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Basic Numerical Methods

Problems

1. Suppose xm = m∆x.
a) Find the order of the error of the following approximate function

u(x) ≈
xm+1 − x

∆x
u(xm) +

x − xm

∆x
u(xm+1)

by the Taylor expansion. Here x ∈ [xm, xm+1] .
b) Find the order of the error of the following approximate function

u(x) ≈
(x − xm)(x − xm+1)

2∆x2
u(xm−1)

−
(x − xm−1)(x − xm+1)

∆x2
u(xm)

+
(x − xm−1)(x − xm)

2∆x2
u(xm+1)

by the Taylor expansion. Here x ∈ [xm−1, xm+1] .
Solution:

a) The Taylor series gives







































u (xm) = u (x) + u′ (x) (xm − x) +
u′′ (ξ1)

2!
(xm − x)

2
,

ξ1 ∈ [xm, x] ,

u (xm+1) = u (x) + u′ (x) (xm+1 − x) +
u′′ (ξ2)

2!
(xm+1 − x)

2
,

ξ2 ∈ [x, xm+1] .

From there we have
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xm+1 − x

∆x
u (xm) +

x − xm

∆x
u (xm+1)

=
u (x)

∆x
(xm+1 − x + x − xm)

+
u′ (x)

∆x
[(xm+1 − x) (xm − x) + (x − xm) (xm+1 − x)]

+
(xm+1 − x) (xm − x)

2!∆x
[u′′ (ξ1) (xm − x) − u′′ (ξ2) (xm+1 − x)]

= u (x) +
(xm+1−x) (xm−x)

2!∆x
[u′′ (ξ1) (xm−x) − u′′ (ξ2) (xm+1−x)] .

Therefore the order of the error is O(∆x2).
b) With the Taylor expansion, we have the following for xm, xm−1, xm+1

u(xm−1) = u(x) + (xm−1 − x)
∂u(x)

∂x
+

1

2
(xm−1 − x)2

∂2u(x)

∂x2

+O(∆x3),

u(xm) = u(x) + (xm − x)
∂u(x)

∂x
+

1

2
(xm − x)2

∂2u(x)

∂x2

+O(∆x3),

u(xm+1) = u(x) + (xm+1 − x)
∂u(x)

∂x
+

1

2
(xm+1 − x)2

∂2u(x)

∂x2

+O(∆x3).

These relations can be rewritten as






1 xm−1 − x (xm−1 − x)2

1 xm − x (xm − x)2

1 xm+1 − x (xm+1 − x)2













u(x)
∂u(x)

∂x

1
2

∂2u(x)
∂x2







=







u(xm−1) + O(∆x3)

u(xm) + O(∆x3)

u(xm+1) + O(∆x3)






.

Because
∣

∣

∣

∣

∣

∣

∣

1 xm−1 − x (xm−1 − x)2

1 xm − x (xm − x)2

1 xm+1 − x (xm+1 − x)2

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

1 xm−1 − x (xm−1 − x)2

0 xm − xm−1 (xm − x)2 − (xm−1 − x)2

0 xm+1 − xm−1 (xm+1 − x)2 − (xm−1 − x)2

∣

∣

∣

∣

∣

∣

∣

= (xm − xm−1)(xm+1 − xm−1) [xm+1 + xm−1 − 2x

−(xm + xm−1 − 2x)]

= (xm − xm−1)(xm+1 − xm−1)(xm+1 + xm),
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we have

u(x)

=

∣

∣

∣

∣

∣

∣

∣

um−1 + O(∆x3) xm−1 − x (xm−1 − x)2

um + O(∆x3) xm − x (xm − x)2

um+1 + O(∆x3) xm+1 − x (xm+1 − x)2

∣

∣

∣

∣

∣

∣

∣

(xm − xm−1)(xm+1 − xm−1)(xm+1 − xm)

= (um−1 + O(∆x3))
(xm − x)(xm+1 − x)(xm+1 − x − xm + x)

