4.36. This technique is most useful
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4 £}

3A

5A¢ 512 201}

{a} Firststep

40
—-8a
8A 41

(b) Second step

*—AAN—9

80
MWN——=ea a
32V
@b @b

{c} Third step {Thévenin equivalent)

b d -8a
quD 80
* ob

{d) Fourth step INorton equivalent)

when the network contains only independent sources. The pres-
ence of dependent sources will require retaining the identity of
the controlling voltages and/or currents, and this constraint will
usually prohibit the continued reduction of the circuit via source
transformations. In Section 4.11 we will illustrate the problem of
finding the Thévenin equivalent when the circuit contains depen-

dent sources.

DRILL EXERCISES

4.19 Find the Thévenin equivalent circuit with respect
to the terminals a, b,

ANSWER: V3, =V, =648V, R, = 6 ().

4.20 Find the Norton equivalent circuit with respect to
the terminals a, b.

ANSWER: I, = 6 A (directed toward a), R, = 6 Q.

120}
ANA-
510 80N
—AMN——MA————— @2

72V 2010
®b
i
20 ‘
a
9A 120 81 ‘
40
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4.21 A voltmeter with an internal resistance of 12k 15 ki)

; : ; A
100 k{2 is used to measure the voltage vap in the cir- '
cuit shown. What is the voltmeter reading?
3av 'ISmA
ANSWER: 120 v, o

4 ' 1 MORE ON DERIVING
. A THEVENIN EQUIVALENT

The technique for determining R, that we discussed and illus-
trated in the preceding section is not always the easiest method.
There are two other methods that are generally simpler to imple-
ment. The first is useful only if the network contains indepen-
dent sources. To calculate R, for such a network, we first deacti-
vate all independent sources and then calculate the resistance
seen looking into the network at the designated terminal pair. A
voltage source is deactivated by replacing it with a short circuit,
A current source is deactivated by replacing it with an open cir-
cuit. As an example, consider the circuit shown in Fig. 4.33,
Once the independent sources have been deactivated, the circuit
in Fig. 4.33 simplifies to that shown in Fig. 4.37. The resistance
seen looking into the terminals a, b is denoted by R,, in Fig.
4.37. We can see from this circuit that R, consists of the 4-() re-
sistor in series with the parallel combinations of the 5- and 20-0)
resistors; thus

Ry,=R =4+ =80, (4.62)

5% 20
25
Note that the derivation of R: via Eq. (4.62) is much simpler than
the derivation of R, via Eq. (4.61).
If the network contains dependent sources, an alternative pro-
cedure for finding the Thévenin resistance R, is as follows (see
Fig. 4.38). We first deactivate all independent sources. We then 50 40
apply either a test voltage source or a test current source to the
Thévenin terminals a, b. The Thévenin resistance will equal the
ratio of the voltage across the test source to the current delivered
by the test source. In studying the circuit shown in Fig. 4.38,
note that it contains an independent 5-V source, a voltage-
controlled voltage source, and a current-controlled current
source. Also note the con trolling signals. The dependent voltage
source is controlled by the voltage across the 25-0) resistor, and
the dependent current source is controlled by the current in the

 EEed
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Figure 4.38 A circuit used to illustrate
Thévenin 4 "

3 with

Figure 4.39 The circuit of

2-k{) resistor. We will first derive the Thévenin equivalent cir-
cuit with respect to the terminals a, b using the open-circuit
voltage and short-circuit current calculations. We will then illus-
trate the alternative method for finding the Thévenin resistance.

