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The determinant is sensitive to scaling, but the condition
number does not change:

det(104) = 10*(—1), det(0.1A) = 10~*(—1), but
cond(10A) = cond(0.1A) =cond A

The same things happen when A = I,.

Section 3.3, page 209

2.

8.

10.

12.

14.

16.

18.

20.
26.

28.

—4
5/3 —-3/2
) el e[
Al sl 35 +2 25 —9
real §; Xy =——", X2= 5T
RS M E3Gien) P 543
s £0, 1/4 6s —2 l
5 Y ety T e
N @s—1 T 3ds -
s N I ([-r 3 7
adj A = 0 0 5 ,A":g 0o 0 5
| 2 —-1 —4 2 -1 —4
5 -3 -8 5 -3 -8
adj A = 2 -2 3|, A'=(=D| 2 -2 3
| —4 3 6 -4 3 6
[-9 -6 14
adj A = 0 3 -1,
L 0 0 -3
| -9 -6 14
A_|=_§ 0 3 —l
0 0o -3
Each cofactor in A is an integer because it is just a sum of

products of entries of A. Hence all the entries in adj A are
integers. Since det A = I, the inverse formula in Theorem 8
shows that all the entries in A~" are integers.

7 22, 21 24. 15

By definition, p + § is the set of all vectors of the form

p + v, where v is in S. Applying T to a typical vector in
p+ S, we have T(p + v) = T (p) + T(v). This vector is in
the set denoted by T(p) + T(S). This proves that T maps
the set p + S into the set T'(p) + T(S).

Conversely, any vector in T'(p) + T'(S5) has the form
T(p) + T(v) for some v in S. This vector may be written as
T (p + v). This shows that every vector inT(p)+T(S)is
the image under T of some pointin p + S.

Use Theorem 10. Or, compute the vectors that determine
the image, namely, the columns of
[14 2]

30,

32.

34,

Let p = (x3, y3) and let "= R — p. The vertices of R are
v=(x; — X3 ¥ — ¥3), V2 = (2 — X3, y2 — y3), and the
origin. Then
{area of R} = {area of R'}

1 [ area of parallelogram

) {determined by v, and V'z}

1 X — X3 X2 — X3
= — |det - ) 1
2 [)’1 =3 Y= &
Also, using row operations, we get
i on 1 [xi—x  y—y O
det | x» V2 1| =det | xs—x3 Y2 — V3 0
anoown | L X3 » 1
= det [ — 3 i—»
| Y2 — 3 Y2=)3
— det X — A3 X2 — X3
LY1— X3 Ya—¥3

This calculation and (1) give the desired result.
From the formula in the exercise,
{volume of S} = {area of base}-{height} = :

because the vectors e, €, €3 have unit length. The
tetrahedron S’ with vertices at 0, v, v, and v is the image
of § under the linear transformation T such that T'(e;) = vy,
T(e,) = v, and T (e3) = v3. The standard matrix for T is
A=1|v, v» vi]. By Theorem 10,

{volume of §') = |det A|-§ = t|det[vi V2 V3|

[M] MATLAB:

x2 = det([A(:,1) b A(:,3:4)])/det(A)

Chapter 3 Supplementary Exercises, page 211

1.

a. True. The columns of A are linearly dependent.
b. True. See Exercise 30 in Section 3.2.
¢. False. See Theorem 3(c); in this case det SA = 5° det A.

i 2 0 1 0
d. False. Consider A = {0 | } ,B= [0 3] , and
3 0

A+ B= [0 4

e. False. By Theorem 6, det A® = 2%

f. False. See Theorem 3(b).

g. True. See Theorem 3(c).

h. True. Seec Theorem 3(a).

i. False. See Theorem 5.

j- False. See Theorem 3(c); this statement is false for n xn
invertible matrices with n an even integer.

k. True. Sec Theorems 6 and 5; det ATA = (det A)”.
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a—b —a+b 0 0
0 a—b —a+b 0
0 0 a—>b 0
b b b a

b. Since column replacement operations are equivalent to
row operations on A" and det A7 = det A, column
replacement operations do not change the determinant of
the matrix. The resulting matrix is

a—b 0 0 0
0 a—b 0 0
0 0 a—b 0
b 2b 3b a+mn-—1)b

c¢. Since the preceding matrix is a lower triangular matrix
with the same determinant as A,

detA=(a—b)"""a+mn— b

18. [M] a. (3 — 8)*[3 + (3)8] = —3375
b. (8 —3)'[8 + (4)3] = 12,500

20. [M] Compute:

R =R =T e e B

0

SO O N =

0

W W W N —

3

SOy WR N —

6

oW N -

9

oW N —

12

O W N —

3n—-2)

