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1. (a) Suppose that S is a random variable which is defined on [0,∞)
and whose probability density function is

G(S) =
1√

2πbS
e−[ln(S/a)+b2/2]

2
/2b2 ,

a and b being positive numbers. Show that for any real number
n ∫ c

0

SnG(S)dS = ane(n
2−n)b2/2N

(
ln(c/a) + b2/2

b
− nb

)
,

where

N(z) =
1√
2π

∫ z

−∞
e−ξ

2/2dξ.

(b) Consider the problem
∂Bc

∂t
+

1

2
σ2S2∂

2Bc

∂S2
+ (r −D0)S

∂Bc

∂S
− rBc = 0,

0 ≤ S, 0 ≤ t ≤ T,

Bc(S, T ) = max(Z, nS), 0 ≤ S,

where σ, r,D0, Z, and n are constants. Show that if D0 ≤ 0, then

Bc(S, t) ≥ max
(
Ze−r(T−t), nS

)
for 0 ≤ t ≤ T.

2. Suppose V (S, t) is the solution of the problem
∂V

∂t
+

1

2
σ2(S)S2∂

2V

∂S2
+ (r −D0)S

∂V

∂S
− rV = 0 , 0 ≤ S, t ≤ T,

V (S, T ) = VT (S), 0 ≤ S.



Let ξ =
S

S + Pm
, τ = T − t, and V (S, t) = (S + Pm)V (ξ, τ), where Pm

is a positive constant. Show that V (ξ, τ) is the solution of the problem

∂V

∂τ
=

1

2
σ̄2(ξ)ξ2(1− ξ)2∂

2V

∂ξ2
+ (r −D0)ξ(1− ξ)

∂V

∂ξ

−[r(1− ξ) +D0ξ]V , 0 ≤ ξ ≤ 1, 0 ≤ τ,

V (ξ, 0) =
1− ξ
Pm

VT

(
Pmξ

1− ξ

)
, 0 ≤ ξ ≤ 1,

where

σ̄(ξ) = σ

(
Pmξ

1− ξ

)
.

3. (a) Explain why an American option is always worth at least as much
as its intrinsic value.

(b) Suppose that for an American option, the constraint is G(S, t), its
value at time t is V (S, t), and V (S, t) = G(S, t) on (A,B). Assume
that when V (S, t) is given as the value of a European option at
t, the value of the European option at t − ∆t for a positive and
very small ∆t is v(S, t−∆t). Explain that if in an open interval
containing S∗ ∈ (A,B), v(S, t−∆t) < G(S, t−∆t), then for the
American option a fair value at the point (S∗, t − ∆t) should be
G(S∗, t−∆t).
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4. The price of a one-factor convertible bond is the solution of the linear
complementarity problem min

(
−∂V
∂t
− LSV − kZ, V (S, t)− nS

)
= 0, 0 ≤ S, 0 ≤ t ≤ T,

V (S, T ) = max(Z, nS) ≥ nS, 0 ≤ S,

where

LS =
1

2
σ2S2 ∂

2

∂S2
+ (r −D0)S

∂

∂S
− r,

and k, Z, n, σ, r, and D0 are constants. Show that if D0 > 0, then the
solution of a one-factor convertible bond must involve a free boundary

and its location at t = T is S = max

(
Z

n
,
kZ

D0n

)
. Also, derive the

corresponding free-boundary problem if this problem has only one free
boundary.

5. The solution of the following free-boundary problem:

1

2
σ2S2d

2P∞
dS2

+ (r −D0)S
dP∞
dS
− rP∞ = 0, Sf ≤ S,

P∞(Sf ) = E − Sf ,

dP∞(Sf )

dS
= −1

is P∞(S) =
−Sf

α−

(
S
Sf

)α−
for Sf ≤ S, where

α− =
1

σ2

−(r −D0 −
1

2
σ2

)
−

√(
r −D0 −

1

2
σ2

)2

+ 2σ2r


and Sf =

E

1− 1/α−
.
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(a) Suppose f(b) = f ′(b) = 0 and a < b. Show that if f ′′(x) ≥ 0 for
x ∈ [a, b], then f(x) ≥ 0 for x ∈ [a, b].

(b) Define

P∞(S) =


E − S, 0 ≤ S < Sf ,

−Sf
α−

(
S

Sf

)α−

, Sf ≤ S.

By substituting this expression of P∞ into

min

(
−
[

1

2
σ2S2d

2P∞
dS2

+ (r −D0)S
dP∞
dS
− rP∞

]
, P∞−max(E−S, 0)

)
,

show that it is always equal to zero, that is, P∞(S) is a solution
of the perpetual American put option.

6. Suppose that ξ1 anf ξ2 satisfy the system of stochastic differential equa-
tions:

dξi = µi(ξ1, ξ2, t)dt+ σi(ξ1, ξ2, t)dXi, i = 1, 2,

where dXi are the Wiener processes and E [dXidXj] = ρijdt with −1 ≤
ρij ≤ 1. Define

Z1 (ξ1) = Z1,l + ξ1 (1− Z1,l) ,

Z2 (ξ1, ξ2) = Z2,l + ξ2 [Z1 (ξ1)− Z2,l]

= Z2,l + ξ2 [Z1,l + ξ1 (1− Z1,l)− Z2,l] .

Assume that Z1(ξ1) and Z2(ξ1, ξ2) represent prices of two securities.
Let V (ξ1, ξ2, t) be the value of a derivative security. Setting a portfolio
Π = V − ∆1Z1(ξ1) − ∆2Z2(ξ1, ξ2) and using Itô’s lemma, show that
V (ξ1, ξ2, t) satisfies the following PDE:

∂V

∂t
+

1

2

2∑
i=1

2∑
j=1

σiσjρi,j
∂2V

∂ξi∂ξj
+

rZ1

1− Z1,l

∂V

∂ξ1

+

[
r (Z2 − Z1ξ2)

Z1 − Z2,l

− σ1σ2ρ1,2 (1− Z1,l)

Z1 − Z2,l

]
∂V

∂ξ2
− rV = 0.
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