Dependent Sources

The first step in analyzing the circuit in Fig. 4.38 is to recognize
that the current labeled i, must be zero. (Note that there is no re-
turn path for i, to enter the left-hand portion of the circuit.) The
open-circuit, or Thévenin, voltage will be the voltage across the
25-() resistor. Since i, is zero, it follows directly that

V. = v = (—20i)(25) = —500i. (4.63)
Now we calculate the current i:
oo 3'=8p 5= 3V
'~ 72000 2000

In writing Eq. (4.64), we recognize that the Thévenin voltage is
identical to the control voltage. When we substitute Eq. (4.64)
into Eq. (4.63), we find that

Vi=-5V. (4.65)

(4.64)

To calculate the short-circuit current, we place a short circuit
across a, b. Observe that when the terminals a, b are shorted to-
gether, the control voltage v is reduced to zero. Therefore, with
the short in place, the circuit in Fig. 4.38 becomes as shown in
Fig. 4.39. With the short circuit shunting the 25-() resistor, all
the current from the dependent current source will appear in the

2kil

a
- -
-
5V 20/ 25 )

o®
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short; thus
1000

Ie = —20i. (4.66)

Since the voltage controlling the dependent voltage source has 5V
been reduced to zero, the current controlling the dependent cur-
rent source is i
i—i—25mA (4.67)
2000 Figure 4.40 The Théve
When Eq. (4.67) is substituted into Eq. (4.66), we get a short- € CIrcuit shown in Fig
circuit current of

i = —20(2.5) = —50 mA. (4.68)
It follows directly from Eqgs. (4.65) and (4.68) that
R, = E = e =000, (4.69)
L —50

The Thévenin equivalent circuit for the circuit shown in Fig.
4.38 is illustrated in Fig. 4.40. Note that the reference polarity
marks on the Thévenin voltage source in Fig. 4.40 agree with

Eq. (4.65).

1 Resistance

Dependent Sou
by an Alternate A

Let us now consider the alternative technique for finding the
Thévenin resistance R,. We first deactivate the independent
voltage source from the circuit and then excite the circuit from
the terminals a, b with either a test voltage source or a test cur-
rent source. In deciding which type of source to use, we note
from the circuit that if we apply a test voltage source we will
know the voltage of the dependent voltage source and, hence,
the controlling current i. Therefore in this circuit we opt for the
test voltage source. The circuit for computing the Thévenin re-
sistance is shown in Fig. 4.41. The externally applied test
voltage source is denoted by vr and the current that it delivers to
the circuit is labeled ir. To find the Thévenin resistance, we sim-
ply solve the circuit shown in Fig. 4.41 for the ratio of the

tive method for

2K - Figure 4.41 An alte

4 — computing the Thévenin resi

20/ 255}
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DRILL EXERCISES

4.22 Find the Thévenin equivalent circuit with respect

to the terminals a, b.

ANSWER: V. = v, =20V, R, = 0.625 ().

4.23 Find the Thévenin equivalent with respect to the

terminals a, b.

ANSWER:

Vi=vs=30V,R =101}

voltage to the current at the test source, that is, R, = vr/ir.
From Fig. 4.41 we note that

: U ;

ir = 5% + 20i (4.70)
and

; —3or

i = 2 mA. 4.71)

We then substitute Eq. (4.71) into Eq. (4.70) and solve the re-
sulting equation for the ratio vr/ir:

Ur 6-01.3'1"
I Ee e
"7 25 2000
ot MOR Bl AR | @.72)
or 25 200 5000 100° =
It follows from Egs. (4.72) that
R =2 =1000. 4.73)

ir

In general, the computations involved in this alternative
method for finding the Thévenin resistance are easier than those
involved in computing the short-circuit current. We should also
point out that in a network containing only resistors and depen-
dent sources, the alternative method must be used because the
ratio of the Thévenin voltage to the short-circuit current is inde-
terminate; that is, it is the ratio 0/0. (See Problem 4.29.)

%_.

- AAA — @
b
Ix
40V A 140
& — —— e b
160/
20 () 2
EET = A T T ® —ea
1
(D) !
6003 aal */ B0 {2 a:]f?_(;*
\J l i
l O G
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Hlustration of a Useful Application

There are times when a Thévenin equivalent can be used to re-
duce one portion of a larger circuit so that the analysis of the
larger network is greatly simplified. Let us return to the circuit
first introduced in Section 2.5 and subsequently analyzed in
Sections 4.4 and 4.7. To facilitate our discussion of using
Thévenin’s theorem to analyze this circuit, we have redrawn the
circuit in Fig. 4.42 and identified the branch currents of interest.
Before using a Thévenin equivalent to effect a solution, we make
the observation that once we know iz, we can easily obtain the
other branch currents. We argue as follows. The current iy is
simply (1 + B)is. When i¢ is known, the voltages v.a and,
hence, tra are known since vpa = vea + Vo. When we know the
voltage vna, We can quickly compute the branch currents #; and
i2. Thus i = vea/R; and i, = i, + ip. Realizing that iz is the key
to finding the other branch currents, we redraw the circuit as
shown in Fig. 4.43. With a little thought, you should be able to
observe that this modification will have no effect on the branch
currents iy, i, ig, and ig.