(xm − xm−1)(xm+1 − xm−1)(xm+1 − xm)

−(um + O(∆x3))
(xm−1 − x)(xm+1 − x)(xm+1 − x − xm−1 + x)

(xm − xm−1)(xm+1 − xm−1)(xm+1 − xm)

+(um+1 + O(∆x3))
(xm−1 − x)(xm − x)(xm − x − xm−1 + x)

(xm − xm−1)(xm+1 − xm−1)(xm+1 − xm)

= um−1
(xm − x)(xm+1 − x)

(xm−xm−1)(xm+1−xm−1)
+ um

(xm−1 − x)(xm+1 − x)

(xm−1−xm) (xm+1−xm)

+um+1
(xm−1 − x)(xm − x)

(xm−1 − xm+1)(xm − xm+1)
+ O(∆x3).

Consequently, the order of the error is O(∆x3).

2. Show that from


























am+1 = am + bmhm + cmh2
m + dmh3

m,

bm+1 = bm + 2cmhm + 3dmh2
m,

cm+1 = cm + 3dmhm,

m = 0, 1, · · · ,M − 2,

and
{

aM = aM−1 + bM−1hM−1 + cM−1h
2
M−1

+ dM−1h
3
M−1

,

cM = cM−1 + 3dM−1hM−1,

the following relation can be derived:

hm−1cm−1 + 2(hm−1 + hm)cm + hmcm+1

=
3(am+1 − am)

hm
−

3(am − am−1)

hm−1
,

m = 1, 2, · · · ,M − 1.

Solution:
First let us eliminate bm. From the given equations, we have

3 (am+1 − am) = 3bmhm + 3cmh2
m + 3dmh3

m, m = 0, 1, · · · ,M − 1,

which can be further rewritten as
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3 (am+1 − am)

hm
−

3 (am − am−1)

hm−1

= 3 (bm − bm−1) + 3cmhm − 3cm−1hm−1 + 3dmh2
m − 3dm−1h

2
m−1,

m = 1, 2, · · · ,M − 1.

From the given equations, we also have

3 (bm − bm−1) = 6cm−1hm−1 + 9dm−1h
2
m−1, m = 1, 2, · · · ,M − 1.

Therefore

3 (am+1 − am)

hm
−

3 (am − am−1)

hm−1

= 3cmhm + 3cm−1hm−1 + 3dmh2
m + 6dm−1h

2
m−1,

where m = 1, 2, · · · ,M − 1. Now let us eliminate dm. Those relations
among cm, cm−1 and dm−1 can be written as

cmhm−1 = cm−1hm−1 + 3dm−1h
2
m−1, m = 1, 2, · · · ,M − 1.

Consequently we arrive at

3 (am+1 − am)

hm
−

3 (am − am−1)

hm−1

= 3cmhm + 3cm−1hm−1 + cm+1hm − cmhm + 2cmhm−1 − 2cm−1hm−1

= hm−1cm−1 + 2 (hm−1 + hm) cm + hmcm+1,

where m = 1, 2, · · · ,M − 1.
3. Consider the cubic spline problem. Suppose that the derivative is given at

x = xM , insteady of assuming cM = 0. Derive the equation which should
replace the equation cM = 0 in the system for c0, c1, · · · , cM .
Solution: If the derivative f ′(xM) is given, then at x = xM we have















aM = aM−1 + bM−1hM−1 + cM−1h
2
M−1

+ dM−1h
3
M−1

,

f ′(xM) = bM−1 + 2cM−1hM−1 + 3dM−1h
2
M−1

,

cM = cM−1 + 3dM−1hM−1.

Solving the third equation for dM−1 and eliminating dM−1 from the first
and second equations, we have











aM − aM−1

hM−1

= bM−1 + cM−1hM−1 +
cM − cM−1

3
hM−1,

f ′(xM) = bM−1 + 2cM−1hM−1 + (cM − cM−1)hM−1.

