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Show the details of your work !!

1. Consider an average strike option with discrete arithmetic averaging. Assume that the
stock pays dividends and that during the time step [t, ¢ + dt|, the dividend payment is

D(S,t)dt. Take S and
1 t
= ?/0 S(t

as state variables, where

In this case the PDE for options is
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(a) Find the jump Conditlon att=1¢;,1=12,--- K.
(b) Under the assumption D(S,t) = DyS and V(S,I,T) = max(+(aS—1),0), reduce
an average strike option problem to a problem with only two independent variables
and the payoff to a function with only one independent variable.

2. (a) Find the solution of the problem:

dpr () o(r—Do+o?/2) /02 dp2 (1/1)
= ’r’ s
dn dn
p1(1) =2 (1),
where @9 () = max(n — 3,0) defined on n € [1,00). Here § > 1 and r # D.
(b) Show

for n € [0,1],
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where

G (0, Tin,t) = ! ¢~ [ m=(Po-r—o2/2)(T=0)]"/20*(T—)

NG (T —t)y
and u =1 — Dy — c?/2.

3. Consider the following problem

Vily,7) _ &&  PVily,7)
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where
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(a) Let
X = Ry
and

VQ(X> 7) =V (ya T)>

where R is a contant matrix:
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Find the equation and initial condition for V(x, 7).

(b) Find R such that V,(x, 7) satisfies
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8V2(X, 7') _ 8 VQ(X, 7')’ —00 < X < 00,
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Va(x,0) = Vor(x), —00 < X < 00,

where Vor(x) = Vi (R71x).
4. Consider the problem
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where «, u, v and Z are constants.



d.

(a) Show that this problem has a solution in the form
V(’f’, t, T) — ZeA(t,T)—rB(t,T)

and A and B are the solution of the system of ordinary differential equations

dA
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with the conditions A(T,7T) =0 and B(T,7T) =0 ;
(b) Suppose that we already find the function B:
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where 1) = /72 + 2a.. By solving the first ODE, show
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(This problem is related to the Cox-Ingersoll-Ross model of spot interest rate.)

(a) Suppose that there is a domain € on the (Z;, Zs)-plane, the boundary of Q is T',
and (np,mn2)" is the outer normal vector of the boundary I'. Assume that Z; and
Zy are two stochastic processes and satisfy the system of stochastic differential

equations:

dZ; = (21, Zo, ) dt + 0:(Z1, Zo, t)dX;  with 0y >0, i=1,2,

where dX;,i = 1,2, are the Wiener processes and E [dX1dX5] = pi2dt with po €
[—1,1]. Suppose that at t = 0, (Z1,Z) € Q. Show that in order to guarantee
(Z1, Zs) € Q for any time t € [0, T], we need to require, for any ¢ € [0, 7] and for

any point on I, the following condition to be held:
i. if n; # 0 and ny = 0, then
nip <0,
o =0;

napz < 0,
o9 = 0;

ii. if n; = 0 and ny # 0, then



iii. if ny # 0 and ny # 0, then

nipy + nope <0,
n1oy — sign(ning)neoe =0, and  pip = —sign(ning),

where
1, if nyng > 0,

sign(ning) = {

—1, if ning < 0.
If a point is a corner point, then there are two normals and we need to require

this condition to be held for the two outer normal vectors.

(b) Suppose that the domain Q is Zy; < Z; < 1 and Zy < Zy < Z, where Z;; and
Zo are constants, and Zy; > Zy. Find the concrete condition corresponding to
the condition given in a) on each segment of the boundary.

6. Consider the problem

OB, 1 ,_,0°B. 0B, _
or T37 % 5 T D)SHe —rBet kZ =0,
0<S, 0<t<T,
B.(S,T) = max(Z,nS), 0<5S,

where 0,7, Dy, k, Z, and n are constants. Show that if Dy < 0, then
B.(S,t)>nS for 0<t<T.
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(Hint: Define B.(S,t) = B.(S,t) — by(t), where by(t) = - (1 —e@=9). First show

that B.(S,t) satisfies
OB. 1 9’B, OB.
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0<S, 0<t<T,
B.(S,T) = max(Z,nS), 0<S.

Then show B.(S,t) > nS and by(t) > 0 for 0 <t < T. Finally show B.(S,t) > nS.)
(Remark: If the solution of this problem fulfills the constraint condition

B.(S,t) >nS for 0<t<T,

then the solution of the problem above represents the price of a one-factor convertible
bond. In this case, the solution of a one-factor convertible bond does not involve any
free boundary. Therefore, no free boundary will be encountered when one prices a
one-factor convertible bond with Dy < 0.)