Now we replace the circuit made up of Ve, R;, and R, with a
Thévenin equivalent. The equivalent is made with respect to the
terminals b, d. The Thévenin voltage and resistance are

VCCRZ
o SECAE, 4.74
Vi R+ R ( )
and
RiR;
R, = ———, ;
R + R, il

Big

& Vee

Figure 4.42 srsion of th

Figure 4.43 A modified »

Vsis, circuit show
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With the Thévenin equivalent, the circuit in Fig. 4.43 becomes
as shown in Fig. 4.44.

We can now derive an equation for i simply by summing the
voltages around the left mesh. In writing this mesh equation, we
use the fact that iz = (1 + B)iz. Thus

V; = R;l‘g e o V() + Rk(l g B)fﬁ, {476}

from which we can write
PT R+ (1+B)Re
When we substitute Egs. (4.74) and (4.75) into Eq. 4.77), we
obtain the same expression denoted by Eq. (2.27). Note that
once we have incorporated the Thévenin equivalent into the orig-

inal circuit, we can obtain the solution for iz by writing a single
equation!

(4.77)

Vi

Figure 4.44 Th

noditied by a |hevenin

NO

MAXIMUM POWER TRANSFER

Circuit analysis plays an important role in the analysis of sys-
tems that are designed to transfer power from a source to a load.
The general problem of power transfer can be discussed in terms
of two basic types of systems. One emphasizes the efficiency of
the power transfer, and the other emphasizes the amount of the
power transfer. Power utility systems are a good example of
the first type since they are concerned with the generation,
transmission, and distribution of large quantities of electric
power. Communication and instrumentation systems are good
examples of the second type, since they are designed to transmit
information via electric signals. In the transmission of informa-
tion, or data, via electric signals, the power available at the
transmitter or detector is limited and it becomes desirable to
transmit as much of this power as possible to the receiver, or
load. In such applications the amount of power being transferred
is small so that the efficiency of transfer is not of primary con-

il cern. We now consider the problem of maximum power transfer
Resistive network

containing - in systems that can be modeled by a purely resistive circuit.
ind d ! § 3§
:f;;?,,;i’:;j,ﬂes The problem of maximum power transfer can be described

with the aid of the circuit shown in Fig. 4.45. We assume that
we are given a resistive network containing independent and de-
pendent sources and a designated pair of terminals (a, b) to
Figure 4.45 A circuit i : which a load (R) is to be connected. Our problem is to deter-

mum power transfe mine the value of R; such that maximum power will be delivered

b




10 R;. The first step to finding the critical value of R is to recog-
nize that the given resistive network can always be replaced by
its Thévenin equivalent. Therefore we redraw the circuit in Fig.
4.45 as shown in Fig. 4.46. Once we have replaced the original
network by its Thévenin equivalent, we have greatly simplified
the problem of finding R;. The derivation for R, requires express-
ing the power dissipated in R; as a function of the three circuit
parameters V;, R,, and R,. Thus

V 2
= [’R, = : R, :

HieT Tt (R! T R!) ! e
Next, we recognize that for a given circuit, V, and R, will be
fixed; therefore the power dissipated is a function of the single
variable R;. To find the value of R; that maximizes the power, we
use elementary calculus; that is, we solve for the value of R,
where dp/dR, equals zero. We have

¢ + R)* — R+ 2R +
% - VE[(R RJ(RL +R1R;(R RI)] _ R
Now the derivative will be zero when
(R: + R)?> = 2R(R; + R). (4.80)
Solving Eq. (4.80) yields
R, = R. 4.81)

Thus maximum power transfer occurs when the load resistance
R; equals the Thévenin resistance R,. To find the maximum
power delivered to R;, we simply substitute Eq. (4.81) into Eq.
(4.78) to get

s NERY _\irz_
Pou “ORYE T R

(4.82)

4.6

a) For the circuit shown in Fig. 4.47, find the value of R, that re-
sults in maximum power being transferred to R,.

