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Basic Numerical Methods

Problems

1. Suppose x,, = mAzx.
a) Find the order of the error of the following approximate function

Tma1 — X T — Tm
u(x) & () + (@)

by the Taylor expansion. Here x € [z, Ty11] -
b) Find the order of the error of the following approximate function

u(e) m E I S T0)

(@ @)@ — T

Ax? ()
(2 — Zm-1)(T — )
2Ax? WTme1)

by the Taylor expansion. Here x € [z,—1, Tm+1] -
Solution:

a) The Taylor series gives

u(Ty) =u(x)+u (z) (X —x) + U”2(!§1) (xm — J:)2 ,
51 € [mma l‘] ’
u(@m1) = u (@) +u' (@) (@m1 — @) + % (@mir —2)°,

2 € [T, Tmg1] -

From there we have
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Tmt1 — & T — Ty,

@)+ = (@)
- %;‘Z)(g;r,ﬂrl — T+ T — Ty
+u’A(;U) [(Zmi1 — ) (@ — 2) + (& — Zpn) (T 1 — )]
4 @ _2!2)3(5% "0 4 (€1) (@ — 2) — " () (Tmgr — )
= (o) + DI D) 1) () (€2) (1)

Therefore the order of the error is O(Az?).
b) With the Taylor expansion, we have the following for ,,, -1, Zm41

ou(z) 1 5 0%u(z)

u(tnr) = (@) + (s —2) 00Dy L, a2 T
+0(Az?),
2
() = u(w) + (1) 0D 4 L, a2
+0(Az?),
2
W) = u@) + (@ — )2 1 L,y a2l
+0(Azx?).
These relations can be rewritten as
(1 21 —2 (1 — )2 u(z)
1 apm—a2 (2, —x)? aqéi,x)

|1 g1 =2 (Tpg1 —2)? %83;(2”)
[ u(zm—1) + O(Az?)

= | u(zm)+ O(Ax3)
| w(@my1) + O(Az?)

Because

1 Ty —a (T —2)?

1 apm—a (2, — 1)

1 Tmg1— 7 (Tpg1 — )2

1 Tm—1— T (Tp_1 —2)?

=10 Xy —Tm_1 (Tm —1)% — (1 — )2
0 Tyl —Tmo1 (Tma1 — )% — (X1 — )2

= (Tm — Tm-1)(@mt1 — Tm—1) [Tmg1 + Tm—1 — 22
—(Tpm + 1 — 22)]

= (zm - zm—l)(zm+1 - l'm—l)(l'm+1 + Im);
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we have

u(z)
Um—1 +O0(A2%) zp1 —2 (o1 — )2
U + O(Ax3) T — X (x — 1)?

U1 + O(A23) Zpy1 — 2 (Tpg1 — )

(@m = Tm-1)(Tm+1 = Tm—1)(Tmt1 — Tim)
= (W1 + O(Axg)) (@m — @) (@mi1 — ) (Tmy1 — T — Ty + T)
(Tm = Tm—1)(@Tmi1 — Tm—1)(Tmi1 — Tm)
(Tm-1—2)(Tmt1 — ) (Tmy1 — T — Tip—1 + )
(xm - xmfl)(merl - mmfl)($m+1 - CEm)
(m—1 —z)(@m — ) (T — T — Tp—1 + T)
(Tm = Tm-1)(Tm+1 — Tm—1)(Tmt1 — Tim)

2

—(um +O(Az%))

+(tm1 + 0(Az?))