1 1 1 |
I | 1
3 3| =6, I 3 3 3 =18,
| 3 6 I 3 6 6
| 3 6 9
1 | 1 1 1
1 3 3 3 3
1 3 6 6 6|=54=183
1 3 6 9 9
1 3 6 9 12
Conjecture:
1 1 1 1
1 3 3 3
1 3 o6 6 =2-3"2
1 3 6 3n—1)

To confirm the conjecture, use row replacement operations
to create zeros below the first pivot and then below the
second pivot. The resulting matrix is

This matrix has the same determinant as the original matrix,
and is recognizable as a block matrix of the form

R
o D
where
(1 1
A:_o 2]’
[3 3 3 3 3
3 6 6 6 6
D=1|3 6 9 9 9
L3 6 9 12 3(n—2)

—_——
[ ST ]
(SN ]
[VS T o8]
(VS0 ]

1 2 3 4 n—2
Use Exercise 14(c) to find that the determinant of the matrix

B
“ is (det A)(det D) = 2det D, and then use
0 D
Exercise 32 in Section 3.2 and Exercise 19 above to show
that det D = 372,

CHAPTER 4
Section 4.1, page 223

2. a. Given [;] in W and any scalar ¢, the vector
c [J:' ] S [Z;] is in W because (cx)(cy) = c2(xy) = 0,
sin(_:e Xy = 0
b. Example: Ifu= [ :;] and v = [g} , then u and v are

in W,butu+visnotin W,
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Section 4.2, page 234

10.

12,

14

16.

18.

22,

24,
25.

26.

5 21 19 5 0

13 23 21 -3[=1]0],sowisinNul A.
L8 14 1] 2 0
6 0 —6 8 —1

[ 0 2 —1 0

, 6. 11, 0], 0

0 0

0 | 0 | 0
- 0 0 1

. W is not a subspace because 0 is not in W. The vector

(0, 0, 0) does not satisfy the condition 5 — | = g + 21.

W is a subspace of R! by Theorem 2, because W is the set
of solutions of the homogeneous system

a+3b—c =0
a+ b+c—d=0

If (b — 5d,2b,2d + 1, d) were the zero vector, then
2d + 1 =0 and d = 0, which is impossible. So 0 is not in
W, and W is not a subspace.

—1 2
W =Col A for A = 1 =21, s0 W is a vector space by
3 -6
Theorem 3.
(1 -1 0
2 1 1
0 5 —4
10 0 1
a. 3 b. 4 20. a. 5 b. 1
[ 7
—4 | . 1. .
p | in Nul A, [0] in Col A. Other answers are possible.
| 0
wis in both Nul A and Col A. Aw =0, and w = —3ar+a.
a. True, by the definition before Example 1.

b. False. See Theorem 2.

¢. True. See the remark just before Example 4.

d. False. The equation Ax = b must be consistent for every
b. See #7 in the table on p. 232,

e. True. See Fig. 2. (A subspace is itself a vector space.)

f. True. See the remark after Theorem 3.

a. True. See Theorem 2. (A subspace is itself a vector
space.)}

b. True. See Theorem 3.

¢. False. See the box after Theorem 3.

28.

30.

32.

34.
36.

37.

38.

39.

d. True. See the paragraph after the definition of a linear
transformation,

e. True. See Fig. 2. (A subspace is itself a vector space.)

f. True. See the paragraph before Example 8.

The two systems have the form Ax = v and Ax = 5v. Since
the first system is consistent, v is in Col A. Since Col A is a
subspace of R*, 5v is also in Col A. Thus the second system
is consistent,

The zero vector Oy of W is in the range of T, because the
linear transformation maps the zero vector of V to 0y
Typical vectors in the range of T are T'(x) and T (w), where
X, warein V. Since 7 is a linear transformation,

TE)+T(w)=T(x+w) Intherangeof T

Thus the range of T is closed under vector addition. Also,
for any scalar ¢, ¢ T'(x) = T(cx), since T is a linear
transformation. Thus ¢+ T (x) is in the range of T, so the
range is closed under scalar multiplication. Hence the range
of T is a subspace of W.

Pi(1) =1, pa(t) = 1>, The range of T is {[g] ta rea]}.

The kernel of T is {0).

Since Z is a subspace of W, the zero vector 0,y of W is in Z.
Because T is linear, T maps the zero vector 0y of V to Oy.
Thus Oy is in U = {x : T(x) is in Z}. Now take u,, u, in /.
Since T is linear,

Ty +wy) =7T(u) + T(uy) (%)

By definition of Z, T(u;) and 7 (u,) are in Z, and so the
sum on the right of (%) is in Z because Z is a subspace. This
proves that u; + u, is in U, so U is closed under vector
addition. For any scalar ¢, ¢-T(u;) is in Z because Z is a
subspace. Since T is linear, T'(cu;) is in Z. Hence cu, is in
U. Thus U is a subspace of V.