3002

360V 150 £2 gRI

4.12 MAXIMUM POWER TRANSFER

107



108  TECHNIQUES OF CIRCUIT ANALYSIS

b) Calculate the maximum power that can be delivered to R

¢) When R, is adjusted for maximum power transfer, what per-
centate of the power delivered by the 360-V source reaches
R?

SOLUTION

a) The Thévenin voltage for the circuit to the left of the termi-
nals a, b is

V; = — % = V.

The Thévenin resistance is

_ (150)(30) _

180 25 Q.

t

Replacing the circuit to the left of the terminals a, b with its
Thévenin equivalent gives us the circuit shown in Fig. 4.48,
from which we see that R, must equal 25 () for maximum
power transfer.

b) The maximum power that can be delivered to R is

300\, .. _
Pmax = (—SH) (25) = 900 W.

c) When R; equals 25 (2, the voltage va i
300
Sy = b = V.

We can see from Fig. 4.47 that when v, equals 150 V, the
current in the voltage source in the direction of the voltage
rise across the source will be

_ 360 — 150 _ 210

750 4 " 30 T30 i
Therefore the source is delivering 2520 W to the circuit, that
300V R 15,
ps = —i(360) = —2520 W.
5 The percentage of the source power delivered to the load is

900

» 4.48 A reduction of the circuit — X =135 : |




DRILL EXERCISES

4.24 a) Find the value of R that will enable the circuit
to deliver maximum power to the terminals
a, b.

b) Find the maximum power delivered to R.

ANSWER: (a) 3 Q; (b) 1.2 kW.

4.25 Assume that the circuit in Drill Exercise 4.24 is
delivering maximum power to the load resistor R.

a) How much power is the 100-V source deliver-

4.13 SUPERPOSITION 109

Ve
44}

41 411 a
T ]
Y]
R
: =
b

—._.a'\'.'\',-'\_.
4
20V
¢) What percentage of the total power generated
by these two sources is delivered to the load
resistor R?

100V

ing to the network?

b) Repeat part (a) for the dependent voltage

source. ANSWER: (a) 3000 W; (b) 800 W (c) 31.58%.

4.1 3 SUPERPOSITION

The most distinguishing characteristic of a linear system is the
principle of superposition, which states that whenever a linear
system is excited, or driven, by more than one independent
source of energy, we can find the total response by finding the
response to each independent source separately and then sum-
ming the individual responses. Since we are dealing with circuits
made up of interconnected linear-circuit elements, we can apply
the principle of superposition directly to the analysis of such cir-
cuits when they are driven by more than one independent energy
source. At present, we will restrict our illustration to simple re-
sistive networks; however, it is important to bear in mind that
the principle is applicable to circuits containing inductance and
capacitance as well as resistance. As a matter of fact, it is appli-
cable to any linear system.

We will demonstrate the use of the superposition principle by
using it to find the branch currents in the circuit shown in Fig.
4.49. We begin by finding the branch currents due to the 120V
voltage source. We will denote with a prime the component of
the branch current that is due to the voltage source. The ideal
current source is deactivated by opening the branch in which it
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120V
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20

appears. Figure 4.50 shows the circuit with the current source
removed. We see there the prime notation applied to the branch
currents to indicate that the currents in the circuit are due only to
the voltage source.