= U1 (@m — ) (@mi1 — @) +u (Tm—1— ) (®Tmy1 — @)
" (xm*xm—l)(xm—&-l*xm—l) " (xm—lfxm) (xm—i-l*xm)
gy — T = D@ Z2) gy,

(l’m,1 - merl)(mm - mm+1)

Consequently, the order of the error is O(Az?).
. Show that from

Amt1 = A + b, + cmhfn + dmhfn,

bint1 = bm + 2¢mhm + 3dmh2,,

Cm+1 = Cm + 3dmhm,
m=0,1,---,M — 2,

and

{ Qrn = Qparq +bpr_ihpr 0 + CM—1h%4_1 + dlv[—lh?\/[_l)
M = Cr—1 + 3dar1 P,

the following relation can be derived:

hm,10m71 + Q(hm,1 —+ hm)Cm + hmcm+1
~ 3(my1 — am)  3(@m — A1)
B Pom  hm
m=1,2,---, M — 1.

Solution:
First let us eliminate b,,. From the given equations, we have

3(@mi1 — Gm) = 3bmhm + 3cmh?, + 3dhd, m=0,1,--- M —1,

which can be further rewritten as
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3(am+1 — am) 3 (m — @m—1)
hm hm—l
=3 (b — bm_1) + 3cmhm — 3¢m_1hm_1 + 3dmh?, — 3dym_1h2,_ 4,
m=1,2,---,M — 1.

From the given equations, we also have

3 (bm - bm—l) =06¢m—1hm—1 + 9dm_1h12n_1, m=1,2,---,M — 1.

Therefore

3(am+1 — am)  3(am — am—1)

hm hm—l
= 3cmhm + 3¢m_1hm_1 + 3dph3, + 6dpm_1h2,_ |,
where m = 1,2,---, M — 1. Now let us eliminate d,,. Those relations

among C,, ¢ym—1 and d,,—1 can be written as
Cmhm—1 :Cmflhm71+3dmflhzn_1, m=1,2,---,M—1.
Consequently we arrive at

3 (a7n+1 - am) _ 3 (am - am—l)
hm hmfl
= 3thm + 3cm—1hm—1 + Cm+lhm - thm + 2thrn—l - 2Cm—lhm—l
= hpm_1Cm—1 +2 (hm—l + hm) Cm + hmCmyt,

where m =1,2,---, M — 1.

3. Consider the cubic spline problem. Suppose that the derivative is given at
T = x,, insteady of assuming c,, = 0. Derive the equation which should
replace the equation c¢,, = 0 in the system for cg,c1, -, cy-

Solution: If the derivative f'(z,,) is given, then at z = x,, we have

Qpr = Aproq +bprohpr g + CAI—1h12\/[71 + delh?ufn
f,(xM) =by_1 +2¢n 1 hyoy + 3de1h?VI,1u
cM = Cy—1 +3dp_1hary.

Solving the third equation for d,,_; and eliminating d,,_; from the first
and second equations, we have

Apnr — Qpr—a Cn — Cyr—a
A =by1 Fepihyi + Poar—a,
M—1 3

f/(xM) =by_1+2cu_1hyy + (CM - CM—1)hM—1-

Eliminating b,,_, from the two equations yields
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Ay — Qpry 2
f/(l'M) - MhiM =Ry 1Cp_q + g(CM - C}\/I—l)hju—l
M-—1

1 2
= gthchfl + gthch~

This relation can be rewritten as

Ay — Apg—
hM—1CM71 + 2hM—1CM =3 (f/(xM) . MhMl) ,
M—1

which should replace the equation ¢,, = 0 in the system for cg,c1,- -, Cu-
. Suppose x,, = mAz, y; = [Ay, and 7" = nAr. Find the expression of the

error of each of the following approximations:
+1
a) U(p,, T"T/2) & (@, ™) + U@, 7).

