MATH 6202/8202 Test II (Part A) Spring 2012

Name :
1D :

Show the details of your work !!

1. (a) (3.5 points) Let pumax(S1, 52, 1), Cmax(S1,S2,t), and max(S1, Se,t) be the prices of
the three European options with payoff functions

max(F — max(S1,S52),0), max(max(Sy,S5)— £,0) and max(5,Ss),
respectively. Show

pmax(Sb 527 t) = Ee_r(T_t) - Emax(sla 527 t) + Cmax(sla 527 t)

(b) (3.5 points) Let P be a positive definite matrix. As we know, in this case there
exist a matrix Q and a diagonal matrix A such that P = QAQ", where all
the components of A are positive and Q satisfies the conditions QQ" = I and
detQ > 0. Let y and y, be two vectors and define R = A~Y2Q", x = Ry,

Y0 Y Show

V2T

1 g Ko=X) (xo—x) _7"P7n

vdet P 41 2

X0 = RYO7 and n=

det R =

2. Let V(S,A,t) be the price of a European Asian option with continuous arithmetic
averaging, where A is the average of the price during the time period [0,¢]. As we
know, the equation for European Asian option with continuous arithmetic averaging is

oW (n,t
& + La,tW(nu t) = 07
ot
where W = V(S,A,t)/S, n=A/S and L, is the time-dependent operator related to
Asian options and given by
1 0? 1—-n] 0
Los = 02—~ + |(Dy - T2 p,
(a) (2 points) Write down the LC problem for an American Asian put option with
a continuous arithmetic average strike price.

(b) (2 points) Determine where the PDE can always be used and a free boundary
cannot appear and where a free boundary may appear.

(c¢) (2 points) Derive the free-boundary problem for this case. (Assume that there
exists at most one free boundary.)



3. (7 points) Suppose that V(Sy, Ss, t) satisfies

(ov 1 ,_,0°V PV 1, 0%V

E + 501518_5? + Plelagslsgm + §UQS28_,53
oV oV

—I—(T — DOl)Sla_Sl + (’I" — DOQ)SQa—SQ —rV = 0,

OSSD 0§527 OStST,
L V(‘Sl)SQaT) = maX(SO7817 82)7 0 S Sla 0 S SQ~

Define S; = Spe "™ §¥ = Gje=PoiT=) j = 1,2, Let

Co = S5/S; = Spe r=Do)T=0) /g,
b = Si/S; = Sie"Pn-DeT-0 /g,
Voo, §12,t) = V/(S1,92,1)/S5 = V (S, 8,1)/(Spe ™1,

Show that V5 (&2, &12, ) is the solution of the following problem:

( OV, 1, , 0%V, 0V,
It + 5002602@ + ,0012002012502512m
1 9*V.
) +§a%2£%2¥5 =0, 0<&n, 0<&n, 0<t<T,

[ V2(6o2: &12, T) = max(1, §o2, 12), 0 <&, 0<&o,

where
Op2 = 09,
_ 2 2
O12 = \/0'1 — 2p120'10'2 +0'2,
and
_ 02— 1201
Poi2 = —————.

012



MATH 6202/8202 Test I1 (Part B) Spring 2012

Name :
1D :

Show the details of your work !!

4. (6 points) Suppose that any European-style interest rate derivative satisfies the equa-
By 1 Loy oV
L
E—Fiw W#—(u—/\w)a—r‘/%—f(t)zo, < r <1y,
where all the coefficients in the equation are known. The value of N-year swap at time
T is given by

2N
Vi(T5r) = Q |1 = Z(Ti T+ N) = 5 3 Z(Ti T+ k/2) |
k=1

where @ is the notional principal, r, is the N-year swap rate and Z(T;T + k/2) is
the value of zero-coupon bond with maturity k/2 at time 7. Describe how to find
the price of a swaption with exercise swap rate ry. and maturity 7', including to find

2N

Z(T;T+ N) and > Z(T;T + k/2), by solving this equation from 7"+ N to T twice
k=1

and from 7" to 0 once.

5. (7 points) Consider the problem of the system of ordinary differential equations

dA
- _ B
dt ILL )
dB 1
— = —aB? B—-1
a2t
with the conditions
AT, T)=0
and
B(T,T) = 0.

Find the solution of the above problem of ordinary differential equations by solving
the two ODEs, and show that your expressions of A and B can be rewritten as

( e T—1)/2 2u/o
A=1In < Tt ) ,
(v + )T — (v = ¢)

2(e¥T=1) — 1)
(v +¢)e? =0 — (v =)

with ¢ = /7% + 2«

3




6.

if your solution is not in this form. (This problem is related to the Cox—Ingersoll-Ross
interest rate model.)

(a) (5.0 points) Suppose that there is a domain €2 on the (Z;, Z3)-plane, the boundary

of Qis I', and (ng,mn2)" is the outer normal vector of the boundary I'. Assume
that Z; and Z, are two stochastic processes and satisfy the system of stochastic
differential equations:

de = Mi(Zly ZQ7t)dt + Ui(Zla Zg,t)dXZ with g; Z 0, 1= 1, 2,

where dX;,i = 1,2, are the Wiener processes and E [dX1dX3] = p12dt with pp €
[—1,1]. Suppose that at t = 0, (Z1, Z2) € Q. Show that in order to guarantee
(Z1, Zy) € Q for any time t € [0, T], we need to require, for any ¢ € [0, 7] and for
any point on I'; the following condition to be held:

i. if n; # 0 and ny = 0, then
nip <0,
o =0;

napz < 0,
o9 = 0;

ii. if n; = 0 and ny # 0, then

iii. if ny # 0 and ny # 0, then
nypy + nope <0,
nyo1 — sign(ning)neoe =0, and  pip = —sign(ning),

where

1, if nyng > 0,
—1, if ning < 0.

sign(ning) = {

If a point is a corner point, then there are two normals and we need to require
this condition to be held for the two outer normal vectors.

(b) (2.0 points) Suppose that the domain Q is Zy; < Z; < 1 and Zy < Zy < 77,

where Z;; and Zy are constants, and Zy; > Zs;. Find the concrete condition for
each segment of the boundary according to the condition given in a).



