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Show the details of your work !!

1. Suppose that S; and S, are two lognormal random variables satisfying
the following stochastic differential equations:

where pu;,0;,4 = 1,2, are constants and dX;,i: = 1,2, are two Wiener
processes, ie., dX; = ¢;\/dt, ¢; being distinct standardized normal
random variables, 1 = 1,2. ¢ and ¢5 could be correlated and

where —1 < p;; < 1. Let V. = V(S;,5;,t). Among dV and dS;,
1 = 1,2, there is the following It6’s lemma:
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Show that &, satisfies the following stochastic differential equation:

dérg = (1 — po + 035 — p120102)E1dt + 012€12d X 12,

where
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and that
E[dX12] =0 and Var[Xmg] = dt.



2. Suppose that S is a random variable that is defined on [0, c0) and whose
probability density function is

G(8) = e~ Intsrarsst/af’ e,
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a and b being positive numbers. Show
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where

N(z) = % / 3

3. Derive the Black-Scholes formula for a European call option, assuming
that you have proved the following results:.

(a) let
r=InS+ (r—Dy—0?)2)(T—t), 7=0(T—1)/2

and
V(S,t) = e "Iy (z, 7),

then the problem

ov. 1, ,0°V oV

gz v — D)S— — VYV =

at+205852+(r O)SGS rV =0,
0<S, t<T,

V(S,T)=Vr(S), 0<8S
can be converted into the following problem
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(b) for the following problem

ou  *u e 0 <~
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u(z,0) = up(x), —oo < x < 00,

the solution is
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(a) Show that if Dy = 0, then ¢(S,t) > max(S — E,0), which means
that for this case the value of an American call option is the same
as the value of a Furopean call option.

(b) Show that if » = 0, then p(S,t) > max(F — S,0), which means
that for this case the value of an American put option is the same
as the value of a European put option.

The American put option is the solution of the following linear com-
plementarity problem on a finite domain:

min (g—‘: — LV, V(£,0) — max(1 — 2§,0)) =0, 0<£<1,0<T,

V(f,O) :max(l—Qf,O), 0 Sg < 17
where
02 0
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Show that if » > 0, then there is a free boundary at 7 = 0 and find
the location of the free boundary at 7 = 0.

Suppose that r, Dy, and o are constant. Derive the put—call symmetry
relations.



