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Show the details of your work !!

1. (4 points) Show that a European up-and-out put option with B, > E plus a European
up-and-in put option with the same parameters is equal to a vanilla European put

option.

2. (a) (4 points) Find the solution of the problem:
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where s () = max(n — 3,0) defined on 7 € [1,00). Here > 1 and r # D.
(b) (4 points) Show
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3. (8 points) Consider the following problem of the European option on the minimum of
assets Sp, Sp, and Ss:
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Assume that we already prove that if we set &y = S_{)" = T Eop = S_g _
Sy~ Do2(T—1) v v | |
;06 (T—t) and %(£107520a ) S* = W then %(510’5207 ) is the solution
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Vo(&10, €20, T) = min(1, &0, £20), 0<&w, 0<&y.

Here 019 and o9 are the volatilities of &1 and &y, respectively, and p199 is the correla-
tion coefficient between the Wiener processes associated with the lognormal variables
&0 and &9. For them there are the following expressions: o9 = 01, 099 = 09 and
p120 = p12- We also assume that we already know that V;(&10, &20,t) has the following
expression:
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Here ¢ = ¥ ({107, £207; €105 §20, t) and its concrete expression is
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Based the results given above, express the solution of the European option on the
minimum of assets Sy, Si, and Sy in term of the function Ny(xq,z9;p). (If the rule
“0O—1,1— 2, and 2 — 07 is used, you need to give a proof before using it.)
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4. (a) (4 points) Suppose the spot interest rate is a known function r(¢). Consider a
bond with a face value Z and assume that it pays a coupon with a coupon rate
k(t), that is, during a time interval (¢,¢ + dt|, the coupon payment is Zk(t)dt.
Show that the value of the bond is
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(b) (4 points) Suppose that the bond pays coupon payments at three specified dates
Ty, Ty, and T3 before the maturity date 7" and the payments are Zky, Zko, and
Zks, respectively. According to the formula given in (a) and assuming 77 <
Ty < T3, find the values of the bond for t € [0,T}),t € (T1,T3), t € (T3, T3), and
t € (T3, T1, respectively, and give a financial interpretation of these expressions.

5. (4 points) Let Vi1 (r, T') denote the price of a (k:/2) year zero-coupon bond and Vi (r, T') =
E Viik(r, T). In order to obtain Vi (r,T) = Z Viik(r, T), we can use one of the fol-

lowmg two methods. The first one is to solve the problem:
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The second is to solve the following problems
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k=1,2,---,2N, and then calculate V;(r,T) by adding Vsx(r,T), k = 1,2,--- 2N,
together. Explain which of them is better and why?



6.

(a) (6 points) Suppose that there is a domain €2 on the (7, Zs)-plane, the boundary

of Q1is I', and (ny,ny)" is the outer normal vector of the boundary I'. Assume
that Z; and Z, are two stochastic processes and satisfy the system of stochastic
differential equations:

dZZ = Mi(Zl,Zg,t)dt+0i(zl,22,t>dXi with g; Z 07 1= ].,2,

where dX;,i = 1,2, are the Wiener processes and E [dXdX3] = p12dt with po €
[—1,1]. Suppose that at t = 0, (Z1, Z2) € 2. Show that in order to guarantee
(Z1, Z5) € Q for any time t € [0,T], we need to require, for any ¢ € [0,7] and for
any point on I'; the following condition to be held:

i. if n; # 0 and ny = 0, then
nipy S 07
o1 = 0;

napia < 0,
o9 = 0;

ii. if ny = 0 and ny # 0, then

iii. if ny # 0 and ny # 0, then

nip + nape <0,
nioy — sign(ning)neos = 0, and  prp = —sign(ning),

where
1, if nyny > 0,

sign(ning) = {

—1, if ning < 0.

If a point is a corner point, then there are two normals and we need to require
this condition to be held for the two outer normal vectors.

(b) (2 points) Suppose that the domain Q is 7y, < Z; < 1 and Zy < Zy < 7y,

where Z;; and Zy are constants, and Z;; > Zy. Find the concrete condition
according to the conditions given in (a) for each segment of the boundary.




