Linear Approximation and Differentials

A. Differentials

Ay
Sl = AX A d
Sl p— a2y ~ e
dy AX  dx
Slope of the tangent line = —
X
Also, ﬂ =f '(X) —> dy = [f (X)] dx
dx
Example: Find the differential of y given that:
1) y=5x°
5 3x*+4x-5
. 22 TR
5sin(x)+ 2x
Note:

AX =~ annd Ay =~ dy

dXzAXZ(X+AX)—(X)
dyszzf(X+AX)—f(x) c fon) 4-
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Example: Y = x3
1a.) Calculate AY for X=2to x=2.01

b.) Calculate dy for X=2t0 X =2.01

2) V= %72‘['3 (volume of a sphere)
a.) Use differentials to approximate the change in volume when going fromr =3ft to r = 2.8t

(Find dV : Start by findingz—v)
r

b.) Find the actual change in volume when going fromr =3ft to r =2.8ft
(Find AV )
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B. Linearization

Definition: The linearization of a function f (X) at a fixed point a is given by the formula

L(x)= f(a)+ f'(a)x—a)

Slope of the tangent line= m; = f ’(a) A
Point Slope: (y - Y ) =m; (X — Xo)
(y—f(@)=f'(alx-a)

y=f(a)+ f'(a)x—a) AN

L(x)= f(a)+ f'(a)x—a) B

Examples:

1.) Find the linear approximation of f(x)=cos(5x) at a = %

2.) Use linearization techniques to approximate +/16.1
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More Examples:
3.) Find the linear approximation of f(x) = /4 —x at a = 0 and use it to approximate v/3.9 and v/4.1.

4.)  Use a linear approximation to approximate 2.001° as follows:
The linearization L(x) to f(x) = x® at @ = 2 can be written in the form L(x) = mx+b
Using this, the approximation for 2.001° is
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5.) The edge of a cube was found to be 60 cm with a possible error of 0.5 cm. Use differentials to estimate:
(a) the maximum possible error in the volume of the cube
(b) the relative error in the volume of the cube

(c) the percentage error in the volume of the cube

6.) A 13 foot ladder is leaning against a wall. If the top slips down the wall at a rate of 4 ft/s, how fast will the foot
of the ladder be moving away from the wall when the top is 8 feet above the ground?
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