We now note that we can easily find the branch currents in the
circuit in Fig. 4.50 once we know the node voltage across the
3-Q) resistor. If we denote this voltage as vy, we can write

by — 120 U ™
— 4+ —

+ =
6 3 2+4 0,

(4.83)

from which it follows that

vy = 30 V. (4.84)
Now we can write the expressions for the branch currents ii
through i} directly; thus

120 — 30
i1 = -——g— =15A, (4.85)
iz = %) = 10A, (4.86)
is =4 = % =5 A. (4.87)

The ideal voltage source in Fig. 4.49 is deactivated by replac-
ing it with a short circuit. Thus to find the component of the
branch currents due to the current source, we must solve the cir-
cuit shown in Fig. 4.51. The double-prime notation for the cur-
rents in Fig. 4.51 indicates that these currents are the compo-
nents of the total current due to the ideal current source.

We will solve for the branch currents in the circuit in Fig.
4.51 by first solving for the node voltages across the 3- and 4-0
resistors, respectively. The two node voltages are defined as
shown in Fig. 4.52, from which it follows that the two node-
voltage equations that describe the circuit are
U3 E s Uz — Ua

43 i

(4.88)

2242+ =0

2 (4.89)




When we solve Egs. (4.88) and (4.89) for v; and v, we get
vs=—12V (4.90)
and
Uy = —24V (4.91)

Now we can write the branch currents i1 through i§ directly in
terms of the node voltages v; and v, as follows:

f=—2=Z=2a, 4.92)
i = %3 = _—313 = —4A, (4.93)
"= U3 ; Vs _ -—122+ 24 =aR 4.94)
iy = 3;—“ =:42—4= —6 A. (4.95)

To find the branch currents in the original circuit—that is, the
currents iy, iy, i3, and i, in the circuit shown in Fig. 4.49—we
simply add the currents given by Egs. (4.92)-(4.95) to the cur-
rents given by Eqs. (4.85)—(4.87). Thus

h=i+ii=15+2= 17 A, (4.96)
fz=z'§+f’2'=lﬂ—4=6A, (4.97)
£3=£§+£’3'=5+6=11A, (4.98)
h=ii+i{=5—-6=—1A. (4.99)

We leave it to the reader to verify that the currents given by Egs.
(4.96)—(4.99) are the correct values for the branch currents in
the circuit in Fig. 4.49.

DRILL EXERCISES

4,26 a) Use the principle of superposition to find the
voltage v in the circuit shown.

4.13 SUPERPOSITION 111

30 vy <411 12

i W To
rig. 4.49

Figure 4.52 The c;j

showing the nod

b) Find the power dissipated in the 40-() resis-
tor.

100V

ANSWER: (a) 40 V; (b) 40 W.
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4.27 Use the principle of superposition to find the
voltage v in the following circuit.

ANSWER: 30 V.

SUMMARY

The purpose of this chapter has been to introduce
some extremely useful techniques of circuit analy-
sis. The node-voltage and mesh-current techniques
are important because they enable us to minimize
the number of simultaneous equations needed to
describe a circuit. These two techniques are also
valuable because they force us to take a systematic
approach to writing circuit equations. Source
transformations and Thévenin—Norton equivalent
circuits, two additional methods of simplifying cir-
cuits, are useful when the performance of a circuit
focuses on its behavior at a specific pair of termi-
nals. The principle of superposition is an impor-
tant concept when two or more sources are present
in the circuit, because it enables us to isolate the
effect of each source on the total response of the
circuit.

PROBLEMS

It is important to keep in mind that although we
have used resistive networks to illustrate the vari-
ous analytical techniques, the techniques them-
selves are not limited to resistive circuits. In
Chapter 7 we begin discussing the analysis of lin-
ear, lumped-parameter circuits that contain induc-
tance and capacitance as well as resistance.

In the next chapter we shall show why the
node-voltage method can be used to analyze both
planar and nonplanar circuits and, in addition,
why the mesh-current method can be used to ana-
lyze planar circuits. We will also introduce the
loop-current method, which can be used to ana-
lyze nonplanar circuits.

4.1 Use the node-voltage method to find v, and v, in
the circuit shown in Fig. P4.1.

51
A'ATA"

200 150 8A

Figure P4.1

4.2 a) Use the node-voltage method to find the

branch currents i; through is in the circuit
shown in Fig. P4.2.

b) Find the total power absorbed by the circuit.

