
Math 6171 Solutions to Problems in Test 1 Fall 2001

1. (a)

y′′ − x+ 6

x2
y′ − 3

x2
y = 0.

Power series ×
Frobenius ×

(b)

y′′ − x+ 2

x+ 1
y′ − x+ 3

x+ 1
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Power series
√

Frobenius
√

(c)

y′′ − 1

x
y′ − x2 + 3

x2
y = 0.

Power series ×
Frobenius

√

2.

y =
∞
∑

r=0

amx
m+r

x ·
∞
∑

m=0

am (m+ r) (m+ r − 1) xm+r−2 + 2
∞
∑

m=0

am (m+ r) xm+r−1 + 4x
∞
∑

m=0

amx
m+r = 0

∞
∑

m=0

am (m+ r) (m+ r + 1)xm+r−1 + 4
∞
∑

m=0

amx
m+r+1 = 0

∞
∑

m=2

(am (m+ r) (m+ r + 1) + 4am−2)x
m+r−1+a0r (r + 1)xr−1+a1 (1 + r) (2 + r) xr = 0

a0 6= 0⇒ r = 0 or r = −1.
Consider

r = 0, ⇒ a11 · 2 = 0⇒ a1 = 0

am = − 4

m (m+ 1)
am−2, m = 2, 3, · · · , ⇒ a3 = a5 = · · · = 0







0 = a3 = a5 = a7 = · · ·
a2n =

−4
2n (2n+ 1)

a2(n−1)
, n = 1, 2, · · ·

a2n =
−4

2n (2n+ 1)
· −4
2 (n− 1) (2n− 1)

a2(n−2) =
(−4)n

(2n+ 1)!
a0

y =
∞
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n=0

a2nx
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∞
∑

n=0
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a0

2x

∞
∑

m=2

(−1)n
(2n+ 1)!

(2x)2n+1

=
ā0

x
sin 2x.
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3.

π/4
∫

0

cos 8nx sin 8mxdx =

π/4
∫

0

1

2
[sin (8m+ 8n) x+ sin (8m− 8n) x] dx

=



















1

2

[− cos 8 (m+ n) x

8 (m+ n)
− cos 8 (m− n)x

8 (m− n)

]
∣

∣

∣

∣

π/4

0

, m 6= n,

1

2

− cos 8 (m+ n)x

8 (m+ n)

∣

∣

∣

∣

π/4

0

, m = n

= 0

π/4
∫

0

cos 8nx cos 8mxdx =
1

2

π/4
∫

0

[cos 8 (n−m)x+ cos (8n+m)x] dx

=
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+
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8 (n+m)

]∣

∣

∣

∣

π/4

0

, n 6= m

1

2

[

x+
sin 8 (n+m)x

8 (n+m)

]∣

∣

∣

∣

π/4

0

, m = n

=

{

0, n 6= m
π

8
, n = m

.

π/4
∫

0

sin 8nx sin 8mxdx =
1

2

π/4
∫

0

[cos 8 (m− n)x− cos (8m+ n)x] dx

=



















1

2

[

sin 8 (m− n) x

8 (m− n)
− sin 8 (m+ n)x

8 (m+ n)

]∣

∣

∣

∣

π/4

0

, m 6= n

1

2

[

x− sin 8 (m+ n)x

8 (m+ n)

]∣

∣

∣

∣

π/4

0

, m = n

=

{

0, m 6= n
π

8
, m = n

.

π/4
∫

0

12dx =
π

4
,

π/4
∫

0

1 · cos 8nxdx = 0,

π/4
∫

0

1 · sin 8nxdx = 0,

Therefore, the set of functions is orthogonal and the orthonormal set is

1
√

π

4

,
cos 8nπ
√

π

8

,
sin 8nπ
√

π

8

, n = 1, 2, · · · .
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4. (a)

F (s) =
2

s2
+

s− 3

(s− 3)2 + 42
+

6

(s− 5)2 − 62

(b)

L
{

sin 2t cos 3 + sin 3 cos 2t+ e2+3t
}

= cos 3
2

s2 + 4
+ sin 3

s

s2 + 4
+ e2 1

s− 3

(c)

L
{

t2u (t− 3) + δ (t− 6)
}

= L
{[

(t− 3)2 + 6 (t− 3) + 9
]

u (t− 3) + δ (t− 6)
}

=
2 · e3s

s3
+

6e−3s

s2
+

9e−3s

s
+ e−6s.

5. (a)

L−1

{

1

s2 + 4s+ 13
+

1

s2

}

= L−1

{

1

(s+ 2)2 + 32

}

+ t

=
1

3
e−2t sin 3t+ t

(b)

L−1

{

e−s

s2 − 9

}

=
1

3
sinh 3 (t− 1)u (t− 1)

(c)

L−1

{

1

s2 (s− 1)

}

=

t
∫

0

L−1

{

1

s (s− 1)

}

dt =

t
∫

0

(

et − 1
)

dt

= et − t|t0 = et − t− 1.

6. (a)
{

y′1 = 5y1 + y2, y1 (0) = −3
y′2 = y1 + 5y2, y2 (0) = 7
{

sY1 + 3 = 5Y1 + Y2

sY2 − 7 = Y1 + 5Y2

{

(s− 5)Y1 − Y2 = −3
−Y1 + (s− 5)Y2 = 7

.

Y1 =
−3 (s− 5) + 7

(s− 5)2 − 1
, Y2 =

7 (s− 5)− 3

(s− 5)2 − 1
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y1 = −3e5t cosh t+ 7e5t sinh t

= −3e5t e
t + e−t

2
+ 7e5t e

t − e−t

2
= 2e6t − 5e4t

y2 = 7e5t cosh t− 3e5t sinh t

= 7e5t e
t + e−t

2
− 3e5t e

t − e−t

2
= 2e6t + 5e4t
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