Eliminating bM−1 from the two equations yields
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f ′(xM) −
aM − aM−1

hM−1

= hM−1cM−1 +
2

3
(cM − cM−1)hM−1

=
1

3
hM−1cM−1 +

2

3
hM−1cM .

This relation can be rewritten as

hM−1cM−1 + 2hM−1cM = 3

(

f ′(xM) −
aM − aM−1

hM−1

)

,

which should replace the equation cM = 0 in the system for c0, c1, · · · , cM .
4. Suppose xm = m∆x, yl = l∆y, and τn = n∆τ . Find the expression of the

error of each of the following approximations:

a) u(xm, τn+1/2) ≈
u(xm, τn+1) + u(xm, τn)

2
;

b)
∂u

∂τ
(xm, τn) ≈

u(xm, τn+1) − u(xm, τn)

∆τ
;

c)
∂u

∂τ
(xm, τn+1/2) ≈

u(xm, τn+1) − u(xm, τn)

∆τ
;

d)
∂u

∂x
(xm, τn) ≈

u(xm+1, τ
n) − u(xm, τn)

∆x
;

e)
∂u

∂x
(xm, τn) ≈

u(xm+1, τ
n) − u(xm−1, τ

n)

2∆x
;

f)
∂u

∂x
(xm, τn) ≈

3u(xm, τn) − 4u(xm−1, τ
n) + u(xm−2, τ

n)

2∆x
;

g)
∂2u

∂x2
(xm, τn) ≈

u(xm+1, τ
n) − 2u(xm, τn) + u(xm−1, τ

n)

∆x2
;

h)

∂2u

∂x∂y
(xm, yl, τ

n) ≈
1

2∆x

[

u(xm+1, yl+1, τ
n) − u(xm+1, yl−1, τ

n)

2∆y

−
u(xm−1, yl+1, τ

n) − u(xm−1, yl−1, τ
n)

2∆y

]

.

Solution:

a) For u(xm, τn+1) and u(xm, τn), we have

u(xm, τn+1)

= u(xm, τn+1/2) +
∆τ

2
·
∂u

∂τ
(xm, τn+1/2) +

1

2

(

∆τ

2

)2
∂2u(xm, η1)

∂τ2
,

u(xm, τn)

= u(xm, τn+1/2) −
∆τ

2
·
∂u

∂τ
(xm, τn+1/2) +

1

2

(

∆τ

2

)2
∂2u(xm, η2)

∂τ2
,

where τn+1/2 ≤ η1 ≤ τn+1 and τn ≤ η2 ≤ τn+1/2. Adding the above
two equations together and dividing by 2, we get the following:
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u(xm, τn+1/2) =
u(xm, τn+1) + u(xm, τn)

2
−

∆τ2

8

∂2u

∂τ2
(xm, η3),

where τn ≤ η3 ≤ τn+1. Therefore, the truncation error is O(∆τ2).
b)

u(xm, τn+1) = u(xm, τn) + ∆τ
∂u(xm, τn)

∂τ
+

∆τ2

2

∂2u(xm, η)

∂τ2
,

i.e.,

∂u(xm, τn)

∂τ
=

u(xm, τn+1) − u(xm, τn)

∆τ
−

∆τ

2
·
∂2u(xm, η)

∂τ2
,

τn ≤ η ≤ τn+1.

Therefore, the truncation error is O(∆τ).
c) Because

u(xm, τn+1)

= u(xm, τn+1/2) +
∆τ

2
·
∂u

∂τ
(xm, τn+1/2)

+
1

2

(

∆τ

2

)2
∂2u(xm, τn+1/2)

∂τ2
+

1

6
·

(

∆τ

2

)3
∂3u

∂τ3
(xm, η1),

u(xm, τn)

= u(xm, τn+1/2) −
∆τ

2
·
∂u

∂τ
(xm, τn+1/2)

+
1

2

(

∆τ

2

)2
∂2u(xm, τn+1/2)

∂τ2
−

1

6
·

(

∆τ

2

)3
∂3u

∂τ3
(xm, η2),

we have

∂u(xm, τn+1/2)

∂τ
=

u(xm, τn+1) − u(xm, τn)

∆τ
−

∆τ2

24

∂3u(xm, η3)

∂τ3
.