)

ou W( T, T — u(T, )
b _ s n ~ ) ) ;
gt @ 77 = U@ 7)
Ou 1) %uxm,rn — (T, ")
. )< )= i)
Ju n NU$m+1,Tn —u(Tpy,, ™" ]
Vg (s lm1,7)
u ny L U Tt 1, T") — WTm—1,T")
U U( T, T") — Au(Tp—1, T") + U( T2, T"
f a_ ms ") & )
S ( )= 2ulramn ) + )
U ny L U Tont1,T") = 2U( T, T") + W(Tr—1,T")
ﬁ; @(xmﬂ- )~ Azx? ’
>u (z ) & U [w@mt1, Y41, ") — u(@ms1, yi—1,7")
oxoy ™ b 2Ax 2Ay
(1, Y141, 7") — u(@n—1, -1, 7")
2Ay '
Solution:
a) For u(z,,, ") and u(z,,, ™), we have
(T, 7T

= u(@m, 7"TV?) +

2 Ot 2 or?

w(Tpm, ")

= (T, T

2  Or

2 or?

ar, %(x TH1/2) -|-1 (AT>2 *u(@m,m)
my 2

2 92
n+1/2)*£~au(xm,7'"+1/2)+% (AT> Fu(@m,n2)

3

)

where 7711/2 <y < 77 and 7 < ny < 7711/2. Adding the above

two equations together and dividing by 2, we get the following;:
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n U(Tom, TV + w( Xy, TV AT 9%
U(l”m,T +1/2) _ ( m )2 ( m )_ g W(xm’ng)’

where 7™ < 93 < 77", Therefore, the truncation error is O(A7?).
b)
(T, ™) AT 0*u(wm, 1)
or 2 or2

u(xmﬂ'”"’l) =u(Ty,, ") + AT

ie.,

Ou(zpm, ™) (@, T — w(@sn, ™) AT O?u(xp,,n)

or - AT 2 or2 ’

T <p <

Therefore, the truncation error is O(AT).
c¢) Because

AT 3u n+1/2
2 or (@m, 7 )

1 A7\ O%u(zp, 72 1 (A7 O%u
5\ %) — a2 T |7 (Tm, M),

2\ 2 or2 2 ) o

W(Tp, ™)

AT Ou
_ n+1/2y _ =" Y® n+1/2

WL, T ) 5 B (T, T )
1 (AT\? 2u(zpm, ™2 1 [ Ar\? 03u

s\l Yz |5 73(%1,772)7
2 2 or 6 2 or

we have

O, THY2) (@, ) — (@, T) AT B, n3)
or B AT 24 or3

Therefore, the truncation error is O(A72), and 7,72 and 73 is as
defined in a).

d)
ny _ n Ou(wm, ") | Az® u(E, ")
W(Tmt1,T") = W@, 7") + Az B 5 o
(T, ") (@t ") — u(@m, ) Az Pu(€, ™)
Ox B Ax 2 Ox?

Therefore, the truncation error is O(Axz) and z, < & < X1

e)
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(L, T™) N Ax? 0%u(xy,, ™)
Ox 2 0z2

W(Tma1, ") = (X, ") + Az
Ax3 O3u(&q, ™)
6 Ox3 ’
(L, T™) n Ax? 0%u(xy,, ™)
oz 2 0x2

W(Tm—1,7") = (X, ") — Az
Ax3 O3u(€a, ™)
6 Oz3 ’
where x,, < & < @ypy1 and -1 < & < 2. Subtracting the second

from the first equation and dividing by 2Az yield

Ou(@m, ™) w(@mi1, ") —w(@po1, ") Az? Pu(és, ")
Ox N 2Az 6 dzd 7

where 2,,_1 < &3 < oy, 11. Therefore, the truncation error is O(Az?)
f)
(T, ™)

ox

82 - n
W(Tp—1,T") = (X, ") — Az %
Bu(&y, )
Oz3 ’
ou(rm, ™) 4, O?u(zy, ™)
oz + iAx 0x?

