Riemann Sums
Trapezoid Rule, Simpson’s Rule, & Error Bounds

Riemann Sum Notation and General Information:

By Definition:
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where |Ax = — and x; is the appropriate x-value for whichever Riemann Sums used
* ; = Xi-1tX{
the common formulas for x; are |x; =a +i-Ax| and |X; = —

The approximation is

fﬁmwziﬂmm
a i=1

for some value of n that you pick.

The Riemann Sum Rules:

Right Riemann Sum: R, = Ax[f(xy) + -+ f(x,)] = Xi, f(x)Ax

Left Riemann Sum: Ly =Ax[f(xg) + -+ f(xp_)] =20 f(xi_1)Ax

The Midpoint Rule: M, = Ax[f(x) + -+ fO)] =X, f(x)Ax

The Trapezoid Rule: T, = % [f(xo) +2f(x1) + -+ 2f (xp—q) + f ()]

Simpson’s Rule: S, = Ag—x [f(xg) +4f (x1) + 2f (xp) + -+ 2f (xp_z) + 4f (xp—1) + f )]

where n must be even for the Simpson’s Rule

The Error Bounds (ie: the maximum the absolute error can be):
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The Midpoint Rule: |Ey| < K(Zb4n? where K = max{|f"(x)|} on a<x<b
. K(b-a)? "
The Trapezoid Rule: |Er| < 202 where K = max{|f""(x)|} on a<x<bh
Simpson’s Rule: |Eg| < K(b-a)? where K = max{|f® ()|} on a<x<b
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Example: Consider the integral: fol\/%e‘xz/z dx

1. Calculate T,
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A
o = S [F (o) + 2f (x1) + -+ 2 (1) + £ ()]

= (%1)[]((0) + Zf(%) + Zf(%) +2f (Z) +f(1)]

| -

[.39894 + 2(.38667) + 2(.35207) + 2(.30114) +.24197] = .340081844

2. Find the smallest n such that the approximation T, is accurate to within .0001 of the true answer.
We need the following:
|E+| <.0001
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Before we go any farther, we'll find K:

K=max{|f"(x)|} on 0<x<1
f(x) =\/%e‘x2/2
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on 0 < x <1, f"(x) is increasing and negative, so choose K = |f"'(0)|
I'll pick, K = .4 since f''(0) = —.3989423
Back to the inequality:

4(1-0)3 4
— 7 <0001 =

. o
12n2 12¢.0001) = "

333.3<n? = 18.25741858<n

So the smallest n that will give a .0001 accuracyis n = 19.



