
Math 6171 Solutions to Problems in Test 2 Fall 2002

1. (a)

grad
(
div

(
x2zi + (y − z)2 j + xyk

))
= grad (2xz + 2 (y − z))

= 2zi + 2j + (2x− 2)k

(b)

curl (cos (yz) i + sin xj) =

∣∣∣∣∣∣∣∣
i j k
∂

∂x

∂

∂y

∂

∂z
cos (yz) sin x 0

∣∣∣∣∣∣∣∣
= −y sin (yz) j + (cos x + z sin (yz))k

(c)

f (x, y, z) = z −
√

x2 + y2

grad f = −1

2

(
x2 + y2

)− 1
2 · 2xi− 1

2

(
x2 + y2

)− 1
2 · 2yj + k

N (p) = −3

5
i− 4

5
j + 1k

n =
1√(

3
5

)2
+

(
4
5

)2
+ 1

(
−3

5
i− 4

5
j + k

)

= − 3

5
√

2
i− 4

5
√

2
j +

1√
2
k.

2. (a) ∣∣∣∣∣∣
1 2 3
1 2 4
2 2 5

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 2 3
0 0 1
2 2 5

∣∣∣∣∣∣ = −
∣∣∣∣ 1 2

2 2

∣∣∣∣ = 2.

(b)

N =

∣∣∣∣∣∣
i j k
1 1 2
2 1 −1

∣∣∣∣∣∣ = −3i + 5j− k

−3x + 5 (y − 1)− (z − 1) = 0
−3x + 5y − z = 4.
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(c)

x2

9
4

+
(y − 1)2

9
= 1,

(
x
3
2

)2

+

(
y − 1

3

)2

= 1

x =
3

2
cos θ, y = 1 + 3 sin θ, z = 1 + 3 sin θ.

(d)

L =

4∫
0

√
r′ · r′dt =

4∫
0

√
12 +

(
3

2

)2

t dt

=

10∫
1

η
1
2 · 4

9
dη =

4

9

η
3
2

3
2

∣∣∣∣∣
10

1

=
8

27

(
103/2 − 1

)
= 9.073415

3. (a)

curl (grad f) =

∣∣∣∣∣∣∣∣∣
i j k
∂

∂x

∂

∂y

∂

∂z
∂f

∂x

∂f

∂y

∂f

∂z

∣∣∣∣∣∣∣∣∣
=

(
∂2f

∂y∂z
− ∂2f

∂z∂y

)
i +

(
∂2f

∂z∂x
− ∂2f

∂x∂z

)
j +

(
∂2f

∂x∂y
− ∂2f

∂y∂x

)
k

= 0

(b)

curl (u + v) =

∣∣∣∣∣∣∣∣
i j k
∂

∂x

∂

∂y

∂

∂z
u1 + v1 u2 + v2 u3 + v3

∣∣∣∣∣∣∣∣
=

[
∂

∂y
(u3 + v3)−

∂

∂z
(u2 + v2)

]
i

+

[
∂

∂z
(u1 + v1)−

∂

∂x
(u2 + v2)

]
j

+

[
∂

∂x
(u2 + v2)−

∂

∂y
(u1 + v1)

]
k

=

(
∂

∂y
u3 −

∂

∂z
u2

)
i +

(
∂

∂z
u1 −

∂

∂x
u2

)
j +

(
∂

∂x
u2 −

∂

∂y
u1

)
k

+

(
∂

∂y
v3 −

∂

∂z
v2

)
i +

(
∂

∂z
v1 −

∂

∂x
v2

)
j +

(
∂

∂x
v2 −

∂

∂y
v1

)
k

= curl u + curl v.
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4.

F = [2x, y,−z] = [4t, cos t,− sin t]

dr = [2,− sin t, cos t] dt

∫
C

F (r) · dr =

2π∫
0

(8t− 2 cos t sin t) dt = 4t2 +
cos 2t

2

∣∣∣∣2π

0

= 16π2.

5. 
x = r cos θ,
y = r sin θ, 0 ≤ r ≤ 2, 0 ≤ θ ≤ 2π,
z = r2.

rr = cos θi + sin θj + 2rk

rθ = −r sin θi + r cos θj

N = rr × rθ =

∣∣∣∣∣∣
i j k

cos θ sin θ 2r
−r sin θ r cos θ 0

∣∣∣∣∣∣ = −2r2 cos θi− 2r2 sin θj + rk

F = xi + yj + 3z2k = r cos θi + r sin θj + 3r4k

∫∫
S

F · ndA =

2π∫
0

2∫
0

(
−2r3 cos2 θ − 2r3 sin2 θ + 3r5

)
drdθ

= 2π

2∫
0

(
3r5 − 2r3

)
dr = 2π

(
1

2
r6 − 1

2
r4

)∣∣∣∣2
0

= π (64− 16) = 48π.

6.

curl F =

∣∣∣∣∣∣∣∣
i j k
∂

∂x

∂

∂y

∂

∂z
x + yexy xexy + z cos (yz) y cos (yz) + z2

∣∣∣∣∣∣∣∣
= {cos (yz)− yz sin (yz)− [cos (yz)− zy sin (yz)]} i

+0j + [exy + xyexy − (exy + xyexy)]k

= 0
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fx = x + yexy

f (x, y, z) =

∫
(x + yexy) dx =

x2

2
+ exy + g (y, z)

∂f

∂y
= xexy +

∂g

∂y
= xexy + z cos (yz)

g (y, z) =

∫
z cos (yz) dy = sin (yz) + h (z)

f (x, y, z) =
x2

2
+ exy + sin (yz) + h (z)

∂f

∂z
= y cos (yz) +

dh

dz
= y cos (yz) + z2

h =
z3

3

f (x, y, z) =
x2

2
+ exy + sin (yz) +

z3

3
(1,1,1)∫

(0,0,0)

F · dr =
1

2
+ e + sin 1 +

1

3
− 1

= e + sin 1− 1

6
= 3.3931.

7. ∮
C

F · dr =

∫∫
S

curl F · ndA

curl F =

∣∣∣∣∣∣∣∣
i j k
∂

∂x

∂

∂y

∂

∂z
2z + ex3 −x x

∣∣∣∣∣∣∣∣ = (2− 1) j− k = j− k


x = r cos θ
y = r sin θ
z = r sin θ + 1

0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π.

rr = cos θi + sin θj + sin θk

rθ = −r sin θi + r cos θj + r cos θk
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rr × rθ =

∣∣∣∣∣∣
i j k

cos θ sin θ sin θ
−r sin θ r cos θ r cos θ

∣∣∣∣∣∣
=

(
−r sin2 θ − r cos2 θ

)
j +

(
r cos2 θ + r sin2 θ

)
k

= −rj + rk

∫∫
S

curl F · ndA =

2π∫
0

1∫
0

−2rdrdθ = −2π · r2
∣∣1
0

= −2π.
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