1
+ §A$2
1 )
—Z A3
6

W T2, ") = w(Xpm, ") — 242

8 ., 3 Pu(&y, ™)
76AI ox3

where z,,_1 < & < z,, and z,,,_2 < & < x,,. Multiplying the first
equation by four and subtracting the second equation yield

U@, ™) Bu(®p, ) — du(@pm—1, ") + W(Xp—2, T")

ox N 2Ax
1 2 83u(§2,7") (r“)g’u(gl,Tn)

Therefore, the truncation error is O(Az?).
8)

ou(zp,, ™) Ax? %u(x,,, ™)

u(xm+17 TTL) = u($m7 Tn) + Aw ax + 2 3x2
Ax3 Bu(xy,, ™) Azt (&, )
6 ox3 24 Oxt ’
m n A 2 92 m n
w17 = w7 — Axau(xax, ™ . 2x 9 u(gﬁm )

B Az3 B3u(xy,, ™) n Azt Pu(&e, )
6 ox3 24 Oxt ’
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where @, < & < 41 and 21 < & < z,,. Add the above two
equations together, we have

Ou(zp, ™)
ox?
(@1, ™) = 20( X, ) A W@, ") Ax? Otu(Es, )
B Az? 12 ozt

where z,, 1 < &3 < 2,,,41. Therefore, the truncation error is O(Az?).
h) Similar to e), we have

% (xmvyla Tn)

u (xma lerlaTn) —u (xmvyl7177n> Ay2 83“ ( n)
= - a3 Tm, N, T .
2Ay 6 0y3 K

Using the results in e), we can further have

O (z n)
Ox0y ma ¥l T

u (Qjm+1, Yi+1, Tn) —u (mm-‘rlv Yi—-1, Tn)
2Ay

Ayt P

6 0y (Tm+1,m,7")

. u (xm—la Yi+1, T”) —u (xm—17 Yi—1, Tn)
2Ay

Ay? O3u
+T(97y3 (xmfla "72a7-n):|
Az? 9tu n
—Tm(fhyzﬁ )

_ 1 U (Tt 1, Y11, ™) — U (Tg1, Yi—1, T")

2Ax 2Ay
(@, Y1, ") — U (@1, -1, )

2y } +0(A2%) + O(Ay?).

1
2Ax

Therefore the truncation error is O(Ax?) + O(Ay?), where we assume
Ay = O(Az).

5. For y € [—1,1], we define

Ty (y) = cos (N cos™! y) ,
where N is an integer. Let
Yy :cosjﬁﬂ, 7=0,1,---,N.
Show
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a) Try1(y) — 2yTr(y) + Th-1(y) =0, k > 1.
b) T (y) is a polynomial of degree N for any nonnegative integer.

N2, Jj=0,
C)M: 0, j=1,2,---,N -1,
dy
()" NE, = N;
N2 (N2 -1) ,
7’ j:o,
3
2 . _1j+1N2
d) dTNgyj): ( ) — =12, N—1,
dy (1_%‘)
DY N2 (N2 -1
) ( ),jZN;

PTy () _ (=) 3N2y,
e) 7= )
y (1-93)
Solution:
a) From cos ((k £ 1) z) = cos kz cos zFsin kz sin z, we have cos (k + 1) z+
cos(k—1)z=2coskzcosz. Let cosz =y, i.e., z = cos— 'y, we arrive
at

L j=1,2-- N—1.

Trt1 (y) — 29Tk (y) + Th—1 (y) =0, k> 1.

b) Suppose that T (y) is a polynomial with degree k, k = 0,1,--- N —1.
Because Ty (y) = 2yTn_1 (y) — Tn_2 (v), T (y) must be a polynomial
with degree N. We know

To(y) =
T1(y)

Thus, by the induction method, we know that Ty (y) is a polynomial
with degree k, k= 2,3,---.

c) Let 2 = cos™'y. Then Ty (y) = Ty(cosz) = cosNz and dy =
—sin zdz. Thus

1 (degree 0),
y (degree 1).

dly (y) _dcosNzdz —NsinNz NsinNz

dy dz dy —sin z sin z
Consequently, we have

Ncosjm-m

lim ——*——— = N?, j=0,
o J—>0cosﬁ~ﬁ
dTN(yj):Nsmyr: 0, =12

dy sin &
. Ncosjm-m
im ——— = (—
i N Jm
J—=N cos &7

=B