410 2141 510}

AW\

40V 200

Figure P4.2
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4.3 a) Use the node-voltage method to find v, va, 4.6 a) Use the node-voltage methed to find v,, vs,
and vs in the circuit shown in Fig. P4.3. and v, in the circuit shown in Fig. P4.6.
b) Check your solution by showing that the total b) Find the total power absorbed by the circuit.

power developed in the circuit equals the total
power dissipated.

2A ' T
Figure P4.3 |
§4011 i
50 20
AN AAA
5A v S450 fm 40V
® ATA &

100 Figure P4.6

4.7 a) Use the node-voltage method to find v, in the

4.4 a) Use the node-voltage method to find the it ahown. it Fig: P47,

power dissipated in each resistor in the circuit
shown in Fig. P4.4. b) Calculate the power absorbed by the depen-

b) Show that the total power dissipated equals SRR GUEEOL SOCE,

the total power delivered.

b
80
MWV Figure P4.4 400 0.75i4
50 100 § 100
———\ o AAA 200
¥ & 50
40V 500 ®1OA 400 TR 4 '

y—
L

Figure P4.7

4.5 Use the node-voltage method to find the currents

iy and i, in the circuit shown in Fig. P4.5. 4.8 Use the node-voltage method to find v, in the cir-
cuit seen in Fig. P4.8.

30 90
I AAN o 40
AN
mé § 340 150
1211 100 40 A
AAA o 10
| b
| |
.75V ;
20 2v4 20
=

()
X

240V

Figure P4.5 Figure P4.8
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4.9 a) Use the node-voltage method to find v, in the
circuit shown in Fig. P4.9.

50 100

b) Show that the total power generated equals
the total power absorbed.

10/,

80V 300 100

150 600} 12A

4.10 Use the node-voltage method to find v; in the
circuit seen in Fig. P4.10.

50 100
AN o vy
45V
200 300
[ p
600
3 270V

4.11 Use the node-voltage method to find the power
associated with each circuit element in the circuit seen

in Fig. P4.11. —y
AAN—

100 40

50V

4.12 Use the node-voltage method to find i, in the cir-
cuit shown in Fig. P4.12.

750 01 4 ki)
N L 4 ATATAY

2 ki)

D O

2vy

VWV AN
250 () 1 ki

4.13 Use the node-voltage method to find v; in the
circuit seen in Fig. P4.13.
8iy,

== Tk

20 4.8
ANN—9

T
a0V A 240 éasu

4.14 a) Find v, in the circuit in Fig. P4.13 if the con-
trolling current iy is the current in the 2-(} re-
sistor, oriented toward the 40-V source.

b) Find the total power generated in the circuit.

c) Repeat parts (a) and (b), with the 48-(} resis-
tor increased to 60 (2.

4.15 Show that when Egs. (4.16), (4.17), and (4.19)
are solved for i, the result is identical to Eq. (2.27).

4.16 a) Use the mesh-current method to find the
power associated with the 20-V source in the
circuit shown in Fig. P4.16. State whether the
source is delivering or absorbing power.

b) Repeat part (a), with the polarity of the 60-V
source reversed.

44 20
AA"AY L 4 A"ATAY

60V 100

J

200
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4.17 Use the mesh-current method to find the power . \f\fﬁ
associated with the 50-V source in the circuit seen in !
Fig. P4.17. State whether the source is delivering or 1
absorbing power. i ¥
1401 61 Bl
AN ° AN 20”% AN
180
§4o 0 4i
40V 40V
50V
AAA | AAA Figure P4.20
30 100
Figure P4.17 4.21 Use the node-voltage method to find the power
delivered by the dependent voltage source in the cir-
4.18 a) Use the mesh-current method to find v, in the cuit in Fig. P4.20.

circuit shown in Fig. P4.18.
b) Find the total power dissipated in the circuit.

4.22 a) Find the branch currents i, and i, for the cir-
cuit shown in Fig. P4.22,
b) Check your answers by showing that the total
power generated equals the total power dissi-
pated.