Therefore, the truncation error is O(∆τ2), and η1, η2 and η3 is as
defined in a).

d)

u(xm+1, τ
n) = u(xm, τn) + ∆x

∂u(xm, τn)

∂x
+

∆x2

2

∂2u(ξ, τn)

∂x2
,

∂u(xm, τn)

∂x
=

u(xm+1, τ
n) − u(xm, τn)

∆x
−

∆x

2

∂2u(ξ, τn)

∂x2
.

Therefore, the truncation error is O(∆x) and xm ≤ ξ ≤ xm+1.

e)
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u(xm+1, τ
n) = u(xm, τn) + ∆x

∂u(xm, τn)

∂x
+

∆x2

2

∂2u(xm, τn)

∂x2

+
∆x3

6

∂3u(ξ1, τ
n)

∂x3
,

u(xm−1, τ
n) = u(xm, τn) − ∆x

∂u(xm, τn)

∂x
+

∆x2

2

∂2u(xm, τn)

∂x2

−
∆x3

6

∂3u(ξ2, τ
n)

∂x3
,

where xm ≤ ξ1 ≤ xm+1 and xm−1 ≤ ξ2 ≤ xm. Subtracting the second
from the first equation and dividing by 2∆x yield

∂u(xm, τn)

∂x
=

u(xm+1, τ
n) − u(xm−1, τ

n)

2∆x
−

∆x2

6

∂3u(ξ3, τ
n)

∂x3
,

where xm−1 ≤ ξ3 ≤ xm+1. Therefore, the truncation error is O(∆x2)
f)

u(xm−1, τ
n) = u(xm, τn) − ∆x

∂u(xm, τn)

∂x
+

1

2
∆x2 ∂2u(xm, τn)

∂x2

−
1

6
∆x3 ∂3u(ξ1, τ

n)

∂x3
,

u(xm−2, τ
n) = u(xm, τn) − 2∆x

∂u(xm, τn)

∂x
+

4

2
∆x2 ∂2u(xm, τn)

∂x2

−
8

6
∆x3 ∂3u(ξ2, τ

n)

∂x3
,

where xm−1 ≤ ξ1 ≤ xm and xm−2 ≤ ξ2 ≤ xm. Multiplying the first
equation by four and subtracting the second equation yield

∂u(xm, τn)

∂x
=

3u(xm, τn) − 4u(xm−1, τ
n) + u(xm−2, τ

n)

2∆x

+
1

3
∆x2

(

2
∂3u(ξ2, τ

n)

∂x3
−

∂3u(ξ1, τ
n)

∂x3

)

.

Therefore, the truncation error is O(∆x2).
g)

u(xm+1, τ
n) = u(xm, τn) + ∆x

∂u(xm, τn)

∂x
+

∆x2

2

∂2u(xm, τn)

∂x2

+
∆x3

6

∂3u(xm, τn)

∂x3
+

∆x4

24

∂4u(ξ1, τ
n)

∂x4
,

u(xm−1, τ
n) = u(xm, τn) − ∆x

∂u(xm, τn)

∂x
+

∆x2

2

∂2u(xm, τn)

∂x2

−
∆x3

6

∂3u(xm, τn)

∂x3
+

∆x4

24

∂4u(ξ2, τ
n)

∂x4
,
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where xm ≤ ξ1 ≤ xm+1 and xm−1 ≤ ξ2 ≤ xm. Add the above two
equations together, we have

∂2u(xm, τn)

∂x2

=
u(xm+1, τ

n) − 2u(xm, τn) + u(xm−1, τ
n)

∆x2
−

∆x2

12

∂4u(ξ3, τ
n)

∂x4
,

where xm−1 ≤ ξ3 ≤ xm+1. Therefore, the truncation error is O(∆x2).
h) Similar to e), we have

∂u

∂y
(xm, yl, τ

n)

=
u (xm, yl+1, τ

n) − u (xm, yl−1, τ
n)

2∆y
−

∆y2

6

∂3u

∂y3
(xm, η, τn) .

