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1. Consider the following problem:
ov. 1, ,0%V ov
— Dy) S— — = < <T
T 055’52+( 0)56’5 V=0 0<8 t<T,
_ o1 (S), 0S5 < B,
v =4 O
QOQ(S), B<S,

where ¢ (S) and ¢ (S) are continuous functions and ¢, (B) = 9 (B) may not hold.

(a) Show that if between 1 (S) and 9 (5), the relation

aw=- (5L (%),

s = (3 (%)

hold, then V (B, t) = 0.
(b) Based on the result above, show that for the problem
8V 0*V ov

or

1 22
- . - D - _ = < < B t<T
or T30 9 g tr—Do) S5 -1V =0, 0<5<By, t<T,
V(S,T)="Vr(9), 0<S<B,,
V (B, t) =0, t<T,

the solution is

Bu
V(S,t)=e D / Vi (S") Gy (S, T;S,t,B,)dS’,
0

where
G (S, T:S,t,B,) = G(8,T;8S, 1)
— (B, S)2 " Pom I G (87T, B2/ S, 1) .
Here
G(S',T;8,1)
_ 1 o [I(8/8) = (r=Do—02/2) (T—1)] f202(T—1)

S'o\/2m (T —t)



2. Define

1,0 9 S—A9
Lo, = —025%— —Dy)S— 4+ 2=
sw = 50 geg T (= Do)Sge+ ——57 -

(a) Find the function of location of the free boundary at t = T', S = S;(A,T), for
the LC problem:

ov
min (—E—LSMV,V—maX(aS—A,O)) =0, 0<S5, 0<A,

t <

— Y

V(S,A,T) = max(aS — A,0), 0<5 0<A.

(b) Find the function of location of the free boundary at t =T, A = A(S,T), for
the LC problem:

min (—a—V—LSAtV,V—maX(A—E,O)> =0, 0<S5, 0<A,

ot
t<T,
V(S,A,T)=max(A— FE,0), 0< S, 0< A
3. Suppose that V(S, Sa,t) satisfies
(
ov 1 0*V 0*V 1 0*V
B T30 e +p12“1"25132851352 3% g
ov ov
(7’ — DOl)Sla_Sl + ( Dog)Sga—SQ — TV = 0
OSSD OSSQa OStSTa
L V(Sl,SQ,T) = HliIl(So, 51,82), 0 < Sl, 0 < SQ.
Spe "It Spe~ (r=Do2)(T-1) Sye~Por(T=1) S e~ (Po1=Do2)(T~1)
Let §o2 = Sye Dor(T—0) = S, ; §12 = Sye Do (T—1) = S, 5
and Va(&og, &12,t) = VS 5, 1) Derive the final-value problem for Va(&pe, &12, 1)
21502, §12; Sye—Doa(T—0)” p 216025512, L)
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4. Suppose that a(r,t) = ag(t) +a1(t)r and b(r,t) = by(t) + by (t)r. Show that the problem

ov 0*V ov

_ - _ = <t<T
a5 H () S =V =0, 0<t<T
V(r,T)=1

has a solution in the form
V(?“, Zf) — eA(t)frB(t)

with A(T') = B(T) = 0 and determine the system of ordinary differential equations
the functions A(t) and B(t) should satisfy.

5. (a) S is a random vector and its covariance matrix is B. Let S = AS, A being a

constant matrix, and its covariance matrix be C. Find the relation among A, B,
and C.

(b) How do we choose A so that C will be a diagonal matrix?
(c) Suppose that Sy, S5, -+, S, are variables and Sy.,, Skys, - -, Sy are fixed num-

bers. Find the dependence of Sk, Ski0, -+, Sy on Sy, Sy, « -, Sk.

6. (a) Suppose that there is a domain €2 on the (Z;, Z5)-plane, the boundary of 2 is T',
and (np,mn2)" is the outer normal vector of the boundary I". Assume that Z; and
Zy are two stochastic processes and satisfy the system of stochastic differential
equations:

dZZ = /li(ZhZg7t)dt+0'i(Z1,ZQ,t)dXi with g; Z 0, 1= 1,2,

where dX;,i = 1,2, are the Wiener processes and E [dXdX3] = p12dt with po €
[—1,1]. Suppose that at t = 0, (21, Z) € Q. Show that in order to guarantee
(Z1, Zy) € Q for any time t € [0, T], we need to require, for any ¢ € [0,7] and for
any point on I'; the following condition to be held:

i. if n; # 0 and ny = 0, then
nip <0,
o =0;

napa < 0,
oy =0;

ii. if ny = 0 and ny # 0, then



iii. if ny # 0 and ny # 0, then

nip + nape <0,
nioy — sign(ning)neos =0, and  prp = —sign(ning),

where
1, ifning >0,

sign(ning) =

{ —1, if ning < 0.
If a point is a corner point, then there are two normals and we need to require
this condition to be held for the two outer normal vectors.

(b) Suppose that the domain Q is Zy; < Z; < 1 and Zy < Zy < Z;, where Z;; and
Zg are constants, and Zy; > Zy. Find the concrete condition corresponding to
the condition given in a) on each segment of the boundary.