[M] wisin Col A. In fact, w = Ax for
x = (1/95, -20/19, —172/95, 0)
w is not in Nul A because Aw = (14, 0, 0, ).

[M] wisin Col A and in Nul A because w = Ax for
x=(=2,3,0,1),and Aw = (0, 0, 0, 0).

[M] The reduced echelon form of A is

I 0 13 0 10/3
0 1 13 0 —26/3
0 0 0 1 -4
0 0 0 0 0
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AB6

Answers to Even-Numbered Exercises

By hypothesis, T is one-to-one, so this equation implies that
€1V + -+ ¢,v, =0, which shows that {v,, ..., v,}is
linearly dependent.

34. By inspection, p; = p; + p2, orpy +p2 — p; = 0. By the
Spanning Set Theorem, Span{p,, p», p3} = Span{p,, p2}.
Since neither p; nor p; is a multiple of the other, they are
linearly independent and hence {p,, p,) is a basis for
Span{p1, p2, p3}.

36. [M] Row reducing [u; u> u3] shows that u; and u, are
the pivot columns of this matrix. Thus {u,, u,} is a basis for
H.

Row reducing [v;, v, v3] shows that v; and v, are the
pivot columns of this matrix. Thus {v;, v»} is a basis for K.

Row reducing [uy uw> w3 v, vy vi]shows thatuy,
u3, and vy are the pivot columns of this matrix. Thus
{uy, uy, v} is a basis for H + K.

38. [M] For example, writing

¢, -1 +¢yrcost +c3-cos’ f + ¢y-cos’ 1 +
c5costt +cgrcos’ f +c7rcostt =0

withr =0, .1, .2, .3, 4,.5, .6 gives a 7x 7 coefficient
matrix A for the homogeneous system Ac = 0. The matrix
A is invertible, so the system Ac = 0 has only the trivial
solution and {1, cos ¢, cos® t, cos’ ¢, cos* t, cos® 1, cos® r} is a
linearly independent set of functions.

Section 4.4, page 253

0 -2
2. g] 4. | 1 6. [_g] 8. | 0
-5 5
3 _7 7
10. 12. [ 5] 14. | -3
4 -2
15. a. True, by definition of the B-coordinate vector.
b. False. See equation (4).
c. False. [P, is isomorphic to R*. See Example 5.
16. a. True. See Example 2.

a

b. False. By definition, the coordinate mapping goes in the
reverse direction.

¢. True, when the plane passes through the origin, as in
Example 7.

18. Since b; =1:b; +0-by + - --
vector of by is

+ 0-b,,, the B-coordinate

0
[bi]s = : =€

0
Foreachk, by =0by+---+ 1:by + ...+ 0-b,, so
[bele=(0,...,1,...,0) =e.

20. For w in V, there exist scalars ky, .. ., k4 such that
w=kv +--+kyvy (l)
because {vy, ..., vq4} spans V. Also, because the set is

linearly dependent, there exist scalars ¢y, ..., ¢4, not all

zero, such that

0=C|V] + -+ CyVy
Adding gives
‘V:\V+0:(k| +ep)vy 4o+ (kg +eq)vy

At least one of the weights here differs from the
corresponding weight in (1) because at least one of the ¢; is
nonzero. So w is expressed in more than one way as a linear
combination of v, ..., \7R

22, Let Pg=[b, b, ]. Then Pg[x];3 = x and
[xX]z = Pglx. As mentioned in the text, the correspondence
X— Py 'x is the coordinate mapping, so the desired matrix
isA=Pg'.

24. Giveny = (v, ..., y,) inR" letu = y/b; +---+ y,b,.
Then, by definition, [ulz =y. So the coordinate mapping
transforms u into y. Since y was arbitrary, the coordinate
mapping is onto.

26. w is a linear combination of uy, ...,
exist scalars ¢y, ..., ¢, such that

u,, if and only if there

W=cu +- - +cpll, (2)

Since the coordinate mapping is linear,

(Wl =cilu)g +--- +cplu,lz 3)

Conversely, (2) implies (3) because the coordinate mapping
is one-to-one. Thus w is a linear combination of uy, ..., u,
if and only if (3) holds for some ¢y, ..., ¢, which is
equivalent to saying that [w] is a linear combination of
[l.l[ ]b‘ ----- [up]B-

Note: Students need to be urged to write, not just to compute,
in Exercises 27-34. The language in the Study Guide solution of
Exercise 31 provides a model for the students. In Exercise 32,
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