Using the results in e), we can further have

∂2u

∂x∂y
(xm, yl, τ

n)

=

[

u (xm+1, yl+1, τ
n) − u (xm+1, yl−1, τ

n)

2∆y

−
∆y2

6

∂3u

∂y3
(xm+1, η1, τ

n)

−
u (xm−1, yl+1, τ

n) − u (xm−1, yl−1, τ
n)

2∆y

+
∆y2

6

∂3u

∂y3
(xm−1, η2, τ

n)

]

1

2∆x

−
∆x2

6

∂4u

∂x3∂y
(ξ1, yl, τ

n)

=
1

2∆x

[

u (xm+1, yl+1, τ
n) − u (xm+1, yl−1, τ

n)

2∆y

−
u (xm−1, yl+1, τ

n) − u (xm−1, yl−1, τ
n)

2∆y

]

+ O(∆x2) + O(∆y2).

Therefore the truncation error is O(∆x2)+O(∆y2), where we assume
∆y = O(∆x).

5. For y ∈ [−1, 1], we define

TN (y) = cos
(

N cos−1 y
)

,

where N is an integer. Let

yj = cos
jπ

N
, j = 0, 1, · · · , N.

Show
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a) Tk+1(y) − 2yTk(y) + Tk−1(y) = 0, k ≥ 1.
b) TN(y) is a polynomial of degree N for any nonnegative integer.

c)
dTN (yj)

dy
=















N2, j = 0,

0, j = 1, 2, · · · , N − 1,

(−1)
N+1

N2, j = N ;

d)
d2TN (yj)

dy2
=











































N2
(

N2 − 1
)

3
, j = 0,

(−1)
j+1

N2

(

1 − y2
j

) , j = 1, 2, · · · , N − 1,

(−1)
N

N2
(

N2 − 1
)

3
, j = N ;

e)
d3TN (yj)

dy3
=

(−1)
j+1

3N2yj
(

1 − y2
j

)2 , j = 1, 2, · · · , N − 1.

Solution:

a) From cos ((k ± 1) z) = cos kz cos z∓sin kz sin z, we have cos (k + 1) z+
cos (k − 1) z = 2 cos kz cos z. Let cos z = y, i.e., z = cos−1 y, we arrive
at

Tk+1 (y) − 2yTk (y) + Tk−1 (y) = 0, k ≥ 1.

b) Suppose that Tk(y) is a polynomial with degree k, k = 0, 1, · · · , N −1.
Because TN (y) = 2yTN−1 (y)− TN−2 (y), TN (y) must be a polynomial
with degree N . We know

T0(y) = 1 (degree 0),

T1(y) = y (degree 1).

Thus, by the induction method, we know that Tk(y) is a polynomial
with degree k, k = 2, 3, · · · .

c) Let z = cos−1 y. Then TN (y) = TN (cos z) = cos Nz and dy =
− sin zdz. Thus

dTN (y)

dy
=

d cos Nz

dz

dz

dy
=

−N sinNz

− sin z
=

N sinNz

sin z
.

Consequently, we have

dTN (yj)

dy
=

N sin jπ

sin jπ
N

=































lim
j→0

N cos jπ · π

cos jπ
N · π

N

= N2, j = 0,

0, j = 1, 2, · · · , N − 1,

lim
j→N

N cos jπ · π

cos jπ
N · π

N

= (−1)
N+1

N2, j = N.