1ip

=
10 50
AAA —AAA
Figure P4.18 27A 100s | 08;d¢ 135
4.19 Use the mesh-current method to find v, in the : Iy

circuit shown in Fig. P4.19.

Figure P4.22
20 =

4.23 The circuit in Fig. P4.23 is a direct-current ver-
¥ sion of a typical three-wire distribution system. The re-
' sistors Ry, R,, and R; represent the resistances of the
a0 three conductors that connect the three loads R,, R,,
VY g““ and R. to the 120/240-V voltage supply. The resistors

' R, and R, represent loads connected to the 120-V cir-
90 056y cuits, and R, represents a load connected to the 240-V
circuit.

64V 00

® a) Calculate v,, vs, and v,.

b) Calculate the power delivered to R,, R,
and R..

Figure P4.19

4.20 Use the mesh-current method to find the power c) Calculate the power delivered by each source.
delivered by the dependent voltage source in the cir- d) What percentage of the source power is deliv-
cuit seen in Fig. P4.20. ered to the loads?
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e) The R, branch represents the neutral conduc-
tor in the distribution circuit. What adverse
effect occurs if the neutral conductor is
opened? (Hint: Calculate v, and v, and note
that appliances or loads designed for use in
this circuit would have a nominal voltage rat-
ing of 120 V.)

4.24 Find the current in the 4-k(} resistor in the circuit
of Fig. P4.24 by making a succession of appropriate

éﬁ‘c; 1.20

Ry =19.40

source transformations. 30 k2 5 k2 1kQ
—AN— L —
60V 60 kil 5.6 mA 100 k(2 4kQ
|
Figure P4.24 & @
4.25 Determine i, and v, in the circuit shown in Fig.
P4.25 when R, is 0, 2, 6, 10, 14, 20, 30, 40, 50, and
70 (. 3.76 0 20
o "N\ @ AP~ ®
40 01
‘lDAO) 12401 13101 Aa
1296V

4.26 Determine the Thévenin equivalent with respect
to the terminals a, b for the circuit shown in Fig. 1180 Q1
P4.26.

1.5 mA

Figure P4.26

5% 10 2w, 504,

vo S 24 k2

—" NN
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4.27 Find the Thévenin equivalent with respect to the Wi
terminals a, b for the circuit seen in Fig. P4.27.

15kQ 4x0 5k
ANA———AAN, AN —e
g0V 10k0 40 k) 89 ki)
Figure P4.27 ® r eb

4.28 The Wheatstone bridge in the circuit shown in 4.30 Laboratory measurements on a dc voltage source
Fig. P4.28 is balanced when R; equals 800 (). If the yield a terminal voltage of 75 V with no load con-
galvanometer has a resistance of 50 ), how much cur- nected to the source and 60 V when loaded with a
rent will the galvanometer detect when the bridge is 20-{) resistor.

unbalanced by setting Rs to 801 Q? (Hint: Find the
Thévenin equivalent with respect to the galvanometer
terminals when R; = 801 ).) Note that once we have
found the Thévenin equivalent with respect to the gal-
vanometer terminals, it is easy to find the amount of
unbalanced current in the galvanometer branch for dif- 2 (V ) &
[ Ly

a) What is the Thévenin equivalent with respect
to the terminals of the dc voltage source?

b) Show that the Thévenin resistance of the
source is given by the expression

r
ferent galvanometer movements. v, !
where
RS 2000 ﬁ2§‘|000 a V: = the Thévenin voltage,
g b Vo = the terminal voltage corresponding

to the load resistance R;.

4.31 a) Calculate the power delivered to each resistor
R in Problem 4.25.

b) Plot the power delivered versus the resistance.

Figure P4.28 ¢) At what value of R is the power maximum?
4.29 Find the Thévenin equivalent with respect to the

terminals a, b for the circuit seen in Fig. P4.29. 4.32 The resistor R, in the circuit seen in Fig. P4.32

100 is adjusted until maximum power is delivered to the
* Wy * 3 resistor.

a) What is the value of R,?
b) What is the power delivered to R,?

c) What percentage of the total power developed
10iy by the sources in the circuit is delivered
to R,?

’édﬂﬂ 200

-

Figure P4.29
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400

3.8iy

n

4.33 Determine the maximum power that the circuit
seen in Fig. P4.33 can deliver to a resistive load con-
nected to the terminals x, y.

4.34 A variable resistor is connected between the ter-
minals a, b in the circuit seen in Fig. P4.34 and ad-
justed until maximum power is delivered to the resis-
tor. What is the maximum power?

@ x

30 ke

480 V

270 k€l

Y
8k |
12V

20

-—

50V

400

<§m4

4.35 The load resistor R, in the circuit seen in Fig.
P4.35 is adjusted until maximum power is delivered
to R,.

a) What is the value of R,?
b) What is the maximum power?

c) What percentage of the power developed by
the 160-V source is dissipated in R,?

4.36 A voltmeter with a resistance of 60 k(} is used to
measure the voltage vy in the circuit seen in Fig.
P4.36.

a) What is the voltmeter reading? 5mA

b) What is the percent error in the voltmeter
reading if percent error is defined as
[(measured-actual) /actual] % 1007

Fi

ure

®

160V

a
L 4 AN
/
160 A
/
b

350,

1610

—_%.

800

L ]

36 ki)

oV

')

P4.36
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4.37 When an ammeter is used to measure the current
iy in the circuit shown in Fig. P4.37, it reads 320 mA.
What is the resistance of the ammeter?

Fionr P4 17
Figure P4.

4,38 When a voltmeter is used to measure the voltage
v, in Fig. P4.38, it reads 4 V. What is the resistance
of the meter?

40 k€1

FRUDLEND L B

2ip
e
50 20 ‘
it 4 pa— APN—9
°'AY ‘ :-;10[! 33.2{!

24,
1.25 ki) 4

4kQ

4.39 Use the principle of superposition to find the cur-
rent i, in the circuit shown in Fig. P4.39.

4.40 Two ideal dc voltage sources are connected by
electrical conductors that have a resistance of r

| ohms/meter as shown in Fig. P4.40. A load having a

resistance of R ohms moves between the two voltage
sources. Let x equal the distance between the load

and the source Vi and [ equal the distance between the
Sources.

a) Show that

= V}Rl + R(Vz s Vl)x
® = "RI+ 2rix — 2rx?

b) Show that the voltage v will be minimum
when

l R
= -+ T o 2
Vz—Vi[ Vi \ M=o Vz)]-

xX=

3.240
50N !
30 A 160 200
100V
¢) Find x when [ = 16 km, V; = 1000 V,
V,=1200V,R=39Qand r
=15 % 10 LA,
d) What is the minimum value of v for the cir-
cuit of part (c)?
f—— x ——=]
r Y 7]
m-—-)\ 1 g m—)
¥ R (movable V2

load)

r mm—)

Figure P4.40
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4.41 A variable resistor is connected across v, in the
circuit in Fig. P4.9.

a) Calculate the value of R for maximum power
transfer.

b) Calculate the maximum power.

4.42 A variable resistor is connected in parallel with
the 20-(} resistor seen in Fig. P4.5.

a) Find the value of R so that maximum power is
delivered to R.

b) What is the maximum power?

4.43 Assume the 24-(} resistor in the circuit in Fig.
P4.13 is an external load. Use a Thévenin equivalent
to find the current in the 24-(} resistor.

4.44 Use a Thévenin equivalent to find the current in
the 20-{) resistor in the circuit in Fig. P4.18.

3n

4.45 Use the principle of superposition to find v, in
the circuit in Fig. P4.18.

4.46 Use the principle of superposition to find i, in the
circuit in Fig. P4.22.

4.47 An adjustable resistor R, is connected in parallel
with the 20-£) resistor seen in the circuit in Fig.
P4.10. The resistor is adjusted until maximum power
is delivered to its terminals.

a) What is the value of R,?
b) What is the maximum power delivered to R,?

4.48 Use the principle of superposition to find v, in
the circuit shown in Fig. P4.48.

160
AW

Figure P4.48

A Vi 33iy
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